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ABSTRACT

We analyze the linear stability of a system of n equal mass points uniformly distributed on a circle and moving about a single massive
body placed at its center. We assume that the central body makes a generalized force on the points on the ring; in particular, we
assume the force is generated by a Manev’s type potential. This model represents several cases, for instance, when the central body
is a spheroid or a radiating source. The problem contains 3 parameters, namely, the number n of bodies of the ring, the mass factor
μ, and the radiation or oblateness coefficient ε. For the classical case (Newtonian forces), it has been known since the seminal work
of Maxwell that the problem is unstable for n ≤ 6. For n ≥ 7 the problem is stable when μ is within a certain interval. In this work,
we determine the region (ε, μ) in which the problem is stable for several values of n. Unstable cases (n ≤ 6) may become stable for
negative values of ε.
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1. Introduction

The so-called ring problem is a classical problem in celestial
mechanics. Indeed, it was introduced by Maxwell (1859) in
his famous work on the stability of Saturn’s rings, which was
awarded the prestigious Adam’s prize for the year 1856. Since
then, many other scientists have been interested in this problem,
for instance, let us mention Tisserand (1889), Pendse (1935),
and Wintner (1947). Essentially, the problem consists of n bod-
ies of equal masses m located at the vertices of a regular n-
gon that is rotating on its own plane about its center of mass
with a constant angular velocity ω. Another body of mass m0 is
placed at the center of the n-gon. More recently, the problem has
been revisited and extended in several aspects, like the comput-
ing of periodic orbits of an infinitesimal mass attracted by the
ring under Newtonian forces (Scheeres 1992; Kalvouridis 1999,
2001, 2003; Pinotsis 2005), or considering more general forces
(Arribas & Elipe 2004; Elipe et al. 2007). Arribas et al. (2007)
have proved that the ring configuration was central for quasi-
homogeneous potentials. A very interesting question raised since
the beginning of the problem is the stability of the configura-
tion. The stability depends on the mass relation (μ = m/m0) of
the points on the ring with relation to the central body mass,
as well as on the number n of primaries. Several authors like
Tisserand (1889), Pendse (1935), Willerding (1986), Scheeres &
Vinh (1991), Roberts (2000), and Vanderbei & Koleman (2007)
provide several bounds for μ to have stability. It was also proven
that when the number of bodies on the ring is less than 7, the
configuration is unstable. More recently, Vanderbei (2008) has
considered the stability when the central mass is an oblate mas-
sive body.

In this paper, we extend these last results by considering gen-
eralized forces and, in particular, those created by the central
body. Indeed, when the central body is a spheroid or a radia-
tion source, other potentials apart from the Newtonian one must
be taken into consideration. The model we use throughout this

paper is the force function among the central body and a particle
of mass m placed at a distance r from the central body, of the
type

U0 = k2m0m

(
1
r
+
ε

r2

)
·

This quasi-homogeneous potential corresponds to the Manev’s
type, and it models effects like the oblateness or prolateness of
the central body, stellar wind, or relativistic corrections. For de-
tails and references, see the work of Arribas et al. (2007).

Note that in contrast to the recent paper by Vanderbei
(2008), our parameter ε may be either positive, zero, or negative,
whereas Vanderbei considers his parameter positive. Besides,
our stability analysis is 3D, whereas Vanderbei only considers
in-plane stability.

For the extended problem considered here, which depends
on the mass factor μ and ε, we follow a scheme similar to the
one given by Scheeres & Vinh (1991) and determine the nec-
essary conditions for linear stability. Several cases are analyzed
depending on the number of bodies on the ring. We begin with
n = 7, since for the classical problem it is the first one that may
be stable. The effect of the parameter ε is that when negative,
the stability threshold for μ increases, whereas it decreases for
ε > 0. The stability domain follows the same pattern for differ-
ent values of n. For n = 6, which is unstable for the classical
problem, we find that it remains unstable for ε ≥ 0, while it is
stable in a certain domain for ε < 0.

2. Equations of motion in a synodic barycentric
frame

Let us denote by xi, (i = 0, . . . , n) the position vectors of the
n + 1 bodies with respect to an inertial reference frame, and by
xi = ‖xi‖ its norm. Let xi j = x j − xi the mutual vector and
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its norm, xi j, the distance between bodies Pi and P j. The force
function of the system is

U = k2 m0

∑
1≤ j≤ n

m j

⎛⎜⎜⎜⎜⎜⎝ 1
x j0
+
ε

x2
j0

⎞⎟⎟⎟⎟⎟⎠ + k2
∑

1≤ i< j≤ n

mi m j

xi j
, (1)

where k2 is the gravitation constant and the parameter ε may be
either positive, negative, or even zero. In the latest, the force is
Newtonian.

