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ABSTRACT

Aims. We discuss the linear theory of the Weibel instability in a relativistic plasma driven by ultra-relativistic beams, describing the
physics of the generation of magnetic fields in the ultra-relativistic shocks associated with Gamma Ray Bursts (GRBs). We perform a
detailed analysis of the linear dispersion relation for the benefit of non-linear calculations that we discuss in the companion paper.
Methods. We use a covariant approach, where the linear response of the beam-plasma system is determined from the polarization
tensor. This tensor relates the four-current density to the four-potential of the electromagnetic field. Showing that two approaches,
one based on a fluid model and one on a kinetic description that uses a waterbag distribution for the phase-space density of the beam
particles, yield essentially the same result, we compare our results to those obtained by other approaches. We mainly consider the
symmetric case of two counterstreaming (but otherwise identical) beams.

Results. We show that the effect of an asymmetry in the beam densities is small for typical parameters, and briefly discuss the effect
of an ambient magnetic field. The dispersion relation of the Weibel instability driven by ultra-relativistic beams is rather insensitive to
the model used to describe the plasma. The properties of the instability, such as the growth rate and the range of unstable wavelengths,
are governed by only two parameters: the ratio of the plasma frequency squared of the beam and hot background plasma, and a “Mach
number”’, which is essentially the ratio of the beam momentum and the momentum associated with thermal velocity (~sound speed)
in the beam plasma. We also show that, at least for the parameters associated with the ultra-relativistic shocks in GRBs, the influence

of the magnetic field is small, and the results for an unmagnetized plasma can be used.

Conclusions.
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1. Introduction

The Weibel instability is an electromagnetic instability of low-
frequency perturbations in a plasma where one (or more) of
the particle species has an anisotropic momentum distribu-
tion. In its original form, as discussed by Weibel (1959), this
anisotropy is caused by different values of the kinetic tem-
perature of the particles in two mutually orthogonal direc-
tions. More recent astrophysical applications — see for instance
Gruzinov & Waxman (1999), Gruzinov (2001), Medvedev &
Loeb (1999), and Frederiksen et al. (2004) — have concentrated
on the anisotropy caused by the presence of bulk plasma motions
in the form of beams in a (thermal) background plasma.

In relativistic shocks, which propagate into a cold medium
with bulk speed Vi, ~ c, this version of the instability could be
important as the collisionless relaxation mechanism in the “tran-
sition layer” where the shock-heated and incoming (unshocked)
plasma mix. As this instability has its most rapid growth in the
low-frequency regime, so that |w| < kc with k = 27/ A the wave
number, it generates an electromagnetic field (6E, 0B) that is
dominated by the magnetic component: [6B| > [0E|.

Generation of magnetic fields is a necessary ingredient in
those models that explain the prompt gamma rays, and the broad-
band afterglow emission from GRBs as (Lorentz-boosted) syn-
chrotron radiation. These synchrotron models must assume that
the magnetic field is strong in the sense that the ratio of magnetic
to internal energy is B>/8me ~ 0.01-0.1. Here B the magnetic
field strength with corresponding energy density ez = B?/8m,

and e is the internal energy density of the radiating plasma.
Details of the arguments leading to this estimate can be found in
the reviews by Piran (2000, 2004) and Mészaros (2002, 2006),
and in the references therein.

The compression of pre-existing interstellar (or circumstel-
lar) magnetic fields by a relativistic shock leads to an insuffi-
cient field strength, with e < 1. In fact, without additional field
amplification one finds that the pre- and post-shock values of
e = B*/8me are of similar magnitude, see Eq. (4) below. For an
exterior shock, propagating into a cold astrophysical plasma with
proper mass density p, the upstream energy density is dominated
by the rest-energy density of the hadrons: e ~ pc?. Therefore, the
pre-shock value of the equipartition parameter €z is small:

€pl ~ B%/Smo]c2 = (Vi/2c2)1 < 1. (D

Here, Vo = B/+/4np is the (non-relativistic) Alfvén velocity,
and we use the subscript 1 (2) to denote the pre-shock (post-
shock) values of physical quantities.

In the best possible case, where the pre-shock magnetic field
is tangential to the shock surface with strength By, the shock
jump conditions (in particular mass conservation and magnetic
flux conservation) imply that the pre- and post shock magnetic
fields are related by

By  Bp
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Since the upstream magnetic field is dynamically unimpor-
tant (Eq. (1)), one can apply the approximate hydrodynamic
jump conditions of Blandford & McKee (1976). For an ultra-

relativistic shock with yg, = 1/ /1= V3 /¢ > 1, propagat-

ing into a cold medium with mass density p; and pressure
P < pic?, the relativistically hot post-shock gas has a proper
mass density p,, pressure P,, and a thermal energy density e,
given by

2 2 VZyg e =3P =270 3)

P1

Relations (2) and (3) imply that the post-shock ratio of magnetic
and thermal energy densities is
2
€py = =~ i ~4dep < 1. “4)
8rey;  2mpic?

This shows that the pre- and post shock values have similar mag-
nitudes. Clearly an additional mechanism is needed to generate
a post-shock magnetic field with eg, ~ 0.01-0.1.

This paper is concerned with the linear stage of the Weibel
instability, where the electromagnetic field amplitudes grow ex-
ponentially, |0E|, |[0B| « exp(6t), with & = Im(w) the growth
rate. Starting from first principles, we present a detailed analy-
sis of the dispersion relation that determines the growth rate &,
both in a fluid description of the plasma and in a kinetic wa-
terbag description. These results are important for the analy-
sis of the non-linear stage of the relativistic Weibel instability,
which is sensitive to the dispersion properties of the plasma; see
the companion paper (Achterberg et al. 2007) for details. From
the dispersion relation we derive expressions for the growth
rate & using various approximations: non-relativistic and ultra-
relativistic; with and without a background magnetic field. The
aim is to determine the basic parameters that characterize the
solution.

In Sect. 2 we introduce the covariant formalism employed
here and the general form of the plasma response. In Sect. 3
we derive the linear dispersion relation for the beam-driven
Weibel instability from two points of view: a fully relativistic
fluid plasma version and a kinetic version, both for two coun-
terstreaming beams. In the latter case we employ a mathemat-
ically convenient model for the momentum distribution of the
beam particles: the waterbag distribution. In Sect. 4 we consider
the case of cold relativistic beams and the non-relativistic limit,
showing that our results agree with those available for these two
cases in the literature. In Sect. 5 we discuss the Weibel insta-
bility driven by two symmetric, counterstreaming beams. There
we show that the fluid and kinetic results are closely related
and are characterized by only two parameters: the ratio of effec-
tive plasma frequencies of beams and background plasma and
an effective Mach number of the beam plasma. In Sect. 6 we
consider the ultra-relativistic limit where the beam velocity V;,
is close to ¢ and the beam Lorentz factor satisfies y, > 1. In
Sect. 7 we consider the effect of anomalous dispersion that oc-
curs when the background plasma is relativistically hot, and in
Sect. 8 we discuss the magnetized Weibel instability for beams
that are aligned with an ambient magnetic field. There we show
that, in the ultra-relativistic case, the influence of this magnetic
field is small for typical parameters. In Sect. 9 we briefly dis-
cuss the asymmetric case, where the instability is driven by rel-
ativistic beams of unequal density. Conclusions are presented in
Sect. 10. The Appendices A through D contain the necessary
mathematical details.

2. Covariant formulation of plasma dispersion

Anticipating our application to relativistic shocks, we use a fully
relativistic (covariant) formulation that is valid in any (conve-
niently chosen) reference frame. This has the advantage that we
can decompose the dispersion tensor of the plasma into normal
modes based on a set of polarization vectors, postponing con-
siderations of the choice of a specific reference frame as long
as possible (see below). Co- and contravariant vector and ten-
sor components are related in the usual fashion, e.g. J, = 1,,J”
and &, = "7 a,y, with n,, = g = diag(l, -1, -1, -1)
the Minkowski metric tensor of flat space-time, which satisfies
Uﬂv = 6Hv'

The covariant description employed here (and by others, see
the references below) expresses the linear electromagnetic re-
sponse of the plasma in terms of the wave four-current [”(k) =
(p, J(k)) and the wave four-potential A*(k) = (D(k), A(k)) in
the Fourier domain through a tensorial relation of the form (e.g.
Melrose 2001)

Arjh(k) = o (k) AV (k). 5)

The polarization tensor o/, (k) contains all information about the
plasma response. Here, and in what follows, we employ a tilde
(~) to denote the four-potential and four-current density in the
Fourier domain (see definition A.3 in Appendix A), which de-
pend on the wavenumber four-vector k#* = (w/c, k). Greek in-
dices are used to denote the components of four-vectors.

The dispersion relation for the linear electromagnetic wave
modes in the plasma follows from using (5) in the covariant set
of Maxwell equations, Eq. (A.1) of Appendix A. The result-
ing set of linear relations in the Fourier domain takes the form
D*'(k) A(k) = 0, with D*'(k) = (k - k) n* — K*k” + o (k),
see Appendix B. This leads to three independent physical wave
modes. It is convenient to expand the four-potential of the three
physical degrees of freedom in terms of three mutually orthogo-
nal polarization vectors: Ar(k) = Al(k) et‘ ,withi =1, 2, 3. The
dispersion relation, which is the solution condition for the sys-
tem of equations, then takes the form D(w, K) = det(D;;) = 0,
where the 3 x 3 matrix O;; is defined in terms of o/, k¥ and
the three polarization vectors et‘ of the linear wave modes, see
Appendix B, Eq. (B.11). If one chooses a Lorentz gauge for the
electromagnetic fields, kA, = 0, D;; takes the form:

Dij(k) = (k- k) gij + aij(k). (6)

Here we employ the notation A - B = 1, A¥B” for the scalar
product of two four-vectors, and introduce the quantities g;; =
(ei .e j), and q;; = e‘l’ Ay e‘jf. We also adhere to the Einstein sum-
mation convention for double indices.

This covariant formulation of the linear electromagnetic re-
sponse of a plasma is based on the work of Melrose (1973), see
also Melrose (2001) and Dewar (1977), and is very convenient
for this problem. As it is not commonly used, we provide a full
set of definitions together with the necessary mathematical de-
tails in Appendices A and B. Appendix C contains full the ex-
pressions for the components of the dispersion tensor in the dif-
ferent approaches presented below.

2.1. Polarization tensor in the fluid approximation

Many of the properties of the beam-driven Weibel instabil-
ity can be understood from a simple fluid model. Consider a
plasma consisting of several particle species, with charge g, rest
mass ms and four-velocity U¥ = (y,, v,V,) for each particle
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species s. The proper density of species s is ng, the rest mass
density is ps = ngms, the thermal energy density is eg and the
pressure is Ps. We will use units with ¢ = 1 so that the Lorentz

factor is y, = 1/+/1 — |V2. However, we will retain ¢ in some
expressions for clarity. For the moment, we will neglect the in-
fluence of an ambient magnetic field, in effect treating an unmag-
netized plasma. The magnetized case will be considered briefly
in Sect. 8.

