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ABSTRACT

Aims. Double-lined eclipsing binaries are a traditional tool to test the capability of the stellar evolutionary models. If such binaries
show apsidal motion, it is also possible to check, in addition to their absolute dimensions, some aspects of their internal structure.
In order to perform this additional test, we monitored the times of a minimum of three eclipsing binaries with accurate absolute
dimensions.
Methods. Approximately thirty new precise times of minimum light recorded with CCD photometers were obtained for three early-
type eccentric-orbit eclipsing binaries OX Cas (P = 2.d49, e = 0.041), PV Cas (1.d75, 0.032), and CO Lac (1.d54, 0.029). O−C diagrams
were analyzed by the Lacy’s method using all reliable timings found in the literature, and the elements of apsidal motion were
improved. On the other hand, stellar models computed for the precise observed masses of the three systems were used as theoretical
tools to compare with the observed shift in the periastron position.
Results. We confirm very short periods of apsidal motion of approximately 38.2, 91.0, and 43.4 years for OX Cas, PV Cas, and
CO Lac, respectively. The relativistic effects are negligible, being up to 6% of the total apsidal motion rate in all systems. The
corresponding observed apsidal motion rates are in good agreement with the theoretical predictions, except for the case of PV Cas,
whose components seem to be more mass concentrated than the models predict.
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stars: fundamental parameters – stars: early-type

1. Introduction

The apsidal motion in eccentric eclipsing binaries (EEB) has
been used for decades to test our models of stellar structure and
evolution. All eclipsing binaries analyzed here have properties
that make them important “astrophysical laboratories” for study-
ing the structure and evolution of stars. In particular, the three
northern hemisphere objects with similar brightness are hot and
massive eclipsing binaries with short orbital periods of about
2 days, those orbits have been known to be slightly eccentric
(e ≤ 0.04) and to exhibit apsidal motion.

Moreover, since the investigations of these EEBs of previous
authors were based only on a limited time base and the compar-
ison with theoretical models was based on evolutionary tracks
available at that time, we decided to rediscuss the problem of
apsidal motion using a substantially larger number of minimum
times and new evolutionary models with new opacities, convec-
tive overshooting and mass loss rate calculated by Claret (2004,
2007).

All three systems are also included in the Atlas of O−C
Diagrams (Kreiner et al. 2001) and the recent compilation of
EEBs presented by Bulut & Demircan (2007). Our study is part
of a series of papers on apsidal motion in eclipsing binaries (e.g.
Wolf et al. 2004; Wolf et al. 2006). Similar studies of apsidal
motion were published in the past e.g. by Giménez et al. (1986,
1987) and Lacy (1992, 1993).

2. Observations of minimum light

New CCD photometry was obtained during 2001–2006 at dif-
ferent observatories with the aim of securing several new, well-
covered primary and secondary minima for all variables:

• Ondřejov Observatory, Czech Republic: the 0.65-m reflector
equipped with the CCD camera SBIG ST-8 or Apogee AP-7
and V,R filters,
• Nicholas Copernicus Observatory and Planetarium, Brno,

Czech Republic: 0.4-m or 0.2-m Newton telescopes with the
CCD camera SBIG ST-7 and R filter,
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Table 1. New times of minimum light.

System JD Hel.- Error Epoch Observatory
2 400 000 [day]

OX Cas 52 277.5002 0.0005 –693.0 Ondřejov
52 572.5571 0.0003 –574.5 Ondřejov
53 569.47613 0.00008 –174.0 Pec
53 655.4199 0.0001 –139.5 Pec
53 920.4761 0.0002 –33.0 Ondřejov
54 002.6276 0.0001 0.0 Pec

PV Cas 52 188.33627 0.0003 –825.0 Ondřejov
52 280.2588 0.0002 –772.5 Ondřejov
52 530.57656 0.0001 –629.5 Ondřejov
53 632.4703 0.0001 0.0 Pec
53 709.4903 0.0003 44.0 Valašské

Meziříčí
53 913.4507 0.0005 160.5 Ondřejov
53 947.5540 0.0002 180.0 Ondřejov

CO Lac 52 185.5017 0.0002 –950.5 Ondřejov
52 505.4811 0.0002 –743.0 Ondřejov
52 549.4613 0.0004 –714.5 Ondřejov
52 856.36009 0.00007 –515.5 Ondřejov
52 900.2873 0.0002 –487.0 Ondřejov
53 516.4236 0.0003 –87.5 Ondřejov
53 543.3891 0.0001 –70.0 Ondřejov
53 607.41302 0.00008 –28.5 Ondřejov
53 613.5822 0.0001 –24.5 Brno
53 651.34425 0.00008 0.0 Brno
53 746.2111 0.0001 61.5 Ondřejov
53 913.5204 0.0002 170.0 Ondřejov
53 920.4801 0.0003 174.5 Ondřejov
539 87.5467 0.0005 218.0 Brno

• Valašské Meziříčí Observatory, Czech Republic: 0.3-m
Celestron Ultima telescope with the CCD camera
SBIG ST-7, and I filter, and
• Private observatory of L.B. at Pec pod Sněžkou, Czech

Republic: 0.2-m Cassegrain telescope with the CCD camera
SBIG ST-8 and R filter.