The equations of motion for the central body P0 are

d2x0

dt2
= ∇0U = ∇0

⎡⎢⎢⎢⎢⎢⎢⎣k2
n∑

j=1

m j

⎛⎜⎜⎜⎜⎜⎝ 1
x j0
+
ε

x2
j0

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎥⎦

= k2
n∑

j=1

m j

⎛⎜⎜⎜⎜⎜⎝ 1

x3
j0

+
2ε

x4
j0

⎞⎟⎟⎟⎟⎟⎠ x j0.

Let us choose the central body P0 as the origin of the reference
frame; that is, we choose a barycentric frame, thus, ẍ0 = 0, hence

d2x0

dt2
= k2

n∑
j=1

m j

⎛⎜⎜⎜⎜⎜⎝ 1

x3
j

+
2ε

x4
j

⎞⎟⎟⎟⎟⎟⎠ x j = 0. (2)

For the bodies on the ring, the equations of motion are

d2xi

dt2
= −k2m0

⎛⎜⎜⎜⎜⎝ 1

x3
i

+
2ε

x4
i

⎞⎟⎟⎟⎟⎠ xi + k2
n∑

j=1, j�i

m j

x3
i j

xi j, 1 ≤ i ≤ n.

But by virtue of (2),

mi

⎛⎜⎜⎜⎜⎝ 1

x3
i

+
2ε

x4
i

⎞⎟⎟⎟⎟⎠ xi = −
n∑

j=1, j�i

m j

⎛⎜⎜⎜⎜⎜⎝ 1

x3
j

+
2ε

x4
j

⎞⎟⎟⎟⎟⎟⎠ x j,

then

d2xi

dt2
+ k2(m0 + mi)

⎛⎜⎜⎜⎜⎝ 1

x3
i

+
2ε

x4
i

⎞⎟⎟⎟⎟⎠ xi =

k2
n∑

j=1, j�i

m j

⎡⎢⎢⎢⎢⎢⎣ 1

x3
i j

xi j −
⎛⎜⎜⎜⎜⎜⎝ 1

x3
j

+
2ε

x4
j

⎞⎟⎟⎟⎟⎟⎠ x j

⎤⎥⎥⎥⎥⎥⎦ .

Let us choose the units such that k2m0 = 1, and since masses
on the ring are equal, let us introduce a parameter μ = m j/m0,
( j = 1, . . . , n), then

d2xi

dt2
+ (1 + μ)

⎛⎜⎜⎜⎜⎝ 1

x3
i

+
2ε

x4
i

⎞⎟⎟⎟⎟⎠ xi = μ

n∑
j=1, j�i

⎡⎢⎢⎢⎢⎢⎣ 1

x3
i j

xi j−
⎛⎜⎜⎜⎜⎜⎝ 1

x3
j

+
2ε

x4
j

⎞⎟⎟⎟⎟⎟⎠ x j

⎤⎥⎥⎥⎥⎥⎦. (3)

We may introduce a scalar function Ui defined by

Ui = (1 + μ)

⎛⎜⎜⎜⎜⎝ 1
xi
+
ε

x2
i

⎞⎟⎟⎟⎟⎠ + μ
n∑

j=1, j�i

⎛⎜⎜⎜⎜⎜⎝ 1
xi j
− xi · x j

⎛⎜⎜⎜⎜⎜⎝ 1

x3
j

+
2ε

x4
j

⎞⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎠ , (4)

and the equations of motion in a fixed barycentric frame (3) read

d2xi

dt2
=
∂Ui

∂xi
·

It has been proved in Arribas et al. (2007) that the ring
configuration with quasi-homogeneous potentials is a cen-
tral configuration and, in particular, of relative equilibrium
(xi(t) = Ω(t) xi(t0)); that is to say, the configuration is rotating
with angular velocity ω̃ about a vector Ω perpendicular to the
plane containing the bodies. Since this case is a particular one

of the quasi-homogeneous potentials analyzed in Arribas et al.
(2007), there follows that the angular velocity is

ω̃2 = 1 +
2ε
α
+
μ

4

n−1∑
k=1

| csc kθ| = ω2 +
2ε
α
,

whereω2 is the angular velocity corresponding to the Newtonian
attraction, and α is the radius of the ring and θ = π/n.

