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ABSTRACT

Context. Photon orbital angular momentum (POAM) has been created in the laboratory, yet it is still relatively unknown. How does
POAM manifest itself in astronomy? Are there any applications for measuring astrophysical POAM?
Aims. In this paper, I 1) explain POAM in an astronomical context; 2) define the POAM observables for astronomy; 3) create generic
systems-based calculi that describe how POAM propagates from celestial sphere to detector; 4) use the calculi with several astro-
nomical instruments as examples of their utility; 5) demonstrate an application for astrophysical POAM measurements; and 6) relate
POAM to existing astronomical instruments and concepts.
Methods. Electric fields are expanded into azimuthal Fourier components, and the intensities are expanded into correlations or ran-
cors. The source electric fields are spatially incoherent. In the systems-based calculi, the inputs are located on the celestial sphere, the
system is represented by propagation through free space and instrument, and the outputs are located in a specific plane. The diffrac-
tion and point-spread function expansions are very generic and can be used with any type of instrument. I employ these examples to
demonstrate the calculi (in order of increasing difficulty): free space, single telescopes, interferometers, coronagraphs, and rancorime-
ters.
Results. The azimuthal Fourier components of the electric field correspond to POAM vortex states. Rancors contain less information
than correlations, yet they are easier to measure and can be used in many applications. Propagation through an aberrated telescope
applies external torque, which may be expressed in terms of Zernike polynomials. I prove that a sectored phase mask in a focal-plane
coronagraph applies torque to the low-order states, producing a null. Also, I prove that a Michelson interferometer is inherently ca-
pable of filtering POAM; e.g., tracking 180◦ from the central fringe eliminates even states, producing a null. A limited rancorimeter
can be created by placing a focal-plane wedge mask in a coronagraph. The resulting rancors can be used to perform super-Rayleigh
observations of unresolved unresolved objects, such as binary stars. There are three types of source POAM: intrinsic, structure, and
pointing. Instrumental POAM, which must be calibrated, includes optical aberrations and atmospheric turbulence.
Conclusions. This paper represents the starting point for future research: 1) making a priori predictions about the intrinsic POAM of
astronomical sources; 2) designing ground- and space-based POAM-measuring instruments; 3) understanding existing instruments in
terms of POAM; 4) minimizing the effects of random noise on POAM; and 5) calibrating all types of instrumental POAM.
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1. Introduction

Electromagnetic fields may be described in terms of intensity, wavelength, coherence, and angular momentum. Angular momentum
consists of two distinct parts, spin and orbital (Marcuse 1980; Heitler 1984). Spin angular momentum is classically represented by
photons rotating about their own axis. Orbital angular momentum, on the other hand, is somewhat of a misnomer because under
normal circumstances photons do not orbit about a fixed point in space. The canonical view of orbital angular momentum shows
the photon Poynting vector precessing about the nominal propagation direction, i.e., spiral wavefronts. Spin and orbital angular
momentum are different in another fundamental way, namely that the former consists of two orthogonal states while the latter
consists of an infinite number of orthogonal states.

1.1. History

Because the concept of photon orbital angular momentum (POAM) is difficult to visualize and understand, it is merely mentioned
(Jackson 1975; Mandel & Wolf 1995) and even neglected (Reitz et al. 1980; Griffiths 1981) in elementary electromagnetics text-
books. Furthermore, a search of the scientific literature shows that the number of POAM articles is smaller than the number of
photon spin angular momentum (PSAM, more commonly known as polarization) articles. In recent years, however, the amount of
theoretical and applied POAM research has been increasing steadily.

Allen et al. (1992) recognized that light beams with a helical phase dependence carry quantized POAM that is independent of
PSAM. Tamm & Weiss (1990) have directly generated Laguerre-Gaussian (LG) laser beams, which exhibit these helical wavefronts.
POAM may be generated with spatial light modulators (SLMs), which are pixelated liquid-crystal devices (Bazhenov et al. 1990).
Leach et al. (2002) have developed a technique, employing a modified Mach-Zehnder interferometer, to measure the POAM state of
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individual photons. All of this progress has been summarized by Padgett et al. (2004). Molina-Terriza et al. (2007) also published
a general review of various aspects of POAM.

Harwit (2003) described astrophysical processes that generate POAM, including light scattering off inhomogeneities in the
environments surrounding energetic sources (e.g. masers, pulsars, and quasars), and photons scattering off rotating black holes. In
addition, he mentions the advantages of POAM for SETI, namely multiple-bit encoding per photon, entanglement, and the lack of
natural high-POAM sources. Sjöholm & Palmer (2007) and Thidé et al. (2007) have also conducted POAM simulations at radio
wavelengths, which may be relevant for astronomical applications.

1.2. Applications

So, what are the applications for POAM in astronomy?
The most obvious application is the characterization of POAM and how it relates to underlying physical processes. Harwit

(2003) showed that exotic astronomical sources generate electric fields with non-zero POAM. Do common astronomical sources
also generate non-zero POAM? If so, what produces it? Can it be exploited to obtain valuable information?

I found these questions difficult to answer because laboratory and astrophysical POAM differ from each other in funda-
mental ways. Laboratory POAM sources typically consist of individual vortices and are created by lasers and dedicated optics.
Astrophysical POAM sources, on the other hand, could contain individual vortices, but it is more likely that they contain multiple
vortices due to large-scale structure. In addition, the electric fields produced by laboratory sources are generally spatially coherent,
while the electric fields arising from the celestial sphere are generally spatially incoherent. These distinctions are important and
must be taken into account.

The focus of this paper has shifted significantly with time. I had originally wanted to investigate POAM generated by astro-
nomical sources. I do invest some effort on that topic, but I decided to leave these detailed analyses for the future. I found that
understanding POAM observables and how they propagate is a prerequisite for understanding astrophysical POAM mechanisms
as well as advanced topics like instrument design, random error minimization, and systematic error calibration. To that end, I cre-
ate new observables and propagation calculi and present several important examples of how they are used, including a practical
application.

1.3. Overview

In Sect. 2, I describe astronomical POAM in terms of a semi-classical/semi-quantum model that is suitable for astronomy. The
electric fields are analogous to quantum wavefunctions, while the intensities are analogous to probabilities. Vortices are helical
wavefronts with quantized POAM that are independent of coordinate system origin.

In Sect. 3, I expand arbitrary spatially incoherent electric fields on the celestial sphere in terms of azimuthal Fourier series.
Each component represents a single POAM state. The intensity can be expanded in terms of correlations of the states. Correlations
between different states are called orbital polarization, analogous to PSAM spin polarization. The intensity can also be expanded in
terms of its own azimuthal Fourier series. Each term is called a rancor, which is equivalent to the sum of correlated states with the
same rancor index and related to orbital polarization. Also, I derive the POAM expectation value in terms of integrated probabilities.

In Sect. 4, I create two calculi, starting with the electric field and intensity overlap integrals, that can be used to model POAM
propagation from celestial sphere through free space and instrument to detector. In the following five sections, I use these calculi
in conjunction with astronomically relevant examples (in order of increasing difficulty) to demonstrate their utility: free space
(Sect. 5), single telescope (Sect. 6), focal-plane coronagraph (Sect. 7), Michelson interferometer (Sect. 8), and limited rancorimeter
(Sect. 9). Propagation through free space and an unaberrated telescope applies no external torque to the electric field. Coronagraphs
apply torque to (modulate) the zero-order state of the central star, producing a central null. Michelson interferometers filter states
according to the baseline and delay, e.g., single-Bracewell interferometers track 180◦ from the central fringe to eliminate even states
and produce a null. I convert the coronagraph to a limited rancorimeter by replacing the focal-plane phase mask with a rotating
opaque wedge mask. It measures only rancors, yet it can perform tasks such as super-Rayleigh modeling of an unresolved binary
star.

In Sect. 10, I define a natural zero-POAM calibration source: an unresolved or partially resolved star at the field-of-view (FOV)
center. Several simple POAM sources are also discussed, which are used to describe instrinsic, structure, and pointing POAM.
Structure and pointing POAM are related to each other. In Sect. 11, I derive general expressions for the responses of aberrated
systems that lead to instrumental POAM, and show that Zernike polynomials may be written in terms of POAM expansions (and
vice versa). Instrumental POAM (due to optical aberrations and atmospheric turbulence) is analogous to instrumental PSAM because
they both must be calibrated for meaningful scientific results.

2. Simple POAM model

In astronomy, treating POAM with pure quantum mechanics is not necessary most of the time. Gori et al. (1998) presented a
simplified semi-classical/semi-quantum POAM model, drawing on formalisms from both the classical and quantum regimes. In this
section, I generalize their approach.

Using the first-order paraxial approximation, the POAM expectation value depends on the azimuthal derivative of the electric
field as well as the intensity in the plane of interest. Vortex electric fields represent pure POAM states with a constant POAM
expectation value that is independent of coordinate system origin. The mathematics in other sections of this paper use the formulae

in this section, replacing the vector
→
H with vectors from other planes.
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2.1. The semi-classical/semi-quantum regime

Consider an ensemble of photons traveling perpendicularly through a plane along the Z axis. The plane can represent the celestial
sphere (locally, a plane), the observation plane (containing the entrance pupil of the instrument), the instrument image plane, etc.
I assume that all of the photons have the same polarization, so the PSAM nature of the radiation can be ignored. The scalar
spatial/temporal wave function on the plane is

Ψ (
→
H; t) =

∣∣∣∣∣Ψ (
→
H; t)

∣∣∣∣∣ e jΦ(
→
H;t), (1a)

where
→
H = (Hx,Hy) = (H cos ε,H sin ε) is the vector in the plane, Hx and Hy are the Cartesian coordinates, H is the radial coordinate

in the plane, ε is the azimuthal coordinate in the plane, and t is the time. It can be divided into a modulus function

|Ψ (
→
H; t)| =

√
Re2

[
Ψ (
→
H; t)

]
+ Im2

[
Ψ (
→
H; t)

]
(1b)

and an aberration function

Φ(
→
H; t) = tan−1

⎡⎢⎢⎢⎢⎢⎢⎣ ImΨ (
→
H; t)

ReΨ (
→
H; t)

⎤⎥⎥⎥⎥⎥⎥⎦ . (1c)

This wave function may be employed to represent one or more photons.
The spatial probability density is proportional to the time average of the squared magnitude of the wave function,

p(
→
H) ∝

〈
1
2

∣∣∣∣∣Ψ (
→
H; t)

∣∣∣∣∣2
〉
, (2a)

where 〈·〉 denotes the time average2. It should be normalized such that the integral over the relevant region in the plane is unity. The
wave function is proportional to the electric field

Ψ (
→
H; t) ∝ E(

→
H; t) =

∣∣∣∣∣E(
→
H; t)

∣∣∣∣∣ e jΦ(
→
H;t), (2b)

which means that the spatial probability density is proportional to the intensity

p(
→
H) ∝ I(

→
H) =

〈
1
2

∣∣∣∣∣E(
→
H; t)

∣∣∣∣∣2
〉
. (2c)

Therefore, the normalized probability density is the intensity divided by the intensity integrated over a given region in the plane, or

p(
→
H) =

I(
→
H)∫

d2H I(
→
H)
=

I(
→
H)

Iplane
, (2d)

where d2H = dHx dHy = dH H dε is the differential area element.
Using the first-order paraxial approximation, the time average POAM per photon about the Z axis is

LZ(
→
H) =

〈
LZ(

→
H; t)

〉
= h

[
HxκHy

(
→
H) − HyκHx (

→
H)

]
= �

⎡⎢⎢⎢⎢⎢⎢⎣Hx
∂Φ(

→
H)

∂Hy
− Hy

∂Φ(
→
H)

∂Hx

⎤⎥⎥⎥⎥⎥⎥⎦ = � ∂Φ(
→
H)

∂ε
, (3a)

where h is the Planck constant, � = h/2π is the reduced Planck constant,

κHx (
→
H) =

〈
κHx (

→
H; t)

〉
=

1
2π

∂Φ(
→
H)

∂Hx
=

〈
1

2π
∂Φ(

→
H; t)

∂Hx

〉
(3b)

and

κHy
(
→
H) =

〈
κHy

(
→
H; t)

〉
=

1
2π

∂Φ(
→
H)

∂Hy
=

〈
1

2π
∂Φ(

→
H; t)

∂Hy

〉
(3c)

are the transverse wavenumbers, and

∂Φ(
→
H)

∂ε
= − 1

I(
→
H)

Im

〈
1
2

E(
→
H; t)

∂E∗(
→
H; t)
∂ε

〉
(3d)

2 I leave the length of the time average arbitrary, because it depends on the photon rate, the amount of atmospheric turbulence, detector statistics,
and the specific application.
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is the azimuthal derivative of the aberration function derived in Appendix A. Equation (3a) can be converted to its classical form
when h κHx → pHx and h κHy

→ pHy
(the linear momenta). The transverse wavenumbers are proportional to the slopes of the

aberration function and are constant only across uniform wavefronts. The POAM expectation value per photon is the weighted
average over the plane, or

L̂plane
Z =

∫
d2H p(

→
H)LZ(

→
H) = �

∫
d2H p(

→
H)
∂Φ(

→
H)

∂ε
· (4)

In real systems, integrations over additional variables may be required (Sects. 4 and 8).

2.2. Vortices

In general, L̂plane
Z depends on the coordinate system origin. In Eq. (4), POAM is measured with respect to (Hx,Hy) = (0, 0). If I shift

the reference point by (ΔHx,ΔHy), the POAM in the plane becomes

L̂plane,′
Z = h

∫
d2H

[
(Hx + ΔHx) κHy

(
→
H) −

(
Hy + ΔHy

)
κHx (

→
H)

]
= L̂plane

Z + h
(
ΔHx κ̂

plane
Hy
− ΔHy κ̂

plane
Hx

)
, (5a)

where

κ̂
plane
Hx

=

∫
d2H p(

→
H) κHx(

→
H) (5b)

and

κ̂
plane
Hy

=

∫
d2H p(

→
H) κHy

(
→
H) (5c)

are the transverse wavenumber expectation values. A spatially invariant POAM expectation value, or L̂plane,′
Z = L̂plane

Z , requires κ̂plane
Hx
=

κ̂
plane
Hy
= 0 for non-zero ΔHx and ΔHy.

