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P. Slaný and Z. Stuchlı́k

Institute of Physics, Faculty of Philosophy and Science, Silesian University in Opava, Bezručovo nám. 13, 74601 Opava,
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ABSTRACT

Context. XTE J1650-500 is a Galactic black-hole binary system for which at least one high-frequency QPO at 250 Hz has been
reported. Moreover there are indications that the system harbours a near-extreme Kerr black hole with a spin a∗ � 0.998 and mass
MBH � 7.3 M�. Recently it was discovered that the orbital 3-velocity of test-particle (geodesical) discs orbiting Kerr black holes with
a spin a∗ > 0.9953, analyzed in the locally non-rotating frames, reveals a hump near the marginally stable orbit. It was suggested
that the hump could excite the epicyclic motion of particles near the ISCO with frequencies typical for high-frequency QPOs. The
characteristic frequency of the hump-induced oscillations was defined as the maximal positive rate of change of the LNRF-related
orbital velocity with the proper radial distance. If the characteristic “humpy frequency” and the radial epicyclic frequency are com-
mensurable, strong resonant phenomena are expected.
Aims. We apply the idea of hump-induced oscillations in accretion discs around near-extreme Kerr black holes to estimate the black-
hole mass in the XTE J1650-500 binary system.
Methods. For the Kerr black hole with spin a∗ � 0.9982 the characteristic “humpy frequency” and the radial epicyclic frequency are
in the ratio 1:3 at the orbit where the positive rate of change of the LNRF-related orbital velocity with the proper radial distance is
maximal. Identifying the radial epicyclic frequency with the observed 250 Hz QPO, we arrive at the mass of the black hole. In this
method the ratio of frequencies determines the spin (and vice versa), and the values of the frequencies determine the black-hole mass.
Results. The mass of the Kerr black hole in XTE J1650-500 binary system is estimated to be around 5.1 M�.
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1. Introduction

The Galactic X-ray transient binary black-hole system XTE
J1650-500 is a source in which a near-extreme stellar-mass Kerr
black hole is assumed (another one is, e.g., the microquasar
GRS 1915+105). Miller et al. (2002) observed the source with
the XMM-Newton/EPIC-pn device close to the peak of its out-
burst in September 2001, and found a broad, skewed Fe Kα
emission line in its spectrum, indicating a stellar-mass Kerr BH
with near-maximal angular momentum (spin) close to the value
a∗ � 0.998. In fact, the spin a∗ = 0.998 corresponds to the
well-known “Thorne limit”, which is the upper limit on spin of
the “Laor” model (Laor 1991) used by Miller et al. to fit the
line. The “Thorne limit” is an important consequence of the-
oretical considerations of how photons coming from the inner
part of a geometrically thin, geodesical accretion disc around the
Kerr black hole influence a spin-up of the hole induced by mat-
ter accreting into the hole. Depending on the photon emission
law the limiting value slightly differs from the “canonical value”
a∗ � 0.998, being 0.9978 for isotropic emission and 0.9982 for
the electron-scattering emission law, see Thorne (1974) for more
details. Evidence of such a high spin in XTE J1650-500 also was
found in three observations with BeppoSAX during the same
outburst, which were performed just before and after the XMM-
Newton observation, see Miniutti et al. (2004). On the other
hand Done & Gierliński (2006) suggests that if the absorption

features in the optically thick hot corona are taken into account,
the inferred relativistic smearing of the Kα line can be substan-
tially reduced to be compatible with the conception of a disc
truncated at ∼10 rg (rg = GMBH/c2 is the gravitational radius).
This is accomplished by the evaporating hot inner accretion flow,
and thus gives no information on the black-hole spin. In this pa-
per we analyze one consequence of the possibility that the black
hole in XTE J1650-500 is very rapidly rotating.

Homan et al. (2003) report the detection of a high-frequency
variability in X-ray flux from XTE J1650-500, analyzing data
from the Rossi X-Ray Timing Explorer obtained from September
to November 2001. During transition of the source from the
hard to the soft state, the high-frequency QPO around 250 Hz
(with a maximum observed frequency of 270 Hz) was detected.
Homan et al. (2003) also report broad high-frequency features
around 50 Hz, 109 Hz, and 168 Hz, among which the feature
around 50 Hz is remarkably stable. Similarly, Kalemci et al.
(2003) also report broad features near 80 Hz (but with a quite
large error of ∼50%) and 25 Hz, but no high-frequency QPO. It
is not clear whether this 80 Hz peak is the same as the 50 Hz
peak found by Homan et al. (2003). Currently, we can only say
that the data reveal some broad high-frequency features with fre-
quencies of tens of Hz, and possibly one high-frequency QPO
around 250 Hz.

