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ABSTRACT

Aims. We report a simple method to generate potential/surface density pairs in flat axially symmetric finite size disks.

Methods. Potential/surface density pairs consist of a “homogeneous” pair (a closed form expression) corresponding to a uniform disk,
and a “residual” pair. This residual component is converted into an infinite series of integrals over the radial extent of the disk. For a
certain class of surface density distributions (like power laws of the radius), this series is fully analytical.

Results. The extraction of the homogeneous pair is equivalent to a convergence acceleration technique, in a matematical sense. In the
case of power law distributions (i.e. surface densities of the form X(R) o R*), the convergence rate of the residual series is shown to be
cubic inside the source. As a consequence, very accurate potential values are obtained by low order truncation of the series. At zero
order, relative errors on potential values do not exceed a few percent typically, and scale with the order N of truncation as 1/N>. This
method is superior to the classical multipole expansion whose very slow convergence is often critical for most practical applications.

Key words. gravitation — methods: analytical — accretion, accretion disks — methods: numerical

1. Introduction

The construction of potential/density pairs is a common concern
in the context of galactic dynamics (e.g. Binney & Tremaine
1987). More generally, the accurate determination of the grav-
itational potential corresponding to a given mass distribution is
a critical step in astrophysical disk models and numerical sim-
ulations. Unfortunately, potential/density pairs are not closed-
form expressions, except in a few cases only (Mestel 1963;
de Zeeuw & Pfenniger 1988; Binney & Tremaine 1987), and
most known pairs involve infinite matter distribution (e.g. Quan
1993; Cuddeford 1993; Earn 1996; Binney & Tremaine 1987),
whereas astrophysical disks are finite (in size and mass).

For flat (i.e. zero thickness) and finite disks of interest here,
the potential is mainly accessible through the double integration
of the surface density weighted by the Green function 1/|r — #/|
(see Binney & Tremaine 1987, for a review). This integral ap-
proach is very tricky due to the inevitable occurrence of singular-
ities everywhere inside matter, i.e. when r — r’. The difficulty is
circumvented when the Green function is converted into series
(Kellogg 1929). However, these are infinite and alternate series
which do not converge inside sources, although their integration
over the distribution does (Durand 1953). The efficiency of the
series representation is therefore strongly misleading in practice
because series truncations do not lead to a numerically stable
description of the potential inside disks (Clement 1974). The er-
rors in potential values can be as large as a few percent on aver-
age, even when the order of truncation attain several tens (Stone
& Norman 1992). Singularities are no more present when the
potential is expressed in terms of integrals of Bessel functions.

But the oscillatory behavior of Bessel functions as well as their
infinite definition domain pose technical difficulties, even for
infinitely extended disks. Potential/density pairs can also be
constructed by superposition of homeoids conveniently shrunk
along one axis (Binney & Tremaine 1987), or by parametric ex-
pansion and ordering of the associated Poisson equation (Ciotti
& Bertin 2005).

Huré & Pierens (2005) have reported a numerical method
to compute the gravitational potential in flat axially symmet-
ric disks with great accuracy by a correct treatment of the sin-
gularity. When the surface density profile is conveniently split
into two components (namely, a homogeneous component plus
a residual one), the contribution of the singularity to the potential
can be accounted for exactly through a closed-form expression.
In this paper, we explore this “splitting method” from a purely
theoretical point of view in search for fully analytical solutions
(i.e. potential/surface density pairs). In particular, it is shown that
the residual component is an infinite series of radial integrals
which are known analytically for a certain class of surface den-
sity distributions. This is the case of power law profiles which
are of great astrophysical interest (e.g. Pringle 1981). The con-
vergence rate of the residual component is then cubic. This is a
major issue, when compared with the classical multipole expan-
sion whose converge speed is prohibitively low inside sources.

This paper is organized as follows. In Sect. 2, we briefly re-
call the density splitting method for one dimensional disks (Huré
& Pierens 2005). We expand the residual component as an in-
finite series of the integrals over the modulus of the complete
elliptic integral of the first kind. We then show that the construc-
tion of potential/surface density pairs is possible for a certain
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Fig. 1. A finite axially symmetric disk.

class of surface density distribution. The impact of the series
truncation on potential values is discussed in Sect. 3. The case of
surface densities scaling as a power of the radius is investigated
in detail in Sect. 4 (a Fortran 90 code is available on request).
For this kind of distribution, the convergence rate is cubic. This
is established in Sect. 5. The paper ends with a summary and
concluding remarks.