What kind of electric field yields a spatially invariant POAM expectation value? Consider

E(
→
H; t) → Em(H; t) e jmε =

[
|Em(H; t)| e jΘm(H;t)

]
e jmε , (6a)

which is called a vortex because of its helical form for each H (Indebetouw 1993). The parameter m must be an integer quantum
number, otherwise the helix will be discontinuous in ε. The intensity of this vortex is

I(
→
H) =

〈
1
2

∣∣∣∣∣E(
→
H; t)

∣∣∣∣∣2
〉
→ Im,m(H) =

〈
1
2
|Em(H; t)|2

〉
, (6b)

which is independent of ε. The modulus and aberration functions are

∣∣∣∣∣Ψ (
→
H; t)

∣∣∣∣∣ ∝ |Em(H; t)| (7a)

and

Φ(
→
H; t) = Θm(H; t) + mε. (7b)

The modulus is also independent of ε, and for a given H and t the aberration function is a linear function of ε. This aberration
function leads to κ̂plane

Hx
= κ̂

plane
Hy
= 0 as well as the fundamental equation

L̂plane
Z = m�. (8)

Note that L̂plane
Z is independent of coordinate system origin, which means that vortices must be pure POAM states. Laboratory

studies of POAM typically employ LG laser modes, which uniquely set the radial dependences of the Em(H; t) (Tamm & Weiss
1990). For natural astronomical sources, however, there are an infinite number of possible radial dependences, so the generic form
of the Em(H; t) is preferred here.
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3. Arbitrary POAM expansions

In this section, I expand the electric field into an azimuthal Fourier series, where each component represents a POAM state. I
express the intensity in terms of correlations of these states. Correlations between different states are called orbital polarization. The
intensity can also be expanded into its own azimuthal Fourier series, where each rancor component is equivalent to an infinite sum
of correlations. I give estimates for the rms electric field amplitudes and phases. Last, I define the POAM expectation value in terms
of an infinite sum of integrated probabilities.

Astronomical electric fields generally do not consist of a single vortex, so how can they be expressed within the POAM
paradigm? Since ε is periodic in 2π, any electric field may be expanded in terms of an azimuthal Fourier series,

E(
→
H; t) =

∞∑
m=−∞

Em(H; t) e jmε F⇔ Em(H; t) =
1

2π

∫ 2π

0
dε e− jmε E(

→
H; t). (9a)

I employ the same vector
→
H as in Sect. 2. Yao et al. (2006) used constants and Kennedy et al. (2002) used LG expansions for

the Fourier components, but here they are arbitrary functions of H and t. This expansion is just the macroscopic description of the
POAM state spectrum in the plane. It is analogous to the Jones vector,

→
E(
→
H; t) = EHx (

→
H; t) Ĥx + EHy

(
→
H; t) Ĥy

J⇔
⎧⎪⎪⎨⎪⎪⎩ EHx (

→
H; t) = Ĥx ·

→
E(
→
H; t)

EHy
(
→
H; t) = Ĥy ·

→
E(
→
H; t)

, (9b)

which is the macroscopic description for PSAM.
The intensity, expressed in terms of the states in Eq. (9a), is

I(
→
H) =

∞∑
m=−∞

∞∑
n=−∞

Im,n(H) e j(m−n)ε =

∞∑
m=−∞

Im,m(H) + 2 Re
∞∑

m=−∞

∞∑
n=m+1

Im,n(H) e j(m−n)ε , (10a)

where the

Im,n(H) = I∗n,m(H) =

〈
1
2

Em(H; t) E∗n(H; t)

〉
(10b)

are the components of the correlation spectrum. The sums consist of two types of terms, autocorrelated (m = n) and cross-correlated
(m � n). The cross-correlated terms contain orbital polarization, or rancor2. These quantities are analogous to PSAM spin polariza-
tion. If all of the cross correlations are zero, the radiation is unrancored.

The rms states of any source can be determined directly from its correlations. The rms magnitude of each state m comes from
the (m,m) autocorrelation

Ēm(H) =

√〈
1
2
|Em(H; t)|2

〉
=

√
Im,m(H) · (11a)

The rms phases are zero for autocorrelations. Using the n = 0 state as a reference, the rms phase of each state m comes from the
(m, 0) cross correlation,

ΔΦ̄m,0(H) = tan−1 Im Im,0(H)

Re Im,0(H)
= tan−1

Im
〈

1
2 Em(H; t) E∗0(H; t)

〉
Re

〈
1
2 Em(H; t) E∗0(H; t)

〉 · (11b)

The other cross correlations contain redundant rms phases, and they serve as a useful check.
An ensemble of limited measurements can often be used to gain valuable insights about astronomical sources. For example,

the diameter of a star or the orbital parameters of a binary star can be extracted from a finite number of interferometric visibilities.
For the POAM case, significant results can be obtained without referring to the electric fields at all. Consider the azimuthal Fourier
series of the intensity

I(
→
H) =

∞∑
m=−∞

Im(H) e jmε, (12a)

where the

Im(H) =
1

2π

∫ 2π

0
dε e− jmε I(

→
H) =

∞∑
k=−∞

Ik,k−m(H) (12b)

are the components of the rancor spectrum. The POAM information contained in the rancors is not complete, but it may be sufficient
for certain types of modeling (Sect. 9.2). As a matter of fact, if rancors are measured with sufficient spatial resolution, it is possible

2 I chose the word “rancor” because it is convenient and a synonym for polarization. Related expressions naturally follow, e.g., rancorimetry,
rancorimeter, (un)rancored, and (de)rancorizer.
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to reconstruct an image using only this Fourier series. Note that each rancor is an infinite sum of correlations with the same rancor
index m (Appendix B).

Calculating L̂plane
Z in terms of correlations is relatively straightforward. According to Appendix A, the azimuthal derivative of

the aberration function is

∂Φ(
→
H)

∂ε
=

1

I(
→
H)

Re
∞∑

m=−∞

∞∑
n=−∞

n Im,n(H) e j(m−n)ε =
1

I(
→
H)

⎡⎢⎢⎢⎢⎢⎣ ∞∑
m=−∞

mIm,m(H) + 2 Re
∞∑

m=−∞

∞∑
n=m+1

n Im,n(H) e j(m−n)ε

⎤⎥⎥⎥⎥⎥⎦ . (13)

Substituting this equation into Eq. (4), I obtain the POAM expectation value

L̂plane
Z =

∞∑
m=−∞

pplane
m,m m�, (14a)

where

pplane
m,m =

Iplane
m,m

Iplane
=

2π
∫ ∞

0
dH H Im,m(H)∫
d2H I(

→
H)

= 2π
∫ ∞

0
dH H pm,m(H) (14b)

is the probability of a single photon being in state m, pm,m(H) is the corresponding probability density, Iplane
m,m is the integrated

correlation (m,m), Iplane is the intensity integrated over the plane,

∞∑
m=−∞

pplane
m,m =

Iplane
0

Iplane
= 2π

∫ ∞

0
dH H

I0(H)
Iplane

= 2π
∫ ∞

0
dH H p0(H) = 1, (14c)

Iplane
0 is the integrated unrancored term, and p0(H) is the unrancored probability density. The rancored probability densities contain

phase infofrmation, but they do not contribute to L̂plane
Z because the e j(m−n)ε are periodic in ε.

4. POAM propagation through a generic system

In Sects. 2 and 3, I presented the POAM expansions of electric fields and intensities. Those expressions can be applied to any plane

by simply changing the spatial coordinate
→
H. In this section, I employ a mathematical systems approach using overlap integrals

to describe how the POAM expansions of electric fields and intensities propagate through a generic system, from celestial sphere

(input;
→
H → →

Ω) to a specific plane (output;
→
H → →

N). These generic expansions can be applied to any optical system; I present
important and very different examples in Sects. 5–9 to demonstrate their utility.

4.1. Electric fields

The expression for the propagation of electric fields is given by

E(
→
N;
→
a , t) =

∫
d2ΩD(

→
N,
→
Ω;
→
a) E(

→
Ω; t), (15)

where
→
N = (Nx,Ny) = (N cos ν,N sin ν) is the vector in the specific plane, Nx and Ny are the Cartestian coordinates in the specific

plane, N is the radial coordinate in the specific plane, ν is the azimuthal coordinate in the specific plane,
→
Ω = (α, δ)= (ρ cosφ, ρ sinφ)

is the vector on the celestial sphere, α and δ are the Cartestian coordinates on the celestial sphere, ρ is the radial coordinate on the

celestial sphere, φ is azimuthal coordinate on the celestial sphere, and
→
a is an optional list of parameters. This equation is an overlap

integral, linking the input electric fields on the celestial sphere to the output electric fields in the specific plane via the system
diffraction function (DF).

Equation (15) is valid for both spatially coherent and incoherent electric fields on the celestial sphere, but in this paper I deal
only with the latter. The DF, which describes the propagation behavior through free space and instruments, could be a function of
time in the presence of the atmosphere and thermomechanical instrument stresses. In the mathematical systems approach, the DF is
also known as the electric-field impulse response.

When the electric fields and DF of Eq. (15) are expanded in azimuthal Fourier series, POAM propagation becomes clear. There
are three different generic expansions, all displayed in Table 1. The formulae for the input sensitivities, output sensitivities, and
input/output gains of the DF are located in Table 2. I derive these results in Appendix C.

The first electric-field expansion uses the input sensitivity of the DF. Each term indicates how the input states from the celestial
sphere are modified by the instrument before they arrive at the specific plane. This expansion is of limited use because each compo-
nent is not a specific-plane state, but I include it for the sake of completeness. Each term in the second expansion is a specific-plane
state, written in terms of the output sensitivity and the total input electric field. This form is employed in situations where the exact
form of the input POAM spectrum is not specified. The third expansion is a combination of the first two, using the input/output
gains and the input states. The gains are direct indicators of how much source state m is converted into specific-plane state p. This
form may be used for a number of different purposes, including optical system analysis.
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Table 1. The POAM expansions of E(
→
N;
→
a , t) in terms of the POAM expansions of D(

→
N,
→
Ω;
→
a) (Table 2) and E(

→
Ω; t).

POAM expansion type Expression

Input E(
→
N;
→
a, t) =

∑∞
m=−∞ Êm(

→
N;
→
a , t)

where Êm(
→
N;
→
a , t) = 2π

∫ ∞
0

dρ ρD−m(
→
N, ρ;

→
a) Em(ρ; t)

Output E(
→
N;
→
a, t) =

∑∞
p=−∞ Ep(N;

→
a, t) e jpν

where Ep(N;
→
a , t) =

∫
d2ΩDp(N,

→
Ω;
→
a) E(

→
Ω; t)

Input/Output E(
→
N;
→
a, t) =

∑∞
p=−∞ Ep(N;

→
a, t) e jpν

where Ep(N;
→
a , t) =

∑∞
m=−∞ 2π

∫ ∞
0

dρ ρD−m
p (N, ρ;

→
a) Em(ρ; t)

Table 2. The POAM expansions of the D(
→
N,
→
Ω;
→
a).

POAM expansion Expression
Input sensitivity:

Integral form (forward) D−m(
→
N, ρ;

→
a) = 1

2π

∫ 2π

0
dφ e jmφ D(

→
N,
→
Ω;
→
a)

Sum form (reverse) D(
→
N,
→
Ω;
→
a) =

∑∞
m=−∞ D−m(

→
N, ρ;

→
a) e− jmφ

Output sensitivity:

Integral form (forward) Dp(N,
→
Ω;
→
a) = 1

2π

∫ 2π

0
dν e− jpν D(

→
N,
→
Ω;
→
a)

Sum form (reverse) D(
→
N,
→
Ω;
→
a) =

∑∞
p=−∞ Dp(N,

→
Ω;
→
a) e jpν

Input/Output gain:

Integral form (forward) D−m
p (N, ρ;

→
a) = 1

2π

∫ 2π

0
dφ e jmφ 1

2π

∫ 2π

0
dν e− jpν D(

→
N,
→
Ω;
→
a)

Sum form (reverse) D(
→
N,
→
Ω;
→
a) =

∑∞
p=−∞

∑∞
m=−∞ D−m

p (N, ρ;
→
a) e− jmφ e jpν

4.2. Intensities

For spatially incoherent electric fields on the celestial sphere, the expression for the propagation of intensities has the same overlap-
integral form as Eq. (15),

I(
→
N;
→
a) =

〈
1
2

∣∣∣∣∣E(
→
N;
→
a , t)

∣∣∣∣∣2
〉
=

∫
d2Ω P(

→
N,
→
Ω;
→
a) I(

→
Ω) =

∫
d2Ω

∣∣∣∣∣D(
→
N,
→
Ω;
→
a)

∣∣∣∣∣2
〈

1
2

∣∣∣∣∣E(
→
Ω; t)

∣∣∣∣∣2
〉
. (16)

I derive this equation in Appendix D. The intensity impulse response of the mathematical systems approach is more commonly
known as the point-spread function (PSF) in astronomy.

When the input electric fields and DF of Eq. (15) are expanded in azimuthal Fourier series and plugged into Eq. (16), POAM
propagation becomes clear. There are eight different generic expansions involving both correlations and rancors, all displayed in
Table 3. The formulae for the input sensitivities, output sensitivities, and input/output gains of the PSF are located in Table 4. I
derive these results in Appendix C.

The first two expansions use the correlated and rancored input sensitivities of the PSF. Each term shows how the input correla-
tions or rancors are modified by the instrument before they arrive at the specific plane. These expansions are of limited use because
each component is not a specific-plane correlation or rancor, but I include them for the sake of completeness. Each term in the next
two expansions is either a correlation or rancor, written in terms of the total input intensity. These forms are employed in situations
where the exact forms of the input correlation or rancor spectra are not specified. The last four expansions are combinations of
the first two, using the input/output gains and the input correlations and rancors. The gains are a direct indication of how much
input correlation (m, n) (or rancor m) is converted into specific-plane correlation (p, q) (or rancor p). These forms may be used for
a number of different purposes, including optical system analysis.

5. POAM propagation through free space

Spatially incoherent electric fields on the celestial sphere (
→
H→ →

Ω) travel through free space to the observation plane (
→
H→→

R), which
contains the entrance pupil of the instrument. In this section, I form the DF, PSF, and the POAM expansions for this simple system
and prove that 1) each state on the celestial sphere gives rise to only the same state in the observation plane; 2) only the unrancored
correlations in the observation are non-zero; and 3) the integrated probabilities and POAM expectation value are conserved, which
means that no external torque is applied to the wavefronts.

5.1. Classical forms

The DF for propagation through free space is

D(
→
N,
→
Ω;
→
a) → D(

→
R,
→
Ω) = e j2πκ

→
R·ŝ(

→
Ω) = e j2πκ

→
R·ŝxy(

→
Ω) ≈ e j2πκRρ cos (ψ−φ), (17a)
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Table 3. The POAM expansions of I(
→
N;
→
a), for a spatially incoherent source, in terms of the POAM expansions of P(

→
N,
→
Ω;
→
a) (Table 4) and I(

→
Ω).