The calculation of the linear response of each species in-
volves the linearization of the covariant equation of motion for
species s in a charged fluid,

(0 + e+ P), (Uy-V)U" = B V, P, + nyqF* Us,. 7

Here A" = p*” — UL UY is the tensor that projects onto the hyper-
plane perpendicular to the four-velocity UL, F* = VKAY — VY A#
is the Faraday tensor of the electromagnetic field. Equation of
motion (7) is supplemented by the continuity equation and an
equation of state,

V. (nUY) =0, Pyocn. ®)

This procedure leads to a polarization tensor @, = Y, (a/” V)s’

where the contribution from species s takes the form (see
Eq. (A.24) in the appendix):

C2 kkg

(O’uy) CU Pl:a ( (k' US)Z _ nglcf

) P, )

The projection tensor Ps, = &), — Ut'k,/(k - Uy) and its trans-
pose appear as a result of charge conservation and the invariance
of the current density J* under electromagnetic gauge transfor-
mations (cf. Dewar 1977), see Appendix A for a full discus-
sion. From here onwards UY is the unperturbed four-velocity of
species s.

The relativistic plasma frequency @, and the sound speed
C; of species s are respectively defined by:

&2 47m2 2
57 C
“os (p+e+P)’

I Py
:(p+e+P)S. (10)

Ll )

The quantity K2, is the absolute value of the length of the space-
like four-vector k| = " k, = k* — (k- U5)U%:

GL_

K} = ~ksioky = (k- U)* ~ (11
Choosing the manifestly covariant Lorentz gauge kﬂA“ =0
and using the resulting properties of the three polarization
vectors e;—e3 (see Appendix B, Egs. (B.6)—(B.8)), it follows
from expression (9) that the contribution of species s to a;; =

)
e ayy e is

(k- k) (1-C2) UaUs;
(k- Us)? - K2, C?

("ff)s =~ 191 + , (12)

where Ug; = Us - e¢; and g;; = ¢; - e;.

2.2. Polarization tensor in the kinetic description

Although the fluid approach of the previous section is mathe-
matically easier, a more adequate description of the waves and
oscillations in the plasma is given by the kinetic approach. This
is especially relevant since we will consider plasmas with a finite
temperature in the following sections. We will compare results
for the two approaches in Sect. 5.

In the kinetic description, one describes the multi-species
plasma using the covariant Vlasov equation for the phase-space
distribution function Fy(x*, p*) of each species in the plasma:
dfs _ dx* 0F L9 0T

= — (224 > =

dr = dr ow my " opH

cf. Egs. (A.25) and (A.26) of Appendix A. As before, F*V =
VHA” — VVA* is the Faraday tensor of the electromagnetic field.
The position four vector ¥* and momentum four vector p* satisfy
dx*/dt = p,/ms, with T the proper time.

Linearizing the Vlasov equation in the Fourier domain, and
calculating the four-current density J* resulting from the linear
perturbation, one can calculate the polarization tensor (af” V)s for
each species.

As was the case in the fluid description, it is convenient to
work with the representation of the polarization tensor a;; in the
Lorentz gauge. The contribution to this tensor from species s,

(a,;,-)s, can be written as (see Appendix C, Egs. (C.7) and (C.8)):

(k-k) pipj
((I” f ( )ﬁ)s(p) (gz] (k )2 )

Here fys(p) is the ordinary Vlasov distribution of the particles in
three-momentum space, normalized to unity so that 7, fo(p) d°p
is the lab-frame number density of particles with their three-
momentum in an infinitesimal momentum space volume d3p
around p, with 75 the density of species s in the laboratory frame.
The frequency @y is the plasma frequency based on the density
of species s in the lab frame:

0, (13)

(14)

_ 471'512%3
Wpy = —— (15)
mg

As before g;; = e;- e, and we define p; = p-e;, with p* = (E, p)

V1 + |pl?/m2c2.

the four-momentum vector so that y(p) =

2.3. The cold plasma limit

Because cold plasmas are already well-studied in the literature
we will check our results in later sections by taking the cold
limit. In this section we will give an expression for the polariza-
tion tensor in the cold limit.

It is well-known (e.g. Melrose 1980) that the fluid approach
and the kinetic approach yield the same answer for a cold
plasma. Our expressions for «;; satisfy this simple requirement.
The cold plasma assumption corresponds to putting Cs = 0 in
expression (12), and to putting fos(p) = S(p - p,) in expres-
sion (14). Here p; = y.m,V, is the bulk momentum of parti-
cle species s, where we still allow for relativistic bulk motion

with Lorentz factor y; = 1/+/1 — V2 > 1. In that case one has
ns = yshs due to Lorentz-contraction, and the two plasma fre-
quencies defined above are related by:

_2 2
~o _ s _ 4mging

O (16)
P Vs mg
The cold plasma polarization tensor is then given by
(k+k) UgUs;
U cold Z (gij * (k- Us)? ’ a7

where the sum is over all plasma species, and U{ = pf/m, =
vs(1, V) is the four-velocity of the bulk motion of species s.
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3. The beam-driven Weibel instability

We now consider the case of a plasma with the following com-
ponents: a (multi-species) “background” plasma, at rest in the
lab frame with a bulk four-velocity UY = (1, 0, 0, 0), and two
counterstreaming beams of charged particles moving along the
z-axis, with an associated four-velocity

Ul =y (1,0, 0, £W). (18)

The beam Lorentz factoris y, = 1/ /1 — Vlf. The beam particles

have a rest mass my, and a charge g,. The two beams have a
proper density

1+A
2

The parameter A < 1 measures the asymmetry in the strength
of the two counterstreaming beams, with the symmetric case of
two equal density beams corresponding to A = 0. For simplicity
we assume that the beams consist of a single particle species,
and that the temperature of the two beams, quantified by the
sound speed Cy, of the beam plasma in the fluid description or
by the velocity dispersion in the kinetic description (see below),
is identical. The case of beams consisting of more than one parti-
cle species is a straightforward generalization of the results pre-
sented here.

We limit the discussion to the case of waves with a wave
vector k = K X perpendicular to the beam direction, correspond-
ing with a wave four-vector ¥ = (w, K, 0, 0) in the lab frame.
This choice implies that, for species belonging to the background
plasma, one has k - Us = w, and K, = |K|. In this case the three
polarization vectors can be chosen as e‘l‘ =(K, w, 0, 0)/ V|k-k|,
¢, =(0,0,1,0)and & = (0,0,0, 1), see Appendix B. These three
vectors all satisfy k - e; = 0, ensuring that A“(k) = 3, A'(k) ¢!
satisfies the Lorentz gauge.

For this choice of k, the only non-zero components of the
tensor D;; as defined in Eq. (6) are: D1, D2, D33 and Dy3 =
D3, . The dispersion relation D(w, K) = det(D;;) = 0 factors
nto

Ny, 19)

Ny =

D(w, K) = Dy (D1 D33 — D31 ) = (20)
Here |D3* = D31 D5, = D31D13. The explicit expressions for
the non-zero components of D;; are listed in Appendix C.

The solution Dy, = 0 corresponds to a stable, purely electro-
magnetic mode with £ L k and E L V, in the lab frame, with
Vi, = £VpZ the beam velocity. This mode is unaffected by the
bulk motion of the forward and backward beam. It will not be
considered further.

The remaining two modes, which follow from D;; D33 —
|Ds1| = 0, are mixed in the sense that the wave electromagnetic
field in the rest frame of the background plasma is — in general —
not purely transverse, with E L k in the lab frame, or purely lon-
gitudinal, with E || k in the lab frame. Physically, this is due to
the fact that the bulk motion of the beams leads to an “advection
current” in addition to the usual “conduction current”. The ad-
vection current arises as charge density perturbations in the beam
plasma are dragged along by the beams, whereas the conduction
current is due to the perturbations in the velocity of the beam
particles. This couples the transverse (current-driven) and longi-
tudinal (charge-driven) response of the beam plasma. However,
in the symmetric case of equal beams, A = 0, the charge den-
sity perturbations of the two beams are opposite and cancel each
other, but the associated advection currents are equal due to the

the opposite sign of the velocity of the two beams. The charge
density cancellation results in D13 = D31 = 0. In that symmetric
case the Weibel instability is purely transverse, with E' L k and
E || Vy in the lab frame. We will mostly consider this symmetric
case, where the Weibel instability is the unstable solution branch
of the much simplified dispersion relation

Dis(k) = K> =& + ) (@), = 0. 1)

The asymmetric case with D3, # 0 will be briefly considered in
the next section for the case of cold beams in a cold background
plasma, and in Sect. 9 for the hot case.

4. The limit of a cold beam and the non-relativistic
limit

As a check on our results, we briefly consider the limit of a
cold beam and cold background plasma, and the non-relativistic
limit, for which results are available in the literature. For ease
of comparison we reinstate ¢ in this section. As before we as-
sume k = KX and V}, = £V, Z in the laboratory frame, which is
the rest frame of the background plasma. Using (6) and (17), the
dispersion relation (20) can be written as:

Ik - k| { 1-2(“—%]

S

V:  K*V?
x|K2¢ - w +Z%g[ Vs wzs]

2
PS _

N

(22)

Here the sum extends over all species in the plasma: beams and
stationary background. The background plasma has Vs = 0, and
the “cold” plasma frequency is a)p = 4nq’ns/m for species s,
with the density of the two individual beams given by Eq. (19).
This dispersion relation agrees with the more general result of
Akhiezer et al. (1975) for cold relativistic beams in the case k L
V', and with the dispersion relation of Alexandrov et al. (1984),
Chap. 6.3.1., for k L V, and zero magnetic field.

In the non-relativistic limit, where Vi < ¢ for all species,
the unstable solution branch has |w?| < ¥, @7,. The same holds
for weak beams in the relativistic case, i.e. when the plasma fre-
quency associated with the beams satisfies &)gb = 47th2)nb [my, <

D &)gs. If either of these two inequalities applies one make the
approximation 1 — Y @% /w? ~ — ¥ d)gs /w?, and the dispersion
relation (22) reduces to

2
K? (Z J)ESVS]
W Z o2

=0. (23)

1 K>V
K*c? - + &)2,(—+ b)—
Zsl ) DY

Here y, = 1/ /1 — VZ/c2. In the non-relativistic limit, with V, <
c and y, ~ 1, the unstable branch has |w?| <« K?c? and the
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solution for the growth rate & (w = i) is (cf. Akhiezer et al.
1975, Eq. (6.1.5.10))

(24)

This non-relativistic dispersion relation remains correct even if
one assumes that the magnitude of the velocity of the two beams
is not equal. In the symmetric case, where n, = n_ = n,/2 and
Vi = £V, the term 3 d)gs Vs vanishes identically and one has:

~2 2y/2
~2 _ wpbKVb <& ~2 (Vb)2

- _ i (25)
K22 + wﬁg + &)f)b “rb

c
where the maximum growth rate, 6max = @pu(Vs/c), occurs
when K?c? > d)ﬁg + &)f)b. Here d)ﬁg = Ylevg 4rg’ng/my is the
plasma frequency associated with the background plasma, and
&)pb = 4ﬂqbnb /my, is the plasma frequency associated with the
beams. Equation (25) corresponds to the well-known expression
for the non-relativistic Weibel instability, which Weibel (1959)
derived for an unstable plasma without a background plasma
(@pg = 0).