Subsequently, Orosz et al. (2004) published their analysis of
the R-band photometry of the binary system XTE J1650-500,
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Fig. 1. Orbital velocity profile along equatorial circular geodesics (in
units of c) determined by the locally non-rotating frames in the case
of a very rapidly rotating Kerr black hole with a dimensionless spin
a∗ = 0.9982. The positive part of the radial gradient of V(ϕ) is lo-
cated close to but above the innermost stable circular orbit (ISCO). The
thick part corresponds to the region where the humpy frequency, deter-
mined for the 5.1 M� black hole, reaches the values from the interval
50–83 Hz, corresponding to observed broad high-frequency features in
XTE J1650-500.

determining the optical mass function, f (M) = (2.73±0.56) M�,
and a lower limit to the inclination of the system of 50◦. The
results give an upper limit to the mass of the black hole in
XTE J1650-500 of MBH � 7.3 M� (Orosz et al. 2004).

We summarize that the spectral and timing properties of the
X-ray transient black-hole candidate XTE J1650-500 suggest
that this source hosts a stellar-mass (and possibly near-extreme)
Kerr BH in its center.

2. Aschenbach effect in thin, geodesical discs

In the case of very rapidly rotating Kerr black holes (with the
dimensionless spin a∗ = cJ/GM2

BH > 0.9953; J is the black-
hole angular momentum), a test particle orbital 3-velocityV(ϕ),
defined by appropriate projections of the particle’s 4-velocity
Uμ onto the LNRF-tetrad (Bardeen et al. 1972)1, reveals a non-
monotonic profile in the equatorial plane (Aschenbach 2004).
Stuchlı́k et al. (2005) shown that the analogous “humpy” be-
haviour of the V(ϕ) appears also in the non-geodesic motion of
a test perfect fluid orbiting near-extreme Kerr black holes with
spin a∗ > 0.9998 in marginally stable thick discs (tori), charac-
terized by a uniform distribution of the specific angular momen-
tum, �(r, θ) = −Uϕ/Ut = const2. In both geometrically thin and
thick accretion discs, the positive part of ∂V(ϕ)/∂r is confined to
the ergosphere around the black hole, however it is located above
the innermost stable circular orbit (ISCO) in the equatorial plane
(θ = π/2); see Fig. 1. Therefore local processes in the inner part
of accretion discs around near-extreme Kerr black holes could
carry a signature of the orbital velocity hump.

Aschenbach (2004) introduced a characteristic (critical) fre-
quency of any process connected to the velocity hump by
the maximum positive slope of the orbital velocity V(ϕ) given
as a function of the B-L radius r. Its coordinate-independend

1 In rotating spacetimes a rotation of the space, causing so-called
“dragging of inertial frames”, is superposed on the orbital motion of
matter in the disc, as viewed from infinity. Locally non-rotating frames
(LNRF) are dragged along with the spacetime, thus the LNRF should
reveal local orbital properties of the disc in the clearest way, as the static
observers do in non-rotating spacetimes.
2 Standard Boyer-Lindquist (B-L) coordinates (t, r, θ, ϕ) are used.

definition, using the maximal positive rate of change of V(ϕ)

with the proper radial distance r̃,

νr̃crit =
∂V(ϕ)

∂r̃
|max, dr̃ =

√
grrdr, (1)

was suggested by Stuchlı́k et al. (2004). Relating this locally de-
fined characteristic frequency νr̃crit to a static observer at infinity,
we obtain so-called “humpy frequency” (Stuchlı́k et al. 2007a)

νh =
√
−(gtt + 2ωgtϕ + ω2gϕϕ)νr̃crit, (2)

where gμν are metric coefficients of the Kerr geometry (in B-L
coordinates), and ω = −gtϕ/gϕϕ is the angular velocity of the
LNRF (Bardeen et al. 1972). However, the frequency character-
izing the Aschenbach effect in the disc need not be fixed and
defined strictly as the maximal gradient of the orbital velocity
in the proper radial distance, Eq. (1). Rather we expect that the
characteristic frequency can slightly change and be shifted from
this maximal value. On the other hand, at the orbit where it is
maximal, i.e. at the so-called “humpy radius”, the Aschenbach
effect is the strongest. Due to possible changes of the humpy
frequency the Aschenbach effect in the disc should not be char-
acterized by a narrow frequency peak but rather by one relatively
wide and not very strong QPO with a centroid frequency of sev-
eral tens Hz (for stellar mass Kerr black holes).