POAM expansion type Expression

Input I(
→
N;
→
a) =

∑∞
m=−∞

∑∞
n=−∞ Îm,n(

→
N;
→
a)

(correlated) where Îm,n(
→
N;
→
a) = 2π

∫ ∞
0

dρ ρP−m+n(
→
N, ρ;

→
a) Im,n(ρ)

Input I(
→
N;
→
a) =

∑∞
m=−∞ Îm(

→
N;
→
a)

(rancored) where Îm(
→
N;
→
a) = 2π

∫ ∞
0

dρ ρP−m(
→
N, ρ;

→
a)Im(ρ)

Output I(
→
N;
→
a) =

∑∞
p=−∞

∑∞
q=−∞ Ip,q(N;

→
a) e j(p−q)ν

(correlated/unexpanded) where Ip,q(N;
→
a) =

∫
d2Ω Pp,q(N,

→
Ω;
→
a) I(

→
Ω)

Output I(
→
N;
→
a) =

∑∞
p=−∞ Ip(N;

→
a) e jpν

(rancored/unexpanded) where Ip(N;
→
a) =

∫
d2ΩPp(N,

→
Ω;
→
a) I(

→
Ω)

Input/Output I(
→
N;
→
a) =

∑∞
p=−∞

∑∞
q=−∞ Ip,q(N;

→
a) e j(p−q)ν

(correlated/correlated) where Ip,q(N;
→
a) =

∑∞
m=−∞

∑∞
n=−∞ 2π

∫ ∞
0

dρ ρP−m+n
p,q (N, ρ;

→
a) Im,n(ρ)

Input/Output I(
→
N;
→
a) =

∑∞
p=−∞

∑∞
q=−∞ Ip,q(N;

→
a) e j(p−q)ν

(correlated/rancored) where Ip,q(N;
→
a) =

∑∞
m=−∞ 2π

∫ ∞
0

dρ ρP−m
p,q(N, ρ;

→
a)Im(ρ)

Input/Output I(
→
N;
→
a) =

∑∞
p=−∞ Ip(N;

→
a) e jpν

(rancored/correlated) where Ip(N;
→
a) =

∑∞
m=−∞

∑∞
n=−∞ 2π

∫ ∞
0

dρ ρP−m+n
p (N, ρ;

→
a) Im,n(ρ)

Input/Output I(
→
N;
→
a) =

∑∞
p=−∞ Ip(N;

→
a) e jpν

(rancored/rancored) where Ip(N;
→
a) =

∑∞
m=−∞ 2π

∫ ∞
0

dρ ρP−m
p (N, ρ;

→
a)Im(ρ)

Table 4. The POAM expansions of P(
→
N,
→
Ω;
→
a).

POAM expansion Expression
Input sensitivity (separate):

Integral form (forward) P−m,−n(
→
N, ρ;

→
a) = D−m(

→
N, ρ;

→
a) D−n,∗(

→
N, ρ;

→
a)

Sum form (reverse) P(
→
N,
→
Ω;
→
a) =

∑∞
m=−∞

∑∞
n=−∞ P−m,−n(

→
N, ρ;

→
a) e− j(m−n)φ

Output sensitivity (separate):

Integral form (forward) Pp,q(N,
→
Ω;
→
a) = Dp(N,

→
Ω;
→
a) D∗q(N,

→
Ω;
→
a)

Sum form (reverse) P(
→
N,
→
Ω;
→
a) =

∑∞
p=−∞

∑∞
q=−∞ Pp,q(N,

→
Ω;
→
a) e j(p−q)ν

Input/Output gain (separate):

Integral form (forward) P−m,−n
p,q (N, ρ;

→
a) = D−m

p (N, ρ;
→
a) D−n,∗

q (N, ρ;
→
a)

Sum form (reverse) P(
→
N,
→
Ω;
→
a) =

∑∞
p=−∞

∑∞
q=−∞

∑∞
m=−∞

∑∞
n=−∞ P−m,−n

p,q (N, ρ;
→
a) e− j(m−n)φ e j(p−q)ν

Input sensitivity (combined):

Integral form (forward) P−m(
→
N, ρ;

→
a) = 1

2π

∫ 2π

0
dφ e jmφ P(

→
N,
→
Ω;
→
a) =

∑∞
k=−∞ P−k,−k+m(

→
N, ρ;

→
a)

Sum form (reverse) P(
→
N,
→
Ω;
→
a) =

∑∞
m=−∞ P−m(

→
N, ρ;

→
a) e− jmφ

Output sensitivity (combined):

Integral form (forward) Pp(N,
→
Ω;
→
a) = 1

2π

∫ 2π

0
dν e− jpν P(

→
N,
→
Ω;
→
a) =

∑∞
l=−∞ Pl,l−p(N,

→
Ω;
→
a)

Sum form (reverse) P(
→
N,
→
Ω;
→
a) =

∑∞
p=−∞ Pp(N,

→
Ω;
→
a) e jpν

Input/Output gain (combined #1):

Integral form (forward) P−m
p (N, ρ;

→
a) = 1

2π

∫ 2π

0
dφ e jmφ 1

2π

∫ 2π

0
dν e− jpν P(

→
N,
→
Ω;
→
a) =

∑∞
k=−∞

∑∞
l=−∞ P−k,−k+m

l,l−p (N, ρ;
→
a)

Sum form (reverse) P(
→
N,
→
Ω;
→
a) =

∑∞
p=−∞

∑∞
m=−∞ P−m

p (N, ρ;
→
a) e− jmφ e jpν

Input/Output gain (combined #2):

Integral form (forward) P−m
p,q(N, ρ;

→
a) = 1

2π

∫ 2π

0
dφ e jmφ Pp,q(N,

→
Ω;
→
a) =

∑∞
k=−∞ P−k,−k+m

p,q (N, ρ;
→
a)

Sum form (reverse) P(
→
N,
→
Ω;
→
a) =

∑∞
p=−∞

∑∞
q=−∞

∑∞
m=−∞ P−m

p,q(N, ρ;
→
a) e− jmφ e j(p−q)ν

Input/Output gain (combined #3):

Integral form (forward) P−m,−n
p (N, ρ) = 1

2π

∫ 2π

0
dν e− jpν P−m,−n(

→
N, ρ;

→
a) =

∑∞
l=−∞ P−m,−n

l,l−p (N, ρ;
→
a)

Sum form (reverse) P(
→
N,
→
Ω;
→
a) =

∑∞
p=−∞

∑∞
m=−∞

∑∞
n=−∞ P−m,−n

p (N, ρ;
→
a) e− j(m−n)φ e jpν

where
→
R = (X, Y) = (R cosψ,R sinψ) is the vector in the observation plane, X and Y are the Cartesian coordinates, R is the radial

coordinate, ψ is azimuthal coordinate, κ = 1/λ is the wavenumber,

ŝ(
→
Ω) = sin ρ cosφ X̂ + sin ρ sinφ Ŷ + cos ρ Ẑ =

→
s xy(

→
Ω) + cos ρ Ẑ ≈ ρ cosφ X̂ + ρ sin φ Ŷ + 1 Ẑ (17b)
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is the unit vector pointing toward the celestial sphere, and X̂, Ŷ, and Ẑ are the unit vectors originating from the observation plane.

Only ŝxy(
→
Ω) is required, since

→
R and Ẑ are perpendicular. The approximation in Eq. (17b) arises because the distance between the

celestial sphere and the observation plane is extremely large. It leads to the approximation in Eq. (17a), whose exponential kernel is
the Fraunhofer propagator. The electric field in the observation plane then becomes

E(
→
N;
→
a , t) → E(

→
R; t) =

∫
d2Ω e j2πκRρ cos (ψ−φ) E(

→
Ω; t). (17c)

Also, this DF leads to a PSF of unity, which means that the intensity becomes

I(
→
N;
→
a) → I(

→
R) =

∫
d2Ω I(

→
Ω) = Ics = constant. (18a)

A constant intensity over the entire observation plane suggests that the source emits an infinite amount of energy, which is impossi-
ble. In reality, the intensity is constant over a very large sphere centered on the source. Locally, each point on the sphere may be well
approximated by an observation plane that is larger than the entrance pupil of any practical astronomical telescope, which means
that the intensity integral over the entrance pupil

Ient =

∫
ent

d2R I(
→
R) = Aent Ics = constant (18b)

will be finite, where Aent is the area of the entrance pupil.

5.2. POAM expansions

Each state in the observation plane has the form

Em(R; t) = 2 π
∫ ∞

0
dρ ρD−m

m (R, ρ) Em(ρ; t) = jm 2 π
∫ ∞

0
dρ ρ Jm(2πκRρ) Em(ρ; t) = jm Hm[Em(ρ; t); R], (19)

where Hm[Em(ρ; t); R] is the mth-order Hankel transform (Bracewell 1986), and Jm(·) is the mth-order Bessel function of the first
kind (Appendix E). This equation shows that each state on the celestial sphere gives rise only to the same state in the observation
plane, which means that propagation through free space does not apply external torque. A small uniform m � 0 disk at the FOV
center produces decaying rings with large radii in the observation plane. As the disk radius increases, the ring radii decrease.

The correlations in the observation plane are

Im,n(R) = 2π
∫ ∞

0
dρ ρ P−m,−n

m,n (R, ρ)Im−n(ρ) = jm−n 2π
∫ ∞

0
dρ ρ Jm(2πκRρ) Jn(2πκRρ)Im−n(ρ). (20)

Only the unrancored correlations in the observation plane are non-zero, which means that

I(
→
R) = I0(R) =

∞∑
m=−∞

Im,m(R) =
∞∑

m=−∞
2π

∫ ∞

0
dρ ρ Im,m(ρ) =

∞∑
m=−∞

Ics
m,m, (21a)

where the second last equality comes from Appendix E, and the last equality comes from Eq. (14b). Not only is the sum constant
(Eq. (18a)), but each term is constant as well. Using Eq. (14b) again, I find that

pent
m,m =

2π
∫ Rent

0
dR R Im,m(R)

Ient
=

Aent Ics
m,m

Aent Ics
= pcs

m,m, (21b)

where Rent is the radius of the entrance pupil. The integrated probability in the entrance pupil is identical to the integrated probability
on the celestial sphere. Therefore, the POAM expectation value is conserved (L̂ent

Z = L̂cs
Z ) and no external torque is applied to the

wavefronts, as shown previously.

6. POAM propagation through a single telescope

Electric fields in the observation plane (
→
H → →

R), which originate from a spatially incoherent source on the celestial sphere (
→
H →

→
Ω) and propagate through free space, must be sent to an instrument for analysis (

→
H → →

r ). In this section, I employ a telescope
for this task (Fig. 1). The telescope has an exit pupil, which represents the image of the entrance pupil plus aberrations. The exit
pupil is included so that POAM devices (e.g., mask, hologram, sorter, etc.) or non-POAM devices (e.g., deformable mirror) may be
introduced into the optical system. I form the DF, PSF, and the POAM expansions for an unaberrated telescope and prove that 1)
the input sensitivities, output sensitivities, and input/output gains of the DF can be expressed in terms the same principal DF POAM
functions; 2) the sensitivities, output sensitivities, and input/output gains of the PSF can be expressed in terms of the same principal
PSF functions; 3) the integrated probabilities and POAM expectation values are conserved, which means that no external torque is
applied to the wavefronts.
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Fig. 1. The schematic diagram of propagation from a source on the celestial sphere through free space and telescope to the image plane.

6.1. Classical forms

When the integral over
→
Ω in Eq. (17c) is removed, the result is the electric field in the observation plane due to a point source

(impulse) on the celestial sphere, or

E(
→
R,
→
Ω; t) = e j2πκ

→
R·→s xy(

→
Ω) E(

→
Ω; t). (22a)

The electric field in the exit-pupil plane is a modified version of Eq. (22a)

E(
→R, →Ω; t) = e j2πκM

→R·→s xy(
→
Ω)D(

→R, →Ω) E(
→
Ω; t), (22b)

where
→R = →R/M = (X,Y) = (R cosχ,R sin χ) is the vector in the the exit-pupil plane, X and Y are the Cartesian coordinates, R is

the radial coordinate, χ is the azimuthal coordinate,D(
→R, →Ω) is an amplitude/phase aberration function of the instrument front-end

projected into the exit-pupil plane, and M is the amount of beam compression between the entrance- and exit-pupil planes. The
electric field in the image plane due to a point source on the celestial sphere is

E(
→
r ,
→
Ω; t) =

1
Aep

∫
d2R e− j2πκ

→
r
f ·
→R E(

→R, →Ω; t) = D(
→
r ,
→
Ω) E(

→
Ω; t), (23a)

where

D(
→
r ,
→
Ω) =

1
Aep

∫
d2R e− j2πκM[

→
r
Θ
−→s xy(

→
Ω)]·→R D(

→R, →Ω) (23b)

is the telescope DF, Aep = πR2
ep is the area of the exit pupil, Rep is the radius of the exit pupil, Θ = M f is the plate scale (units

are length per angle, e.g. μm arcsec−1), f is the focal length between the exit-pupil plane and the image plane,
→
r = (x, y) =

(r cos ξ, r sin ξ) is the vector, x and y are the Cartesian coordinates, r is the radial coordinate, and ξ is the azimuthal coordinate. The
overlap integrals,

E(
→
r ; t) =

∫
d2ΩD(

→
r ,
→
Ω) E(

→
Ω; t) (24a)

and

I(
→
r ) =

∫
d2Ω P(

→
r ,
→
Ω) I(

→
Ω) =

∫
d2Ω

∣∣∣∣∣D(
→
r ,
→
Ω)

∣∣∣∣∣2
〈

1
2

∣∣∣∣E(
→
r ; t)

∣∣∣∣2
〉
, (24b)

are expressed in terms of the DF and PSF and have the same forms as in Sect. 4 (
→
N→ →

r and
→
a → →

0).

Consider an unaberrated telescope with D(
→R, →Ω)→ D0 = real constant (the phase is arbitrary, so I choose zero). The DF then

becomes

D(
→
r ,
→
Ω) → D(

→
r ,
→
Ω) = D0J1

[
2πκRtelΓ(

→
r ,
→
Ω)

]
, (25a)
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where

Γ(
→
r ,
→
Ω) =

∣∣∣∣∣∣∣
→
r
Θ
− →s xy(

→
Ω)

∣∣∣∣∣∣∣ (25b)

is the length of the special coordinate relating a position on the celestial sphere to a position in the image plane, Rtel = MRep is the
radius of the telescope entrance pupil, and J1(x) = 2 J1(x)/x. The PSF of an unaberrated telescope is simply the Airy function, or

P(
→
r ,
→
Ω) → P(

→
r ,
→
Ω) =

∣∣∣∣∣D(
→
r ,
→
Ω)

∣∣∣∣∣2 = D2
0J2

1

[
2πκRtelΓ(

→
r ,
→
Ω)

]
= P0A

[
2πκRtelΓ(

→
r ,
→
Ω)

]
. (26)

These formulae are derived in Appendix F.

6.2. POAM expansions

The input/output gains of the unaberrated DF are

D−k
l (r, ρ) → D(r, ρ;±k) δk,l = 2

∫ 1

0
ds s Jk

(
2πκ

Rtel

Θ
rs

)
Jl(2πκRtelρs) δk,l. (27a)

These gains are called the principal DF POAM functions, because they are also used in the input and output sensitivities

D−k(
→
r , ρ) → D(r, ρ; k) e jkξ (27b)

and

Dk(r,
→
Ω) → D(r, ρ; k) e− jkφ, (27c)

respectively (Appendix F). For an unaberrated telescope, the three DF POAM expansions in Table 1 collapse into one because of
the Kronecker delta function,

E(
→
r ; t) =

∞∑
p=−∞

Ep(ρ; t) e jpξ =

∞∑
p=−∞

[
2π

∫ ∞

0
dρ ρD(r, ρ; p) Ep(ρ; t)

]
e jpξ. (27d)

The first four principal DF POAM functions appear in Fig. 2. The abscissas are the scaled radii α and β. Since these variables are
arguments to the same Bessel function of order k, the plots exhibit symmetry about α = β. For |k| > 0, there is a null that increases
in depth and radius with increasing |k|. Decaying, concentric rings surround these nulls.