It should be emphasized that the net current in the plasma
should vanish,

J = :E: nsqs Vs 2=0

for a cold plasma. Since w

(26)

o g’ng/my this implies that the

growth rate reducing term o (Zs @2 S) in relation (24) will

vanish if the currents in the plasma are carried by a single
species, for instance by electrons in beam(s) and background.

5. Weibel instability driven by two symmetric beams

We now consider two counterstreaming beams with equal den-
sity and equal temperatures that are propagating through a ther-
mal background plasma at rest. In that case one can use disper-
sion relation (21).

In the fluid approximation, expression for Ds3 in the set of
relations (C.2) for the components of D;; leads to dispersion
relation

: @ -k 7
W =K? +wbé+cupb 1- TZC% . 27)
Here we define the two velocities
~ C ~ Vi
Cy = e, W= - (28)

1- Cng Yo, A/1— CﬁVg
with yo, = 1/4/1 - Cﬁ. The background and beam plasma
frequencies are given respectively by
4ﬂq§nb
) = , 29
Dy = > — (29)

sebg

with hy = 1 + (e + P)./n.my the beam enthalpy per unit mass,
which is identical for the two beams in view of our assumption
of equal beam temperatures.

In a kinetic description of the beams we use a mathemati-
cally convenient momentum distribution function for describing
the kinetic version of the Weibel instability: the waterbag dis-
tribution as employed by Yoon & Davidson (1987) and by Silva
et al. (2002). This distribution takes the form
()(l7x -

O(px + pro) — Dx0)

) = o(py)
Soo(p 2 i (py
A 1-A
X 0(p: — p0) + o(p: + p0)|- (30)
Here O(x) = %(1 + x/|x|) is the Heaviside step-function.

The waterbag distribution describes two beams, counter-
streaming along the z-axis with a lab-frame density n. = (1 +
A) 1, /2, and with a momentum dispersion along the x-axis that
is described by a “top hat” distribution in the range —p,o < px <
Ppxo- The y-component of the momentum vanishes identically.
Note that the “beam temperature”, as defined by the spread in the
momentum component p,, is the same for both beams. The wa-
terbag distribution allows an analytical calculation of the plasma
response, while preserving the two essential features of more re-
alistic distributions: the bulk drift of beam particles in the beam
direction and the beam velocity dispersion along the wave vector
due to thermal motions in the beams. As we show below, the fi-
nal results for a waterbag distribution are close to those obtained
with the fluid model, strengthening the validity of this approach.

It has been shown by Milosavljevic et al. (2006) that the dis-
persion relation for a momentum distribution that is isotropic in
the plane perpendicular to the beam (so that p, # 0, but the dis-

tribution only depends on ./p2 + pg and p,) gives very similar,

but algebraically more complicated, results.

For the response of the background plasma we will (for the
moment) continue to use the results from the fluid approxima-
tion, even though strictly speaking one should use kinetic theory
in order to take the large velocity dispersion in the background
into account. As discussed in Sect. 7 below, this leads to the
anomalous skin effect, cf. Lyubarsky & Eichler (2006). There
we will show that the difference between the two approaches is
small. Alternatively, one can use the dispersion functions derived
recently by Schlickeiser (2004) for a relativistic Maxwellian
distribution.

Using the Eq. (C.12) of Appendix C one finds that the Weibel
dispersion relation (21) for a symmetric waterbag distribution
with A = 0 becomes

K*V3,
: @31

2
W =K +wbg+w [gb+ v |
x0
Here we define the following characteristic beam parameters: the
beam plasma frequency @, the Lorentz factor yo and the two
velocities Vo and Vg:

72 2 2 2
&)2_@_471'6]—1,% = 1+pxo+pzo
LAV > V0= 22 22’
0 Yonhiy mic myc
V= 2y, = L2 (32)
Yohty Yohty
The function Gy(p.0, p:0) is given by:
2
1 1 + VXO sz
, D:0) = In - 33
Gb(Px0s Pz0) W (1 — on) PL o+ (33)
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When Vg < 1 (so that yg = ) the frequency @y, reduces
to the beam plasma frequency @p, based on the proper density
ny = ny/7yp of the beam particles. The beam contribution to D33
(the last term on the right-hand side of Eq. (31)) has been derived
before by Silva et al. (2002).

The two dispersion relations (27) and (31) can both be writ-
ten as a bi-quadratic equation for w of the form

w* - BEK) W +CK) =0 (34)

Such a bi-quadratic equation for w occurs often in the theory
of the Weibel instability (Weibel 1959; see also Schaefer-Rolffs
et al. 2006). The two coefficients B(K) and C(K) are:

2 2
BK) - wb& +ap, (1-V2)+K* (1+CF) (@) 35)
g + % Gy + K (14 V) (wb),
and
2 22 ~2 2 (Y72 ~2
oo ={ (Tt Y G -ap KR -C) D
g + K2) K*Vig = K (V3 — G Vi) (wh).

Here “fi” and “wb” respectively stand for the fluid and waterbag
model. The analogy between these two sets of expressions is
clear. The solution for w,

wi=18+1y82-4C, (37)
has an unstable branch with w? < 0, i.e. w_ = iF with & > 0,

provided C(K) < 0. This condition defines a maximum unstable
wavenumber K¢ S0 that perturbations with

M? —1)—wbg (fl)
M2 = Gy) - @}, (wh)

are unstable and will grow. Here we define an effective “Mach
number” for the beams by

-2
w.
K <K, = {@5" (38)

pb

V V
éb = ng (fluid model)
= Yc, Lo
M= Vgo _ Pz0 (39)

(waterbag model)

VxO Px0
for the fluid and waterbag model respectively. This shows the
stabilizing influence of the thermal motion of beam particles in
the direction of the wave vector k = KX, suppressing the insta-
bility at sufficiently large values of |K]|.

6. The case of ultra-relativistic beams

We now concentrate on the ultra-relativistic case, of importance
for the Weibel instability in the shock transition layer of shocks

with bulk velocity Vi, such that ygq, = 1/,/1-V3

the frame of the hot (shocked) plasma, the unshocked mate-
rial forms a relativistic beam. This implies y, ~ ysn > 1 and
Vi, > Cy in the fluid case and p,g > my, pyo > pyo in the wa-
terbag case. It is then possible to describe the properties of the
symmetric Weibel instability using two parameters. The first is
the “Mach number” M defined in Eq. (39) that now satisfies'
M2~ (yp/ ychb)2 > 1. The second parameter is a measure of
the strength of the two beams, defined by

> 1. 1In

@3,/ @4, (fluid model)
(40)
(Dﬁb / (Z)ﬁg (waterbag model).

' For an ideal gas one has C, < 1/ V3 and YerCp < 1/ V2.

The ultra-relativistic limit of the fluid model has C, ~ 1/M < 1,
Vo =~ V4, ~ 1, and in the waterbag model one has G, < 1 and

~ I/M « Vy =~ V, ~ 1. To leading order, the expres-
sions (35) and (36) become identical in both models. In terms of
n and M one can write:

BK) = &}, + K2,

) a)gg + K2 »
K M 1 Opg |-

Terms of order 1/ y%, C'g or V)%o have been consistently neglected
with respect to unity.

If we define a dimensionless growth rate o and a dimension-
less wavenumber k by

C(K) =~ (41)

0% = —w? @y, K= K[, (42)
dispersion relation (34) can be written as

K (Kax — &
O'4+(1+K2)O'2 %20 (43)

Here we use that w is either real (stable modes) or purely imag-
inary (unstable modes) with w? < 0 in the latter case. The di-
mensionless maximum wavenumber kn,x (see Eq. (38)) of the
unstable modes equals in the ultra-relativistic limit:

Kmax & /n M2 = 1.

The Weibel instability occurs only if pM? > 1 for 0 < || < Kmax-
The unstable branch has a growth rate

0_2_ 1+K22+K2(Kﬁ1ax_K2)_1+K2
B 2 M2 2

In many cases expression (45) can be simplified further.
Provided that (1 + «%)? > 4«* ( Kaax — K ) / M? one can expand
the root in (45). This yields:

2 2 2
) K (Kmax_K )

TEMA+ )

(44)

(45)

(46)

This approximation corresponds to the neglect of the o* term in
dispersion relation (43), and is valid for all unstable wavelengths
if the beams are weak in the sense that < 1. In that case one
has 0% < n < 1. For 75 close to unity so that &pp, @pp ~ Dby,
the approximated solution (46) is valid everwhere except in the
vicinity of || = 1 where o ~ 1. For very strong beams with
n > 1 one has to use the full solution (45) except when 7 <
|K| < Kmax ~ \/ﬁM

Figure 1 gives the growth rate of the Weibel instability in
units of the background plasma frequency as a function of the
dimensionless wavenumber « (= Kc/@ypg if one uses units with
¢ # 1). The curves are labeled by the pair of parameters (1,
M). This figure shows that the dimensionless growth rate o= =
Im(w)/éng has the following properties:

— For k = K/&p, < 1 it grows as o o k. If the approximated
solution (46) applies one has
KKmax

Mznk.

The last approximation is valid if n < 1.

o=

(47)
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weibel dispersion relation: fluid model
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Fig. 1. The dimensionless growth rate of the ultra-relativistic Weibel
instability in the fluid model for the background response. Shown is
o = Im(w)/@yg, as a function of the dimensionless wavenumber, x =
Kc/@y,, for an instability driven by two beams of equal strength (the
symmetric case). Growth rates are shown for two different values of 7,
1 =0.01 and n = 1 and for a range of values of the “Mach number” M.
The different curves are labeled by the value of M.

— Around « ~ 1 the growth rate saturates. If km,x > 1 the
growth rate has a nearly constant value for 1 < « < Kyax
which, in the approximation (46), equals:

Kmax
OR — =~ . 48
AL (48)
— The growth rate rapidly decreases to zero at kK X Kmax <

ViM.