With respect to a synodic barycentric frame, by virtue of the
rules of derivation with respect to a rotating frame, the equations
of motion are

d2xi

dt2
+ 2Ω × dxi

dt
+Ω × (Ω × xi) =

∂Ui

∂xi
· (5)

Due to the geometry of the problem, it is convenient to formu-
late it in cylindric coordinates (ri, λi, zi). In these variables, the
equations of motion (5) become

r̈ j − r j(λ̇ j + ω̃)2 =
∂U j

∂r j

r jλ̈ j + 2ṙ j(λ̇ j + ω̃) =
1
r j

∂U j

∂λ j

z̈ j =
∂U j

∂z j
,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
j = 1, . . . , n (6)

where the potential (4) expressed in cylindrical coordinates is

U j = (1 + μ)
[
(r2

j + z2
j )
−1/2 + ε (r2

j + z2
j)
−1
]

+μ

n∑
k=1,k� j

[(
r2

j + r2
k − 2r jrk cos(λ j − λk) + (z j − zk)2

)−1/2

−(r j rk cos(λ j − λk) + z jzk)
(
(r2

k + z2
k)−3/2 + 2ε (r2

k + z2
k)−2

)]
.

It was proved in Arribas et al. (2007) that, when bodies P j are
placed at the vertex of the n-gon, (r j = α = 1, λ j = 2θ j, z j = 0,
and ω̃2 = ω2+2ε), the solution is an equilibrium of the equations
of motion (5).

3. Linear stability of the ring configuration

For the analysis of the linear stability of the equilibrium solution,
we need the linearized equations of motion. Thus, we introduce
the variations ρ j, σ j, z j of the equilibria

r j = 1 + ρ j, λ j = 2θ j + σ j, z j = z j, j = 1 . . .n,

and the variational equations of the system (6) are

ρ̈ − 2ω̃σ̇ = ω̃2ρ + Aρ + Bσ

σ̈ + 2ω̃ρ̇ = Cρ + Dσ

z̈ = E z

(7)

where ρ = (ρ1, . . . , ρn), σ = (σ1, . . . , σn), z = (z1, . . . , zn)
and matrices A, B,C,D, E are made of second-order partial
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derivatives of the potential evaluated at the equilibria. Thus,
these matrices are symmetric, and their elements take the values

Aii = 2(1 + 3ε)(1 + μ) − μ
8

∑
k�i

(
| csc3 θ(k − i)| − 3| csc θ(k − i)|

)

A ji = μ
[
2 cos 2θ(i − j) + 6ε cos 2θ(i − j)

+
1
8

(
cos 2θ(i − j)| csc3 θ(i − j)| + 3| csc θ(i − j)|)

)]

Bii = −μ
∑
k�i

sin 2θ(k − i)
( 1
16
| csc3 θ(k − i)| + 1 + 2ε

)

B ji = μ sin 2θ(i − j)
( 1
16
| csc3 θ(i − j)| + 1 + 2ε

)

Cii = Bii

C ji = −μ sin 2θ(i − j)
( 1
16
| csc3 θ(i − j)| − 2 − 6ε

)

Dii = μ
∑
k�i

(
(1 + 2ε) cos 2θ(k − i)

+
1

16
(3 + cos 2θ(k − i)) | csc3 θ(k − i)|

)

D ji = −μ
(
(1 + 2ε) cos 2θ(i − j)

+
1

16
(3 + cos 2θ(i − j)) | csc3 θ(i − j)|

)

Eii = −(1 + 2ε)(1 + μ) − μ
8

∑
k�i

| csc3 θ(k − i)|

E ji = −μ(1 + 2ε) +
μ

8
| csc3 θ(i − j)|.

Note that for ε = 0 we recover the Newtonian force case, which
was solved by Scheeres & Vinh (1991), so we proceed in an
analogous manner to the way followed in that work.

The last n equations in system (7) corresponding to the z
variable are uncoupled; that is, they only contain linearly vari-
ables z j. However the first 2n equations are linear in ρ j, σ j, but
the system is coupled in those 2n variables. To uncouple the
system, a transformation due to Poincaré is in order. Indeed,
let us introduce the n × n complex matrix F with elements
Flk = exp(2θlk

√−1). Its inverse matrix is simply F −1 = F̄ /n,
with F̄ its conjugate matrix.