The unaberrated PSF sensitivities and gains can be discussed in terms of two types of principal PSF POAM functions (#1
and #2),

P(r, ρ;±k,±l) = P(r, ρ;±k,∓l) = D(r, ρ; k) D(r, ρ; l) (28a)

and

P(r, ρ;±l) =
∞∑

k=−∞
P(r, ρ;±k,±k ± l) =

∞∑
k=−∞

P(r, ρ;±k,±k ∓ l), (28b)

both of which are functions of the principal DF POAM components (Appendix F). For an unaberrated telescope, the eight PSF
POAM expansions in Table 3 collapse into four,

I(
→
r ) =

∞∑
p=−∞

∞∑
q=−∞

[
2π

∫ ∞

0
dρ ρP(r, ρ; p − q) Ip,q(ρ)

]
e j(p−q)ξ, (29a)

I(
→
r ) =

∞∑
p=−∞

∞∑
q=−∞

[
2π

∫ ∞

0
dρ ρP(r, ρ; p, q)Ip−q(ρ)

]
e j(p−q)ξ, (29b)

I(
→
r ) =

∞∑
p=−∞

[
2π

∫ ∞

0
dρ ρP(r, ρ; p)Ip(ρ)

]
e jpξ, (29c)

and

I(
→
r ) =

∞∑
p=−∞

⎡⎢⎢⎢⎢⎢⎣ ∞∑
k=−∞

2π
∫ ∞

0
dρ ρP(r, ρ; p) Ik,k−p(ρ)

⎤⎥⎥⎥⎥⎥⎦ e jpξ. (29d)
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Fig. 2. The first four principal POAM DF functions (k = 0, 1, 2, 3→ upper left, upper right, lower left, lower right). The abscissas are α = 2πκ Rtel
Θ

r
and β = 2πκRtelρ.

Fig. 3. The first six principal POAM PSF functions #1 [(p, q) = (0, 0), (0, 1), (0, 2), (1, 1), (1, 2), (2, 2)→ upper left, upper right, middle left, middle
right, lower left, lower right]. The abscissas are α = 2πκ Rtel

Θ
r and β = 2πκRtelρ.

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=2
http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=3
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Fig. 4. The first four principal POAM PSF functions #2 (p = 0, 1, 2, 3 → upper left, upper right, lower left, lower right). The abscissas are α =
2πκ Rtel

Θ
r and β = 2πκRtelρ.

The first six principal PSF POAM functions of the first type are presented in Fig. 3. Also, the first four principal PSF POAM
functions of the second type are presented in Fig. 4. All plots employ the normalized radii α and β, and they are symmetric about α
= β. For |k|, |l| > 0, there is a null that increases in depth and radius with increasing |k|, |l|.

According to Eq. (27d), each state on the celestial sphere produces only the same state in the image plane. Similarly, Eqs. (29a,c)
shows that each correlation (rancor) on the celestial sphere produces only the same correlation (rancor) in the image plane. The radial
distributions, however, have changed. Propagation through an unaberrated telescope, like propagation through free space (Sect. 5),
applies no external torque to the wavefronts. Therefore, the integrated probabilities and the POAM expectation value on the celestial
sphere and in the image plane are conserved quantities, or pip

p,p = pcs
p,p and L̂ip

Z = L̂cs
Z . In Appendix F, I prove this assertion using

different mathematics.

7. POAM propagation through a focal-plane coronagraph

A basic coronagraph consists of a telescope, an image-plane mask, and filtering/reimaging optics (Fig. 5). The telescope is identical
to the one described in Sect. 6. Wavefront control is important for coronagraphs, so a deformable mirror could be located in the
telescope exit pupil (TEP). The mask is placed in the telescope image plane (TIP; the image plane of Sect. 6). From the TIP, the
light passes through the reimage exit pupil (REP) to the reimage plane (RIP). Apodization optics for filtering the higher spatial
frequencies within the REP, including masks such as Lyot stops, can be used to improve instrument performance. I will not consider
any pupil-plane masks. In this section, I 1) form the DF and the POAM expansions; 2) show that the input/output gains of an
unaberrated system can be expressed in terms of the principal DF POAM functions of the telescope and reimaging system and the
azimuthal DFT of the mask; 3) demonstrate via POAM why a null occurs; and 4) plot the responses of alternating and vortex phase
masks. Anzolin et al. (2008) have recently performed coronagraphy using a related technique, modulating the POAM of a central
star with a fork hologram.

7.1. Classical forms

In a focal-plane coronagraph, the TIP electric field (Eq. (23a)) is modified by a mask function M(
→
r ,
→
Ω), or

E′(
→
r ,
→
Ω; t) = M(

→
r ,
→
Ω) E(

→
r ,
→
Ω; t) = M(

→
r ,
→
Ω) D(

→
r ,
→
Ω) E(

→
Ω; t), (30a)

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=4
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Fig. 5. A coronagraph schematic diagram from a source on the celestial sphere to the reimage plane through an image-plane mask. The complete
system consists of two subsystems, telescope and reimaging optics.

where D(
→
r ,
→
Ω) is the telescope DF (TDF) derived in Sect. 6. The electric field then propagates to the REP

E(
→
W,

→
Ω; t) =

∫
d2r e j2πκ

→
r
f ·
→
W D(

→
W,

→
r ,
→
Ω) E′(

→
r ,
→
Ω; t) =

∫
d2r e j2πκ

→
r
f ·
→
W D(

→
W,

→
r ,
→
Ω) M(

→
r ,
→
Ω) D(

→
r ,
→
Ω) E(

→
Ω; t), (30b)

where
→W = (Xr,Yr) = (W cos η,W sin η) is the vector in the REP, Xr and Yr are the Cartesian coordinates, W is the radial

coordinate, η is the azimuthal coordinate, f is the focal length between the TIP and REP (also between the TEP and TIP), and

D(
→W,
→
r ,
→
Ω) is the reimage amplitude/phase aberration function (RAF) projected into the REP. The RAF can also contain additional

spatial filtering. Finally, the electric field reaches the RIP

E(
→
w,
→
Ω; t) =

1
Arep

∫
d2W e− j2πκ

→
w
fr
· →W E(

→
W,

→
Ω; t) =

[∫
d2r D(

→
w,
→
r ,
→
Ω) M(

→
r ,
→
Ω) D(

→
r ,
→
Ω)

]
E(
→
Ω; t) = D(

→
w,
→
Ω) E(

→
Ω; t), (30c)

where
→
w = (wx, wy) = (w cosω, w sinω) is the vector in the RIP, wx and wy are the Cartesian coordinates, w is the radial coordinate,

ω is the azimuthal coordinate, Arep is the REP area, fr is the focal length between the REP and RIP,

D(
→
w,
→
r ,
→
Ω) =

1
Arep

∫
d2W e

− j2πκ
(→

w
fr
−→rf

)
· →W D(

→W,
→
r ,
→
Ω) =

1
Arep

∫
d2W e

− j2πκM
( →

w
Θr
−→r
Θ

)
· →W D(

→W,
→
r ,
→
Ω) (30d)

is the reimage DF (RDF), Θ = M f is the plate scale relating the coordinates on the celestial sphere to the TIP, M is the magnification
of the coordinates within the entrance pupil and the coordinates within the REP,Θr = Mr Θ is the plate scale relating the coordinates

in the TIP to the RIP, Mr = fr/ f is the relative magnification between the TIP and RIP, and D(
→
w,
→
Ω) is the coronagraph DF (CDF)

of the telescope and reimaging system. The overlap integrals,

E(
→
w; t) =

∫
d2ΩD(

→
w,
→
Ω) E(

→
Ω; t) (31a)

and

I(
→
w) =

∫
d2Ω P(

→
w,
→
Ω) I(

→
Ω) =

∫
d2Ω

∣∣∣∣∣D(
→
w,
→
Ω)

∣∣∣∣∣2
〈

1
2

∣∣∣∣E(
→
w; t)

∣∣∣∣2
〉
, (31b)

are expressed in terms of the CDF and coronagraph PSF (CPSF) and have the same forms as in Sect. 4 (
→
N→ →

w and
→
a → →

0).

In general, the mask function weakly depends on
→
Ω because masks have a finite thickness. Also, the RAF and RDF are weak

functions of
→
Ω due to aberrations. Assuming an unaberrated TDF, an unaberrated RDF, and a mask and RDF that are independent

of position on the celestial sphere, the CDF becomes

D(
→
w,
→
Ω) =

∫
d2rJ1

[
2πκRtel Γ(

→
w,
→
r )

]
M(
→
r )J1

[
2πκRtel Γ(

→
r ,
→
Ω)

]
, (32a)

where

Γ(
→
w,
→
r ) =

∣∣∣∣∣∣∣
→
w
Θr
−
→
r
Θ

∣∣∣∣∣∣∣ (32b)

and

Γ(
→
r ,
→
Ω) =

∣∣∣∣∣∣∣
→
r
Θ
− →s xy(

→
Ω)

∣∣∣∣∣∣∣ (32c)

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=5
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are the special coordinates, Rtel = MRtep is the radius of the telescope (entrance pupil), and Rtep is the radius of the TEP. As a check,

if I let M(
→
r ) = 1 (a trivial non-coronagraphic mask) and allow the integration range within the TIP to be large, the CDF becomes

D(
→
w,
→
Ω) → D0J1

[
2πκRtel Γ(

→
w,
→
Ω)

]
, (33a)

where

Γ(
→
w,
→
Ω) =

∣∣∣∣∣∣∣
→
w
Θr
− →s xy(

→
Ω)

∣∣∣∣∣∣∣ (33b)

is another special coordinate. The corresponding CPSF simply becomes the Airy pattern, or

P(
→
w,
→
Ω) =

∣∣∣∣∣D(
→
w,
→
Ω)

∣∣∣∣∣2 → D2
0J2

1

[
2πκRtel Γ(

→
w,
→
Ω)

]
= P0A

[
2πκRtel Γ(

→
w,
→
Ω)

]
. (33c)

Since the reimaging system does not act like a coronagraph, a scaled replica of the TIP image appears in the RIP. No external torque
is applied to the wavefront, so the integrated probabilities and the POAM expectation value are conserved. Conversely, inserting a
coronagraphic mask must apply external torque, changing the integrated probabilities and POAM expectation value.

7.2. POAM expansions

To demonstrate how a non-trivial TIP mask affects the POAM spectrum and how it produces a null at the FOV center, I first calculate
the POAM expansions of the CDF. When the TDF and RDF are expanded in terms of the TIP sensitivities, the CDF becomes

D(
→
w,
→
Ω) =

∞∑
k=−∞

∞∑
p=−∞

2π
∫ rtip

0
dr r D−k(

→
w, r,

→
Ω) Mk−p(r,

→
Ω) Dp(r,

→
Ω), (34a)

where rtip is the unocculted radius of the TIP, and

M(
→
r ,
→
Ω) =

∞∑
g=−∞

Mg(r,
→
Ω) e jgξ F⇔ Mg(r,

→
Ω) =

1
2π

∫ 2π

0
dξ e− jgξ M(

→
r ,
→
Ω) (34b)

is the TIP Fourier expansion of the mask. Assuming a mask and RDF that are independent of position on the celestial sphere, I
express the CDF input/output gains as a function of the TDF and RDF input/output gains,

D(
→
w,
→
Ω) =

∞∑
u=−∞

∞∑
m=−∞

D−m
u (w, ρ) e− jmφ e juω FF⇔ D−m

u (w, ρ) =
1

2π

∫ 2π

0
dω e− juω 1

2π

∫ 2π

0
dφ e jmφD(

→
w,
→
Ω)

=

∞∑
k=−∞

∞∑
p=−∞

2π
∫ rtip

0
dr r D−k

u (w, r) Mk−p(r) D−m
p (r, ρ). (35)

If the telescope and reimaging system are unaberrated, then

D−m
u (w, ρ) = 2π

∫ rtip

0
dr r D−u

u (w, r) Mu−m(r) D−m
m (r, ρ) = 2π

∫ rtip

0
dr r D(w, r; u) Mu−m(r) D(r, ρ; m), (36a)

where the

D−k
u (w, r) → D(w, r;±u) δk,u = 2

∫ 1

0
ds s Ju

(
2πκRtel

w

Θr
s

)
Ju

(
2πκRtel

r
Θ

s
)
δk,u (36b)

are the RDF input/output gains, and the

D−m
p (r, ρ) → D(r, ρ;±m) δp,m = 2

∫ 1

0
ds s Jm

(
2πκRtel

r
Θ

s
)

Jm(2πκRtelρs) δp,m (36c)

are the TDF input/output gains. Because the telescope and reimaging system are unaberrated, these input/output gains are principal
DF POAM components (Eq. (27a)), causing the double sum in the CDF to disappear. Understanding the basic POAM behavior of
focal-plane coronagraphs is now simply a matter of substituting different masks into Eqs. (35) or (36a) and reconstructing the CDF
and CPSF.
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7.3. Sector masks

The central star of a planetary system contributes most of the zero-order state to the scene. To demonstrate how focal-plane corona-
graphs attenuate low-order states, I employ an alternating phase sector mask and a vortex sector mask.

Continuous azimuthally-dependent masks are often approximated by sectors because they are easier to manufacture

M(
→
r ,
→
Ω) =

2N−1∑
g=0

mg(r,
→
Ω) p

(
ξ − 2πg

2N
,
π

N

)
, (37a)

where 2N = 2, 4, 6, . . . is the number of sectors (even only), the mg(r,
→
Ω) are the complex sector weights (magnitudes between

0 and 1), and p(θ,Δθ) is a pulse function centered at θ = 0 of width Δθ. Masks that depend on azimuth modulate the states. I will
not consider radial apodization in this work, since it serves only to tweak coronagraph performance. The TIP Fourier components
of the sector mask are

Mh(r,
→
Ω) = Mh(r,

→
Ω) sinc

(
π

h
2N

)
, (37b)

where the

Mh(r,
→
Ω) =

1
2N

2N−1∑
g=0

e− j2π hg
2N mg(r,

→
Ω) (37c)

are the Discrete Fourier Transform (DFT) components of the mask weights (the unapodized TIP Fourier components of the mask).
The DFT is periodic in 2N. Therefore, all mask Fourier components −∞ < h < ∞ influence how the mask works, limited only by
the sinc (·) function arising directly from the sector approximation. I derive this result in Appendix G. Substituting Eq. (37b) into
Eqs. (35) and (36a), I obtain the aberrated

D−m
u (w, ρ) =

∞∑
k=−∞

∞∑
p=−∞

2π
∫ rtip

0
dr r D−k

u (w, r)Mk−p(r) D−m
p (r, ρ) sinc

(
π

k − p
2N

)
(38a)

and unaberrated

D−m
u (w, ρ) = 2π

∫ rtip

0
dr r D(w, r; u)Mu−m(r) D(r, ρ; m) sinc

(
π

u − m
2N

)
(38b)

CDF input/output gains for sector masks. From these equations, it is clear that the sector mask Fourier components and the sinc (·)
function attenuate or eliminate some principal TDF and RDF POAM components.