The CCD measurements in the Brno, Ondřejov, Pec and
Valašské Meziříčí observatories were flat-fielded via sky ex-
posures taken at dusk or dawn. Several comparison stars were
chosen on the same frame as the variables. No correction for
differential extinction was applied, due to the proximity of the
comparison stars to the variable and the resulting negligible
differences in air mass. See also http://nyx.asu.cas.cz/
˜ lenka/dbvar/ for observational circumstances.

The new times of primary and secondary minima and their
errors were generally determined by fitting the light curves by
means of polynomials. All times given in Table 1 were also cor-
rected from UTC to the uniform and stable time scale TAI by
means of data from BIPM. Usually, only the bottom parts of the
eclipses were used. All epochs in Table 1 are calculated from
the light elements given in the text, the other columns are self-
explanatory.

3. Apsidal motion analysis

The apsidal motion in all systems was studied using the method
described in Lacy (1992). This method is based on the assump-
tion that the orbital path of the secondary star with respect to
the primary one can be approximated as being an ellipse whose

major axis (line of apsides) is advancing in the plane of the el-
lipse at a constant rate. One of the key relationships of the Lacy
method is

δ =

(
1 − e2

) √
1 − sin2 i cos2 θ

1 − e sin (θ − ω)
, (1)

which expresses projected angular separation between centers
of the stars. Maximum eclipse will occur when δ is a minimum
with respect to the angle θ, where

θ = ν + ω − π2 ,
and ν and ω denote the true anomaly of the secondary star
and argument of periastron resp. The geometrical meaning can
be found in Giménez & García-Pelayo (1983). By minimizing
Eq. (1) we obtain the true anomaly ν, which is then used to cal-
culate the eccentric anomaly E. It is related to the last periastron
passage through the Kepler’s equation in the following form

(t − t0) = (E − e sinE)
PS

2π
· (2)

The predicted time of eclipse is then

T = T0 + mPA + (t − t0), (3)

where m denotes the number of periastron passages since T0,
which is time of the first periastron passage prior to the primary
minimum at t0. Integer m is calculated by means of rough esti-
mation of the eclipse time

T = PSE + t0.
Further iterations are necessary, until the difference between two
consecutive iterations becomes sufficiently small. We refer read-
ers to Lacy (1992) for more detailed information. Once the set
of theoretical times of eclipses is known, we proceed in the same
general way as in case of any other non-linear least squares prob-
lem. We also use the Levenberg-Marquardt method. Initial esti-
mates of the parameters are necessary. For this purpose we used
the values derived in previous papers.

There are five independent variables (t0, PA, e, ω̇, ω0) deter-
mined in our computation. The periastron position ω is defined
by the linear equation

ω = ω0 + ω̇ E,

where ω̇ is the rate of periastron advance, and the position of
periastron for the zero epoch t0 is denoted as ω0. The relation
between the sidereal and the anomalistic period, PS and PA, is
given by

PS = PA (1 − ω̇/360◦)

and the period of apsidal motion by

U = 360◦PA/ω̇.

We collected all reliable times of minimum light available in the
literature. All times of minima were used with the weights in our
computation. Our weight is equal to the reciprocal value of the
mean squared error of eclipse time normalized by the sum of all
weights.

3.1. OX Cas

The detached and double-lined eclipsing binary OX Cassiopeiae
(also BD+60◦0169, HIP 5391, FL 79; Vmax = 9m.92;
Sp. B2V+B2V) is a relatively well-known eclipsing bi-
nary with an eccentric orbit (e = 0.04) and a short orbital period



P. Švaříček et al.: Apsidal motion in eccentric eclipsing binaries 617

Table 2. Apsidal motion elements for OX Cas, PV Cas and CO Lac.

