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ABSTRACT

Context. In the solar corona, shock waves are generated by flares and/or coronal mass ejections. They are able to accelerate electrons
up to high energies and can thus be observed as type II bursts in the nonthermal solar radio radiation. In-situ measurements of shock
waves in interplanetary space have shown that shock waves attached by whistler waves are preferably accompanied by the production
of energetic electrons.
Aims. Motivated by these observations, we study the interaction of electrons with such whistlers, which are excited by the protons
accelerated by the shock.
Methods. We start with a resonant whistler wave-proton interaction that accounts for the initial whistler wave generation. Then, we
consider resonant whistler wave-electron interaction, treated with a relativistic approach that is responsible for the electron energiza-
tion in the whistler wave field.
Results. As a result, we show that electrons can be accelerated by a resonant wave particle (i.e., whistler-electron) interaction. This
mechanism acts in the case of quasi-perpendicular shock waves. After acceleration, the energetic electrons are reflected by the as-
sociated shock wave back into the upstream region. The theoretical results are compared with observations, e.g., solar type II radio
bursts.
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1. Introduction

Shock waves play an important role in astrophysics, since they
are responsible for particle acceleration in space plasmas (Fermi
1949; Axford et al. 1978; Schlickeiser 1984; Kirk 1994). The
production of energetic electrons at shocks is of special inter-
est, since these electrons can be the source of nonthermal radio
and X-ray radiation, which can be observed by remote sensing
techniques.

In the solar corona, shock waves can be generated either by
blast waves due to the flare process (Uchida et al. 1973; Vrsnak
et al. 1995) and/or by coronal mass ejections (CMEs) (Stewart
et al. 1974a,b; Gopalswamy & Kundu 1992; Classen & Aurass
2002; Lara et al. 2003). It is still an ongoing debate whether
the shock waves are generated by a flare-associated blast wave
(Vrsnak et al. 1995) or if they are CME-driven (Gopalswamy &
Kundu 1992; Gopalswamy 2006). But it should be emphasized
that a shock wave is a discontinuity accompanied by an increase
in the entropy. The jump in the density, temperature, and mag-
netic field across the shock is governed by the Rankine-Hugoniot
relationships (Priest 1982); i.e., the shock itself and the processes
immediately associated with it should be considered as indepen-
dent of its exciter.

In the corona, shock waves can be observed as type II bursts
in the solar radio radiation (Wild & McCready 1950; Uchida
et al. 1973). A type II radio burst can morphologically be di-
vided into two types of emission in its dynamic radio spec-
trum (see Fig. 1, for instance), the “backbone” and the “herring-
bone” emission. The so-called backbone emission (see Fig. 1),
is slowly drifting from high to low frequencies with a typical

Fig. 1. Dynamic radio spectrum recorded by the radio spectralpolarime-
ter (Mann et al. 1992) of the Astrophysical Institute Potsdam. It shows
an example of a solar type II radio burst. Further explanations are given
in Sect. 1.

drift rate of about −0.1375 MHz s−1 at 55 MHz (whereas
Mann & Klassen (2005) reported mean value on the order of
−0.133 MHz s−1), and shows often a fundamental-harmonic
structure. It is widely accepted to be the radio signature of a
shock wave traveling through the corona (Nelson & Melrose
1985; Mann 1995; Aurass 1997; Mann 2006). Sometimes, very
fast, drifting patches of emission (see Fig. 1) can be seen
to emanate from the backbone, toward both lower or higher
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frequencies with typical drift rates of about ±7.2 MHz s−1

at 55 MHz (whereas Mann & Klassen 2005, reported
±9.1 MHz s−1). These features are the so-called herringbone
emission, regarded as the radio signature of shock-accelerated
electrons (Cairns & Robinson 1987; Zlobec et al. 1993; Mann &
Klassen 2005).

In the solar corona, the radio emission mechanism is mainly
due to plasma emission at the local electron plasma frequency
ωpe = (4πe2Ne/me)1/2 (e, elementary charge; Ne, electron num-
ber density, me, electron mass) and/or its harmonics (Melrose
1985). Because ωpe depends only on the electron number den-
sity, the observed frequency corresponds to a certain, local elec-
tron number density level. From observations (Newkirk 1961;
Koutchmy 1994), one could estimate how the electron number
density varies with the distance from the solar surface, so the
correspondence of the observed frequency to a certain height of
the corona can be established. Thus, a dynamic radio spectrum
represents a height-time diagram of the radio source in the solar
corona, where high/low frequencies are emitted in the low/high
corona due to the gravitational stratification of the solar atmo-
sphere, respectively. According to this, the drift rate D f (i.e., the
ratio of the frequency bandwidth ∆ f to the corresponding time
duration ∆t) at frequency f is related to the radial source veloc-
ity Vsource,r by

D f =
f
2

1
Ne

dNe

dr
Vsource,r. (1)

Here, dNe/dr denotes the radial density gradient. In the present
work, a coronal density model proposed by Newkirk (1961),

Ne(r) = αN0 104.32(R�/r), (2)