2. Exact potential/surface density pairs in flat
axisymmetric disks

2.1. Outline of the density splitting method

The gravitational potential ¥ in the plane of a flat axially sym-
metric disk as pictured in Fig. 1 is given by the exact expression
(e.g. Durand 1953):

W(R) = -2G f *(a) %mK(m)da, )
where
/2 d
Ko = [ —L— @)
0 J1—m?sin’ ¢
is the complete elliptic integral of the first kind,
2 VaR
m=—C 3)

a+R

is the modulus of K (with 0 < m < 1), a and R are polar cylin-
drical radii (a refering to the matter distribution), a;, > 0 is the
radius of the inner edge, aou: > aiy 1s the radius of the outer edge,
Y(a) is the surface density, and G is the Gravitation constant. The
function K is plotted versus m in Fig. 2; it is characterized by a
divergence for m — 1. This is a logarithmic divergence (see
e.g. Kellogg 1929; Mestel 1963), since we have (Gradshteyn &
Ryzhik 1965):
lim K(m) = In _+ [1 +O(1 - mz)] )
m—1 \/1 _ m2
Despite this singularity which occurs everywhere inside the disk
(i.e. for aj; < R < aow), the potential is generally finite every-
where.

In order to determine ¥ inside the disk, we set:

R

u=2<1 and wv=-<1, (5)

R
and so, u locates matter of the inner disk [aj,, R], whereas v
is for the outer part [R,daoy]. Using the transformation (e.g.
Gradshteyn & Ryzhik 1965):

K(Z—\/;) = (1 +x)K(x), (6)
1+x
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Fig. 2. Complete elliptic integrals of the first and second kinds versus
the modulus m.

where 0 < x < 1, Eq. (1) reads:

1
W(R) = ~4GR [ f >(u)K (u)udu — f
u 1

in

Uout K@) ]

()=~ do 7

where ui, = ain/R < 1 and vy = R/aow < 1 correspond to
the position of the disk edges. As quoted, X must now be re-
garded as a function of « in the first integral, and as a function of
v = 1/u in the second one. According to the “density splitting”
method (Huré & Pierens 2005), we divide X into two compo-
nents, namely:

X(a) = Xy + 0Z(a, R), ®)

where Xy = Z(R) is the value of the surface density at the radius
of the singularity (where the moduli m, # and v are unity), and 6Z
is the “residual” surface density profile. The potential then takes
the form:

P(R) = Yo(R) + 0¥ (R), €))

where

1
¥o(R) = ~4GRX, [ f K(uudu - (10)

Vout K(U)
——dv
v? ]
is the potential due to a radially homogeneous disk with constant
surface density Xy, and

1
SP(R) = — 4GR f SX(u) K (u)udu

- fvom 62(1})&;))@}
1 v

is the “residual” potential associated with 6Z. Note that X, varies
from place to place in the disk, as well as 6Z. As demonstrated
elsewhere (see also Huré 2005), this technique of density split-
ting can be numerically very accurate, for two reasons. First, ¥
is known in a closed form:

E(vour)

out

(1)

Yo(R) = —4GRY [ — E(uin) + ui'n2K(um)] , (12)



and is finite everywhere in the disk mid-plane. In Eq. (12),

u, =

i A= uizn is the complementary modulus and E is the

complete elliptic integral of the second kind (see Fig. 2):

T/2
E(m) = f d¢ /1 — m? sin® ¢.
0

Second, each integrand in Eq. (11) now vanishes at the singu-
larity (this is the role of the splitting), making the two integrals
easily computable with standard quadrature rules.

2.2. The residual potential from series representation

In order to determine analytical expressions for ¥ on the basis
of the splitting method, we consider the expansion of the elliptic
integral of the first kind over its modulus (e.g. Gradshteyn &
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Ryzhik 1965), namely:
K(m) =5 3 yum™,
Yo =1,
2n-1)11? “1)\?
o= [ = (222
When this infinite series is inserted into Eq. (11), the residual
potential 0¥ becomes an infinite series. Let

(14)

n>1.