An alternating mask uses azimuthal r-independent sectors whose phases alternate between 0◦ and 180◦,

mg(r) → mg = e jgπ. (39a)

Rouan et al. (2000), Riaud et al. (2001), Boccaletti et al. (2002), Riaud et al. (2003), and Boccaletti et al. (2004) have studied the
2N = 4 mask extensively, but here I discuss an arbitrary number of sectors. The sector mask Fourier components (Appendix G) are

Mh(r) → Mh =

∞∑
l=−∞

δh,(2l+1)N , (39b)

which means that the aberrated and unaberrated CDF input/output gains become

D−m
u (w, ρ) =

∞∑
k=−∞

∞∑
p=−∞

2π
∫ rtip

0
dr r D−k

u (w, r) D−m
p (r, ρ)

⎧⎪⎪⎨⎪⎪⎩
∞∑

l=−∞
δk−p,(2l+1)N sinc

[
π

(
l +

1
2

)] ⎫⎪⎪⎬⎪⎪⎭
=

∞∑
k=−∞

∞∑
p=−∞

2π
∫ rtip

0
dr r D−k

u (w, r) D−m
p (r, ρ)Ga(k − p; N) (40a)

and

D−m
u (w, ρ) = 2π

∫ rtip

0
dr r D(w, r; u) D(r, ρ; m)Ga(u − m; N), (40b)

whereGa(i; N) is the alternating-phase modulation function. We know from Eq. (36c) that the only TDF input/output gain that yields
significant values near the FOV center is D(r, ρ ≈ 0; 0). Since the RDF input/output gain has the same functional form, the only one
that yields significant values near the FOV center is D(w, r ≈ 0; 0). According to Eq. (40b), the unaberrated CDF input/output gain
cannot pass light near the FOV center when both u and m are zero because Ga(0; N) = 0. Therefore, the instrument does indeed act
as a coronagraph.
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A vortex mask employs azimuthal r-independent sectors whose phases approximate a single vortex,

mg(r) → mg = e j2π Nwg
2N , (41a)

where Nw is the number of phase wraps per 360◦. This vortex sector mask is identical to the alternating sector mask for Nw = N.
Lee et al. (2006) have studied the Nw = 2 sector mask, but here I discuss an arbitrary value. The sector mask Fourier components
(Appendix G) are

Mh(r) → Mh =

∞∑
l=−∞

δh,2lN+Nw
, (41b)

which means that the aberrated and unaberrated CDF input/output gains become

D−m
u (w, ρ) =

∞∑
k=−∞

∞∑
p=−∞

2π
∫ rtip

0
dr r D−k

u (w, r) D−m
p (r, ρ)

⎧⎪⎪⎨⎪⎪⎩
∞∑

l=−∞
δk−p,2lN+Nw

sinc

[
π

(
l +

1
2

Nw

N

)] ⎫⎪⎪⎬⎪⎪⎭
=

∞∑
k=−∞

∞∑
p=−∞

2π
∫ rtip

0
dr r D−k

u (w, r) D−m
p (r, ρ)Gv(k − p; N,Nw) (42a)

and

D−m
u (w, ρ) = 2π

∫ rtip

0
dr r D(w, r; u) D(r, ρ; m)Gv(u − m; N,Nw), (42b)

where Gv(i; N,Nw) is the vortex modulation function. This vortex sector mask forces the instrument to act as a coronagraph in the
same manner as the alternating sector mask.

The number of numerically significant CDF input/output gains is large, so plotting all of them is somewhat prohibitive. In
addition, they exhibit ≈ the same behavior, namely a null at the center of the RIP that attenuates the star light. Therefore, I present
plots that display the overall CPSFs, combining all of the CDF/CPSF input/output gains.

The average intensity leakage for a point source at the FOV center is a simple performance metric for coronagraphs. It is defined
as

P̄(w,
→
0) =

1
2π

∫ 2π

0
dω P(

→
w,
→
0). (43)

This quantity conveniently eliminates ω in the RIP as a dependent variable. In Fig. 6, I show the intensity leakage for an alternating
mask with N = 2, 4, 6 (four, eight, or twelve alternating sectors). The normalized radial coordinate in the RIP is γ. The basic
envelope (a line following the peaks) is ≈ the same for all N. The only major difference between the curves is that the depth and
width of the null increases with N. In Fig. 7, I show the intensity leakage for an Nw = 2 sector mask with N = 2, 4, 6. The Nw = N
curve is identical to the N = 2 curve in Fig. 6. The other two curves in Fig. 7 are very similar (but not exactly the same) to the other
two curves in Fig. 6.

The azimuthally averaged PSF for a coronagraph is

P̄(w, ρ) =
1

2π

∫ 2π

0
dω

1
2π

∫ 2π

0
dφ P(

→
w,
→
Ω). (44)

This quantity eliminates both azimuthal coordinates, providing a rough estimate for the throughput of possible planets as a function
of radial coordinates. In Fig. 8, I show the azimuthally averaged PSFs for an alternating mask with N = 2, 4, 6, as well as the
difference between the N = 2 and N = 6 PSFs. I use the normalized radial coordinates α and γ. The increasing null width and depth
increasing with N is clearly evident. For each α, there is a corresponding maximum for a single γ. Planets are attenuated, but much
less than the central star.

8. POAM Propagation through a Michelson interferometer

Interferometers – which employ telescopes (Sect. 6), feed systems, delay lines, and a beam combiner – are used to sythesize an
entrance pupil in the observation plane that is larger than a single telescope. In other words, by Fourier transforming a large number
visibilities at different baseline vectors and processing the dirty image, it is possible to estimate the source intensity on the celestial
sphere at high spatial resolution with an ensemble of relatively small telescopes. Also, a small number of interferometer observations
can be used to model simple sources, e.g., measuring the angular diameter of a star or measuring the separation and position angle
of a binary star.

Consider Fig. 9, where a wavefront enters the front end of an interferometer. If this wavefront is expanded into vortices about
the midpoint between the telescope entrance pupils, the phase difference is kπ for each POAM state k. Therefore, interferometers
are sensitive to diametrically opposed pieces of vortices at a spatial frequency proportional to the baseline length in the observation
plane (perpendicular to the line of sight). The POAM response can be changed by moving the delay tracking point and/or the
baseline vector. For example, single-Bracewell interferometers track 180◦ from the central fringe to null light from a central star
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Fig. 6. The average intensity leakage (in magnitudes) versus γ = 2πκRtelw/Θr for a coronagraph using an alternating mask. The solid curve
corresponds to the Airy function (no mask). The dotted, dashed, and dot-dashed lines correspond to N = 2, 4, and 6, respectively.

Fig. 7. The average intensity leakage (in magnitudes) versus γ = 2πκRtelw/Θr for a coronagraph using an Nw = 2 vortex mask. The solid curve
corresponds to the Airy function (no mask). The dotted, dashed, and dot-dashed lines correspond to N = 2, 4, and 6, respectively.

(shifting the fringe pattern projected on the sky directly correlates with modifying the POAM response). Interferometers are capable
of limited POAM filtering with no additional hardware.

I use a Michelson beam combiner to illustrate the POAM behavior of interferometers, because it is the most common one
used in astronomy. A Michelson interferometer could be used in conjunction with a rancorimeter for high-resolution measurements
(Sect. 9). Another type of beam combiner, the Mach-Zehnder, has been used in laboratory experiments to measure POAM (Leach
et al. 2002; Padgett et al. 2004). It can also be used for astronomical observations (Danchi et al. 2004). In this section, I form the DF,
PSF, and POAM expansions of a Michelson interferometer and show that 1) the POAM response can be factored into interferometer
and arm parts; 2) the POAM response is the sum of uncorrelated and correlated parts; 3) the POAM response is complicated by

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=6
http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=7
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Fig. 8. The azimuthally averaged PSFs (in magnitudes) versus α = 2πκRtelρ and γ = 2πκRtelw/Θr for a coronagraph using an N = 2 (upper left), 4
(upper right), and 6 (lower left) alternating mask. The contour plot in the lower left contains the difference between the N = 2 and N = 6 masks.

aberrations in the arms; and 4) for unaberrated arms, the even states are passed at zero delay (standard mode) and odd states are
passed at half a wavelength of delay (single-Bracewell mode).

8.1. Classical forms

A basic Michelson interferometer consists of two arms, A and B. Each arm represents a path from a region in the observation plane
(a telescope entrance pupil) to the image plane. The paths overlap at and after an exit pupil in the beam combiner. I modify Eq. (22b)
to represent the propagation of the electric fields along the arms to the exit-pupil plane,

EA(
→
B,
→
Ω;
→R, t) = DA(

→R, →Ω) e j2πκ(M
→R+ 1

2

→
B)·→s xy(

→
Ω) E(

→
Ω; t) (45a)

and

EB(
→
B,
→
Ω;
→R, t) = DB(

→R, →Ω) e j2πκ(M
→R− 1

2

→
B)·→s xy(

→
Ω) E(

→
Ω; t), (45b)

where
→
B = (Bx, By) = (B cosβ, B sinβ) is the baseline vector between the centers of the two telescope entrance pupils in the ob-

servation plane, Bx and By are the Cartesian coordinates, B is the baseline length, β is the baseline azimuthal angle, and DA(
→R, →Ω)

and DB(
→R, →Ω) are the amplitude/phase aberration functions of each arm projected onto the exit-pupil plane in the beam combiner.

Assuming that the delay difference between the two arms is d, the electric field in the exit pupil of a single beam-combiner output is

E(
→
B,
→
Ω; d,

→R, t) = EA(
→
B,
→
Ω;
→R, t) e− j2πκ 1

2 d + EB(
→
B,
→
Ω;
→R, t) e j2πκ 1

2 d, (45c)

which is the sum of the arm electric fields delayed with respect to each other. I allocated half of the delay to each arm, but this
choice is for mathematical convenience and completely arbitrary.

As in Eq. (23a), the image-plane electric field of the interferometer is the Fourier transform of the exit-pupil electric field

E(
→
B,
→
Ω; d,

→
r , t) =

1
Aep

∫
d2R e− j2πκ

→
r
f ·
→R E(

→
B,
→
Ω; d,

→R, t) = D(
→
B,
→
Ω; d,

→
r ) E(

→
Ω; t), (46a)

where

D(
→
B,
→
Ω; d,

→
r ) = e j2πκ 1

2

→
B·→s xy(

→
Ω) DA(

→
r ,
→
Ω) e− j2π 1

2 κd + e− j2πκ 1
2

→
B·→s xy(

→
Ω) DB(

→
r ,
→
Ω) e j2π 1

2 κd

≈ e j2πκ 1
2 Bρ cos (β−φ) DA(

→
r ,
→
Ω) e− j2π 1

2 κd + e− j2πκ 1
2 Bρ cos (β−φ) DB(

→
r ,
→
Ω) e j2π 1

2 κd (46b)
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Fig. 9. An interferometer schematic diagram from a source on the celestial sphere to the image plane through two telescopes, two delay lines, and
a beam combiner.

is the interferometric DF (IDF), and

DA(
→
r ,
→
Ω) =

1
Aep

∫
d2R e

− j2πκM
[→

r
Θ
−→s xy(

→
Ω)

]
·→R DA(

→R, →Ω) (46c)

DB(
→
r ,
→
Ω) =

1
Aep

∫
d2R e

− j2πκM
[→

r
Θ
−→s xy(

→
Ω)

]
·→R DB(

→R, →Ω) (46d)

are the arm DFs (ADFs). The ADFs represent the electric-field impulse responses between the celestial sphere and the image plane
for the arms. The IDF is the sum of delayed ADFs multipled by interferometric kernels. The second line of Eq. (46b) employs the
small FOV approximation. The electric-field overlap integral becomes

E(
→
B; d,

→
r , t) =

∫
d2Ω E(

→
B,
→
Ω; d,

→
r , t) =

∫
d2ΩD(

→
B,
→
Ω; d,

→
r ) E(

→
Ω; t). (47)

The overlap integral, the IDF, and the electric field in the image plane have the same form as the generic versions of Sect. 4 (
→
N→

→
B, and

→
a → →

r , d).

The intensity overlap integral, integrated over
→
r as well as

→
Ω, is

I(
→
B; d) =

∫
d2r I(

→
B; d,

→
r ) =

∫
d2r

〈
1
2

∣∣∣∣∣E(
→
B; d,

→
r , t)

∣∣∣∣∣2
〉
=

∫
d2Ω P(

→
B,
→
Ω; d) I(

→
Ω)

= I0 + Re
{
IAB(

→
B) e− j2πκd

}
= I0

[
1 + Re

{
VAB(

→
B) e− j2πκd

}]
, (48a)

where

I0 =

∫
d2r I0(

→
r) =

∫
d2Ω P0(

→
Ω) I(

→
Ω) (48b)

is the observed total zero-spacing flux,

IAB(
→
B) =

∫
d2r IAB(

→
B;
→
r ) =

∫
d2Ω e j2πκBρ cos (β−φ) PAB(

→
Ω) I(

→
Ω) (48c)
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is the observed unnormalized visibility flux,VAB(
→
B) is the observed normalized visibility,

P(
→
B,
→
Ω; d) =

∫
d2r P(

→
B,
→
Ω; d,

→
r ) =

∫
d2r

∣∣∣∣∣D(
→
B,
→
Ω; d,

→
r )

∣∣∣∣∣2 = P0(
→
Ω) + Re

{
e j2πκBρ cos (β−φ) PAB(

→
Ω) e− j2πκd

}
(48d)

is the interferometer PSF (IPSF),

P0(
→
Ω) =

∫
d2r P0(

→
r ,
→
Ω) =

1
2

[
PAA(

→
Ω) + PBB(

→
Ω)

]
(48e)

is the mean PSF (MPSF) of the arms, the

PAA(
→
Ω) = P0(

→
Ω) + ΔP0(

→
Ω) =

∫
d2r PAA(

→
r ,
→
Ω) =

∫
d2r

∣∣∣∣∣DA(
→
r ,
→
Ω)

∣∣∣∣∣2 (48f)

and

PBB(
→
Ω) = P0(

→
Ω) − ΔP0(

→
Ω) =

∫
d2r PBB(

→
r ,
→
Ω) =

∫
d2r

∣∣∣∣∣DB(
→
r ,
→
Ω)

∣∣∣∣∣2 (48g)

are the arm PSFs (APSFs), and

PAB(
→
Ω) = P∗BA(

→
Ω) =

∫
d2r PAB(

→
r ,
→
Ω) =

∫
d2r DA(

→
r ,
→
Ω) D∗B(

→
r ,
→
Ω) (48h)

is the cross PSF (CPSF). The unnormalized visibility contains recoverable information about the source intensity distribution on the
celestial sphere. The zero-spacing flux, on the other hand, is of limited use, apart from normalization. If the arms are matched, or

DA(
→R, →Ω) =DB(

→R, →Ω)→D(
→R, →Ω) and DA(

→
r ,
→
Ω) = DB(

→
r ,
→
Ω)→ D(

→
r ,
→
Ω), then the IDF becomes

D(
→
B,
→
Ω; d,

→
r ) = D(

→
r ,
→
Ω) cos

[
2πκ

1
2

Bρ cos (β − φ) − 2πκd

]
, (49a)

which is factored into the ADF and the interferometer response. Matched arms also lead to trivial auxilliary PSFs

PAA(
→
Ω) = PBB(

→
Ω) = P0(

→
Ω) = PAB(

→
Ω) → P(

→
Ω) =

∫
d2r

∣∣∣∣∣D(
→
r ,
→
Ω)

∣∣∣∣∣2 and ΔP(
→
Ω) = 0, (49b)

and a simple IPSF

P(
→
B,
→
Ω; d) =

[∫
d2r

∣∣∣∣∣D(
→
r ,
→
Ω)

∣∣∣∣∣2
]

cos2

[
2πκ

1
2

Bρ cos (β − φ) − 2πκd

]
= P(

→
Ω)

1
2

{
1 + cos

[
2πκBρ cos (β − φ) − 2πκd

]}
(49c)

which is factored into the APSF and the interferometer response.