(N0 = 4.2 × 104 cm−3, R�, radius of the Sun) is used. It cor-
responds to a barometric density model with a temperature of
1.4 MK (Mann et al. 1999) and agrees very well with the white
light scattering measurements by Koutchmy (1994). The coef-
ficient α stands for a density enhancement in the solar corona,
where α = 1, 4 should be adopted for quiet equatorial regions
and dense coronal loops (Koutchmy 1994), respectively. In the
present paper, a Newkirk (1961) model with α = 2 is used to
estimate the plasma parameters in the source region of type II
radio bursts, e.g., at 55 MHz. Then, the 55 MHz level with an
electron number density of 3.75 × 107 cm−3 is located at a dis-
tance of 1.63 R� from the center of the Sun, i.e., at a height
of 440 Mm above the photosphere. There, a magnetic field of
1 G is expected according to Dulk & McLean (1978), lead-
ing to a plasma beta β = 8πNkBT/B2 = 0.36 with N = 2Ne
as the total particle number density, and additionally, kB is the
Boltzmann’s constant, T the temperature, and B the magnetic
field. The 55 MHz-level provides for the electron cyclotron fre-
quency ωce = eB/(mec) = 1.758 × 107 s−1 (c, velocity of light),
for the ratio ωpe/ωce = 20 (with ωpe = 2π × 55 MHz), and
for the Alfvén speed vA = 360 km s−1. Assuming the same den-
sity model (Newkirk 1961), the velocities related to the back-
bone VBB and herringbone emission VHB are estimated to be
1000 km s−1 and 50 000 km s−1 (=0.17c, corresponding to a ki-
netic energy of 7.3 keV), respectively. Since the backbone is as-
sociated with the shock traveling through the corona, coronal
shock waves have typical Alfvén Mach numbers (MA = VBB/vA)
of 2.78.

Holman & Pesses (1983) proposed that the electrons associ-
ated with the herringbones are generated by shock-drift acceler-
ation. Other studies on this subject show that, this mechanism
provides a beam-like distribution function for the accelerated

electrons (Mann & Klassen 2005), which corresponds well to
the observed characteristics of the herringbone emission stripes.
The beam has a velocity

Vbeam = Vsh sec θB,n (1 + cos2 αlc) (3)

with Vsh as the shock speed (Mann & Klassen 2005), and
θB,n denotes the angle between the upstream magnetic field
and the shock normal. The loss-cone angle αlc is defined by
the jump of the magnetic field across the shock; i.e., αlc =
arcsin[(Bup/Bdown)1/2] with Bup and Bdown as the magnetic field
in the up- and downstream region, respectively. If we apply the
shock-drift acceleration as a mechanism for electron accelera-
tion in the case of herringbone emission, we need to take into
account the values from the observed drift rates, i.e., Vbeam =
VHB = 50 000 km s−1 and Vsh = VBB = 1000 km s−1. Assuming
for the jump of the magnetic field across the shock Bdown/Bup =
2, i.e., αlc = 45◦, Eq. (3) requires θB,n = 88.28◦. This result
shows that shock-drift acceleration is an efficient mechanism for
electron acceleration under coronal conditions only for nearly
perpendicular shocks.

Considering this mechanism for the herringbone emission,
a nearly perpendicular shock configuration is therefore required
to be present during the whole event. For the example shown in
Fig. 1, the type II burst appears for about 1 min; i.e., it would
cover a spatial scale in the corona of about 60 Mm. Even though
the shock-drift acceleration is able to explain the electron ac-
celeration rates, the physical conditions required for this mecha-
nism to work are difficult to sustain, since the shock travels more
than 60 Mm and needs to be nearly perpendicular all the time.
That is an event with low probability. Thus, there is a need for
another mechanism for electron acceleration at coronal shocks,
and this new mechanism should avoid the restriction of a nearly
perpendicular shock geometry. This is the purpose of the pre-
sented paper.

Spacecraft observation of the Earth’s bow shock, interplan-
etary shocks, and shocks related to co-rotating interaction re-
gions (CIRs) are the only possibility for in-situ measurements of
shocks in space plasmas. Observations by the spacecraft Ulysses
at the CIR-related shocks reveal that electrons are really acceler-
ated up to 0.1–0.4 MeV at such shocks (see top panel of Fig. 2).
CIR related shocks are efficient at accelerating particles when
the conditions MA > 2.5 and 50◦ < θB,n < 80◦ are simul-
taneously fulfilled by the shock waves (Classen et al. 1998).
Such shocks can be regarded as super-critical shocks (Kennel
et al. 1985) and are usually associated with whistler waves in the
up- and downstream region, immediately in the vicinity of the
shock transition (Gurnett et al. 1985; Classen et al. 1999; Mann
et al. 2002). In summary, quasi-perpendicular and super-critical
shocks with attached whistler waves tend to generate energetic
electrons.

The aim of the present study is to look for a new mechanism
for electron acceleration at quasi-perpendicular shocks in the so-
lar corona. Motivated by the observations at CIR related shocks,
we consider an electron-whistler-shock interaction. Here, it is
basically assumed that the same physical processes for the col-
lisionless shocks in space (e.g., at CIRs) are also true for the
coronal shock waves. The paper is organized as follows: the new
mechanism is given in Sect. 2, where every stage is explained
in the corresponding sections: Sect. 2.1 presents the acceleration
of the protons at the shock; the whistler wave excitation due to
the proton-wave resonant interaction is shown in Sect. 2.2; in
the next section, 2.3, the resonant interaction of the incoming
electrons with the excited whistlers is followed in detail; and the
Sect. 2.4 includes the mirror reflection of the energized electrons
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Fig. 2. Behavior of the fluxes of energetic electrons (0.1−0.4 MeV) and
protons (0.8–1.0 MeV), the solar wind speed VSW, the proton tempera-
ture, the proton number density, and the magnitude of the magnetic field
(from top to bottom) during the crossing of a CIR by Ulysses (Scholer
et al. 1999).

at the shock that propagate in the upstream region later on. The
results are discussed in Sect. 3. In addition, the description of
the whistler wave fields and the general theory on the electron
motion in homogeneous magnetic field as used in Sect. 2 are
presented in Appendices A and B, correspondingly.