N

SnOw) = ) X,

n=0

15)

be the sum of N + 1 terms xg, X, ..
is then given by:

., xy. The residual potential

W = S (6¥,), (16)
with for any n > 0
1
6%, = — 27GRy, f STy du
_ f 52@)02"-2(10}. (17)
1

Note that this expression for 0¥ is still exact, provided all the
terms 0¥, of the series are included. It follows that poten-
tial/surface density pairs (Py + 0%, Xy + 6X) can easily be con-
structed for flat disks with finite size (or not, depending on uj,
and voy). These pairs are analytical if the residual pair (6'F, 0%)
is analytical, that is, if the product of X(a) by a power law of a
is analytically integrable. We immediately see that many simple
functions X(a) are concerned. In particular, if X is a power law of
the radius a — as often met in astrophysical disk models —, then
0%, is a power law of the radius too (more precisely, a mixture
of four power laws; see Sect. 4). Obviously, pairs determined
through Egs. (16) and (17) should generally remain in the form
of an infinite series with no equivalent closed form expression.
This is not a big problem, first because working with infinite ex-
pansions is common in potential theory, and second because the
residual potential 0¥ is a rapidly converging series (see Sect. 5).

3. Approximate potential from truncated series
3.1. General remark

The estimate of ¥, should generate no significant error since
special functions E and K can be determined within the com-
puter precision from a numerical library. In contrast, the com-
putation of 8% is not errorless because, in practice, any series

modulus u and v

Fig. 3. Typical shape of the integrands appearing in Eq. (11) computed
from different approximations for the function K. In this example, the
disk has inner edge a;, = 0.1 and outer edge a,, = 1, the surface density
obeys a power law of the radius with X(a) « a2 (that is s = —1.5),
and the radius is R = 1(ain + douw).

is necessarily truncated at a certain order N. Does the trunca-
tion produce large errors in potential values? In order to answer
this question, it is important to stress again that the occurrence
of the condition X = 0 enables the neutralization of the loga-
rithmic singularity, making the remaining integrands fully regu-
lar. As a consequence, the value of the residual potential 6% is
mainly determined by the shape of the integrands far from the
singularity, that is close to the edges. In other words, neither
the precise behavior of the complete elliptic integral K nor the
shape of the residual surface density profile 60X around the sin-
gularity are critical to estimate 0¥ with a certain accuracy. We
therefore expect that ¥ can be accurately determined if K is re-
placed by any approximation which preserves at best the values
of this function around the bounds u;, and v, rather than at the
radius of the singularity (where m = u = v = 1). From this point
of view, the series defined by Eq. (14) is fully appropriate as it
converges very rapidly for moduli significantly less than unity.
Figure 3 shows a typical example where X is a power law of the
radius. We clearly see that the two integrands 0X(u)uK(u) and
SZ()K(®v)/v? appearing in Eq. (11) are quite insensitive to the
approximation adopted for K (one-term, two-term expansions or
exact). This conclusion is independent of the Z-profile and of R
as well.

3.2. The first terms

For a truncation of the series at order N, the potential is given by
the approximate value:

\I'lapprox = \IJO + SN(6\Pn) V¥, (18)
and we have asymptotically:
Yo + Al/im [Sn(¥)] =Y. (19)

With only one term in Eq. (14), we have S¢(6¥,) = 0¥y with:

1 Vout
6%y = —27GR [ f SX(uyudu — f 62(v)d—f}, (20)
Uin 1 v
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and so the approximate potential is Wypprox = Yo + 0%¥o. For a
two-term expansion of the complete elliptic integral of the first
kind, the residual potential is S | (6'F,) = 6%¥¢ + 0¥}, where 6%y
is given by Eq. (20), and:

1 Vout
S, = —gGR [ f ST(uyuPdu — f 52(0)(10].
Uin 1

The approximate potential is then Wypprox. = Wo + 6o + 0¥y,
and so on. Each new term added into the expansion brings a new
component 8¥, defined by Eq. (17). We then expect that the
more terms in the expansion, the more accurate the potential. If
the series converges rapidly (this is the case of power law dis-
tributions; see below), the absolute error made on ¥ is roughly
|5\PN+1|-