Parameter Unit OX Cas PV Cas CO Lac

t0 HJD 2 454 002.62522 (1) 2 453 632.46962 (2) 2 453 651.34483 (4)
PS days 2.4893467 (4) 1.7504698 (9) 1.54220727 (18)
PA days 2.4897913 (3) 1.7505620 (7) 1.54235744 (13)
e – 0.04147 (5) 0.03248(14) 0.02888 (2)
ω̇ deg cycle−1 0.06430 (4) 0.01896 (14) 0.03505 (3)
ω̇ deg yr−1 9.433 (6) 3.956 (29) 8.300 (7)
ω0 deg 31.9 (1) 324.9 (4) 42.5 (1)
U years 38.16 (2) 91.0 (7) 43.37 (4)
nc % 92.0 52.0 94.5
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Fig. 1. The O−C residuals for the times of minimum of OX Cas. The
continuous and dashed curves represent predictions for the primary and
secondary eclipses, respectively. The individual primary and secondary
minima are denoted by circles and triangles, respectively. Larger sym-
bols correspond to the photoelectric or CCD measurements, which were
used in the calculations.

of about 2.5 days. It was first discovered to be a variable star by
Reim (1957). The next photographic light curves were obtained
by Geyer (1958) and later by Filin (1962). Frazier & Hall
(1975) obtained a first photoelectric light curve and detected
the secondary minimum shifted relative to phase 0.5. Schiller
& Milone (1987) obtained first spectroscopic orbit for OX Cas,
from which they determined a mass ratio of 0.88. They also
derived precise absolute dimensions of the components:

M1 = 7.2 ± 0.5 M�, M2 = 6.3 ± 0.5 M�,
R1 = 4.69 ± 0.3 R�, R2 = 4.22 ± 0.3 R�.
The apsidal motion was first detected by Khaliullin et al. (1987),
who obtained the rate of rapid apsidal motion of 9.1 deg/year. A
detailed study of the apsidal motion of OX Cas was later carried
out by Wolf et al. (1997); see also a history of work on this binary
in this paper. The possible membership of OX Cas in the open
cluster NGC 381 was excluded by Crinklaw & Talbert (1988).
The epochs were calculated using the following new linear light
elements

Pri. Min. = HJD 2 454 002.62755 + 2.d489329 ·E.
In addition to those timings given in Table 1 and in Wolf et al.
(1997, their Table 2), we have added the new times of minimum
obtained recently by many observers and collected in Bulut &
Demircan (2003), Agerer & Hübscher (2003), Nelson (2003),
Hübscher (2005), Hübscher et al. (2005) and Bíró et al. (2006).

A total of 41 reliable times of minimum are now available,
of which 30 correspond to primary eclipses and 11 to secondary
eclipses. The computed apsidal motion elements and the internal

errors of the least-squares fit (in brackets) are given in Table 2. In
this table, PS denotes the sidereal period, PA the anomalistic pe-
riod, e represents the eccentricity, and ω̇ is the rate of periastron
advance (in degrees per cycle or in degrees per year). The zero
epoch is given by t0, and the corresponding position of the pe-
riastron is represented by ω0. The index nc = ∆T/U expressing
the coverage of the apsidal motion period by precise photoelec-
tric timings is also given.

The O−C residuals for all times of minimum with respect to
the linear part of the apsidal motion equation are shown in Fig. 1.
The non-linear predictions, corresponding to the fitted parame-
ters, are plotted as continuous and dashed curves for primary
and secondary eclipses, respectively. Note that the differences
of O−C values from the apsidal motion are substantially larger
than the standard errors of many observed times of minimum.

3.2. PV Cas

The double-lined and detached eclipsing binary PV Cassiopeiae
(also HD 240 208, BD+58◦2554, FL 3470; Vmax = 9m.86;
Sp. B9.5V+B9.5V) is a relatively bright binary system with
a slightly eccentric orbit (e = 0.03). It was discovered to be
variable star photographically by Geyer (1955). Ibanoglu (1974)
made a photometric study of PV Cas and derived precise pe-
riod, an orbital eccentricity e = 0.031 ± 0.009, and geomet-
ric parameters of the system. Other analyses of extensive series
of photometric observations have been carried out by Popper
& Etzel (1981) and by Sezer et al. (1983) with similar re-
sults. Giménez & Margrave (1982) first determined the period
of apsidal motion to be U = 91 ± 7 and the eccentricity e =
0.0322± 0.0005. Krzesinski et al. (1993) derived an apsidal mo-
tion rate of (0.0178±0.0009) deg/cycle, slightly longer than that
obtained by Giménez & Margrave (1982). Precise absolute di-
mensions and masses of the components of PV Cas were taken
from Popper (1987)

M1 = 2.82 ± 0.05 M�, M2 = 2.76 ± 0.06 M�,
R1 = 2.297 ± 0.021 R�, R2 = 2.256 ± 0.016 R�.
Recently, Yildiz (2005) showed that in this system only stellar
models with differential rotation are in agreement with observa-
tion of apsidal motion and the synchronous rotation of compo-
nents. He also derived the apsidal period of U = 91.3±1.7 years.
Some of his results will be discussed in the Conclusions.