2. The model

The model presented in this paper considers the following sce-
nario (schematically shown in Fig. 3): a shock wave is mov-
ing through the solar atmosphere with a velocity of about
1000 km s−1. The inflowing protons (i.e., toward the shock) can
be successfully accelerated at the shock. Due to their relatively
slow thermal velocity (on the order of 110 km s−1 for a typical
coronal temperature of 1.4 MK), the quasi-perpendicular config-
uration (θB,n ≈ 70◦) is sufficient for a substantial velocity gain
for the protons (of about 6000 km s−1). The protons are accel-
erated and reflected at the shock back to the upstream region,
where they are able to excite whistler waves by resonant wave-
particle interaction. These excited whistlers can only interact
with the inflowing electrons, which fulfill the resonance condi-
tion. These electrons are accelerated (i.e., gain energy) in the
whistler electric field. Consequently, the perpendicular electron
velocity component with respect to the ambient magnetic field
is increasing during this resonant interaction. That also leads to
an increase in its magnetic moment. Simultaneously with this
process, the accelerating electrons are moving toward the shock
front. Since the shock is accompanied by a jump in the magnetic

Fig. 3. Sketch of the shock configuration. Both the in-flowing toward
the shock front and out-flowing protons (“p”) and electrons (“e”) move
along the upstream magnetic field lines (Bup). The shock moves along
the shock normal (n). The excited whistler waves (denoted with their
wave vector k) propagate away from the shock along the magnetic field
lines, which is chosen to be the positive direction.

field, it represents a traveling magnetic mirror. Finally, the elec-
trons are mirror reflected at the shock, and they propagate into
the upstream region. The outflowing electrons (i.e., away from
the shock) do not fulfill the resonance condition so are not in
resonance with the whistler wave. Then, they can travel undis-
turbed into the far upstream region and be detected as herring-
bone emission, for example.

2.1. Inflow of the upstream protons and their acceleration

It is well-known from observations at Earth’s bow shock
(Paschmann et al. 1980, 1981) that protons are reflected and ac-
celerated by nearly conserving their magnetic moment at quasi-
perpendicular, super-critical shocks. This process occurs in the
range 30◦ < θB,n < 75◦, with very few events observed for
θB,n > 75◦, as reported by Paschmann et al. (1981, see also Fig. 3
there). The reflected protons establish a beam-like distribution
with a strong temperature anisotropy. The beam density is typ-
ically in the range 0.3% to 13% of the number density of the
incoming protons (Paschmann et al. 1981). Since, under coronal
conditions, a quasi-perpendicular shock with an Alfvén Mach
number MA = 2.76 is super-critical (Kennel et al. 1985; Mann
et al. 1995), it is assumed that protons are also reflected and ac-
celerated at coronal shock waves. The proton (denoted with a
superscript “i”) velocity gain parallel to the upstream magnetic
field can be expressed by

V i
‖,ref = 2Vsh sec θB,n − V i

‖,in (4)

(Paschmann et al. 1980; Holman & Pesses 1983), where the sub-
script “in” denotes the initial velocity of the particle and “ref” the
reflected one. For the protons in the initial state, a Maxwellian
distribution normalized to unity is assumed, namely

fi(V) =
1

(2πV2
th,i)

3/2
e−V2/(2V2

th,i) (5)
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with Vth,i = (kBT/mi)1/2 (mi, proton mass) as the thermal proton
velocity. Then, the number of particles with velocities parallel
to the ambient magnetic field in the range −Vu < V‖ < Vu is
given by

N(Vu)
N0

=
2π

(2πV2
th,i)

3/2

∫ Vu

−Vu

dV‖
∫ ∞

0
dV⊥V⊥e

− V2‖ +V2⊥
2V2

th,i

=

∫ Vu

−Vu

dV‖F(V‖)

= 2Φ(Vu/Vth,i) (6)

with N0 as the total electron number density and

Φ(Vu/Vth,i) =
1

(2π)1/2

∫ Vu/Vth,i

0
dt e−t2/2. (7)

In Eq. (6), F(V‖) denotes the reduced distribution function
resulting after the integration with respect to the perpendicular
velocity component, i.e.,

F(V‖) =
1

(2πV2
th,i)

1/2
e−V2

‖ /(2V2
th,i). (8)

Equation (6) provides 99% of all particles having velocities par-
allel to the ambient magnetic field in the range −2.576 Vth,i <
V i
‖,in < 2.576 Vth,i. For a coronal temperature of T = 1.4 MK,

the thermal velocity of the protons is obtained to be Vth,i =
107.5 km s−1. That value is essentially lower than the shock
speed of 1000 km s−1. Taking into account that the initial pro-
ton velocities parallel to the ambient magnetic field are in the
range given above, i.e. −277 km s−1 < V i

‖,in < 277 km s−1, and

substituting the values Vsh = 1000 km s−1 and θB,n = 70◦ in
Eq. (4), one obtains the final speed of the reflected protons in
the range 5570 < V i

‖,ref < 6130 km s−1 (or 0.0186 < βi
‖ =

V i
‖,ref/c < 0.0204). For smaller angles, e.g., θB,n = 55◦, the

resulting final speed of protons shifts to lower velocities, e.g.,
to 3210 < V i

‖,ref < 3760 km s−1 (or 0.0107 < βi
‖ = V i

‖,ref/c <
0.0125). Further on, an angle of θB,n = 70◦ is used for discussion,
since it can be considered as a representative value for quasi-
perpendicular shocks. Here, the shock propagation is chosen in
the positive direction, and the reflected and accelerated protons
are moving in the same direction, i.e., away from the shock.