3y

4. The case of power-law surface density profiles

Let us consider the case where X is a power-law of the radius,
namely:

a \
Aout

where o is the surface density at the outer edge of the
disk. Power-law surface density solutions are found in many
disk models (e.g. Pringle 1981) and match observations (e.g.
Guilloteau & Dutrey 1998), with s < 0 in general. We then have:

(22)

R s

E():O'o( ) (23)
Aout

and so:

X=X -1 for u<l,

{52:20(U-S—1) for o< 1. 24)

4.1. Order zero

For a one-term expansion of the complete elliptic integral of the
first kind, the residual potential is given by:

1 Vout d
8¥ = 2nGRX, [f (1 - u’)udu +f (™ -1) —;’} (25)
Uin 1 v

If s # {2, —1}, this is (see Appendix A for these two cases):

;+2_ 1_u2
0¥y = 2nGRZ,| 2 + 1n
0 RS T 2
1 — o33! 1
+ — 4 1. 26
S+1 Uout ()

Figure 4 displays the approximate potential Wypprox = o + 0%¥0
for disks with inner edge aj, = 0.1, outer edge ao,y = 1 and
power law exponents s = —1, —1.5 and —2.5. References po-
tential values W.t(R) have been determined within the computer
precision from the numerical splitting method (Huré & Pierens
2005) and compared t0 Wypprox- The decimal logarithm of the
relative error € = |1 — Wypprox /et s also shown in Fig. 4. We
see that the potential is reproduced with an accuracy better than
~2% (on average) in the entire disk with only one term in the
expansion of the K-function. This is already remarkable. The ac-
curacy is relatively uniform, and it is slightly better at the outer
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Fig. 4. Top: potential (/ines) inside the disk for three different surface
density exponents s when computed with a one-term expanded elliptic
integral (i.e. S¥ = 6%¥y). Reference values W, (symbols) are obtained
numerically within the computer precision. Bottom: decimal logarithm
of the relative error (the average of € is also indicated).

edge. This point is particularly interesting to model young stel-
lar objects or Active Galactic Nuclei. In these systems, the inner
disk is dynamically under the control of a massive central object
(a proto-star or a black hole), and so there is no need for very
accurate potential values. On the other hand, in the outer regions
where disks can be self-gravitating (e.g. Huré 2000), a reliable
description of the potential is required.

4.2. First order

The accuracy of potential values can be improved by adding a
second term. For N = 1, we find:

1 Vout
oV, = gGRzo U (1 = u*)du +

in

W™ 1) dv] G0

If s # {—4, 1} (see Appendix B for these two cases), the expres-
sion is:

o 1
4(s+4) 16

L—u5 b1 = vgu
4(s-1) 4

5\1"1 = ZﬂGRE()

(28)
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Fig. 5. Same legend as for Fig. 4 but the residual potential 6% is deter-
mined from a two-term expanion of the complete elliptic integral of the
first kind (i.e. 6% = 6%, + 0¥).

Figure 5 displays the results obtained with a two-term expansion
of K, i.e. Wapprox = ¥o + %o + 6'¥1, under the same conditions
as for Fig. 4. We see that the relative accuracy of mid-plane po-
tential values (of the order of 0.3% on average) is now better
by a factor of ~5. Such a level of accuracy is probably suffi-
cient for many disk models and applications. However, since the
process of adding more and more terms represents no technical
difficulty and converges rapidly (see Sect. 5), it can be repeated
until a given accuracy is reached. In particular, for s+2n+2 # 0
and s — 2n + 1 # 0, we have (see the Appendix C for these two
cases)

Antl) 52D
S¥, = 27GSoRy,| —n _ _ ___in
T v 1) s+2m+ 1)
il BT Y | 29
2n—s-—1 2n -1
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Fig. 6. Decimal logarithm of the relative error on potential values ¥ =
Yo + 0¥ versus the order N of the truncation in Eq. (19) for five power
law exponents s = —3.5, =3, —2.5, —1.5 and —0.5. The disk has inner
edge ai, = 0.1, outer edge ao, = 1 and the potential is computed at
R= %(ain + dour)-