Comparing the ultra-relativistic result (46) to the classic non-
relativistic result for a cold plasma (25) we can identify the fol-
lowing differences:

— The cold plasma result does not have a cut-off wave num-
ber Kmax-

— The denominator of the non-relativistic expression contains
an extra (Z)zb term because one can not apply the limit n < 1,
vp > 1 in that case. The corresponding term in the ultra-
relativistic case is d)ib /y%, which has been neglected with

respect to d)ﬁ o That is allowed whenever n < y%.

— In the relativistic case it is important to use the appropriate
relativistic expressions for the plasma frequencies.

Note, however, that the peak value of the growth rate o ~ /i for
the ultra-relativistic case is the relativistic equivalent for Vy, ~ ¢
of the maximum growth rate for the non-relativistic case.

7. Ultra-relativistic background gas

Next we consider the case where the background plasma is de-
scribed as an isotropic, ultra-relativistic gas. In almost all rele-
vant cases one only needs to consider the electron background
response (see below).

We approximate the distribution function of the background
electrons by the ultra-relativistic limit (thermal energy k,T >
mec?) of the well-known Juttner distribution with temperature T':

1 3
fipr = o (L) exp(=c|pl/keT). (49)

kT

Substituting this into Eq. (C.7) of the Appendix (with (fo»(p) —
fo(p)) one finds (cf. Alexandrov et al. 1984; Melrose 2001)

@Or w 2 2
by “bg w w (w + Kc)
= — +(1- 1 . 50
%37 Yke [Kc+( chz) "o~ ke 0)
Here the background plasma frequency is defined as
B 4menc?
wﬁg = —: (62))

knT

The contribution of the ions is neglected, assuming that the ions
have not thermalized yet in the shock transition.

If the frequency is purely imaginary, w = id as is the case
here for the unstable mode, one can write a/g% as:

o ? F\?
(2 2e)-(2)
2 \Kc K2c? Kc

(@) ) ()
—(— {1+ —==]tan™" |— | |-

Kc K2c? Kc
This follows from the representation tan™'(x) = (i/2)In[(i +
x)/(i = x)] together with tan"!(x) = n/2 — tan!(1/x), cf.

Abramowitz & Stegun (1970). The dispersion relation for the
Weibel instability due to symmetric counterstreaming beams,

Ds3 = 0, now reads:
T 1+ o2 o
2 K2 K

2 2v2

nK
—(1+Z )tan™! (Z) -—2_-o.
K? K o2+ K2VE

Here we employ the dimensionless quantities introduced in the
previous section. In the limit M? = V,ZO/ Vfo — o0 (cold beams)

~2
bg _ Whg
¥3 = 7

(52)

ag
o+ K2 +1Gy + —
2k

(53)

and 0% < &, this corresponds to the dispersion relation consid-
ered recently by Lyubarsky & Eichler (2006).

The unstable modes extend from 0 < « < kpax, Where the
value of kp,x follows from the condition o(kyax) = 0. It is easily
seen that knax equals

Kkmax = /11 (M? = Gb),

essentially the same value as obtained in the waterbag beam/fluid
background model for pM? > 1, the ultra-relativistic limit.

Figure 2 shows the unstable Weibel-branch solutions of dis-
persion relation (53). When one compares the dispersion curves
in this figure with the corresponding fluid results of Fig. 1, one
finds that the curves are very similar. The physical reason is
that — in both the fluid and the kinetic model — the presence of
the hot background leads to a screening current, which slows
the instability at small . In the fluid model, which can never
fully capture the effect of the large velocity dispersion of the
background electrons, the classical screening current leads to a
diminished growth rate at wavelengths larger than the skin depth
Ask = ¢/@yg. In the kinetic model of this section, which takes
proper account of the velocity dispersion, it is the anomalous
screening current due to the velocity dispersion of the particles
along k that leads to a similar effect.

We will consider the low frequency limit, |5 < Kc. In that
case one has

(54)

(35)

@33 = =

~2 = ~2
bg _ ﬂ'u)bgo' 3 ﬂ'u)bg (0-)
4Kc 4

K
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weibel dispersion relation: kinetic model
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Fig. 2. The dimensionless growth rate of the ultra-relativistic Weibel
instability that follows from dispersion relation (53), which employs
a kinetic model for the background response. Shown is o = &/,
as a function of the dimensionless wavenumber, k = Kc/@ypg, for an
instability driven by two beams of equal strength (the symmetric case).
Growth rates are shown for two different values of 7 and for a range of
values of the “Mach number” M. The different curves are labeled by
the value of M. The reduction in growth rate for x < 1 corresponds to
the effect of anomalous screening by the hot background plasma.

This result corresponds to the anomalous skin effect in an
isotropic ultra-relativistic thermal plasma. Taking the ultra-
relativistic limit for the beams, in effect putting G, = 0, V9 =
1 > V, and n M?> > 1, one can replace the full dispersion
relation (53) by the simpler relation

2 2
2 (o-u%_,,)gg(o-u%):o.

It is possible to write down a rather complicated expression for
the analytical solution of the cubic Eq. (56) for the dimensionless
growth rate 0. However, the close similarity (see Fig. 2) with
the results for the growth rate obtained with a fluid treatment of
the background plasma suggests that the following interpolation
formula applies, asymptotically exact for both ¥ < 1 and «* >
1 whenn < 1:

2 (2 2
L G

~ .

77 M? (Kf +K2)

(56)

(57)

The screening wavenumber ks, which in this case quantifies the
anomalous skin effect, follows from a consideration of the solu-
tion of dispersion relation (56) in the limit > < 1, 0> < 1 and
Krax  IM? > 1:

2/3
4

o ~ (_’7)
T

(58)

Comparing this with (57) in this limit,

2,2 2
2 K™ Kmax _ nK (59)
TRMT 2
S S

one finds that one must have

T\1/3
()

1 (60)

This defines the dimensionless screening wave number «; for
the kinetic model for the background plasma. The fluid ap-
proximation for the background corresponds to putting x5 = 1.
Anomalous screening is important when « < «;. Note that the
value of ks depends only weakly on the strength of the beams,
and will be close to unity unless 7 is very small or very large.
Figure 3 compares the growth rate as calculated from the var-
ious dispersion relations for the Weibel instability, both exact
and approximate. The comparison is shown for two cases with
an identical value of knax = 33: for a relatively dense beam
(n = 1), and for an underdense beam with 7 = 0.01. For x > 1
there is little difference as the screening currents of the hot back-
ground are relatively unimportant. In the case n = 1 the largest
differences occur between the various approaches, but the differ-
ence between the growth rate as calculated from the fluid model
and the kinetic model for the background is no more than a fac-
tor 2. In the case n = 0.01 the difference between the two mod-
els is somewhat more pronounced as the screening wavenumber
squared, > ~ 0.18, becomes significantly smaller than unity.
The growth rates as obtained numerically from the exact disper-
sion relations, and the approximate growth rates obtained from
the approximate relations (46) and (57), agree fairly well for
n = 1, and give an excellent approximation in the case n = 0.01.
This is to be expected in view of the approximation 0 < «*
employed in the derivation of the approximate growth rates, as
the maximum growth rate in all cases is o max ~ V7.

8. Magnetized Weibel instability

The previous calculations have been for an unmagnetized
plasma. In this section we briefly consider the magnetized case,
in order to compare the results obtained using our formalism
with those of Tautz & Schlickeiser (2006) and to show that, for
typical parameters, the unmagnetized case applies to the Weibel
instability near ultra-relativistic shocks propagating into the in-
terstellar (or circumstellar) medium.

We can only consider the case where the Lorentz force on all
species in the unperturbed plasma vanishes: F*'Us, = 0. This
implies that there is no ambient electric field in the laboratory
frame, and that we are dealing with two equal counterstreaming
beams, A = 0, with the beam velocity aligned with the mag-
netic field. These conditions are rather restrictive. A calculation
of the response of the plasma in the fluid approximation (see
Appendix D) leads to an instability of the ordinary electromag-
netic mode in a plasma, cf. Tautz & Schlickeiser (2006). In the
ordinary mode the wave electric field is along the beam direc-
tion/ambient magnetic field in the lab frame so that £ = E 3.
As before, we choose a wave vector in the laboratory frame per-
pendicular to the beam direction: k = K X. The presence of the
magnetic field modifies dispersion relation (27) to (see Eq. (D.6)
of Appendix D):

(0.)2 _ K2) ‘72
2 _ 2, ~2 ~2 _ b |.
w® =K + @y, + by [1 o KZ(:’% - Qﬁ 61)
Here
~ B Q
&, = v = b (62)

yomohy \[1=V2C2 |1 - V2CE

is an effective gyration frequency of the beam plasma, with B the
magnetic field strength and Q, = ¢,B/myhy. For field-aligned
beams the magnetic field is the same in the lab frame and in
the two respective rest frames of the forward and backward
beam. In the limit of a vanishing beam temperature (C, = 0,
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Exact and approximate Weibel dispersion relations
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Fig. 3. A comparison of the growth rates calculated from the fluid and
the kinetic model for the background response, and from the approx-
imate dispersion relations in both these models: Eqgs. (46) and (57).
Dispersion curves are shown in two cases: n = 1 (fop figure) and
n = 0.01 (bottom figure), with M? = 10> and M? = 10° respectively,
so that the value of the maximum unstable wavenumber, kn.x = 7 M,
is identical in both cases.

hy = 1), of low frequency (lw?| < K?) perturbations and for
a non-relativistic beam velocity (so that V, < 1, 9 =~ 1 and
Qy, =~ g, B/my) dispersion relation (61) reduces to the dispersion
relation derived by Tautz & Schlickeiser (2006), their Eq. (19),
in the corresponding case.

Dispersion relation (61) for the magnetized Weibel instabil-
ity can again be written in the form of Eq. (34): w* — B(K) v’ +
C(K) = 0. The relevant coefficients B(K) and C(K) are listed in
Egs. (D.8) and (D.9) of Appendix D.

The most important effect of the magnetic field is a modifica-
tion of the range of unstable wavenumbers that follows from the
instability condition C(K) < 0. It introduces a wavenumber K_,
below which the magnetic field stabilizes the Weibel instability.
Unstable modes occur for K_ < |K| < K, where K_ (K,) is the
smaller (larger) real root of C(K) = 0. From expression (D.9)
for C(K) one finds that the two limiting wavenumbers K. are
given by:

K2

max

—Ké
2

2
K2, - K2 P 5
i(—T—-ﬁ%wQ@

K2 =

(63)

The wavenumber Kp is defined by

Ko = Q] lgolB
B="F= - s
Cy,  mphyCy

(64)

and K.« is the maximum unstable wavenumber in the field-free
case as defined in Eq. (38). The Weibel instability disappears
in the magnetized case when the unstable wavenumber range
shrinks to zero. This happens when the argument of the square
root in expression (63) vanishes or becomes negative for

Ks > \/K,%m +4(al, + o) -2 \/a)f)b vap,. (65)

The presence of a magnetic field also raises the threshold veloc-
ity: there is only an instability at a given wavenumber K if

(&)2 TR (K2 + Ké) (K2 + @, + &)ﬁg)' ©6)

K2&?
pb

This last condition is analogous to condition (20b) of Tautz &
Schlickeiser (2006) (after correcting a misprint), who only con-
sider the non-relativistic case.