That demonstrates that the protons get a substantial gain in
energy due to the encounter with the quasi-perpendicular coronal
shock wave.

2.2. Whistler excitation

To excite whistler waves by wave-particle interaction in the case
of the accelerated protons, they need to fulfill the resonance con-
dition; see Baumjohann & Treumann (1997),

k c βi
‖ − ω − ωci = 0, (9)

where k, ω, and ωci = eB/(mic) are the wave number, the
wave frequency, and the proton cyclotron frequency, respec-
tively. Because whistler waves are predominantly excited along
the magnetic field (Vocks & Mann 2006), circularly polarized
waves propagating along to the ambient magnetic field lines
are only considered here. Their index of refraction is given by
(Baumjohann & Treumann 1997),

k2c2

ω2
= 1 − ω2

pe

ω(ω ± ωce)
−

ω2
pi

ω(ω ∓ ωci)
· (10)
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Fig. 4. Dispersion relation for the LCP (dashed line) Alfvén and RCP
(solid line) whistler wave for S = 20. Both propagate along the ambient
magnetic field.

Here, the upper and lower signs stand for left- (LCP) and right-
hand (RCP) circular polarization, respectively. The correspond-
ing dispersion relations are depicted for S = ωpe/ωce = 20 in
Fig. 4. At this point, the following normalization is introduced
for the wave number k′ = k c/ωpe and the frequencyω′ = ω/ωce,
correspondingly. Here, the primed quantities are already dimen-
sionless. Substituting these expressions back into the Eqs. (9)
and (10), we obtain the normalized ion resonance condition and
the RCP wave dispersion relation, respectively,

S k′ βi
‖ − ω′ − µe = 0, (11)

k′2

ω′2
=

1
S 2
+

1
ω′ − ω′2 , (12)

in the case of ω′ 
 µe (µe = me/mi, electron-to-proton mass
ratio). In the case of coronal plasma at the 55 MHz-level, the
frequency ratio S is estimated as S = 20 (see Sect. 1). Hence,
neglecting the S −2 factor in Eq. (12), the normalized dispersion
relation for the whistler waves is found to be

k′ =
√
ω′

1 − ω′ · (13)

This relation is substituted into the normalized ion resonance
condition (11), leading to

βi
‖ =

1
S

√
ω′(1 − ω′). (14)

In order to obtain an estimation for the frequencies of the excited
whistlers, 0.0186 < βi

‖ < 0.0204 (see Sect. 2.1) are employed for

βi
‖ in Eq. (14) resulting in 0.166 < ω′ < 0.211 (or equivalently

from Eq. (13), 0.446 < k′ < 0.517). In other words, the shock-
accelerated protons excite a spectrum of whistler waves predom-
inantly enhanced in the frequency range 0.166 < ω′ < 0.211
with a maximum at ω′ = 0.188 (and k′ = 0.4815). In the case of
an initial Maxwellian velocity distribution function, see Eq. (5),
most of the in-flowing protons have a velocity V i

‖,in = 0 parallel
to the magnetic field. After the reflection at the shock, they have
a velocity of 5850 km s−1 (or βi

‖ = 0.0195) and are able to ex-
cite whistlers with ω′ = 0.188 according Eq. (14). Therefore, the
final whistler spectrum should have a maximum at ω′ = 0.188.

From the resonance condition Eq. (9), one gets ωci =
k(V i

‖ − Vph) with the whistler-phase velocity Vph = ω/k. Since
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the proton cyclotron frequency ωci is positive, the proton veloc-
ity must be faster than the phase speed of the whistlers, so that
the righthand, circularly polarized whistlers appear to be left-
handed in the rest frame of the energetic protons. Thus, the shock
accelerated protons do fulfill both the resonance condition and
the condition of providing the right whistler polarization, which
is lefthand circularly polarized in the proton rest frame, but right-
hand circularly polarized in the laboratory frame.

Simultaneously, the shock accelerated protons can also in-
teract with low-frequency lefthand circularly polarized Alfvén
waves according to the resonance condition (Baumjohann &
Treumann 1997),

k c βi
‖ − ω + ωci = 0. (15)

Employing the normalization introduced above, the normal-
ized resonance condition and the wave dispersion relation are
given by

S k′βi
‖ − ω′ + µe = 0 (16)

and

k′ =

√
(1 + µe)ω′2

(1 + ω′)(µe − ω′) · (17)

Then, the accelerated protons in the range 0.0186 < βi
‖ < 0.0204

excite Alfvén waves in the frequency range 2.87 × 10−5 < ω′ <
3.13 × 10−5 or (0.053–0.057)ωci. But these Alfvén waves are
propagating in the opposite direction to the protons, i.e., towards
the shock, as results from the inspection of Eq. (15).