5. Convergence rate of the series 0¥ = S, (6¥,,)
in the case of power law distributions

5.1. A cubic convergence ?

Figure 6 shows the rise of the accuracy of potential values WY(R)
as the order N of the truncation increases for the same disk pa-
rameters as already considered and a few exponents s. We find
that the relative error € = |1 — Wypprox/Wret| first decreases slowly
as N increases. But above a certain rank ny ~ 8-10, this error
approximately scales as 1/N>, before saturation near the com-
puter precision, for N > 10* terms. We have checked that this
conclusion holds for a wide variety of configurations and radii
R. Convergence appears to be cubic. With this approach, we can
easily select the lowest order corresponding to a given level of
accuracy. From Fig. 6, we have roughly:

loge ~ —31logN -2 +0.5, (30)
for N 2 ng, or N ~ (100€)""/* within about 0.17%.

There are two remarkable cases. For s = 0, the potential is
fully analytical: ¥ = Wy (i.e. 0¥ = 0). For s = -3, the relative
accuracy rises with N much more drastically than for others ex-
ponents and reaches the maximum allowed by the computer for
N = ng (see below).

5.2. Proof

The expansion of K(m) through Eq. (14) converges slowly as m
approaches unity, and even diverges for m = 1, although v, de-
creases rapidly as n increases (for large n, y, ~ 1/n). This is
shown in Figs. 7 and 8. Note that the divergence of K as m — 1
is the main reason why the determination of the potential in-
side sources by direct integration is generally not the appropri-
ate way. What about the convergence of 6¥? Since 0%, comes
from the integration of K over its modulus, S y(6'¥,) is made of
terms of the form 23:1 = {, which decrease faster with n than
terms y,, do. The series 0¥ is then expected to converge (see the
Appendix D). Figure 7 displays the terms ¢, versus n, and the
series S y(¢,) is plotted versus N in Fig. 8.
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When the series 0¥ is truncated at order N, the relative error
€(N) on the potential value is:

\Papprox -¥ ‘

e(N) = €19

¥
From Eqgs. (18) and (19), this expression can be re-written in the
following form:

SN(é\Pn) - Sw(é\yn)
4

The quantities uj, and v,y being always smaller than unity, their
contribution in Eq. (29) — an exponential drop — is expected to
vanish rapidly as n exceeds a certain rank. This transition occurs
at N = ny; it is clearly visible in Fig. 6 where ng ~ 8. Thus, for
N 2 ng, the leading terms in 6% form a series S y(7,), with:

e(N) =

: (32)

1 1 1
- +
2m+1) 2m+1)+s 2n-1

1
2n—1-s/

which can easily be rearranged:
B s(s+3)4n+1)
I 2n+2)2n+2+s5)2n—-1)2n-1-13)

For large values of n, we have:

T = 'yn[

(33)

(34)

(35)
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and so, 7, behaves like n~*, asymptotically. The coefficient 7,
is displayed versus n for s = —1.5 in Fig. 7. Then, as soon as
N > ny, the relative error is

N o0
27GZoR
W) = == D - ZT] (36)
no no
Using Eq. (35), we have:
27GZoR (N
e(N) =~ ”TO . T,dn
2nGZoRs(s + 3) f’v Yn
N - dn. 37
v o A 7)

Since 7y, scales as 1/n for large n (see also Fig. (7)), we have:

SoRs(s+3) 1

N 9’
€(N) o< ¥ ¥

(38)
as found “experimentally”. The convergence rate of this series
is therefore cubic. This result holds irrespective of the radius R
(except at the disk edges') and whatever s, except in the case of
the homogeneous disk (i.e. for s = 0) and for s = -3 as well. In
this latter case, the convergence rate is not limited by the terms
T,, but by the series asssociated with uj, and voy. For s = -3, we
have:

20n+1) _ o 2(n+1) 2n=1 _ . 2n—1
8, = 2nGZoRy, | = T 1) - °‘“2n_ | (39)

and so the convergence of 0¥ is exponential (see Fig. 6), except
at the inner and outer edges (see Appendix E).

All numerical experiments have succesfully illustrated these
results. This is a major issue, in particular because classical mul-
tipole expansions converge very slowly inside sources.