The POAM of an interferometer is denoted by LZ(
→
B; d,

→
r ), and its expectation value is integrated over

→
r , or L̂int

Z (
→
B; d). Therefore,

the POAM expectation value, as well as the integrated POAM probabilities, can be changed by varying the delay or moving the
baseline vector. Single-Bracewell interferometers track 180◦ from the central fringe, changing the observed POAM expectation
value and inducing a null. If the arms are unaberrated and all visibilities are sampled up to baseline lengths of Bmax, the synthesized
interferometer POAM expectation value should be the same as the POAM expectation value of a single unaberrated telescope of
radius 1

2 Bmax.

8.2. POAM expansions

According to Table 1, the output states for a Michelson interferometer are

Eu(B; d,
→
r ; t) =

∞∑
m=−∞

2π
∫ ∞

0
dρ ρD−m

u (B, ρ; d,
→
r ) Em(ρ; t), (50a)

where the

D−m
u (B, ρ; d,

→
r ) =

1
2π

∫ 2π

0
dφ e jmφ

[
1

2π

∫ 2π

0
dβ e− juβ D(

→
B,
→
Ω; d,

→
r )

]
=

1
2π

∫ 2π

0
dφ e jmφ Du(B,

→
Ω; d,

→
r )

=
1

2π

∫ 2π

0
dφ e jmφ

[
ju Ju(2πκ

1
2

Bρ) e− juφ Darm(
→
r ,
→
Ω; d, u)

]
= ju Ju

(
2πκ

1
2

Bρ

)
D−m+u

arm (
→
r , ρ; d, u) (50b)

are the input/output gains of the IDF using the small FOV approximation (Appendix H), the

Darm(
→
r ,
→
Ω; d, u) = DA(

→
r ,
→
Ω) e− j2πκ 1

2 d + (−1)u DB(
→
r ,
→
Ω) e j2πκ 1

2 d

= E(u)
[
DA(

→
r ,
→
Ω) e− j2πκ 1

2 d + DB(
→
r ,
→
Ω) e j2πκ 1

2 d
]
+ O(u)

[
DA(

→
r ,
→
Ω) e− j2πκ 1

2 d − DB(
→
r ,
→
Ω) e j2πκ 1

2 d
]

(50c)
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are the arm factors, the

D−m+u
arm (

→
r , ρ; d, u) =

1
2π

∫ 2π

0
dφ e j(m−u)φ Darm(

→
r ,
→
Ω; d, u) = D−m+u

A (
→
r , ρ) e− j2πκ 1

2 d + (−1)u D−m+u
B (

→
r , ρ) e j2πκ 1

2 d

= E(u)
[
D−m+u

A (
→
r , ρ) e− j2πκ 1

2 d + D−m+u
B (

→
r , ρ) e j2πκ 1

2 d
]
+ O(u)

[
D−m+u

A (
→
r , ρ) e− j2πκ 1

2 d − D−m+u
B (

→
r , ρ) e j2πκ 1

2 d
]

(50d)

are the input sensitivities of the arm factors, the D−m+u
A (

→
r , ρ) and D−m+u

B (
→
r , ρ) are the input sensitivities of the ADFs, and

E(u) =
1
2

[
1 + (−1)u] and O(u) =

1
2

[
1 − (−1)u] (50e)

are the even and odd selection functions. The arm factors are either sums or differences of the delayed ADFs, depending on the sign
of the output state. If the arms are matched, then the source sensitivities of the arm factors become

D−m+u
arm (

→
r , ρ; d, u) = 2 D−m+u(

→
r ,
→
Ω)

[
E(u) cos 2πκd − jO(u) sin 2πκd

]
. (51)

The delay dependence is divided into even and odd POAM parts that are in quadrature with each other, which means that the
intput/output gains can be changed by simply choosing a different delay tracking point.

According to Table 3, the output correlations for a Michelson interferometer are

Iu,v(B; d) =
∫

d2r Iu,v(B; d,
→
r ) =

∞∑
m=−∞

∞∑
n=∞

2π
∫ ∞

0
dρ ρP−m+n

u,v (B, ρ; d) Im,n(ρ), (52a)

where the

P−m+n
u,v (B, ρ; d) =

∫
d2rP−m+n

u,v (B, ρ; d,
→
r ) =

∫
d2r

1
2π

∫ 2π

0
dφ e j(m−n)φ Pu,v(B,

→
Ω; d,

→
r )

=

∫
d2r

1
2π

∫ 2π

0
dφe j(m−n)φDu(B,

→
Ω; d,

→
r )D∗v(B,

→
Ω; d,

→
r ) =

∫
d2r

∞∑
k=−∞

D−k
u (B, ρ; d,

→
r )D−k+m−n,∗

v (B, ρ; d,
→
r )

= ju−v Ju(2πκ
1
2

Bρ) Jv(2πκ
1
2

Bρ)P−m+n+u−v
arm (ρ; d, u, v) (52b)

are the input/output gains (combined #2), the

P−m+n+u−v
arm (ρ; d, u, v) =

∫
d2rP−m+n+u−v

arm (
→
r , ρ; d, u, v) =

∫
d2r

1
2π

∫ 2π

0
dφ e j(m−n−u+v)φ Parm(

→
r ,
→
Ω; d, u, v)

=

∫
d2r

1
2π

∫ 2π

0
dφ e j(m−n−u+v)φ Darm(

→
r ,
→
Ω; d, u) D∗arm(

→
r ,
→
Ω; d, v)

= P−m+n+u−v
uncorr (ρ; u − v) + (−1)vP−m+n+u−v

corr (ρ; d, u − v) (52c)

are the input sensitivities of the arm factor product, the

P−m+n+u−v
uncorr (ρ; u − v) =

∫
d2rP−m+n+u−v

uncorr (
→
r , ρ; u − v) =

∫
d2r

1
2π

∫ 2π

0
dφ e j(m−n−u+v)φ Puncorr(

→
r ,
→
Ω; u − v)

=
1

2π

∫ 2π

0
dφ e j(m−n−u+v)φ

[
2 E(u − v) P0(

→
Ω) + O(u − v)ΔP0(

→
Ω)

]
= 2 E(u − v)P−m+n+u−v

0 (ρ) + O(u − v)ΔP−m+n+u−v
0 (ρ) (52d)

are the zero-spacing input sensitivities (Appendix H), and the

P−m+n+u−v
corr (ρ; d, u − v) =

∫
d2rP−m+n+u−v

corr (
→
r , ρ; d, u − v) =

∫
d2r

1
2π

∫ 2π

0
dφ e j(m−n−u+v)φ Pcorr(

→
r ,
→
Ω; d, u − v)

=
1

2π

∫ 2π

0
dφ e j(m−n−u+v)φ

[
2 E(u − v) Re

{
PAB(

→
Ω) e− j2πκd

}
+ j2 O(u − v) Im

{
PAB(

→
Ω) e− j2πκd

}]
= 2 E(u − v) Re

{
P−m+n+u−v

AB (ρ) e− j2πκd
}
+ j2 O(u − v) Im

{
P−m+n+u−v

AB (ρ) e− j2πκd
}

(52e)

are the unnormalized visibility input sensitivities (Appendix H). Also according to Table 3, the output rancors are

Iu(B; d) =
∫

d2rIu(B; d,
→
r ) =

∞∑
k=−∞

Ik,k−u(B; d) =
∞∑

m=−∞
2π

∫ ∞

0
dρ ρP−m

u (B, ρ; d)Im(ρ). (53a)
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By the summing rule in Table 4, I obtain the input/output gains (combined #1)

P−m
u (B, ρ; d) =

∞∑
k=−∞
P−m

k,k−u(B, ρ; d) =
∞∑

k=−∞
ju Jk(2πκ

1
2

Bρ) Jk−u(2πκ
1
2

Bρ)P−m+u
arm (ρ; d, k, k − u), (53b)

where

P−m+u
arm (ρ; d, k, k − u) = P−m+u

uncorr(ρ; u) + (−1)k−uP−m+u
corr (ρ; d, u), (53c)

P−m+u
uncorr(ρ; u) = 2 E(u)P−m+u

0 (ρ) + O(u)ΔP−m+u
0 (ρ), (53d)

and

P−m+u
corr (ρ; d, u) = 2 E(u) Re

{
P−m+u

AB (ρ) e− j2πκd
}
+ j2 O(u) Im

{
P−m+u

AB (ρ) e− j2πκd
}
. (53e)

The zero-spacing part of the correlations and rancors has been expanded into POAM components, but ultimately the sum I0 will
be of interest only for normalization. If the arms are perfectly matched, only the zero-spacing components with even indices will
be non-zero. Also, even (odd) indices determine whether the real (imaginary) part of the unnormalized visibility components are
non-zero.

If the arms are matched, the input/output gains (combined #2 and combined #1) become

P−m+n
u,v (B, ρ; d) = 2 ju−v Ju

(
2πκ

1
2

Bρ

)
Jv

(
2πκ

1
2

Bρ

)
P−m+n+u−v(ρ)

{
E(u − v) + (−1)v

[
E(u − v) cos 2πκd − jO(u − v) sin 2πκd

]}
(54a)

and

P−m
u (B, ρ; d) = 2P−m+u(ρ)

{
δu,0 + ju Ju(2πκBρ)

[
E(u) cos 2πκd − jO(u) sin 2πκd

]}
. (54b)

Inside the curly brackets of both equations, the first term represents the uncorrelated response, while the others represent the
correlated response. How the delay dependence changes with indices u − v and u is clearly visible. I take this analysis one step
further by assuming that the arms are unaberrated and the telescope FOVs are much larger than the interferometer’s, which means

that P(
→
Ω)→ C = constant (Appendix F), P−m+n+u−v(ρ)→ C δn,m−u+v and P−m+u(ρ)→ C δm,u. Therefore, the gains further simplify

to

P−m+n
u,v (B, ρ; d) = 2C ju−v Ju(2πκ

1
2

Bρ) Jv(2πκ
1
2

Bρ) δn,m−u+v
{
E(u − v) + (−1)v

[
E(u − v) cos 2πκd − jO(u − v) sin 2πκd

]}
(55a)

and

P−m
u (B, ρ; d) = 2C δm,u

{
δu,0 + ju Ju(2πκBρ)

[
E(u) cos 2πκd − jO(u) sin2πκd

]}
, (55b)

making the important dependencies even clearer. Note that each output correlation (rancor) arises from only a single input correlation
(rancor) because of the Kronecker deltas in the input/output gains of the ADFs.

Changing the delay tracking point changes the forms of the gains. If d = 0, then only the u, v (u) = even correlation (rancor)
gains are non-zero. Conversely, if the delay lines are offset tracking at d = 0.5/κ, then only the u, v (u) = odd correlation (rancor)
gains are non-zero. Single-Bracewell nulling interferometers take advantage of this behavior, which is equivalent to shifting the
position of the fringes projected on the sky, to null the central star (Bracewell 1986). To perform high-resolution observations, an
interferometer can be used as the front end of a rancorimeter (Sect. 9).

Last, I briefly discuss POAM and its possible relationship to astronomical imaging. A fringe packet, obtained when slewing
the delay line, contains entangled spectral and spatial information. Multiple slews across fringe packets using different baseline
lengths and orientations leads to unnormalized visibility cubes that can be transformed into image cubes (Elias et al. 2007). POAM
from the celestial sphere contains spatial information versus wavenumber, and I have shown that unnormalized visibilities can
be expanded into correlations and rancors. It follows that fringe packets contain entangled spectral and POAM information. In
principle, rancorimetric and interferometric data could be used as inputs to new image-processing algorithms. Whether this idea has
merit is a subject for future research.

9. POAM propagation through limited rancorimeter

Rancorimetry is the process of measuring correlations. An instrument that measures these correlations is called a rancorimeter. One
possible rancorimeter is the Mach-Zehnder interferometer employed as a POAM sorter (Leach et al. 2002). In this paper, however, I
describe a limited rancorimeter, which observes only rancors (infinite sums of correlations). In other words, only sources that exhibit
azimuthal dependence about the FOV center register non-zero rancors. Although limited rancorimeters do not produce complete
source POAM descriptions, they tend to be simpler to build and operate. In this section, I convert a coronagraph (Sect. 7) into a
limited rancorimeter by placing a rotating opaque wedge mask in the TIP. Also, I provide an example of super-Rayleigh modeling
of unresolved binary stars.
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9.1. Coronagraph with a rotating wedge mask

A limited rancorimeter can be constructed from an existing coronagaph (Sect. 7) by replacing stationary coronagraphic masks with
a rotating wedge mask, which is a circular opaque disk with a clear sector up to 180◦ in size. It can measure only rancors, which are
infinite sums of correlations. Different wedge sizes can be used to optimize the range of input/output gains on the celestial sphere,
if desired. Padgett et al. (2004) have used a rotating wedge to demonstrate the POAM version of the Uncertainty Principle. The
rotating wedge mask is strikingly analogous to a rotating polarizer that measures PSAM (modulation contains information).