As proven by Pendse (1935), this transformation uncouples
the system (7) due to the fact that matrices A, B,C,D, and E
are periodic of period n and, besides, matrices B and C are odd
functions, whereas the remaining matrices A, D, and E are even.
With this matrix, we define the complex transformation

ρ = F ξ, σ = F η, z = F ζ,
and system (7) is transformed into

ξ̈ − 2ω̃ η̇ = ω̃2ξ + ΛA ξ + ΛB η,

η̈ + 2ω̃ξ̇ = ΛC ξ + ΛD η,

ζ̈ = ΛE ζ,

(8)

where ΛX is the diagonal matrix of eigenvalues of matrix X.
Note also that the new complex variables satisfy ξ̄ j = ξn− j,
η̄ j = ηn− j, ζ̄ j = ζn− j, so we only deal with equations with scripts
j = 1, 2, . . . , [n/2], n, where [a] denotes the integer part of a.

To compute the eigenvalues, we follow the procedure given
by Scheeres & Vinh (1991) and Scheeres (1992), based on the
results provided by Pendse (1935). For more details about it the

reader should see the original work of Pendse. By proceeding in
such way, we find

ΛA
j = 2ω̃2 + μ

(
2J j − 1

4
L j

)
+ 2ε + 3με(2 + S A

j ),

ΛB
j =
√−1 μ

(
J j +

1
8

M j + ε S B
j

)
,

ΛC
j =
√−1 μ

(
2 J j − 1

8
M j + 3 ε S B

j

)
,

ΛD
j = μ

(
−J j +

1
4

Nj − ε (2 + S A
j )

)
,

ΛE
j = −1 − 2 ε − μ

(
S j +

1
12

(L j + Nj) + ε (2 + S E
j )

)
,

where

L j =

n−1∑
k=1

1 + sin2 kθ

sin3 kθ
sin2 k jθ, M j =

n−1∑
k=1

cos kθ

sin2 kθ
sin 2k jθ,

Nj =

n−1∑
k=1

1 + cos2 kθ

sin3 kθ
sin2 k jθ,

J j =

{
0, j � 1
n/2, j = 1 S j =

{
0, j � n
n, j = n

S A
j = 2

n−1∑
k=1

cos(2θk) cos(2θ jk) =

{
n − 2 j = 1, n − 1
−2 otherwise

S B
j = 2

n−1∑
k=1

sin(2θk) sin(2θ jk) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
n j = 1
−n j = n − 1
0 otherwise

S E
j = 2

n−1∑
k=1

cos 2θ jk =

{
2n − 2 j = n
−2 otherwise.

4. Linear stability

The roots of the characteristic equation determine the linear sta-
bility of the system (8). In this system, the last n equations, those
corresponding to variable ζ, only depend on ζ, whereas those
corresponding to ξ and η are coupled. As a result, we split our
analysis in two parts, one for the out-of-plane motion (ζ) and the
other for the on-plane motion (ξ and η).

4.1. Out-of-plane stability

The vertical variations are determined by the equation:

ζ̈ = ΛE ζ = −
[
1 + 2ε + μ

(
S +

1
12

(L + N) + ε
(
2 + S E

))]
ζ;

therefore, the vertical motion is stable when

1 + 2ε + μ

(
S j +

1
12

(L j + Nj) + ε
(
2 + S E

j

))
> 0 (9)

for each component (1 ≤ j ≤ n). Note that S , L,N are non-
negative quantities. Depending on whether ε is positive or nega-
tive, we have two cases. When ε > 0, the stability condition (9)
is always satisfied, hence vertical motions are linearly stable. For
ε < 0 we may consider two subcases:

a) j � n: then S j = 0 and S E
j = −2. Thus, the stability condi-

tion (9) reads

1 + 2ε + μ
1

12
(L j + Nj) > 0,



822 M. Arribas et al.: Stability of ring systems

b) j = n: then S n = n, Ln = 0, Nn = 0, 2 + S E
n = 2 n, and the

stability condition is

(1 + 2ε) (1 + μn) > 0⇐⇒ 1 + 2ε > 0.

In both cases the stability condition is satisfied for ε > −1/2.

4.2. In-plane stability

Let us now consider the variational displacements on the plane
containing the primaries. The variational Eqs. (8) for variables ξ
and η are

ξ̈ − 2ω̃ η̇ =
(
3 ω̃2 + 2 μ J − 1

4μL + 2 ε + 3 μ ε (2 + S A)
)
ξ

+
√−1 μ (J + 1

8 M + ε S B) η,

η̈ + 2ω̃ ξ̇ =
√−1 μ (2 J − 1

8 M + 3 ε S B) ξ

+ μ
(
−J + 1

4 N − ε (2 + S A)
)
η.

N.B. If the system is written in components of the vectors, i.e.,
ξ1, . . . , ξn and η1, . . . , ηn, we have n pairs of equations in the vari-
ables ξ1, η1; ξ2, η2; . . . ; ξn, ηn,. Thus, what is valid for one pair
will be valid for the others.