Since the above-mentioned papers were published, a sub-
stantial number of new times of minima has been obtained,
which allowed us to reduce the observational uncertainties.
Besides those times given in Table 1 and listed in Wolf (1995,
his Table 2) and Barembaum & Etzel (1995, their Table 4),
we have added the numerous new times published in Jordi
et al. (1996), Lacy et al. (1998), Bíró et al. (1998, 2006, 2007),
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Fig. 2. O−C diagram for PV Cas. See caption for Fig. 1.
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Fig. 3. O−C graph for CO Lac. See caption to Fig. 1.

Agerer & Hübscher (2001, 2003), Nelson (2002), Hübscher
(2005) and Diethelm (2005). The epochs in Table 1 were com-
puted according to the following new ephemeris

Pri.Min. = HJD 2 453 632.47031 + 1.d75 046 986 ·E.
A total of 119 photoelectric times of minimum light were used
in our analysis, including 58 secondary eclipses. The orbital in-
clination was adopted to be i = 85.◦37, based on the photometric
analysis of Popper (1987). The computed apsidal motion param-
eters and their internal errors of the least-squares fit are given in
Table 2. The O−C diagram is shown in Fig. 2. The original pho-
tographic times of minima obtained by Geyer (1955) and Perova
(1957), which were not taken into consideration are also plotted.

3.3. CO Lac

The detached eclipsing binary CO Lacertae (also HD 240 058,
BD+56◦2857, HIP 112 436, FL 3428; Vmax = 10m.5; Sp. B9V) is
another well-known binary with a relatively rapid apsidal motion
and a short orbital period of about 1.54 days. It was discovered
as a variable star by Zonn (1933). Uitterdijk (1934) first sug-
gested an apsidal motion with a period of about 40 yeras. The
apsidal motion was later discussed by Zonn (1950), Semeniuk
(1967), Mossakovskaya & Khaliullin (1987) – who also dis-
cussed the possibility of the presence of a third body in this
system – and Wolf (1994). The photometric elements were ob-
tained by Mezzetti et al. (1980) and Wilson & Woodward (1983).
Recently, Švaříček (2006) in his apsidal motion study obtained
relatively precise values of the eccentricity e = 0.0289 ± 0.0002
and the period of apsidal motion U = 43.37 ± 0.04 years.

Absolute dimensions and masses of the components of CO Lac
were taken from Claret & Giménez (1993)

M1 = 3.13 ± 0.30 M�, M2 = 2.75 ± 0.30 M�,
R1 = 2.76 ± 0.03 R�, R2 = 2.49 ± 0.06 R�.
The epochs were calculated using the new linear ephemeris

Pri.Min. = HJD 2 453 651.34418 + 1.d5422075 ·E.
We include all times of minimum light collected in Wolf (1994,
his Table 2), Agerer & Hübscher (1997, 1998, 2003), Nelson
(2001), Ak & Filin (2003), Krajci (2005), Hübscher (2005),
Diethelm (2006) and our new times given in Table 1. A total
of 65 reliable times of minimum are now available, of which
33 correspond to primary eclipses and 32 to secondary eclipses.
The orbital inclination was adopted to be i = 85.◦35, based on
the photometric analysis of Mezzeti et al. (1980). The computed
apsidal motion parameters and the internal errors of the least-
squares fit are given in Table 2. The O−C diagram is shown in
Fig. 3. The original times of minimum obtained by Zonn (1933),
Uitterdijk (1934) and Dugan & Wright (1939), which were not
taken into account in the calculation, are also plotted.

4. Internal structure constant

Observations of binary systems allow us to determine the inter-
nal structure constant (ISC), k2, which is related to the variation
of density within the star and is an important parameter of stel-
lar evolution models. It is best studied in binary systems with
eccentric orbits which show apsidal motion. The observed aver-
age value of k2,obs is given by

k2,obs =
1

c21 + c22

PA

U
=

1
c21 + c22

ω̇N

360
, (4)

where c21 and c22 are functions of the orbital eccentricity, frac-
tional radii, the masses of the components, and the ratio between
rotational velocity of the stars and Keplerian velocity (Kopal
1978). We also assume that the component stars rotate pseu-
dosynchronously with the same angular velocity as the maxi-
mum orbital value at periastron. Taking the value of the eccen-
tricity and the masses of the components into account, we have
to subtract a relativistic correction ω̇rel (Giménez 1985):