An ideal wedge mask has unity throughput within the open region and is independent of position on celestial sphere, which
leads to the functional form

M(
→
r ,
→
Ω) → M(ξ; N, δ) = p(ξ − δ, 2π

N
), (56a)

where 2π/N is the opening angle of the wedge, N = 1, 2, 3, . . . is the wedge integer, and δ is the wedge rotation angle. The Fourier
components of this wedge are

Mq(r,
→
Ω) → Mq(N, δ) =

1
2π

∫ 2π

0
dξ e− jqξ M(ξ; N, δ) =

[
1
N

sinc
( q

N
π
)]

e− jqδ = fN (q) e− jqδ, (56b)

where fN (q) is the POAM selection function. Substituting this wedge mask into the unaberrated CDF of Eq. (35), I obtain the CDF
(now rancorimeter) input/output gains

D−m
u (w, ρ) =

∞∑
k=−∞

∞∑
p=−∞

[
2π

∫ rtip

0
dr r D−k

u (w, r) D−m
p (r, ρ) fN(k − p)

]
e− j(k−p)δ =

∞∑
k=−∞

∞∑
p=−∞
D−k,−m

u,p (w, ρ; N) e− j(k−p)δ. (57a)

I assumed that the reimaging system does not depend on celestial sphere position. According to Table 4, the CPSF input/output
gains (combined #1) can be determined directly from the CDF input/output gains

P−m
u (w, ρ) =

∞∑
g=−∞

∞∑
h=−∞

D−gh (w, ρ) D−g+m,∗
h−u (w, ρ)

=

∞∑
k=−∞

∞∑
l=−∞

∞∑
p=−∞

∞∑
q=−∞

⎡⎢⎢⎢⎢⎢⎢⎣
∞∑

g=−∞

∞∑
h=−∞
D−k,−g

h,p (w, ρ; N)D−l,−g+m,∗
h−n,q (w, ρ; N)

⎤⎥⎥⎥⎥⎥⎥⎦ e− j(k−l−p+q)δ. (57b)

The multiple sums arise from the wedge modulation. For an unaberrated instrument, the CDF and CPSF input/output gains become

D−m
u (w, ρ) = D−u,−m

u,m (w, ρ; N) e− j(u−m)δ (58a)

and

P−m
u (w, ρ) =

⎡⎢⎢⎢⎢⎢⎢⎣
∞∑

g=−∞

∞∑
h=−∞
D−h,−g

h,g (w, ρ; N)D−h+u,−g+m
h−u,g−m (w, ρ; N)

⎤⎥⎥⎥⎥⎥⎥⎦ e− j(u−m)δ = P(w, ρ; u,m; N) e− j(u−m)δ. (58b)

Many of the sums disappear because the TDF and RDF of unaberrated instruments have Kronecker deltas between indices.
The complex conjugation disappears because D−h+u,−g+m

h−u,g−m (w, ρ; N) is real for an unaberrated telescope. Also, P(w, ρ;±u,±m; N) =
P(w, ρ, u,m; N). I plot the lowest u = m intensity input/output gains (combined #1) in Figs. 10 and 11 for N = 2, 3, respectively.
The u = m = 0 gains exhibit a peak at the center, while the others exhibit a null.

To discuss measurements of the source rancors from the reimage-plane rancors, I begin with the rancored/rancored entry from
Table 3,

I(
→
w) =

∞∑
u=−∞

Iu(w) e juω

=

∞∑
u=−∞

⎡⎢⎢⎢⎢⎢⎣ ∞∑
m=−∞

2π
∫ ∞

0
dρ ρP−m

u (w, ρ)Im(ρ)

⎤⎥⎥⎥⎥⎥⎦ e juω =

∞∑
u=−∞

⎡⎢⎢⎢⎢⎢⎣ ∞∑
m=−∞

2π
∫ ∞

0
ddρ ρP(w, ρ; u,m; N) e− j(u−m)δIm(ρ)

⎤⎥⎥⎥⎥⎥⎦ e juω. (59)

There are several ways to proceed with the analysis. I have chosen the most basic.
For now, consider only a ring source at ρ = ρ∗. Also, assume that the reimage plane contains only a single detector that captures

most of the light incident upon it (analogous to a classical PSAM-measuring instrument). Eq. (59) now becomes∫
d2w I(

→
w) = 2π

∫ ∞

0
dwwI0(w) → Irip

0 (N, δ)

≈ P(0; N)Ics
0 +

Nm∑
m=1

P(m; N) Re
{Ics

m
}

cos mδ −
Nm∑

m=1

P(m; N) Im
{Ics

m
}

sin mδ, (60a)
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Fig. 10. The N = 2 wedge mask rancorimeter input/output gains u = m = 0, 1, 2, 3 (upper left, upper right, lower left, lower right) for α = 2πκRtelρ
and γ = 2πκRtelw/Θr .

Fig. 11. The N = 3 wedge mask rancorimeter input/output gains u = m = 0, 1, 2, 3 (upper left, upper right, lower left, lower right) for α = 2πκRtelρ
and γ = 2πκRtelw/Θr .

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=10
http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=11
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where Nm is the number of expected source rancors, the Ics
m ≈ Im(ρ∗), and the

P(ρ∗; m; N) = P(m; N) = 2π
∫ ∞

0
dwwP(w, ρ∗; 0,m; N) (60b)

are the integrated gains. Only the unrancored term remains in the reimage plane. Since Ics
m = Ics,∗

−m , the ± m terms are added together
to form separate real and imaginary parts. Equation (60a) has effectively become a Fourier series in δ, which means that the Ics

m can
be estimated directly if the P(m; N) are known a priori.

If the wedge is rotated to Nδ discrete azimuthal angles δ → δi in the course of a single limited rancorimetry observation, then
Eq. (60a) may be rewritten in matrix form

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Irip

0 (N, δ1)
...

Irip
0 (N, δNδ

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
P(0; N) P(1; N) cos δ1 −P(1; N) sin δ1 . . . P(Nm; N) cos Nmδ1 −P(Nm; N) sin Nmδ1

...
...

...
...

...
...

P(0; N) P(1; N) cos δNδ
−P(1; N) sin δNδ

. . . P(Nm; N) cos NmδNδ
−P(Nm; N) sin NmδNδ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ·

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ics
0

Re
{
Ics

1

}
Im

{
Ics

1

}
...

Re
{
Ics

Nm

}
Im

{
Ics

Nm

}

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(61a)

or
→I

rip

0 (N) =
↔
EN ·

→I
cs

. (61b)

The least-squares inversion is

→
I

cs

=

[↔
E

T

N ·
↔
EN

]−1

· ↔E
T

N ·
→
I

rip

0 (N). (62a)

The condition Nδ > Nm + 1 must be met for a non-degenerate solution. If the (co)variances of the Irip
0 (N, δi) are known, then weights

can be applied to the least-squares solution

→I
cs
=

[↔
E

T

N ·
↔
C
−1
· ↔EN

]−1

· ↔E
T

N ·
↔
C
−1
· →I

rip

0 (N), (62b)

where
↔
C
−1

is the covariance matrix of
→I

rip

0 (N). Since only a finite number of P(m; N) will be significant for a given wedge number
N, the chosen m will likely not be continuous between 0 and Nm. Systems of equations using different N can be combined for a
wider range of observed source rancors, but they must be normalized properly. Complicated astronomical scenes containing multiple
non-zero rings must be deconvolved from the input/output gains and ρ integrals. Most of the time, a detector array in the image
plane is required to perform this task, which is beyond the scope of this paper.

9.2. Super-Rayleigh modeling of unresolved binary stars

Tamburini et al. (2006) used optical vortices in conjunction with LG modes to overcome the classical Rayleigh imaging resolution
limit in the laboratory. They also mentioned the possibility of astronomical applications. In this section, I demonstrate a similar
concept, super-Rayleigh modeling. The limited rancorimeter (Sect. 9.1) modulates rancors from the celestial sphere, leading to
indirect measurements of the separation and orientation of stars in an unresolved binary system.

I assume that the stars are point sources and that the telescope always tracks the center of light (COL) of the binary system,
which means that

I(
→
Ω) = I1

δ(ρ − ρ1,∗)
ρ

δ(φ − φ1,∗) + I2
δ(ρ − ρ2,∗)

ρ
δ(φ − φ2,∗) = I1

[
δ(ρ − ρ1,∗)

ρ
δ(φ − φ∗) + qL

δ(ρ − ρ2,∗)
ρ

δ(φ − φ∗ − 180◦)
]
, (63a)

where I1 and I2 are the stellar brightnesses, qL = I2 / I1 is the stellar light ratio, ρ∗ = ρ1,∗ + ρ2,∗ is the total stellar separation, ρ1,∗
and ρ2,∗ are the COL separations, and φ1,∗ = φ∗ and φ2,∗ = φ∗ + 180◦ are the azimuthal angles. These quantities are defined further
in Appendix I. The corresponding rancors are

Im(ρ) =
I1

2π
δ(ρ − ρ1,∗)

ρ
e jmφ∗ − I2

2π
δ(ρ − ρ2,∗)

ρ
e jmφ∗ . (63b)

Substituting this equation into Eq. (60a), I obtain

Irip
0 (N, δ) = i0 +

Nm∑
m=1

ic,m cos mδ +
Nm∑

m=1

is,m sin mδ

= I1
[P(ρ1; 0; N) + qL P(ρ2; 0; N)

]
+

Nm∑
m=1

2 I1
[P(ρ1; m; N) − qL P(ρ2; m; N)

]
cos mφ∗ cos mδ

+

Nm∑
m=1

2 I1
[P(ρ1; m; N) − qL P(ρ2; m; N)

]
sin mφ∗ sin mδ. (63c)
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Observations over multiple δ can be used to obtain the coefficients via least squares (Sect. 9.1). The binary azimuthal angle can then
be obtained redundantly using the ratios

φ∗ = tan−1 is,m

ic,m
(m ≥ 1). (64a)

Further, the ratios

im
i0
=

√
i2c,m + i2s,m

i0
= 2
P(ρ1,∗; m; N) − qLP(ρ2,∗; m; N)

P(ρ1,∗; 0; N) + qLP(ρ2,∗; 0; N)
(m ≥ 1) (64b)

can be used to solve for ρ1,∗, ρ2,∗, and qL. For an unresolved binary star, the im/i0 ratios will be relatively small, on the order
of 10−2 to−3, comparable to normalized interferometric visibility measurements of stellar diameters near the zero and normalized
polarimetric measurements of Be stars and red supergiants. The smallest observable ratio will determine the ultimate resolution. To
measure such small values, calibration of instrumental POAM (optical aberrations and atmospheric turbulence; Sect. 11) is vital.
So, is this type of instrument feasible?

Extreme Adaptive Optics (EAO) systems greatly minimize the effects of optical and atmospheric aberrations. When employed
with coronagraphs, they can be used to detect extrasolar planets (Boccaletti et al. 2002; Crepp et al. 2007). One or more space-based
optical coronagraph missions may be launched within the next 10–20 years (Guyon et al. 2006). Atmospheric turbulence is not an
issue, plus the optics train will be the best ever built. To get the highest possible return on investment, other instrument packages,
such as cameras and spectrographs, will likely be installed. There is no reason that a limited rancorimeter should not be included,
to increase the spatial resolution of the telescope.

10. Classes of astronomical POAM

Harwit (2003) listed several examples of exotic emission mechanisms for astronomical POAM. Typical objects, such as ≈ unresolved
spherical stars, generate no POAM because propagation smooths out the random amplitudes and phases of the electric fields.
“Natural light” sources are useful for calibration. In this section, I classify the types of non-zero POAM that arise from the celestial
sphere: intrinsic, structure, and pointing.

Consider a source that consists only of a single vortex state k at the FOV center (Sect. 2.2),

E(
→
Ω; t) = E(ρ; t) e jkφ. (65a)

The intensity is independent of φ,

I(
→
Ω) =

〈
1
2
|E(ρ; t)|2

〉
= I(ρ). (65b)

Not surprisingly, there is only a single state in its spectrum

Em(ρ; t) = E(ρ; t) δm,k, (66a)

which yields a single identical component in the correlation and rancor spectra,

Im,n(ρ) =

〈
1
2
|E(ρ; t)|2

〉
δm,k δn,k = I(ρ) δm,k δn,k (66b)

and

Im(ρ) =

〈
1
2
|E(ρ; t)|2

〉
δm,0 = I(ρ) δm,0. (66c)

Sources containing only a single vortex exhibit intrinsic POAM. They are unrancored, which results from their lack of
φ-dependence.

Now consider a source that consists of two vortex states k and l at the FOV center (Sect. 3),

E(
→
Ω; t) = E(1)(ρ; t) e jkφ + E(2)(ρ; t) e jlφ. (67a)

The corresponding intensity is

I(
→
Ω) =

〈
1
2

∣∣∣E(1)(ρ; t)
∣∣∣2〉 + 〈

1
2

∣∣∣E(2)(ρ; t)
∣∣∣2〉 + 2 Re

{〈
1
2
E(1)(ρ; t)E(2),∗(ρ; t)

〉
e j(k−l)φ

}
= I(1,1)(ρ) + I(2,2)(ρ) + 2 Re

{
I(1,2)(ρ) e j(k−l)φ

}
, (67b)

which exhibits a φ dependence when the states k and l are correlated. The state spectrum is

Em(ρ; t) = E(1)(ρ; t) δm,k + E(2)(ρ; t) δn,l. (68a)
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Fig. 12. A circular source of radius ρ∗ = 1 with an intrinsic POAM of k = 0. The pointing offsets are ρc = 0.0, 0.5, 1.0, and 10.0 (upper left, upper
right, lower left, and lower right). As the pointing offset increases, the non-zero pointing POAM.

which yields the correlation spectrum

Im,n(ρ) = I(1,1)(ρ) δm,k δn,k + I(2,2)(ρ) δm,l δn,l + I(1,2)(ρ) δm,k δn,l + I(1,2),∗(ρ) δm,l δn,k (68b)

and the rancor spectrum

Im(ρ) =
[
I(1,1)(ρ) + I(2,2)(ρ)

]
δm,0 + I(1,2)(ρ) δm,k−l + I(1,2),∗(ρ) δm,l−k. (68c)

Sources containing multiple vortices exhibit intrinsic POAM and possibly structure POAM if the states k and l are correlated. They
are characterized by unrancored and unrancored terms, resulting from the φ-independent and φ-dependent behaviors.

The last POAM class can be demonstrated by shifting a single vortex state k from the FOV origin by (αc, δc),

E(
→
Ω; t) = E(ρ′(ρ, φ; ρc, φc); t) e jkφ′(ρ,φ;ρc,φc) = E

(√
ρ2 + ρ2

c − 2ρρc cos (φ − φc) ; t
)

e jk tan−1 ρ sin φ−ρc sinφc
ρ cos φ−ρc cos φc , (69a)

where ρc =
√
α2

c + δ
2
c , and φc = tan−1 (δc/αc). The intensity is

I(
→
Ω) = I

(√
ρ2 + ρ2

c − 2ρρc cos (φ − φc)
)
. (69b)

This electric field leads to the state spectrum

Em(ρ; t) =
1

2π

∫ φ+

φ−
dφ e− jmφ E

(√
ρ2 + ρ2

c − 2ρρc cos (φ − φc) ; t
)

e jk tan−1 ρ sinφ−ρc sinφc
ρ cos φ−ρc cos φc , (70a)

where the

φ± = φc ± cos−1 ρ
2 + ρ2

c − ρ2
c

2ρcρ
(70b)

are the integration limits. This shifting procedure is not the same as the one in Sect. 2.2. Here, the source is shifted with respect to
the FOV center, but we are not changing the reference point for calculating POAM. In Figs. 12 and 13, I give surface plots for the
magnitude of the observed state |Em(ρ; t)| as a function of radius ρ for intrinsic k = 0 and k = 5 states. The electric field is constant
with a magnitude of unity, or |E(ρ; t)| = 1. As the offset increases, φ dependence is introduced and the state k diverges to multiple
states m. This effect is direct evidence for pointing POAM.