Let us consider a generic pair of the above-mentioned equa-
tions. Since the stability of this linear system is determined by
the purely imaginary roots of its characteristic equation, let us
assume that i ω̃ x is a root of the characteristic equation with
x ∈ R. Then, x must be a root of the quartic equation

x4 − q x2 + r x + s = 0, (10)

where the coefficients q, r, s (for each script j) are functions of
the eigenvalues of the matrices A, B,C,D, and E:

q = −
(
μ

4ω̃2
(N − L + 4 J) − 1 +

2ε
ω̃2

(1 + μ (2 + S A))

)
,

r = − μ
2ω̃2

(M − 4 J) +
2 μ
ω̃2
ε S B,

s =
μ

4ω̃2

(
3(N − 4J) − μ

4ω̃2
((N − 4J)(L − 8J)

−1
4

(8J + M)(16J − M))

)

+
ε

ω̃4

(
μ2((−5J + L/4 + 3N/4)(2 + S A) + (5J + M/4)S B)

+μ(−2J + N/2 − 3ω̃2(2 + S A))
)

+
ε2

ω̃4

(
μ2(3(S B)2 − 3(2 + S A)2) − 2μ(2 + S A)

)
.

Note that for j = n,

2 + S A
n = 0, S B

n = 0, S n = n, Ln = Mn = Nn = Jn = 0,

and the polynomial Eq. (10) is reduced to

x4 −
(
1 − 2ε
ω̃2

)
x2 = 0.

Their four roots, namely 0, 0,+
√

1 − 2ε/ω̃2,−√1 − 2ε/ω̃2, are
real because we recall ω̃2 = ω2 + 2ε. Consequently, we only
need to analyze the scripts j = 1, . . . , [n/2]. For these cases,
to determine the number of unique real roots of the polynomial

Eq. (10), we use Sturm’s theorem. To apply it, we first con-
struct a Sturm sequence P0(x), P1(x), . . . , Pr(x), as P0(x) = P(x),
P1(x) = P′(x), . . . , P j(x) = −rem(P j−1(x), P j−2(x)). Let σ(ξ) be
the number of sign changes (zeroes are not counted) in the se-
quence P0(ξ), P1(ξ), . . . , Pr(ξ). Sturm’s theorem then states that
for two real numbers a < b, the number of unique roots in the
interval (a, b] is σ(a) − σ(b).

The Sturm sequence is, thus,

P0(x) = x4 − qx2 + rx + s

P1(x) = 4x3 − 2qx + r

P2(x) = 2qx2 − 3rx − 4s

P3(x) = (2q3 − 8qs − 9r2)x − r(q2 + 12s)

P4(x) = 4q3r2 − 27r4 + 16q4s − 144qr2s − 128q2s2 + 256s3.

Note that P4(x) is precisely the discriminant Δ of the quar-
tic (10).

For the interval (−∞,+∞), the sequence takes the following
signs

−∞ : +, −, sign(q), −sign(2q3 − 8qs − 9r2), sign(Δ)
+∞ : +, +, sign(q), sign(2q3 − 8qs − 9r2), sign(Δ).

In order to have 4 real roots, it is necessary that σ(+∞) = 4 and
σ(−∞) = 0; therefore, the following three conditions must be
fulfilled:

q > 0, (11)

Γ = 2q(q2 − 4s) − 9r2 > 0, (12)

Δ > 0. (13)

5. Stability domains

5.1. Case n = 7

It has been proved by several authors (Tisserand 1889;
Willerding 1986; Salo & Yoder 1988; Scheeres & Vinh 1991;
Roberts 2000; Vanderbei & Kolemen 2007, among others), that
for point-masses, if n < 7, the system is unstable. For n ≥ 7
these authors give some bounds for the mass factor μ to create
stability.

In this problem we have two parameters, μ (the mass factor)
and ε (the radiation or oblateness coefficient); thus, we asked
ourselves whether ε could modify the stability and, if affirma-
tive, how much. We begin the stability analysis with the case
n = 7, since it is the first case in which the classical problem is
stable. To have stability, for given values of μ and ε, and n bodies
the three conditions (11), (12), and (13) must be simultaneously
fulfilled and for the scripts j = 1, 2, . . . , [n/2]; thus, for n = 7,
the scripts are j = 1, 2, 3.