Aschenbach (2004) also gave a heuristic assumption on the
possible excitation of a particle’s epicyclic motion in the inner
part of geodesic discs by the orbital velocity hump. The epicyclic
motion is characterized by the radial and vertical epicyclic fre-
quencies νr, νθ (for their explicit definition in the more general
Kerr-Newman spacetime see Aliev & Galtsov (1981)). Stuchlı́k
et al. (2007a) showed that for a∗ → 1 the humpy frequency and
the epicyclic frequencies evaluated at the “humpy radius” reach
asymptotic, i.e. almost spin-independent, commensurable val-
ues in the ratios νθ:νr:νh � 11:3:2. Moreover, in the region with
a positive slope ofV(ϕ) the orbits of commensurability between
vertical and radial epicyclic frequencies r3:1 and (for a∗ � 0.996)
r4:1 are located (see Aschenbach 2004; Stuchlı́k et al. 2007a),
supporting the idea of a connection between the humpy profile
of V(ϕ) and epicyclic motion of particles. In general, it is also
possible to expect oscillations of the disc excited by the orbital
velocity hump; the concrete physical mechanism is, however,
unknown.

A model in which the resonance between the hump-induced
and epicyclic motion is assumed, the so-called Extended Orbital
Resonance Model (ExORM), was applied to the X-ray variable
Galactic black hole GRS 1915+105 in which at least five high-
frequency QPOs with frequencies ν1 = 27 Hz (Belloni et al.
2001), ν2 = 41 Hz, ν3 = 67 Hz (Morgan et al. 1997; Strohmayer
2001), ν4 = 113 Hz, ν5 = 167 Hz (Remillard 2004) had been
observed. The model predicts a near-extreme spin of the central
black hole, a∗ = 0.9998, which is in agreement with results given
by spectral continuum fits, a∗ > 0.98, presented by McClintock
et al. (2006), and the black-hole mass MBH ∼ 14.8 M�, being
well inside the interval (14.0 ± 4.4) M� given by other observa-
tional methods (Remillard & McClintock 2006). The results are
partly summarized in Fig. 3 and fully described in our previous
paper (Stuchlı́k et al. 2007b).

3. Mass estimate of the XTE J1650-500 black hole

As mentioned above, the very broad Fe-line observed in
XTE J1650-500 is usually interpreted as a signature of
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Fig. 2. Ratio of the radial epicyclic frequency and the humpy frequency
for equatorial geodesic orbits around the Kerr black hole with spin a∗ =
0.9982.

a near-extreme Kerr black hole present in the system3. If the
source really contains the black hole spinning close to the
“Thorne limit” a∗ � 0.998, the effects of a non-monotonic or-
bital velocity profile may be seen there.

For test-particle (geodesical) discs and the spin a∗ = 0.9982,
the ratio of the radial epicyclic frequency and the characteris-
tic “humpy frequency”, both computed at the same radius, is
presented in Fig. 2. Of special interest are the ratios given by
small integers like 3:1, 4:1, and 5:1, which can play a role in res-
onances between hump-induced and epicyclic oscillations. We
assume that the most probable mechanism is forced resonance,
however, other kinds of resonances are not completely excluded.
The most relevant is the 3:1 ratio, which can be excited through
the superharmonic resonance due to some non-linearity of the
3-rd order that can be assumed in the system (Nayfeh & Mook
1995). Moreover, the strength of the resonance decreases with
rising order of the non-linearity (Landau & Lifshitz 1976), being
stronger for the 3:1 ratio than for the 4:1 or 5:1 ratio. Further, the
3:1 resonant radii are located at orbits very close to the “humpy
radius” rh � 1.417rg, i.e., the orbit where the characteristic
“humpy frequency” reaches its maximal value given by Eq. (2),
and where the Aschenbach effect is the strongest. Locations of
resonant radii 3:1, 4:1, and 5:1 can be inferred from Fig. 2 and
are explicitly given in Table 1.

Now we identify the strong 250 Hz QPO with the radial
epicyclic frequency at a given resonant radius and compute
the corresponding black-hole mass. At the preferred “humpy
radius”, which almost coincides with the outer resonant orbit
of the 3:1 resonance, the radial epicyclic frequency reaches
1275 (M/M�)−1 Hz, which gives the mass of the Kerr black hole
MBH � 5.1 M�. Estimates corresponding to other resonant radii
are given in Table 1.

4. Conclusions

Our suggested application of the ExORM to observed quasi-
periodic variability in the X-ray transient XTE J1650-500, like
other strong-gravity orbital models of high-frequency QPOs, e.g.
the “Relativistic Precession Model” of Stella et al. (1999) or the
orbital resonance model of Kluźniak & Abramowicz (2001), is

3 Note that some other alternatives were proposed to explain such
broadness, e.g. Done & Gierliński (2006).

Table 1. Location of resonant orbits (inner, outer) corresponding to ra-
tios νr:νh = 3:1, 4:1, and 5:1 for the Kerr black hole (a∗ = 0.9982)
schematically given in Fig. 2. The next two columns show mass-
estimates for the black hole in XTE J1650-500, if the radial epicyclic
frequency at each orbit is identified with the observed 250 Hz QPO.