For the remainder of this section we consider the ultra-
relativistic limit with M? > 1, Vy =~ 1 > Cp =~ I/ M. Defining
the dimensionless limiting wavenumbers . = K. /@y, and a di-
mensionless gyration frequency og = Qy /@y, the growth rate
of the unstable solution can be represented by the analogue for
the magnetized case of relation (45):

o 1+K2+0232+(K2—K3)(K3—K2)
2 M2
1+&%+ 03
s (67)

The magnetized equivalent of the approximate dispersion rela-
tion (46), valid when (1+x2+03)? > 4 (k2 - ) (& - &%) IM?,
reads:

L (e-R) (@)

h M2 (1+K2+0'23)

(68)

In the ultra-relativistic limit,with C, << 1 and M? > 1, one has
Kg = M (Qu/yp) and Knax = M . If K\ > @ + @p,

(or equivalently: pM? > 1 + 1) the Weibel instability vanishes

according to (65) if the magnetic field gets so large that Kz ~

Kinax, or equivalently

1] _ IgblB
Yo Yohip

X

~ (I)pb. (69)

In Fig. 4 we show the solution for the dimensionless growth
rate o (k) of the unstable Weibel mode (ordinary mode) in the
magnetized case.

The behavior of the growth rate is analogous to the limit-
ing expressions derived recently by Stockem et al. (2006) for the
filamentation instability due to field-aligned beams in a mag-
netized and cold plasma (C, = 0). These authors use an ex-
pansion of the full dispersion relations near the points w?> = 0
that separate the stable (w? > 0) and unstable (w?> < 0) wave-
length regions, see Tautz et al. (2007) for details. They consider
multi-species (ions and electrons) beams without a thermal back-
ground (&y,; = 0) in the the non-relativistic limit V;, < ¢. For
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Magnetized Weibel dispersion relation
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Fig.4. The dimensionless growth rate o for the magnetized Weibel
instability for field-aligned beams as a function of dimensionless
wavenumber « as calculated from the fluid model, for n = 1, M = 100,
and Kp/Kmax = 0.001, 0.01, 0.1, 0.25, and 0.75, corresponding to an
increasing magnetic field. The different curves are labeled by the value
of Kg/Kmax- The modification Weibel with respect to the field-free case
becomes important for Kg ~ K-

Vi, < c the approximation w? = —5% ~ C(K)/B(K) is univer-
sally valid. Using the expressions (D.8) and (D.9) of Appendix D
with C, = 0 and V, = V;, < 1 one finds, using dimensional
units, reinstating c¢ for clarity and retaining the background term:

o [ B -VR) (K- K2
07 =y, 4 =3
Wy

+ @7 + Q2 + K2c? 70
pb b

Here Vo, = B/ Vdrnymy = cQp/wpp is the Alfvén velocity

associated with the beam particles, and &y, = 1/477(]l2)11b/mb,

Qy, = guB/myc in this limit. Expression (63) for K_ is replaced

by K_ = (Qb ,/&)gb + &)gg )/(&)pb Ve -V, ) The expression

for the growth rate scales exactly the same manner as the ex-
pressions in Stockem et al. (2006), their Egs. (31) and (33), in

the appropriate limits: o o« /K2 — K? near instability threshold
and o ~ constant for large K. The threshold condition is also the
same as found by these authors: there can only be an instability
when Vi, > Vap.

8.1. When can non-magnetic results be used?

We are mostly interested in the application of the Weibel insta-
bility to the ultra-relativistic shocks associated with gamma ray
bursts. The influence of the magnetic field on the Weibel insta-
bility will be small if K_ < @y (k- < 1), so that both the max-
imum growth rate and the range of unstable wavenumbers are
comparable with their values in the field-free case, see Fig. 4.
From the discussion above, and in particular from Eq. (63), it
is clear that this situation occurs if Kg < Kpyax. In the ultra-
relativistic regime, the growth rate of the instability, 6 = Im(w),
is then roughly constant over a wide wavelength range, with

o= (Z)prb for a)bg <K< (Z)pb M, (7])

assuming nM? > 1. This should be compared with the gyration
frequency of beam particles, which for a relativistic cold beam
with Cp, < 118

lgolB/yomy = [/ 7o, (72)

The ratio of the gyration frequency and typical Weibel growth
rate is therefore

1 1%l K

= - ~ (73)
YO YbWpb Vo Kimax

This shows that the condition Kg < K.x also ensures that the
growth rate of the instability is much larger than the gyration
frequency of the beam particles.

Taking the beam material to be the unshocked (cold) hydro-
gen plasma interpenetrating the (hot) shocked plasma, the ratio
of the beam gyration frequency and Weibel instability growth
rate equals:

B,c

3x 107 (electrons)
1 Yo Ve
~ 74
yba)pb 5 ByG ( )
7% 107 —— (protons).
Yo \p

Here B, is the strength of the pre-existing magnetic field in the
shock transition layer in units of micro-Gauss, and n. (np) is the
proper density of the electron (proton) beam. This proper density
is always comparable to the density of the particles in the pre-
shock medium. The magnetic field strength in the transition layer
depends on the orientation of the pre-shock magnetic field. For
a magnetic field parallel to the shock normal (the case for which
the magnetized Weibel dispersion relation was derived) there is
no field amplification due to shock compression, and the ambient
magnetic field in the transition layer equals the upstream field,
even after a Lorentz transformation to the rest frame of the hot
post-shock material. In that case, the ratio |Qy|/yb@p, is always
much smaller than unity for typical parameters: B,g ~ 1-100,

Yb ~ ¥sh/ V2 ~ 100 and 71, ~ 1100 cm™>. That implies that in
this case the effect of the magnetic field can be neglected alto-
gether: the growth of the Weibel Instability is so rapid that par-
ticles do not get a chance to start gyrating around the ambient
(pre-existing) magnetic field. Their dynamics can be described
as being unmagnetized, and the range of unstable wavenumbers
and instability growth rate are hardly affected in this case.

If there is a component B, of the magnetic field along the
shock surface, it could be amplified considerably, with By, =~
2 V2 ygBy upon completion of the shock transition according
to the relativistic MHD shock jump conditions (see Sect. 1).
But even then one has Bp/y, = \/EBtz/ysh ~ 4B;;. Here we
have used that y, = Vi1 & Van/ \/§ where 7y, is the Lorentz
factor associated with the relative motion between the up- and
downstream flow. We reiterate however that this case, where the
beams are not (anti)parallel with the magnetic field, has not been
treated here. In fact, the plasma dynamics near a perpendicular
relativistic shock may very well involve quite different plasma
instabilities, in particular for the thermalization of the heavier
ions, such as the ion-driven gyroresonant instability discussed
by Spitkovsky & Arons (2005) in the context of the relativistic
shocks in the pulsar wind that creates the Crab Nebula.

Some support for the relative unimportance of the magnetic
field in the relativistic case with Kg < Kp.x comes from the
simulations of Hededal & Nishikawa (2005). Because of numer-
ical limitations they can only follow the electron-driven Weibel
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instability. In the case of field-aligned beams they find that the
Weibel instability develops unhindered if @yp > €y /s, and that
the instability is totally supressed if the beam plasma frequency
and the beam gyrofrequency become of equal: &g, ~ Qp/yp in
our notation. In the case of a magnetic field that is perpendicular
to the beam they find a significant modification of the plasma
behavior when Qy,/yp > 0.05 &pp.

It should be pointed out that a similar conclusion about the
limited importance of an ambient magnetic field does not neces-
sarily hold for the non-relativistic version of the Weibel instabil-
ity. If the beam velocity satisfies V;, < ¢, the maximum growth
rate (for a cold beam) is (see Eq. (25)):

- . Vo
oon (%)

(75)

The ratio of this growth rate and the typical gyration frequency
Qi = gpB/myc of the beam particles is now
s Vi

.0 (76)
Q,  Vap

where Vap = B/ vdrnnpymy is an Alfvén velocity associated with
the beams. In this case one needs Vi, > V,y, in order for the un-
magnetized result to apply. This is not guaranteed, especially for
light particles such as electrons. Also, the long-wavelength cut-
off of the unstable wavelength range at K = K_ can be important
in this case.

9. The asymmetric case

With the exception of our discussion of the cold beam/cold back-
ground case in Sect. 4, we have so far treated the symmetric
case of the Weibel instability driven by two identical but coun-
terstreaming beams. In that case the beams carry no net current
and the Weibel instability is purely transverse in the rest frame
of the background plasma. In this section we briefly consider the
asymmetric case with A # 0, using the waterbag approximation
for the beams.

We neglect the drift in the background plasma which oc-
curs in the asymmetric case if the beams carry only one sign of
charge. This drift supplies the return current to the beam current
which is needed in the steady state. The effect of the drift will
be small if the beam density is small compared to the density of
the background plasma. If the beams themselves are electrically
neutral, containing an equal amount of positively and negatively
charged particles, our results apply after a straightforward gen-
eralization to a multi-species beam.

We will first transform dispersion relation (20) into a more
convenient form. The longitudinal dielectric response of both
background plasma and beams is contained in D (w, K), which
is (see Eq. (C.12) of Appendix C)

@2 2,
Di(w, K)=—lk-k |1- P P - (77
(@, K) =~ lk-k ;bng_msz e | O

The off-diagonal term Ds; gives the coupling between the elec-
trostatic and transverse fields. We now assume that the back-
ground plasma is relativistically hot, with C; ~ 1/+V3 for all
species, and that the beam is ultra-relativistic so that Vg <«
V.o = 1. In the low-frequency limit (w < K) one has

~2 A2
3wbg Wy, )

Di(w, K) = -K? [l +

(2)2 KZ
~ pb
Di(w,K) ~ K* + @2, + ———n,
bg W — K2V2
x0
A2 B2
Wy, K ]

w? - K2V, %)

Ds1(w, K) = A [

where we have put Vo = 1 everywhere.
We define a new dimensionless variable to parameterize the
solution of the dispersion relation (20),

(4)2 _ K2v2
Z(w, k)= ——=, (79)
(2
and introduce the two quantities
302\ 2
bg K
K)=|1+ =
Zi(K) [ %2 ) T
K? K2
K) = = . 80
Z(K) g, KT 1+s2 (80)
The dispersion relation (20) can be written in the form
(Z(w, K) = Z) (Z(w, K)+ Z2) + A* Z)Z, = 0. 81

The general solution for Z(w, K) in the asymmetric case reads

2
Ziw K= 22 \/(#) _NZ.Z (2

which implicitly determines the wave frequency.