To determine the stability domain, we plot the curves Γ j = 0
and Δ j = 0 for j = 1 (left), j = 2 (center), and j = 3 (right) in
Fig. 1. Points that satisfy the conditions Γ j > 0 and Δ j > 0 are
below these curves. The stability region will be the intersection
of the three regions, namely, Γ1,Δ1 > 0, Γ2,Δ2 > 0 and Γ3,Δ3 >
0. This region is plotted in Fig. 2. As a matter of fact, we should
check the first condition (11) for j = 1, 2, 3, but this condition
is less restrictive than conditions (12) and (13), since regions
q j > 0 contain those with Γ j,Δ j > 0.

For ε = 0 a stability threshold results for the mass fac-
tor, μ0 = 0.007150403074. This bound is a little greater than
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Fig. 1. Case n = 7. Curves Γ j = 0 and Δ j = 0 for j = 1 (left), j = 2 (center) and j = 3 (right).
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Fig. 2. Case n = 7. The grey area corresponds to the stability region, intersection of the regions in which Γ1,Δ1 > 0, Γ2,Δ2 > 0 and Γ3,Δ3 > 0
simultaneously. This region is inside the curves qj > 0, ( j = 1, 2, 3). Plot on the right is a magnification of same graphics.

those obtained by several authors, e.g. Tisserand (1889) (μ <
0.00583090379), Roberts (2000) (μ < 0.00670162), Scheeres
& Vinh (1991) (μ < 0.007093732), and Vanderbei & Kolemen
(2007) (μ < 0.00714869).

Besides, as can be seen from Fig. 2, the parameter ε con-
tributes to the stability; thus, ε < 0 slightly increases the stability
bound (μ− > μ0) until it reaches a maximum at ε = −0.364556
and, then, decreases sharply. On the other hand, for positive val-
ues of ε (see Fig. 2, right), the stability region is almost trape-
zoidal, which implies that for certain values of ε > 0, there are
a lower and an upper bound of μ to have stability, that is, the
configuration is stable for μ+ < μ < μ+ < μ0. For ε beyond the
vertex, the configuration is unstable; hence, big positive values
of ε destroy the stability.

5.2. Case n � 7

As we have just seen, the parameter ε has an important influence
on the stability; thus, our next task will be the analysis of differ-
ent numbers of bodies on the ring, in particular for n = 6, 8, 9,
and 20. The reason to analyze case n = 6 is that it is the last un-
stable case. It would be interesting to discover if there are some
values of ε making this configuration stable. The interest for the

other cases is to see whether the stability domain follows the
same pattern as for n = 7.

By proceeding in the same way as for n = 7, we construct
Fig. 3 (left) for the case n = 6. We had to build the regions
satisfying Eqs. (11), (12), and (13) for the scripts j = 1, 2, 3.
From this figure, we see that the domain for stability is similar
to the case n = 7, a curvilinear trapezoid, but the configuration
is only stable for some ε < 0.

For cases n ≥ 7, the pattern is similar to the case n = 7.
We present here the cases n = 8 and n = 20. For n = 8 we
need to plot conditions (11), (12), and (13) for the scripts j =
1, 2, 3, 4, whereas for n = 20, we have to compute them for j =
1, . . . , 10. The stability domains are represented by the shadowed
areas in Fig. 3 (center and right). Essentially, the two domains
look the same but distorted. In the curvilinear trapezoid, the base
length increases with ε, while the height decreases. Again, as it
happened with n = 7, we find stability for positive and negative
values of ε.

6. Conclusions

When generalized forces are included in the (n+1)-ring problem,
we can model the central body as a radiation force or a spheroid.

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809903&pdf_id=2
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ε

μ

ε

μ

ε

μ

Fig. 3. Stability domains for n = 6 (left), n = 8 (center), and n = 20 (right).

In this case, the problem, once the number n of bodies on the ring
fixed, depends on 2 parameters, μ (mass factor) and ε (radiation
coefficient).

For this problem, we find the linear stability domain. This
domain is a curvilinear trapezoid on the ε − μ plane. Negative
values of ε increases the stability bound for μ, whereas positive
values of ε reduces it. Unstable cases (n ≤ 6) in the classical
problem become stable for negative values of ε.
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