In summary, shock-accelerated protons are able to ex-
cite both whistler waves with frequencies in the range
(0.166−0.211)ωce and low-frequency Alfvén waves. These
whistlers propagate away from the shock in the upstream region,
whereas the Alfvén waves travel towards the shock (Winske &
Leroy 1984).

2.3. Resonant electron-whistler interaction

The excited whistler waves can resonantly interact with the elec-
trons in the upstream region. The electron resonance conditions
is given by

k c βe
‖ − ω + ωce = 0, (18)

with βe
‖ = Ve

‖ /c; see Baumjohann & Treumann (1997). The elec-
tron part is denoted with superscript “e”. Then, one gets

S k′ βe
‖ − ω′ + 1 = 0 (19)

after the usual normalization (see Sect. 2.2). Using relation (13)
again for the normalized wave number, the equation above
becomes

−βe
‖ =

1
S

√
(1 − ω′)3

ω′
· (20)

Thus, only counter-streaming (i.e., moving towards the shock)
electrons are in resonance with the whistler waves. Since a
whistler wave spectrum covering the frequency range 0.166 <
ω′ < 0.211 is present in the upstream region, they can be in
resonance with electrons in the velocity range −0.093 < βe

‖ <−0.076, if one adopts S = 20.

�0.02�0.04�0.06�0.08�0.1
Β e
�

0.2

0.4
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0.8

1.0
Β e
�

Fig. 5. Solution of the resonance curve, Eq. (22), for S = 20 and ω′ =
0.166 (dashed) and 0.211 (solid line) in the (βe

‖ , β
e⊥)-plane. The dashed-

dotted line corresponds to a pitch angle of 45◦.

To study relativistic electrons, one needs to correct the above
result using the extended, relativistic resonance condition; i.e.,

k c βe
‖ − ω + ωce

[
1 − (βe

‖)
2 − (βe

⊥)2
]1/2
= 0, (21)

see Baumjohann & Treumann (1997). Employing the same nor-
malization, the above equation becomes

S k′ βe
‖ − ω′ +

[
1 − (βe

‖)
2 − (βe

⊥)2
]1/2
= 0. (22)

Taking relation (13) into account, an expression for the paral-
lel and the perpendicular component of the velocity is obtained
from Eq. (22) that is plotted in Fig. 5 in the (βe

‖ , β
e⊥)-plane. There,

one could see two curves, corresponding to the minimum (0.076)
and maximum (0.093) values of |βe

‖ | at βe⊥ = 0. These two curves
define the area in the (βe

‖, β
e⊥)-plane that is usually called “reso-

nance band”. Only electrons that are initially located in this “res-
onance band” are able to resonantly interact with the whistlers.
The appearance of such an area is immediately related to the
thermal spread of the inflowing protons and, consequently, with
the excitation of a whistler spectrum in a finite frequency range.
The curvature (as enhanced on the plot) is due to the relativistic
effects, since in the nonrelativistic case it would be two straight
lines parallel to the βe⊥-axis. During the resonant interaction with
the whistler wave field, the electron is increasing its velocity
component perpendicular to the magnetic field. That represents
a motion upward in the (βe

‖ , β
e⊥)-plane (see Fig. 5) between these

curves or in the so-called “resonance band”, leading to an in-
crease in its kinetic energy (see Fig. 6). Normalized to the rest
energy (me c2 = 512 keV), the kinetic energy of the electron is
usually defined by

Wkin

me c2
=

1√
1 − β2

− 1, (23)

with β2 = (βe
‖)

2 + (βe⊥)2. When the relation (22) is taken into
account, the kinetic energy (23) can be plotted in terms of the
perpendicular velocity component βe⊥ (see Fig. 6). A substantial
energy gain for the electrons can be noticed due to the resonant
electron-whistler interaction.

In general, the movement of an electron in given electric and
magnetic fields can be described by the momentum

dp
dt
= −e

[
E + β × B

]
, (24)

and the kinematic equation (Baumjohann & Treumann 1997)

dr
dt
= cβ, (25)
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Fig. 6. Relation between βe⊥ and the kinetic energy Wkin/mec2, Eq. (23),
where |βe

‖ | = 0.076 and βe⊥ takes the values along the dotted line in
Fig. 5.

with β = u/c. The momentum is defined by p = m0 cβ/
√

1 − β2.
To normalize the above equations of motion, the following di-
mensionless quantities are introduced: time, t′ = tωce; spatial
coordinate, r′ = rωpe/c; momentum, p′ = p/(m0 c); energy,
W′kin = Wkin/(m0 c2); the magnetic and electric fields are nor-
malized to the background (upstream) magnetic field, B0, and
B0/S (S = ωpe/ωce), respectively. Substituting these normaliza-
tions into the above equations of motion, one gets the following
normalized system of equations,

dp′

dt′
= −E′ − β × B′, (26)

dr′

dt′
= S β. (27)

Note that Eq. (23) is already normalized. In order to find the
energy gain, the time derivative of Eq. (23) is calculated, i.e.,

Ẇ′kin =
β · β̇

(1 − β2)3/2
, (28)

which gives the same result as a dot-product of Eq. (26) with β
(note that all betas here are vector quantities). Finally using the
relation β = p′/(1+ p′2)1/2, one obtains the following expression
for the time derivative of the normalized kinetic energy,

Ẇ′kin = − E′ · p′

(1 + p′2)1/2
· (29)

Thus, the energy gain can be obtained if one knows the wave
electric field and the momentum of the particle. Substituting in
the above expression both the electric field from the whistler
wave field and the momentum from the electron motion in a ho-
mogeneous magnetic field (see Appendices A and B), one ob-
tains the following result for the energy gain:

Ẇ′kin =
V ′phβ

e⊥B′wh

S
sin(α1 + α2), (30)

with V ′ph = ω
′/k′, α1 = k′x′(t′) − ω′t′, α2 = ω

′
cet′ + φ0. The nor-

malized frequency and the amplitude of the whistler magnetic
field (i.e., as a fraction of the upstream one) are ω′ and B′wh, re-
spectively. Introducing the solution for x′(t′) (see Eq. (B.10) in
Appendix B), the argument of the sin-function, α1 + α2, can be
expressed by

α1 + α2 = Dt′ + ϕ0,

where

D = k′S βe
‖ − ω′ + (1 + p′2)−1/2, (31)

ϕ0 = k′x0 + φ0. (32)

Here, x0 and φ0 are the initial conditions for the spatial coor-
dinate and the phase, respectively. The temporal integration of
Eq. (30) leads to

∆W′kin = −
V ′phβ

e⊥B′wh

DS
[cos(Dt′ + ϕ0) − cosϕ0], (33)

which represents a temporally oscillating function. ∆W′kin only
increases with time, if the condition D → 0 is fulfilled (exactly
the resonance condition (22)), resulting in

∆W′kin =
V ′phβ

e⊥B′wh

S
t′ sin ϕ0. (34)

That demonstrates analytically that the resonant electron-
whistler interaction really leads to a gain in energy. From
Eq. (34), it follows that the particles either gain or lose en-
ergy due to the resonant interaction, if phase ϕ0 is in the range
0 < ϕ0 < π and π < ϕ0 < 2π, respectively. Assuming that
the inflowing electrons are gyrotropically distributed, one half of
them are accelerated, whereas the other half is decelerated with
respect to the velocity perpendicular to the ambient magnetic
field. Averaging over all angles ϕ0 in the range 0 < ϕ0 < π, i.e.,

1
π

∫ π

0
sin ϕ0 dϕ0 =

2
π
, (35)

one gets for the mean temporal energy gain of the accelerated
electrons

∆W̄′kin =
2V ′phβ

e⊥B′wh

πS
t′. (36)

As already mentioned, the gain and the loss of energy happens
due to the change of the particle velocity perpendicular to the
ambient magnetic field because of the resonant electron-whistler
interaction. Since a Maxwellian distribution, which is a mono-
tonically decreasing function with respect to V⊥, is assumed in
the initial state, see Eqs. (5) and (6), there are more particles
that are accelerated than those that are decelerated. That finally
leads to a net energy gain for the whole population located in the
“resonance band” in the (βe

‖, β
e⊥)-plane.

2.4. Magnetic mirroring at the shock

A fast magnetosonic shock wave is accompanied by a jump in
the density and the magnetic field. In this sense, it represents a
moving magnetic mirror on which charged particles can be re-
flected and subsequently accelerated. In a weakly varying mag-
netic field, i.e., |rL ∇B/B| 
 1, where rL is the Larmor radius,
the particle motion is governed by the conservation of the ki-
netic energy (or amount of momentum) and the magnetic mo-
ment (Baumjohann & Treumann 1997), i.e.,

p2
||, j + p2

⊥, j = p2
||,0 + p2

⊥,0 (37)

p2⊥
B j
=

p2
⊥,0
B0

(38)
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where the index “0” denotes the values of the corresponding
quantities in the undisturbed (i.e., upstream) region and the in-
dex “ j” denotes any subsequent temporal states. One can com-
bine the above equations into the following expression

p2
‖, j

p2
‖,0
= 1 −

(
B j

B0
− 1

) p2
⊥,0

p2
||,0
· (39)

Now, two important angles, as commonly used, are also intro-
duced here: the pitch angle,

α j = arctan
p⊥, j
p‖, j
, (40)

and the loss-cone angle,

αlc, j = arcsin

√
B0

B j
, (41)

and hence Eq. (39) can be rewritten as

p2
‖, j

p2
‖,0
= 1 − tan2 α0

tan2 αlc, j
, (42)

where α0 = arctan(p⊥,0/p‖,0) is the initial pitch angle of the par-
ticles and depends on the initial conditions observed in the up-
stream region. The inspection of Eq. (39) leads to all particles
with an initial pitch angle α0 > αlc, j being reflected. Identifying
B0 and B j with the magnetic fields Bup and Bdown in the up-
and downstream region, respectively, all particles with an initial
pitch angle

α0 > αlc,sh = arcsin

(
Bup

Bdown

)1/2

(43)

will be reflected by their encounter with the shock. The other
ones are transmitted into the downstream region.

Since the shock is moving, the consideration presented above
must actually be made in the so-called de Hoffmann-Teller
frame; see e.g., Mann & Klassen (2005). The shock speed in the
de Hoffmann-Teller frame is given by VHT

sh = Vsh sec θB,n (Mann
& Klassen 2005), which has a typical value of 3000 km s−1

adopting Vsh = 1000 km s−1 and θB,n = 70◦. Since this value
is essentially lower than the thermal electron velocity Vth,e =
(kBT/me)1/2, which has a typical value of 4600 km s−1 for a
coronal temperature of 1.4 MK, the influence of the motion of
the shock on the electron reflection process can be neglected for
considering electrons that has been done in this section. Due to
the motion of the shock, the electrons reflected back at it get
an additional energy gain due to shock drift acceleration, but it
can be neglected in the case of quasi-perpendicular shocks under
coronal conditions.