For the choice of parameters considered here one has Z, >
Z, and therefore Z, > 0 and Z_ < 0. As the frequency of the
two solutions satisfies

Wi = 0% Zs+ KV, (83)
the potentially unstable Weibel branch corresponds with the so-
lution branch Z_, with a corresponding frequency w-.

The solution corresponding with Z, is stable. It corresponds
to the stable transverse mode with E L V, that was mentioned in
Sect. 3. The unstable Weibel branch has a dimensionless growth
rate o2 = —w%/d)ﬁg = -nZ- - K¥*VZ, which is:

o?= g { \/(21 + 2240 Z\Z—(Z - Zz)} — K V3. (84)

This solution is represented graphically in Fig. 5.

We now consider a number of specific cases. In the sym-
metric case (A = 0) the transverse Weibel mode corresponds
to the solution Z_ = -2, with a frequency that satisfies
w? = —®§b22 +K? Vfo. This is the case treated in Sect. 7, which

leads to an instability if Z, > K> Vfo / d)ﬁb. In the case of a sin-

gle beam (A = 1) in a relativistically hot background one has
Z- = Z1 — Z, and the dimensionless growth rate becomes

2n
2_ 2 2
= — - V5 85
7=k ((1+K2)(3+K2) *0) )
This case is unstable for wavenumbers satisfying

1/2
K<KmaX(A=1)E(,/1+2nM2—2) . (86)

One can find a general expression for the maximum unstable
wavenumber for arbitrary —1 < A < 1 by putting o = 0. We
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weibel dispersion relation: asymmetric case
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Fig.5. The dimensionless growth rate of the Weibel instability, o =
Im(w)/@ye, as a function of the dimensionless wavenumber, k =
Kc/y,, in the case of unequal beam densities. Growth rates are shown
for n = 1 and M = 100, and for a range of values of the asymmetry
parameter A as defined in Eq. (19). The different curves are labeled by
the corresponding value of A.

give the result in the limit of a beam velocity close to light speed
(1-Vy<xsothat Vo = I/M < 1:

1/2
Kmax (A) = (\/(UMZ + 1)2 —PNM =2 (87)

The asymmetry has the effect of shrinking the range of unsta-
ble wavenumbers with respect to the symmetric case of A = 0.
The condition «2,,, > 0 shows that the Weibel Instability only
occurs if

Va-3A2 -1
1-A?

X

nM? > (88)
For the symmetric case (A = 0) one finds nM2 > 1, while for
the case of a single beam (A = 1) Eq. (86) gives pM? > 3/2.

If the beams are sufficiently strong, so that pM? > 1 and
Kmax(A) > 1, one can approximate dispersion relation (84) in
the range x> > 1 by using Z; ~ Z, ~ I:

2

— K
O'zzn 1—A2—W‘ (89)
This equation clearly shows that the main effect of the asymme-
try is to suppress the maximum growth rate and maximum wave

number (Fig. 5). However, the effects are small unless A is very
close to 1.

10. Discussion and conclusions

We have discussed the Weibel instability of relativistic beams in
a relativistically hot background plasma. We based our calcula-
tions on the first principles of the fluid and the Vlasov description
of the plasma. Our calculations generalize and extend the results
in the literature by presenting a detailed analysis of the disper-
sion relation in tensor form. Our aims have been, in particular:

— to obtain accurate expressions to use in further non-linear
calculations, which we present in the companion paper
(Achterberg et al. 2006);

— to determine the basic parameters that characterize the dis-
persion in the plasma;

— and to estimate whether background magnetic fields or
asymmetry play an important role.

We have shown that the linear growth rate in the relativistic limit
is characterized by only two parameters in the symmetric case
of identical but counterstreaming beams: the ratio = d)gb/ &)ﬁ .

of the effective plasma frequencies of beams and background
plasma, and an effective Mach number M, which is a measure
for the ratio of the momentum of beam particles in the beam
direction and the typical momentum of the thermal motion (ve-
locity dispersion) in the direction along the wave vector. The lat-
ter component is a measure of the pressure in the beam plasma.
These conclusions are independent of the precise model, fluid or
kinetic, that is used to describe the beam-plasma system.

For ultra-relativistic beams (y, > 1) the maximum growth
rate is Im(w) = /My, and the maximum unstable wavenumber
is Kmax ~ \/7_7 M2 ((Dbg/c)'

The presence of an ambient magnetic field does not change
the behavior of the Weibel instability unless the field is so strong
that the beam plasma frequency and the gyration frequency of
the beam particles become comparable in magnitude: @p, =~
|gv|B/yomy. A similar conclusion was reached by Hededal &
Nishikawa (2005) on the basis of numerical simulations. For the
typical parameters associated with the ultra-relativistic shocks of
gamma ray bursts (external shocks) that propagate into the inter-
stellar or circumstellar medium the unmagnetized treatment of
the Weibel instability is a good approximation.

Tautz & Lerche (2006) have recently discussed the influence
of the ambient magnetic field on the stability properties of rela-
tivistic beam plasmas with a general distribution function f,(p)
that is symmetric in p,.

In the asymmetric case, characterized by the additional pa-
rameter A = (ny — n_)/(ny + n_) with n. the densities of the
two counterstreaming beams, the main effect of the asymmetry is
that the range of unstable wavenumbers shrinks, with the maxi-
mum unstable wavenumber and maximum growth rate scaling as
IM(w)max»> Kmax o (1—=A2)1/4 (cf. Eq. (89)) in the ultra-relativistic
limit with Kc/dpg > 1.

In our discussion of the kinetic theory we used a mathemat-
ically convenient form of the momentum distribution: the two-
dimensional waterbag distribution. The results of Milosavljevic
et al. (2006) gives us confidence that more realistic momentum
distributions will yield qualitatively similar results. Other ap-
proaches are of course possible, such as the one taken by Tautz
& Schlickeiser (2005), who employ a relativistic generalization
for a drifting, two-temperature Maxwellian, where (in our nota-
tion) the case of symmetric beams is described by a momentum
distribution of the form:

fon(p) = C e ElRT. [e—a (P=po)? | o=@ (pz+pb)2] , (90)
where E = \/mﬁc“ + p2 2 + p2c?, the parameter « is
1 1 1
_ 11 91
¢ Zmbkb ( T” Tl ) ( )

and C is a normalizing constant that ensures that the distribution
function integrates to unity over momentum space. The quanti-
ties 7y and T, are the temperatures for the thermal motion of
the beam particles in the direction along the beam and in the
plane perpendicular to the beam. We note that, by adopting the
waterbag distribution function, we have assumed that there is no
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thermal motion of beam particles in the beam direction, which
formally corresponds to 7}) = 0 (@ = o). Recent work by Yoon
(2007) suggests that the relativistic Weibel instability persists
even for finite 7)) # 0 as long as T, > 7). An important differ-
ence between our work and that of Tautz & Schlickeiser (2005)
and Yoon (2007) is the inclusion of a (hot) background plasma
that reduces the growth rate at long wavelengths by screening
currents, which was discussed extensively in this paper.

The beam-driven Weibel instability leads to the genera-
tion of magnetic fields over a wide range of wavelengths,
as also discussed by Gruzinov & Waxman (1999), Gruzinov
(2001), Medvedev & Loeb (1999), Frederiksen et al. (2004),
and Milosavljevic et al. (2006). In this respect it behaves not
unlike the original version of the instability, driven by tempera-
ture anisotropies (Weibel 1959). The next step is a detailed study
of the stabilization mechanisms that terminate the phase of ex-
ponential growth of the instability discussed here. A first discus-
sion of these stabilization mechanisms can be found in Wiersma
& Achterberg (2004). The companion paper (Achterberg et al.
2007) discusses them in more detail.

Appendix A: Covariant formulation of plasma
response

The usual procedure for determining the response of a plasma
to small-amplitude electromagnetic field, which is found in any
book on plasma physics (e.g. Ichimaru 1973; Melrose 1980)
relates the electric field E and the current density J it in-
duces in the plasma by solving the linearized plasma equa-
tions. This determines the conductivity tensor o. In the Fourier
domain the amplitudes of the current density and the electric
field are related by Ji(w, k) = oij(w, k) E j(w, k), where
(i, j) enumerate the spatial components and a tilde (~) is used
to denote Fourier amplitudes. One then calculates the suscep-
tibility tensor, yij(w, k) = % oij(w, k), and the dielectric
tensor €j(w, k) = 0;; + xij in the Fourier domain. The dis-
persion relation of the various linear wave modes that are sup-
ported by the plasma then follows from Maxwell’s equations as
det{ (2/w?)(kik; — K 6;)) + €;(w, ) } = 0.

The electromagnetic response of a plasma can also be formu-
lated covariantly (e.g. Melrose 1973, 2001; Dewar 1977). This
has the advantage of immediately yielding results that are valid
for an arbitrary choice of reference frame. The starting point for
such a formulation is the covariant set of Maxwell’s equations,
V. F* = 4x)¥, Y, (e"mﬁ Faﬁ) =0, (A.1)
with F*¥ the Faraday tensor defined in terms of the electromag-
netic four-potential A* = (D, A) as (e.g. Jackson 1975)

FY = VHAY — VY AH, (A2)

and where €78 is the totally antisymmetric (Levi-Cevita) tensor.
For linear wave phenomena, this set of equations will be com-
pleted by a linear (tensorial) relation between the four-current J#
and the four-potential A, see Eq. (A.4) below.

It is convenient to formulate the linear response in terms of
the four-potential perturbation §A#(x) and the associated four-
current perturbation 6J#(x). Assuming plane waves, one can rep-
resent these perturbed quantities in terms of a Fourier integral
with the Fourier amplitudes A*(k) and J*(k):

[6A”(x)] d*k AH (k)
SJH(x) 2my* JH(x)

] exp(—ik - x). (A3)

Here (and in what follows) a tilde ~ is used to denote Fourier
amplitudes of the wave-like perturbations in the various physical
fields, k* = (w/c, k) is the wavenumber four-vector and k - x =
k' = wt —k-x.