νr :νh rin/rg rout/rg Min/M� Mout/M�
3:1 1.388 1.417 4.7 5.1
4:1 1.314 1.537 3.3 6.6
5:1 1.298 1.581 3.0 7.0
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Fig. 3. Spin dependence of the humpy and radial epicyclic frequency,
νh and νr, and their combinational frequencies νr ± νh. All frequencies
are calculated at the same radius, where the rate of change of the orbital
velocity in terms of the proper radial distance reaches the maximal posi-
tive value for a given a∗. The values of frequencies corresponding to the
black-hole mass and spin implied by suggested explanations of X-ray
variability in the XTE J1650-500 and GRS 1915+105 binary black-hole
systems, are given. The bold-faced values can be identified with the ob-
served ones, referred to as QPOs for a given source.

able to give estimates for the mass and spin of the Kerr black
hole, if more than one frequency or one of black-hole parame-
ters are known. Of course, the employed ideas are relevant only
if the source harbours a near-extreme Kerr black hole, because
only in this case does the LNRF-related orbital velocity of the
accretion disc reveal non-monotonic behavior in its inner part
close to the ISCO.

Following the spectral and timing properties we assume that
the spin of the Kerr black hole in XTE J1650-500 is equal to
the “Thorne limit” a∗ = 0.9982 for the electron-scattering pho-
ton emission law, and that the observed high-frequency QPO at
250 Hz corresponds to the epicyclic motion in the orbital plane,
excited by the orbital velocity hump. The first assumption about
the spin relies on analyses of the broad Fe Kα line (Miller et al.
2002; Miniutti et al. 2004) which suggest that the spin is close to
the “Thorne limit”. The second assumption about the nature of
the 250 Hz QPO is model-dependent. Further we expect the ex-
istence of resonances between the hump-induced and epicyclic
motions. Under these assumptions we evaluated ratios of the ra-
dial epicyclic frequency and the characteristic humpy frequency
in the region of a positive radial gradient of V(ϕ), and found
particular resonant radii. The most promising seems the reso-
nance νr:νh ∼ 3:1, since it takes place at the “humpy radius”
where the positive rate of change of the orbital velocity with the
proper radial distance is maximal and its strength is much higher
in comparison to resonances with a 4:1 or 5:1 frequency ratio

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200810334&pdf_id=2
http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200810334&pdf_id=3
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(Landau & Lifshitz 1976). In the case of the 3:1 ratio at the
humpy radius the inferred mass of the black hole in XTE J1650-
500 is 5.1 M�, which is well below the upper limit of 7.3 M�
given by Orosz et al. (2004). The humpy frequency and corre-
sponding combinational frequencies νr ± νh that naturally exist
in non-linear systems are given in Fig. 3. Recall that some broad
high-frequency features near frequencies of 80 Hz (Kalemci
et al. 2003) and 168 Hz (Homan et al. 2003) were reported, and
could be identified with νh and νr − νh, respectively4.

The general character of the humpy frequency, characteriz-
ing the “Aschenbach effect” in accretion discs, leads us to expect
that the real frequency of any process connected with the orbital
velocity hump differs from the maximal value for νh, and, in gen-
eral, is not fixed to any particular value, depending, e.g., on the
accretion rate and internal processes in the inner part of the disc.
For a (5.1 M�, 0.9982) Kerr black hole the range of radii for
which the humpy frequency reaches values between 50 Hz and
83 Hz is emphasized in Fig. 1. This frequency interval, contain-
ing the observed broad high-frequency features in XTE J1650-
500, covers almost the whole region with a positive radial gradi-
ent ofV(ϕ).

The main goal of this note is to show that the observed spec-
tral and timing properties of the X-ray transient XTE J1650-500
black hole could be interpreted in terms of the ExORM, giv-
ing the possibility to estimate the mass of the black hole.
Nevertheless, the presented results should not be considered
definite, rather they should be taken as another contribution
to the discussion about the character of the black hole in
XTE J1650-500, supporting some previously published results
and emphasizing the possible existence of the new effect in ac-
cretion discs around near-extreme Kerr black holes discovered
by Aschenbach four years ago.

4 At the 10th HEAD meeting held in Los Angeles, California from
March 31st to April 3rd, 2008, Shaposhnikov & Titarchuk presented
another estimate of the mass of the XTE J1650-500 black hole obtained
by Quasi Periodic Oscillation – Spectral Index scaling method of (3.8±
0.5) M�, which is also in good agreement with dynamical measurements
and remarkably close to the expected neutron star maximum mass.
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