As already discussed, the electrons increase their momentum
perpendicular to the ambient magnetic field due to the resonant
electron-whistler interaction (see Fig. 5) and, consequently, their
pitch angle (see Eq. (40)) as well. Thus, a major part of the en-
ergized electrons fulfill the reflection condition (43) and, finally,
move away from the shock into the upstream region. After the
reflection, the accelerated electrons are co-streaming with the
whistlers and, thus, do not fulfill the resonance condition (22);
i.e., they are out of resonance and can freely reach the far up-
stream region.

3. Discussion and summary

In the framework of the proposed mechanism, the electron ac-
celeration happens in the (βe⊥, βe

‖)-plane due to the resonant
electron-whistler interaction as illustrated in Fig. 5. It actually
represents a motion toward higher values of βe⊥ within the so-
called “resonance band” (βe⊥, βe

‖)-plane. Figure 5 results from pa-
rameters, which are appropriate for a shock wave associated with
solar type II radio bursts around 55 MHz. In the initial state, the
electron must be located in the “resonance band” in order to be-
come energized. In the “resonance band”, the electrons with the
lowest initial energy have values of |βe

‖ | = 0.076 and βe⊥ = 0; i.e.,
they have an initial energy of 1.5 keV. In the case of the most ef-
ficient energy gain, they move upward along a straight line (see
Fig. 5) parallel to the βe⊥-axis. They leave the “resonance band”
at the point (|βe

‖ | = 0.076, βe⊥ = 0.537) in the (βe⊥, βe
‖)-plane.

Then, they have a final kinetic energy of 97 keV. During this
process, the pitch angle changes from 0◦ to 82◦. Particles with
such a final pitch angle are reflected at shock, since their pitch
angle is greater than the loss-cone angle αlc,sh = 45◦ (in Fig. 5)
as required for reflection, see Eq. (43). Such a value is obtained
for the loss-cone angle, if one assumes a jump in the magnetic
field Bdown/Bup = 2 as a typical value for coronal shock waves.

The inspection of Fig. 5 reveals that only electrons,
which are initially located within the “resonance band” in the
(βe⊥, βe

‖)-plane, are accelerated; i.e., their initial energy must be
≥1.5 keV corresponding to a velocity of 0.076 c = 4.96 Vth,e
(with Vth,e = 4600 km s−1 as the thermal electron speed for
a coronal temperature of 1.4 MK). In the case of an initial
Maxwellian distribution of the electrons in the upstream region,
the number density of the electrons initially located within the
“resonance band” can be estimated to be ≈3.582 × 10−7Ne.
(In this case the integration of the Maxwellian distribution, see
Eqs. (7) and (8), is performed from 0.076 c/Vth,e to 0.093 c/Vth,e,
which in this case are 4.96 and 6.06 of the electron thermal
speed, correspondingly.) Only these electrons can really be ac-
celerated by the proposed mechanism; i.e., only a minor part of
the electrons in the upstream region gain energy.

Now, the energy budget of the different stages of the whole
process is discussed here. As already mentioned, those parti-
cles that are initially located in the “resonance band” of the
(βe⊥, βe

‖)-plane are finally accelerated. These are Nacc = 3.582 ×
10−7 Ne = 13.43 cm−3 electrons with Ne = 3.57 × 107 cm−3.
Assuming |βe

‖ | = 0.076 and βe⊥/2 = 0.537/2 = 0.2685 (see
Fig. 5), as mean values of the accelerated electrons, the kinetic
energy is calculated as Wkin,e = 21.18 keV. Thus, the accelerated
electrons have an energy density of we,acc = NaccWkin,e = 4.55 ×
10−7 erg cm−3. The energy density of the protons inflowing to-
wards the shock can be calculated as wi,in = Ne mi V2

sh/2 =
0.31 erg cm−3 for Vsh = 1000 km s−1. According to the ob-
servations at Earth’s bow shock (Paschmann et al. 1981), 2%
of this incoming energy is typically transferred into the ac-
celerated protons; i.e., the energy density wi,acc of the accel-
erated protons is about wi,acc = 6.2 × 10−3 erg cm−3. Thus,
we,acc = 0.734 × 10−4 wi,acc; i.e., only a fraction of ≈10−4 of the
energy of the accelerated protons is really needed for the elec-
tron acceleration. If one assumes that 10% of the whistler energy
is going into the accelerated electrons, the whistler energy den-
sity is about wwh = 4.55 × 10−6 erg cm−3, corresponding to a
whistler amplitude of Bwh = 0.011 G, i.e., 0.011 B0 (because of
B0 = 1 G). In summary, only a very small fraction (≈10−6) of
the shock energy is transferred into the accelerated electrons.
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In order to give some estimation with respect to the accelera-
tion time, Eq. (36) is employed. Adopting ∆W̄′kin = 0.0414 (cor-
responding to an energy of 21.18 keV), βe⊥ = 0.2685, V ′ph = 0.39
(corresponding to ω′ = 0.188 and k′ = 0.4815), B′wh = 0.011,
and S = 20 as typical values for the accelerated electrons (see
above), one gets t′ = 1130 and tacc = 64 × 10−6 s (because of
ωce = 1.758 × 107 s−1 for B = 1 G). In summary, the electrons
are accelerated within a few tens of microseconds for this special
choice of the parameters and the electron velocity components
in the resonance band.