The Fourier-amplitude of the linearized four-current pertur-
bation carried by some species s in a multi-species plasma can
be related to the Fourier amplitude of the four-potential through
4n (k) = (a/’v)s (k) A" (k). (A.4)
The quantity o4” (k) is the polarization tensor. The Faraday ten-
sor associated with the waves, F* = VF§AY — V'6A#, has the
Fourier amplitude
(k) =1 (kW - kﬂAV), (A.5)
which follows from the replacement V¥ — —ik* when going
from configuration space to Fourier space. As a result, the first
set of Maxwell’s Egs. (A.1) reads in the Fourier domain

(k » A" = (k + k)AM = 4nz T = Z (), A"

S

(A.6)

The polarization tensor has a number of simple properties, which
are related to charge conservation and to the gauge freedom of
the electromagnetic field. Charge conservation of each species s
reads V - 6Jf = 0, which in the Fourier domain becomes

k J2 (k) = 0. (A7)

Also, the four-current of each individual species should be
invariant under a general gauge transformation of the form

SA, = A, +Vyy = A, = A, —ikg. (A.8)
Equations (A.7) and (A.8) together imply that the polarization
tensor must satisfy the relations

k" (k) = o (k)k, = 0. (A9)

A.1. Plasma response in the fluid approach

If one calculates the plasma response in the fluid approximation
the two conditions (A.9) imply that the linear polarization tensor
of species s can always be written in the form (cf. Dewar 1977,
Melrose 2001, Chap. 4):

(), = Pl (11%), PV, (A.10)
with
Uk kU,
Pl - 2L Pl Y Al
sy v k . US Sy v k . US ( )

Here U is the four-velocity of the frame where species s is
at rest, apart from the thermal motions, so that the unperturbed
mass current of species s is ¥ = ngmsU~, with ny the proper
density and my the rest mass of the species. The projection ten-

sor P4, and its transpose PI’; project to the hyperplane perpen-
dicular to k, and satisfy

k,PL =Pl =0, PLU! = Uy, P = 0. (A.12)

The determination of %" in the fluid approach can then be
reduced to the calculation of (Hg) .

S

Linearizing the covariant fluid equation (Eq. (7) of the main
paper) to first order in perturbed quantities, assuming that there
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is no electromagnetic field in the unperturbed state and that the
unperturbed state is uniform and time-independent, yields:

(o +e+ P), (Ug+-V)OUY=H"V, 6P + nyqs OF") Us,. (A.13)

Here (and in what follows) p, = ngms, es, P; and UX are the
unperturbed (equilibrium) values of the proper density, internal
energy density, pressure and four-velocity of species s, and 4" =
7" — UYUY is the projection tensor based on the unperturbed

four-velocity. In the Fourier domain, using V,, — —ik,, this
linearized equation of motion becomes:

i(k-Uy) (o + e+ P), U =ik Ps — nyqsUs, F*. (A.14)
Here

K =n"k, =k —(k-Us) UL (A.15)

The quantity U is the Fourier component of the four-velocity
perturbation so that

SUH(x) = f d% U* (k) exp(=ik - x) (A.16)
s 2m)* ’ ’

Note that

k-Us=7vs(w-k-vy) (A.17)

is a Doppler-shifted frequency that corresponds to the wave
frequency in the rest frame of species s.

The continuity equation (see Eq. (8) of the main paper) upon
linearization becomes

(Us * V) 6”5 = Ny (V * 6Us) 5 (A18)

and the equation of state yields

5P, = TP, (6”“) (A.19)
ng

These two relations yield expressions for the density perturba-
tion 7ig and pressure perturbation P in the Fourier domain:

k- U,
k- Us
k- U,
b (k : U:) |
If one substitutes these two relations into Eq. (A.14), and substi-
tutes relation (A.5) for the Fourier amplitude F*” of the Faraday

tensor, one obtains a set of four linear relations between the com-
ponents of the two four vectors U4 and A:

k- Us) K

7l

P, (A.20)

k-U
= nqs {(Us- AR = (k- Uy) A"}

(p+e+ P) (k- U)U“+rP(

(A21)

However, one of these relations is redundant as the unit normal-
isation of the fotal four-velocity implies that U% - Uy, = 0, as is
easily checked by contracting Eq. (A.21) with Us,.

The contribution of species s to the linear current four-
vector is:

j}sl = qsiis U§ + gy Uél (A.22)

The first term in this expression is the advection current due to
charge density perturbations advected by the unperturbed flow.
This contribution to the current density is responsible for the

occurrence of the Weibel instability. The second term is the con-
duction current due to the velocity perturbations induced by the
electromagnetic fields. Using the first relation of Eq. (A.20), one
can write the Fourier amplitude of the four-current density as

T (k) =

{(k Uy O - (k- U UY}- (A.23)

Solving Eq. (A.21), in effect expressing the components of U*
in terms of the components of A*, and substituting the result-
ing expressions into Eq. (A.23), one can calculate the linearized
current density J; in terms of A, and from that read off the com-

ponents of the corresponding polarization tensor (a’v’)g We just

give the final result in terms of the tensor (H“ﬁ)s:

C? k%
me) = o2 (s, — st ), A.24
( ﬁ)s ©ps ( Pk Ug? - K2, C2 (20
For a cold plasma one has C2 = 0, so that (Haﬁ)s = —d)gg O

with d)gs = 4ng>ns/ms. The cold plasma result has been derived
previously by Dewar (1977), his Egs. (95) and (114).

A.2. Plasma response in the kinetic approach

In the kinetic approach one must solve the covariant Vlasov
equation. Let F(x*, p*) d*x d*p be the number of particles
of species s in the infinitesimal volume d*x in space-time and
four-momentum interval d*p. The covariant Vlasov equation is

dF _ v oF,  dpt OFs _

= = A.25
dr dr ox  dr OpH ( )
Here T is the proper time, and

dx* #ood

o= af _ g Fu” (A.26)
dr mg drt

are the four-velocity and the Lorentz force acting on a particle
with mass mg and charge g;. We assume a plane-wave perturba-
tion of the distribution function and all electromagnetic fields
with the perturbations represented by a Fourier integral. The
total Vlasov distribution can be written as

d*k - )
e =)+ [ Gl prexpiken. (A20)
and the linearized Vlasov equation yields:
itk ) Tk, p) =~y pr 0P, (A28)
ms OpH

Here we have assumed that the unperturbed distribution Fo(p)
is uniform in space-time and that there is no unperturbed elec-
tromagnetic field. The linear current density associated with this
perturbation has an amplitude

R =2 [ appFi p (A29)
my
for particle species s. Using Eq. (A.5) for the Faraday tensor £,

and solving (A.28) for F (k, p) and substituting the resulting ex-
pression one finds:

Ar Jy 47rq2 fd4 pﬂ (AV _ (A'P) ky) 67:09(]’)
My (k-

A.30
D) op” ( )
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After a partial integration one can write (A.30) in the form
4t = (a’i)g A”, which defines the polarization tensor of
species s in the kinetic approach:

4 2
(@), == [ d'p T Mtk ), (A31)
with
K'p, + p'k, (k-k) p"p,
Mk, p) =& — + : A32
. kp kpp (A3

This result is in fact closely related to the fluid results (A.10)
and (A.11). This can be seen by writing (A.31) in the form

CONOE f d'p Fou(p) [Pathe, p) (%) PTk, p) |, (A33)

with
Pk
Phik, p) = &, -
D=0
8 & Kpy
P v(k» P) =0y (k'p) (A34)
and
4rq?
(1m3), = - Zq’ 5, (A35)

In the case of cold beams the fluid and kinetic results are com-
pletely equivalent.

Result (A.31) was derived in a different context by
Achterberg (1986), and also corresponds to expression 227 of
Dewar (1977) and the corresponding expression in Melrose
(2001), Chap. 4.1, for the response tensor of an unmagnetized
plasma. These relations show explicitly that both charge con-
servation, and the invariance of the current density under gauge
transformations of the vector potential, are once again ensured.

Appendix B: Covariant dispersion relation

The linear dispersion relation for modes supported by the plasma
follows from Eq. (A.6), which can be written as

D*(k) A, (k) = 0. (B.1)

Here we define

D (k) = (k- k) ™ — kK + o (k) (B.2)

with o (k) = X (a*), (k). However, this set of equations is not
linearly independent. The tensor D*” satisfies (see Eq. (A.9)):
k, D = D k, = 0. This means that the determinant of the
4 % 4 matrix D"V vanishes identically: det [D*” ] = 0.

The dispersion relation for linear waves can be obtained by
noting that one can factor Eq. (B.1) as:

St — kko
¢ (k-
since k, @™ = 0. The first factor leads to the vanishing determi-
nant of D*”. Therefore, the dispersion relation for the waves in

the plasma follows from the requirement that the determinant of
the second factor vanishes identically:

) [(k-k)n™ +a™ ] A, =0, (B.3)

det [(k )+ Z ag”(k)} =0. (B.4)

The problem of determining the wave properties therefore cor-
responds to determining the polarization tensor & and solving
the dispersion relation (B.4)

In this paper we take a different (but equivalent) approach,
which avoids dealing with the problem det [D*” ] = 0 altogether.
First of all, we impose the invariant Lorentz-gauge on the wave
electromagnetic fields,
KA, k) = 0. (B.5)
This choice is convenient, but it should be stressed that the cor-
rect dispersion relation can be derived in any gauge. The one
longitudinal and two transverse degrees of freedom in a plasma
can be described by three “unit” polarization vectors e’;, ¢, and
e’[‘r ,- In addition, one has the gauge degree of freedom (Eq. (A.8))
which defines a fourth gauge vector: e, = k*/ \[k - k|. We will
not need to consider the degenerate case where k - k = 0.

These four vectors define an orthonormal tetrad e; with e‘O‘ =
e’é, ¢ = e’;, & = e’[‘r] and e’; = eﬁz. This tetrad can be used to
describe all electromagnetic wave-like phenomena in a plasma.
Assuming that the ordinary wave vector k is along the x-axis so

that &# = (w, K, 0, 0), we can choose these four vectors as?

(w, K, 0, 0) (K, w, 0, 0)
e = > € = ’

|k « k| |k « k|

&, =(0,0,1,0), ¢, =(0,0,0, 1), (B.6)
The three polarization vectors satisfy
keeq=k-ew1 =k-ew2 =0. (B.7)
Using these definitions one has
ei-ej = gi = diag(x1, ¥1, -1, -1), (B.8)

where the upper sign applies in the super-luminal case, w?>—K? >
0, and the lower sign in the sub-luminal case, w? — K < 0. This
choice of polarization vectors is convenient for the problem at
hand, but depends on our adoption of the Lorentz gauge.
Adoption of the Lorentz gauge implies that one can expand
the four-potential in terms of the three polarization vectors as

3
AR (k) = Z Ak €. (B.9)

J=1

This defines three independent four-potential components?.
Contracting the wave Eq. (B.1) from the left with ¢/ one finds,
using relation (B.7) and definition (B.8), that the wave equation
can be written as
D (k) Al (k) = 0. (B.10)
Here we employ the summation convention for i, j = 1, 2, 3 and
define the 3 x 3 dispersion matrix D;; by

Dij(k) = & Dyy € = (k- k) gij + i, (B.11)
where
a;i(k) = Z & (o) €= Z (o). (k). (B.12)

s

2 We limit the discussion to the case where k - k = w? — K? is a
real quantity, which includes the case of a purely imaginary frequency
where w? < 0.