ω̇rel = 5.45 × 10−4 1
1 − e2

⎛⎜⎜⎜⎜⎜⎝
M1 + M2

PA

⎞⎟⎟⎟⎟⎟⎠
2/3

, (5)

where Mi denotes the individual masses of the components in
solar units and PA is the anomalistic orbital period in days. The
values of ω̇rel and the resulting mean internal structure constants
k2,obs for all systems are given in Table 3. Since the relative radii
of the component stars are sufficiently large, the relativistic effect
makes only a small contribution up to 6% of the total apsidal mo-
tion rate. The uncertainty in the eccentricity was neglected due
to its very small value and the presence of its higher terms in
equations. Theoretical values k2,theo were computed using new
evolutionary models according to given masses and chemical
composition (Table 3). New tables of opacities, convective over-
shooting and mass loss rate (Claret 2004, 2007) are involved in
these models. Because the systems in this study are not evolved
or slightly evolved binaries on the main sequence, we were able
to fit the evolution of k2,theo by means of a simple polynomial
of 2nd and 4th order, respectively. The final value of k2,theo is
equal to the weighted average of k2,theo values of individual stars.
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Table 3. Adopted physical properties of the binary components and the internal structure constant.

Parameter Unit OX Cas PV Cas CO Lac

M1 M� 7.2 (5) 2.82 (6) 3.13 (30)
M2 M� 6.3 (5) 2.76 (5) 2.75 (30)
r1 – 0.2560 (16) 0.212 (2) 0.250 (1)
r2 – 0.2304 (17) 0.208 (1) 0.210 (2)
i deg 84.15 (25) 85.37 (11) 85.35 (31)

Source Crinklaw & Popper (1987) Claret &
Etzel (1989) Giménez (1993)

ω̇rel deg cycle−1 0.00169 (6) 0.00118 (1) 0.00133 (6)
ω̇rel/ω̇ % 2.6 6.4 3.8
(X,Z) 0.65, 0.004 0.61, 0.05 0.70, 0.02
log k2,obs –2.236 (14) –2.460 (18) –2.390 (37)
log k2,theo –2.221 –2.327 –2.400

The weights are calculated from orbital elements and other sys-
tem properties. The chemical composition of all systems was
adopted according to the best agreement with the parameters
log g, log Teff and log L.

5. Conclusions

This study provides accurate information on the apsidal motion
rates and the internal structure constants of three main-sequence
early-type binary systems OX Cas, PV Cas and CO Lac.
Compared to similar studies by previous authors, the database
has been enlarged in time by about 1000 orbital cycles, or about
10–20% of the apsidal motion period. For OX Cas and CO Lac,
the whole apsidal motion period is now almost completely cov-
ered by the precise photolectric or CCD measurements, and
the resulting apsidal motion parameters could be considered as
definitive. For all systems, a slight improvement in the apsidal
period has been derived in agreement with the published results
of previous authors. None of the analyzed binaries presents an
important relativistic contribution of up to 6% of the total apsi-
dal motion rate. The obtained values of the k2,obs are compared to
their theoretical values k2,theo, according to available models for
the ISC computed for given masses and chemical compositions,
see Fig. 4.

In all binaries studied, OX Cas has one of the shortest known
periods of apsidal motion. Only the systems U Oph (U = 20.1 yr,
Wolf et al. 2002; Vaz et al. 2007), GL Car (25.2 yr, Giménez &
Clausen 1986) and V478 Cyg (27.1 yr, Wolf et al. 2006) have
shorter periods.

The value of k2,theo for PV Cas obtained from our stellar evo-
lution models is in significant disagreement with the value de-
rived from observed parameters. Yildiz (2005) claims that only
rotating models – with a very fast core – are able to fit the ob-
servational properties of PV Cas, including the apsidal-motion.
However, his method to introduce rotation and details on the ro-
tational profile should be used with caution. For a more detailed
discussion, we refer to the paper by Claret (2006).

From the current O−C diagrams no indication concerning
the presence of a third body in studied systems can be reached.
Over an interval of precise timings we did not find significant
variations on the O−C diagrams, which could be caused by a
light-time effect.

The absolute dimensions of components are known with low
accuracy, for CO Lac with 10% only. More than 20 years has
elapsed since the last spectroscopic studies of these binaries.
Thus, it is also desirable to obtain new, high-dispersion, and
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Fig. 4. A comparison between the observed and theoretical average val-
ues of log k2 using models of stellar evolution.

high-S/N spectroscopic observations, and apply modern disen-
tangling methods to obtain radial velocity curves of both com-
ponents for these systems.
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