6. Summary and concluding remarks

In this paper, we have reported a method to determine exact and
approximate potential/surface density pairs in flat finite size ax-
ially symmetrical disks, in the continuity of the numerical split-
ting method described in Pierens & Huré (2005). At a given ra-
dius R, each pair is the sum of two components:

— a “homogeneous” pair (W, Zg) where Xy = X(R) is the local
value of the surface density and P is given by Eq. (12),

— a “residual” pair (6'F, 6X), where 0¥ is an infinite series (see
Egs. (16) and (17)) and 6X(a) = Z(a) — X.

In general, the infinite series ¥ cannot be put into a closed
form expression. However, in contrast to the multipole expan-
sions commonly met in potential theory, this series has a cubic
convergence rate inside the source. This major result is due to
the splitting method which is equivalent to a convergence accel-
eration technique (in the mathematical sense). It means that very
good approximations for the potential can be obtained by low
order truncations of the series. Pairs can be constructed only for
a certain class of the surface density profile Z(a): any function
Y(a) whose product by a power law of the radius a is analytically
integrable does lead to a potential/surface density pair. This is the
case of power laws. It would be interesting to list all functions
satisfying this criterion.

! A similar calculus shows that convergence is only quadratic.
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We have fully considered power law surface densities. Such
profiles are particularly attractive for two main reasons: i) power
laws underly many (if not most) astrophysical disk models, and
ii) power laws may serve as a basis set to construct more com-
plicated surface density profiles. This new approach along with
associated computing tools” should enable a much better repre-
sentation of the gravitational potentials and forces in flat disks.
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Appendix A: Special cases for §¥
For s = —1 in Eq. (22), then Eq. (20) reads

[,,2 1 TYout
1
6‘P0=27rGEoR{ %—u +|ino+ = } (A.1)
L Uin v 11
For s = -2 in Eq. (22), then Eq. (20) reads
'u2 1 1 TVout
0¥y = 2nGZyR 5 Inu| +|v+- . (A2)
L Uin v 11
Appendix B: Special cases for 6¥;
For s = —4 in Eq. (22), then Eq. (21) reads
4 1 5 Uout
oW, = gGEoR{[MZ —Inu o % - UL } (B.1)
For s = +1 in Eq. (22), then Eq. (21) reads
4 571
o, = gczoR{[% - ’% o [Ino— u]gom}. (B.2)

Appendix C: Special cases for 6V,
For s + 2n + 2 = 0in Eq. (22), then s — 2n + 1 # 0 and Eq. (17)

reads
120+ D) | 1
2+

UZn—S—l UZn—l Uout
2i—s—1 2n—1}1 '

For s+2n+2 #0and s —2n+ 1 = 01in Eq. (22), then Eq. (17)
reads

o, = 27rGEoRyn{ [ (C.1)

Uin

1
u2(n+1)

2n+1) s+2n+1)
U2n—l Uout
2n — 1}] '

2 An easy-to-use Fortran 90 package nammed APPLawD (an acronym
for “Accurate Potential for Power Law Disks”) is available upon request
to the authors. APPLawD can be downloaded at the following address:
www.obs.u-bordeauxl. fr/radio/JMHure/intro2applawd.html

us+2(n+1)

v, = 27TG20R’)/,,{ (C.2)

Uin

+ (lnv -
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Appendix D: Convergence of S.,({,)
From (e.g. Gradshteyn & Ryzhik 1965), we see that

Swldn) = Zito 2311’

0 1
= Z f ynmzndm,
n=0 0
1 (o)
= f Z ynmzndm,
0 n=0

2 1

= —f K(m)dm,
T Jo
4C

= —_ (D.1)
m
where C is Catalan’s constant.
Appendix E: Convergence rate for s = -3
at the disk edges
At the disk outer edge where vy, = 1, we have:
1-— AZ(n+1) 1-— A2n—1
oV, = 2nGZyRy, - , E.1
”Goy[z(ml) 2n—1] E-1)

where A = ay, /aoy 1s the disk axis ratio. Since A < 1, the leading
terms in 0¥ then form a series S y(7),), with:

Ty = Un

1 1
2n+1) 2n—-1]
3

M m+ Den-1) 2

For large n, we have 7, ~ 1/n3, and so €(N) o 1/N?. The con-
vergence is therefore quadratic (as at the disk inner edge).
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