3 The Lorentz-gauge implies Ay = ey - A = 0.
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The gauge vector eg does not figure in these equations. Since
k, D = D* k, = 0, the result of gauge invariance and charge
conservation, the component Dy vanishes identically, as do Dy,
and D;y, where i = 1, 2, 3. This is entirely the result of our
choice of the Lorentz gauge, and in particular of our adoption of
¢y = k*/ k- k.

This procedure correctly isolates the physical wave modes
involving the three vectors e, and ey 2, and removes the appar-
ent singularity in the calculation of the determinant of D*". The
dispersion relation for electromagnetic waves in a plasma there-
fore follows from the solution condition for (B.10):

det[Dy(k) | =0

Another choice of gauge corresponds to another choice of the
polarization vectors ¢;, and of the components of D;;. However,
the resulting dispersion relation, again formally given by (B.13),
will yield the same modes.

(B.13)

Appendix C: The components of the dispersion
tensor D

For the sake of completeness we give all the non-zero compo-
nents of the dispersion tensor used in this paper, assuming a
wave vector k = KX and wave frequency w in the lab frame,
where the background plasma is at rest.

C.1. Fluid approximation

In addition to the background plasma with sound speed Cs =
I'Ps/(p + e + P) for species s, there are two beams with bulk
four-velocity U{j = (1, 0, 0, £V}), and a proper density

1+A
2

Here ny, is the total proper density of the two beams. For sim-
plicity we assume that the two beams have equal temperature so
that their internal sound speed satisfies C; = C_ = Cy,.

For waves propagating in the direction perpendicular to the
beam so that & = (w, K, 0, 0) the components of the dispersion
tensor are:

ny =

2 ~2
b
@11=—|k'k|[1—z =B ]
_ K22 _ K22
Sebgw K*Cs K-C;
Do = K>+ ) @+ @y —
sebg

W2 — K2 72
D33—K2+Zw +w [ Q)—wz,

=2
sebg w? - chb
@ KV,
Dy = A (k) P b (C.2)
1 —c2p2 w? —-1(2(jb
VG A b"b
Here we have defined
, (C.3)
2172 2172
1 -2V 1 -V
with yc, = 1/ /1 - CZ, and
4rn’q? dnginy
~2 _ ~2 _ TG
©ps = M’ O = €H

The beam enthalpy per unit mass that appears in the expression
for &pp equals Ay, = 1 + (e + P)s/nymy, and is identical for the
two beams.

C.2. Kinetic theory

We express the covariant distribution %, in terms of the more
familiar phase-space density fos(x,#, p), which is defined in
terms of the ordinary momentum p and particle density 7, in
the lab frame. Particles must lie on the mass shell: (p°)? — |p|> =
E? —|p|> = m2 for ¢ = 1. If one assumes that the unperturbed dis-
tribution is spatially uniform and time-independent, the relation
between Fos and fys reads

5P —y(p)my)
¥(p)

Here y(p) = +/1+|p|?/ m?. The momentum distribution fys(p)
has been normalized so that

Fos(+*, p*) =5 fos(p) (C5)

f &*p fos(p) = 1. (C.6)
The quantity ng is the lab frame density of species s. The
momentum integration then formally changes according to
d*p Foo(p") = 75 d&*p fos(p)/v(p), which remains Lorentz-
invariant as both dp/y(p) and 7, fo are Lorentz-invariants (e.g.
Landau & Lifshitz 1975).

As in the fluid treatment, we can use the set of polarization
vectors and their properties to derive the kinetic equivalent of the
fluid results. General expression (A.31) for the covariant polar-
ization tensor (a’v’)g, together with the choice (B.6) for the po-
larization vectors, leads to the following components of the cor-
responding polarization tensor (a/[ j)s of particle species s in the

Lorentz-gauge kﬂA“ =0:

47rqfﬁq d3

(w), === |y @) Mk, p) €7
Here M;;(k, p) is defined as

_ y_ kK pip;
Mij =& My, €% = gij + NI (C.8)

with p; = p - ¢;, where p¥ = (y(p) ms, p).
The components of the polarization tensor with k* =
(w, K, 0, 0) follow as

7rq b 1 -2
ayy = k- Kl mZ —fOb(P) {(w—l(xx)z}
47rq2ﬁbf

b b
Ayy = —f (P,
27wy J oy

r— 5 2(,2 12
L VI P il o |
> my, y(p) (w — Kvy)
“21 = atl);

drqiny { v (K - wvx)}
—/lk -k — - C9
ik - _~ (p) P o) o—for ) €

Here v = p/ymy is the velocity of beam particles with momen-
tum p.
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It can be shown by partial integration that this is equivalent
with

0 fon(p)
drgPlk - K] s
b b 3 Px
= IR [ 2P
il K2 f P "k,

4ﬂq§ﬁb

&’p 2
- Y0 fon(p) (1-12)

v dfon(p)
~Anglm, | & S ) e
Tyt f P {w - Kuv, ( Op«
k-k [4rnginy [ 3
s = [ b =P Joo(p) vx0;

w my, ¥(p)
02— 3 UyxUz 0 foo(p)
+ 4rgyny f d’p {a) Ko, (K 9, .

This particular form is convenient in the waterbag approximation
discussed below.

(C.10)

C.3. Waterbag approximation
‘We use a momentum distribution for the beams of the form

O(px + pxo) — O(px — Pxo) 5(py)
2 pxo Y

1+A 1-A
o(p; — p0) +

Joo(p) =

X

6(pz + p-0) |- (C.1D)

For the background we continue to use the fluid approximation.
Substituting (C.11) into (C.10) the evaluation of the a}’]. is
straightforward as the p,-derivatives in these expressions con-

vert the Heaviside step-functions in (C.11) into Dirac delta-
functions. The resulting components of the dispersion tensor are:

~2 A2
W w
—ke k|1 = E AN pb ,
w? - K?C?  w?-K?*V?
sebg s x0

Dy

2 2 A2 5 2
Dy =K +prs+wpb§b—w,

sebg
K*V?
_ g2 ~2 A2 0 _ 2
1)33 =K+ ;bga)ps +0.)pb [Qb + P KZV)%O] w",
&% KVz
Dy = A (Vik-4l) 2KV (C.12)
Here we define the beam plasma frequency by
dng*n,
@2, = —, C.13)
Yoy

define a characteristic Lorentz-factor and velocity components

2 2
p P>
Yo=Al+ 55+
’an rnbc
V= 20 y,= P20 (C.14)
Yoniy Yohiy

and introduce the two functions

~ d*p 1 1+ Vy
= _ = ——1In
Gv = %0 >0 Joo(P) T
d3
Gv = %0 y(_;)) foo(p) (1 -22)
2
_ G Po (C.15)

) 2.0
P+ mpC

The result for the beam contribution to the polarization tensor,
a}’j, has been derived by Silva et al. (2002), using a somewhat
different notation.

Appendix D: Magnetized Weibel instability

We briefly consider the magnetized case, in order to compare
the results obtained with the present formalism with those of
Tautz & Schlickeiser (2006). We limit the discussion to the case
where the electric field vanishes in the laboratory frame (the rest
frame of the background plasma), and where the beam velocity
is along the magnetic field in the z-direction. The beam trajectory
then remains straight, and we do not have to deal with the much
more difficult case of oscillator beams that gyrate around the
ambient magnetic field. This means that the Lorentz force on
all components vanishes in the unperturbed state: in a covariant
notation
F*Ug, = 0. D.1)
In both the laboratory frame and the rest frame of the beams,
moving with velocity +V} along the z-axis, the only non-
vanishing components of the Faraday tensor are F?' = —F!? =
B, with B the strength of the magnetic field B = BZ in the labo-
ratory frame.

In the fluid approximation the linearized equation of mo-
tion for small perturbations in the four-velocity of species s now
reads, when transformed to the Fourier domain:

. k-U. .
(p+e+ P)(k-Us)U + TP (k_l;) K —inggsF* Uy,

= ngs {(Us- A = (k- Uy &%) (D.2)
The last term on the left-hand side gives the first-order Lorentz
force. Solving this equation, expressing the four-velocity pertur-
bation in terms of the vector potential A¥, and calculating the

associated four-current density, one finds the polarization ten-
sor @,. As before, we express the final result in terms of the

tensor (H‘z,)S for each species in the plasma:
~2
o
(5), = 5
s N(k)
—i (k- U) Qs [(k- U = (k-b)’C?| €5, ULD"
+i (k- U) Qu(k - BYC2 R'ULD" [ €8, 1bp = b €y |

{k-UY k- U - K2, C2] 6%

— (k- U C2 Kkg + (k- U)* Q2 bbg) (D.3)
In this expression we define
N() = (k- U [k U)? - K2, C]
—Q? (k- U)? = (k- b)*CY] (D4)
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and

nsqsB

S orer Py B

which is an effective gyrofrequency with B the magnetic field
strength in the lab frame. In this particular case it is also the
strength of the magnetic field in the rest frame of the beams,
as follows from the Lorentz-transformations of the electromag-
netic field, e.g. Jackson (1975), Chap. 11. The quantity K2, is
defined in Eq. (11) of the main paper. The quantity e®° is
the totally antisymmetric Levi-Cevita tensor, and the four-vector
b* = (0, B/B) corresponds to a space-like vector whose spatial
component is along the magnetic field in the lab frame, where
it takes the form »* = (0, 0, 0, 1). It is easily checked that we
recover the earlier result (A.23) for the unmagnetized case by
putting Qg = 0.

We limit the discussion to the case where the wavevector k =
KZ in the laboratory frame is perpendicular to the magnetic field
B = BZ (and the beam velocity) so that (k-b) = 0. We assume two
symmetric counterstreaming beams. The Weibel instability then
corresponds to the instability of the ordinary mode, cf. Tautz &
Schlickeiser (2006), with the wave electric field SE along the
unperturbed magnetic field in the laboratory frame where the
background plasma is at rest. A straightforward calculation then
shows that the relevant component of the dispersion tensor, D3,
becomes:

2 2\ 72

Dy = K> —* + Z@§S+@§b (1 - w - (D.6)

) 22 _ &2
sebg w” = K2C =

Here we define

Qp
2 2’
Yb ,[1 - Vbe

and all other quantities have been defined in Appendix C,
Egs. (C.3) and (C.4).

The Weibel dispersion relation, D33 = 0, again takes the
form of a bi-quadratic equation for the lab-frame wave fre-
quency w, see Eq. (34) of the main paper, but now with the
coefficients

Q= (D.7)

BK) =g, + R+, (1-V2)+ K> (1+C2), (D.8)
and
C(K) = (@, + @y, + K) (KCL+ ) - @2, K2V (D.9)

This corresponds to the replacement K2C2 — K2C} + Q2 with
respect to the field-free case. As before, the instability condition
reads C(K) < 0.
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