The proposed mechanism is only able to explain the gen-
eration of energetic electrons in the upstream region. Usually,
positively and negatively drifting herringbone structures are ob-
served, as presented in Fig. 1. They are commonly interpreted as
electron beams accelerated at the shock and traveling into the up-
(negative drift) and downstream (positive drift) region (Nelson
& Melrose 1985). But that may not necessarily be true. As seen
in Fig. 1, the backbone is located within the range 50–55 MHz,
corresponding to a height 478–441 Mm above the photosphere
by using a twofold Newkirk (1961) model, see Eq. (2). In con-
trast to that, the herringbones appear in a wider frequency range
40–80 MHz corresponding to a height range of 574–316 Mm
above the photosphere; i.e., the herringbone sources cover a wide
range in the corona. Spatial radio-heliographic observations have
revealed that solar type II radio burst sources mainly propa-
gate nonradially away from active regions (Gopalswamy et al.
1997, 2000; Aurass et al. 1998; Klassen et al. 1999; Klein et al.
1999). Since the shock wave is a spatially extended feature in
the corona, the electrons can be accelerated at different sites of
the shock. If the shock shows a large-scale curved shape, the
upstream region can be directed towards both lower and higher
densities, so that the shock accelerated electron beam leads to a
negatively and positively drifting signature (i.e., herringbone) in
the dynamic radio spectrum. This scenario explains the appear-
ance of negatively and positively drifting herringbones, although
the associated beams are generated in the upstream region and
traveling away from the shock; see also Fig. 2 in Holman &
Pesses (1983).

The proposed mechanism of electron acceleration is appli-
cable to quasi-perpendicular shocks; i.e., the angle θB,n is in
the range of 50◦–75◦. It explains the production of energetic
electrons at shocks, as really observed by spacecraft missions
(see Fig. 2). A continuous regime for electron acceleration is
achieved, when the electron moves in the resonance band. The
proposed mechanism can also act at other shocks in space plas-
mas, e.g., at supernova remnants.
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Appendix A: Whistler wave field

In order to describe the electric and magnetic fields accompanied
by the whistler wave, the ambient magnetic field is assumed to
be along the x̂-axis, i.e., B0(1, 0, 0). Since whistler waves prop-
agating along the magnetic field are considered, they are not
accompanied by an electric field along the magnetic field, i.e.,
Ewh = (0, Ey, Ez). Likewise, all varying quantities are assumed
to depend only on the spatial and temporal coordinates x and t,
respectively. Then, the Ansatz

B′y = B′wh sin [k′x′ − ω′t′] (A.1)

B′z = B′wh cos [k′x′ − ω′t′] (A.2)

describes a righthand, circularly polarized whistler wave in nor-
malized quantities as introduced in Sect. 2. The corresponding
electric fields are deduced from the induction equation

1
c
∂Bx

∂t
= 0 (A.3)

1
c

∂By
∂t
=
∂Ez

∂x
(A.4)

1
c
∂Bz

∂t
= −∂Ey
∂x
· (A.5)

It can be written in normalized quantities by

1
S

∂B′y
∂t′
=
∂E′z
∂x′

(A.6)

1
S

∂B′z
∂t′
= −∂E

′
y

∂x′
(A.7)

with S = ωpe/ωce. Substituting the Ansatz (A.1) and (A.2) into
Eqs. (A.6) and (A.7) and, subsequently, performing the integra-
tion, one can obtain an expression for the electric field of the
whistler in terms of its magnetic field,

E′y =
V ′ph

S
B′wh cos [k′x′ − ω′t′] (A.8)

E′z = −
V ′ph

S
B′wh sin [k′x′ − ω′t′] (A.9)

with V ′ph = ω
′/k′ as the normalized whistler phase velocity.

These expressions of the electric and magnetic fields of the
whistler waves have been substituted into Eq. (29).

Appendix B: Electron motion in a homogeneous
magnetic field

The motion of an electron in a homogeneous magnetic field
along the x̂-axis can be expressed in the normalized way (see
Sect. 2) by:

d p′x
dt′
= 0 (B.1)

d p′y
dt′
= − p′z

(1 + p′2)1/2
(B.2)

d p′z
dt′
=

p′y
(1 + p′2)1/2

(B.3)

and

d x′

dt′
=

S
(1 + p′2)1/2

p‖ (B.4)

d y′

dt′
= −S p⊥ sin (ω′cet′ + φ0) (B.5)

d z′

dt′
= S p⊥ cos (ω′cet′ + φ0) (B.6)

according to Eqs. (26) and (27). Here, ω′ce denotes the relativis-
tically shifted electron gyrofrequency normalized to ωce, i.e.,
ω′ce = γ

−1 with γ = (1 − β2)−1/2 = (1 + p′2)1/2. The solutions of
the above equations of motion are:

p′x = p‖ = const. (B.7)

p′y = −p⊥ sin (ω′cet
′ + φ0) (B.8)

p′z = p⊥ cos (ω′cet
′ + φ0) (B.9)



R. Miteva and G. Mann: Electron acceleration 625

and

x′(t′) =
S

(1 + p′2)1/2
p‖ t′ + x0 (B.10)

y′(t′) = S p⊥ cos (ω′cet
′ + φ0) + y0 (B.11)

z′(t′) = S p⊥ sin (ω′cet′ + φ0) + z0. (B.12)

These solutions have been used to enter into Eq. (29).
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