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=12
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Fig. 13. A circular source of radius ρ∗ = 1 with an intrinsic POAM of k = 5. The pointing offsets are ρc = 0.0, 0.5, 1.0, and 10.0 (upper left, upper
right, lower left, and lower right). As the pointing offset increases, the non-zero pointing POAM increases with respect to the m = 5 state.

The correlation spectrum,

Im,n(ρ) =

〈
1
2

Em(ρ; t) E∗n(ρ; t)

〉
, (71a)

cannot be simplified. The rancor spectrum is

Im(ρ) =
1

2π

∫ φ+

φ−
dφ e− jmφ I

(√
ρ2 + ρ2

c − 2ρρc cos (φ − φc)
)
. (71b)

In Fig. 14, I present the rancor spectra as surface plots. They are the same for both k = 0 and k = 5. As a matter of fact, they look
the same as the k = 0 state magnitude plots, apart from the scale factor. For a zero offset, the observed rancor m is zero for all radii,
which is identical to the intrinsic rancor. As the offset increases, the observed rancor spectrum deviates more and more from zero
intrinsic rancor.

Structure and pointing POAM are intimately related. Changing the offset introduces a φ dependence, thus adding structure.
Consider the electric field of a binary star, with each star containing no intrinsic POAM in their own coordinate systems. The
observed POAM depends on where the observer decides to place the FOV origin, which could be at the center of star 1, the center
of star 2, the system COL, etc. As the stars orbit each other, the rancor changes and can be measured by the limited rancorimeter
(Sect. 9.2).

11. Instrumental POAM

Instrumental POAM is produced by all types aberrations. It is analogous to instrumental PSAM, which is more commonly known
as instrumental polarization. For meaningful observations, instrumental POAM must be calibrated. It is caused by either optical
aberrations or atmospheric turbulence. The former can be compensated by adaptive optics or modeled/removed in data reduction.
The latter may require EAO (Boccaletti et al. 2002; Crepp et al. 2007), depending on the application.

11.1. Classical forms and POAM expansions

Consider a single telescope (Sect. 6). The amplitude/phase aberration function of imperfect optics can be expressed as the sum of a
real constant plus a complex perturbation, or

D(
→R, →Ω) = D0 + ΔD(

→R, →Ω). (72a)

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=13
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Fig. 14. A circular source of radius ρ∗ = 1 with an intrinsic rancor of zero. The pointing offsets are ρc = 0.0, 0.5, 1.0, and 10.0 (upper left, upper
right, lower left, and lower right). As the pointing offset increases, the non-zero pointing rancor increases.

I choose ΔD(
→R, →Ω) = 0 for

→R = →Ω = 0. Since the DF (Eq. (23b)) acts linearly upon the amplitude/phase aberration function, the
result consists of an unperturbed DF part (Eq. (25a)) plus a perturbed DF part

D(
→
r ,
→
Ω) = D(

→
r ,
→
Ω) + ΔD(

→
r ,
→
Ω) = D0J1

[
2πκRtelΓ(

→
r ,
→
Ω)

]
+

1
Aep

∫
d2R e

− j2πκM
[→

r
Θ
−→s xy(

→
Ω)

]
·→R
ΔD(

→R, →Ω). (72b)

The overlap integral (Eq. (24a)) acts linearly upon the DF, so the result consists of an unperturbed electric-field part plus a perturbed
electric-field part

E(
→
r ; t) = E(

→
r ; t) + ΔE(

→
r ; t) =

∫
d2Ω

[
D(
→
r ,
→
Ω) + ΔD(

→
r ,
→
Ω)

]
E(
→
Ω; t). (72c)

When this equation is substituted into Table 1, it is clear that the expansions also act linearly, which means that each input sensitivity,
output sensitivity, and input/output gain consists of an unperturbed part (Sect. 6.2) plus a perturbed part.

When I calculate the squared magnitude of an aberrated telescope DF, I obtain the telescope PSF

P(
→
r ,
→
Ω) = P(

→
r ,
→
Ω) + ΔP(

→
r ,
→
Ω), (73a)

where

ΔP(
→
r ,
→
Ω) = 2Re

{
D(
→
r ,
→
Ω)ΔD∗(

→
r ,
→
Ω)

}
+

∣∣∣∣∣ΔD(
→
r ,
→
Ω)

∣∣∣∣∣2 ≈ 2Re
{
D(
→
r ,
→
Ω)ΔD∗(

→
r ,
→
Ω)

}
. (73b)

The approximation holds when aberrations are small. Since the overlap integral (Eq. (24b)) acts linearly upon the PSF, the result
consists of an unperturbed intensity part plus a perturbed intensity part

I(
→
r ) = I(

→
r ) + ΔI(

→
r ) =

∫
d2Ω

[
P(
→
r ,
→
Ω) + ΔP(

→
r ,
→
Ω)

]
I(
→
Ω). (73c)

When this equation is substituted into Table 3, it is clear that the expansions also act linearly, which means that each input sensitivity,
output sensitivity, and input/output gain consists of an unperturbed part (Sect. 6.2) plus a perturbed part. Perturbed intensities lead
to perturbed integrated probabilities and POAM expectation values in the image plane, which means that external torque has been
applied to the wavefronts.

In Fig. 15, I combine the three types of POAM discussed in Sect. 10 (intrinsic, structure, and pointing) along with instrumental
POAM. Intrinsic and structure POAM are types of source POAM. Instrumental POAM may be divided into pointing and high-order
aberrations. I have linked structure and pointing POAM, because off-axis structure and pointing both lead to tilted wavefronts.

http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361:200809791&pdf_id=14
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Fig. 15. The types of source and instrumental POAM. The dashed line indicates that structure and pointing POAM are related.

11.2. Zernike polynomials

I discuss the POAM behavior of coronagraphs in Sect. 7 and optical aberrations in Sect. 11.1. Ferrari (2007) discusses the imperfect
behavior of Lyot coronagraphs in terms of Zernike polynomials. Together these statements suggest that POAM expansions of DFs
can be expressed in terms Zernike polynomials (and vice versa). Zernike polynomials are frequently used by optical scientists and
engineers to describe aberrations in optical systems. In fact, they can even be used to characterize an instantaneous or time-averaged
rms wavefront corrugated by atmospheric turbulence. In this section, I demonstrate that Zernike polynomials are closely related to
the perturbed DFs described in Sect. 11.1.

If the amplitude/phase aberration function contains only phase errors, then

D(
→R, →Ω) = D0 e jΔΦ(

→R/Rep,
→
Ω) ≈ D0 + jD0 ΔΦ(

→R/Rep,
→
Ω), (74)

where ΔΦ(
→R/Rep,

→
Ω) is the phase aberration function. I assume that the phase aberrations are small. The second term represents the

perturbation of Eq. (72a). When it is substituted into Eq. (72b), I obtain the DF perturbation

ΔD(
→
r ,
→
Ω) = jD0

1
Aep

∫
d2R e

− j2πκM
[→

r
Θ
−→s xy(

→
Ω)

]
·→R
ΔΦ(

→R/Rep,
→
Ω)

= jD0 2
∫ 1

0
du u

1
2π

∫ 2π

0
dψe− j2πκRtelΓ(

→
r ,
→
Ω)u cos [ψ−γ(

→
r ,
→
Ω)] ΔΦ(

→
u,
→
Ω), (75a)

where
→
u =

→R/Rep, and

γ(
→
r ,
→
Ω) = tan−1

r
Θ

sin ξ − ρ sinφ
r
Θ

cos ξ − ρ cosφ
(75b)

is the angle corresponding to Γ(
→
r ,
→
Ω) (Sect. 6).

To study the aberrations, I express ΔΦ(
→
u,
→
Ω) in terms of a Zernike expansion,

ΔΦ(
→
u,
→
Ω) =

∞∑
m=0

∞∑
n=m,

n−m=even

Rm,n(u)
[
am,n(

→
Ω) cos mψ + bm,n(

→
Ω) sin mψ

]
=

∞∑
m=0

∞∑
n=m,

n−m=even

Rm,n(u)
[
Fm,n(

→
Ω)e jmψ + F∗m,n(

→
Ω)e− jmψ

]
, (76)

where the am,n(
→
Ω) and bm,n(

→
Ω) are real coefficients, the Fm,n(

→
Ω) = 1

2 [am,n(
→
Ω) − jbm,n(

→
Ω)] are complex coefficients, and the Rm,n(u)

are Zernike radial functions (Wyant & Creath 1992). Valid u arguments range between 0 and 1, and Rm,n(1) = 1. Note that a0,0(
→
Ω)

= b0,0(
→
Ω) = F0,0(

→
Ω) = 0. When I substitute this equation into Eq. (75a), I obtain

ΔD(
→
r ,
→
Ω) = D0

∞∑
m=0

∞∑
n=m,

n−m=even

(−1)m jn+1Jn+1[2πκRtelΓ(
→
r ,
→
Ω)]

[
Fm,n(

→
Ω)e jmγ(

→
r ,
→
Ω) + F∗m,n(

→
Ω)e− jmγ(

→
r ,
→
Ω)

]
, (77)
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where Jk(x) = 2Jk(x)/x. I derive this equation in Appendix J.

For the sake of simplicity, I consider only a small circular source at the FOV, which means that Γ(
→
r ,
→
Ω) ≈ Γ(→r ,→0) = r/Θ and

γ(
→
r ,
→
Ω) ≈ γ(

→
r ,
→
0) = ξ. With this assumption, calculating the input sensitivities or input/output gains of the DF are not advantageous,

so I expand it in terms of the output sensitivities

ΔDp(r,
→
0) =

1
2π

∫ 2π

0
ddξ e− jpξ ΔD(

→
r ,
→
0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

D0
∑∞

n=−p,
n+p=even

(−1)p jn+1Jn+1(2πκ Rtel
Θ

r) F∗−p,n(
→
0) for p < 0

D0
∑∞

n=0,
n=even

jn+1Jn+1(2πκ Rtel

Θ
r) 2a0,n(

→
0) for p = 0

D0
∑∞

n=p,
n−p=even

(−1)p jn+1Jn+1(2πκ Rtel
Θ

r) Fp,n(
→
0) for p > 0

. (78)

Each component manifests itself as concentric rings. If there are no aberrations (all Fk,l(
→
0) are 0), then the total perturbation is

identically zero, as expected.

12. Conclusion

In this paper, I adopt a semi-classical/semi-quantum model to describe astronomical POAM. Electric fields are expanded into
azimuthal Fourier components, which represent pure vortex states. Similarly, intensities can be expanded in terms of correlations
or rancors. Each rancor is an azimuthal Fourier component of the intensity, as well as the sum of correlations with the same rancor.
There are loose analogies between POAM and PSAM.

I propagated the electric-field and intensity POAM expansions from celestial sphere through free space and instrument to a
specific plane. The expressions, which include POAM expansions of the diffraction and point-spread functions, are very generic and
adaptable to a wide variety of instruments. I employ these examples to demonstrate their utility (in order of difficulty): free space,
single telescopes, coronagraphs, interferometers, and rancorimeters. The electric-field expansions can be used with both spatially
coherent and incoherent sources, while the intensity expansions should only be used with spatially incoherent sources.

Propagation through free space and an unaberrated telescope applies no external torque to the wavefronts, so the integrated
probabilities and POAM expectation value are conserved. Conversely, propagation through an aberrated telescope applies external
torque, which may be expressed in terms of Zernike polynomials. Coronagraphs modulate the zero-order state from the central star
to produce a null. An interferometer can filter POAM without additional optics. For example, single-Bracewell interferometers track
180◦ from the central fringe, eliminating the even states and producing a null. A limited rancorimeter, which measures only rancors,
can be created by placing a rotating focal-plane wedge mask into a coronagraph. As a possible application, I use this instrument to
perform super-Rayleigh modeling of an unresolved binary star.

POAM on the celestial sphere can be classified as intrinsic, structure, or pointing. Pointing and structure POAM are related.
Sources can contain intrinsic and structure POAM simultaneously. Instrumental POAM, which must be calibrated, includes optical
aberrations (pointing and high-order) and atmospheric turbulence.

POAM is a relatively new field within astronomy. The mathematics in this paper should be used as a starting point for future
POAM research. Topics include: 1) making a priori predictions for the intrinsic POAM of astronomical sources; 2) designing
ground- and space-based POAM-measuring instruments; 3) understanding existing instruments in terms of POAM; 4) minimizing
the effects of random noise on POAM; and 5) calibrating instrumental (optical aberrations and atmospheric turbulence) POAM.

Acknowledgements. The author gratefully acknowledges Martin Harwit for his support and encouragement, as well as the referees Immo Appenzeller and Steven
N. Shore for their critical review of this manuscript.

Appendix A: Calculating the azimuthal derivative of the aberration function

Equation (1c), which is the definition of Φ(
→
H; t), contains functions of ε, so chain-rule differentiation is required,

∂Φ(
→
H)

∂ε
=

〈
∂Φ(

→
H; t)
∂ε

〉
=

〈
∂

∂ε

⎡⎢⎢⎢⎢⎢⎢⎣tan−1 Im E(
→
H; t)

Re E(
→
H; t)

⎤⎥⎥⎥⎥⎥⎥⎦
〉
=

〈
1

1 +
[

ImE(
→
H;t)

ReE(
→
H;t)

]2

∂
[

ImE(
→
H;t)

ReE(
→
H;t)

]
∂ε

〉
=

1

I(
→
H)

〈
1
2

[
Re2E(

→
H; t)

] ∂ [
ImE(

→
H;t)

ReE(
→
H;t)

]
∂ε

〉
, (A.1)

where I assume that
∣∣∣∣∣E(
→
H; t)

∣∣∣∣∣2 = Re2
[
E(
→
H; t)

]
+ Im2

[
E(
→
H; t)

]
≈ constant compared to the other factors. The other derivative, using

the quotient rule, is

∂
[

Im E(
→
H;t)

Re E(
→
H;t)

]
∂ε

=
1

Re2 E(
→
H; t)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
[
Re E(

→
H; t)

] ⎡⎢⎢⎢⎢⎢⎢⎣ Im ∂E(
→
H; t)

∂ε

⎤⎥⎥⎥⎥⎥⎥⎦ −
[
Im E(

→
H; t)

] ⎡⎢⎢⎢⎢⎢⎢⎣Re ∂E(
→
H; t)

∂ε

⎤⎥⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎪⎬⎪⎪⎪⎭

=
−1

Re2 E(
→
H; t)

Im

⎡⎢⎢⎢⎢⎢⎢⎣E(
→
H; t)

∂E∗(
→
H; t)
∂ε

⎤⎥⎥⎥⎥⎥⎥⎦ . (A.2)
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Substituting Eq. (A.2) into Eq. (A.1), I obtain

∂Φ(
→
H)

∂ε
= − 1

I(
→
H)

Im

〈
1
2

E(
→
H; t)

∂E∗(
→
H; t)
∂ε

〉
· (A.3)

When I plug Eq. (9a) into Eq. (A.3), I find that

∂Φ(
→
H)

∂ε
= − 1

I(
→
H)

Im

〈
1
2

∞∑
m=−∞

Em(H; t)e jmε ∂

∂ε

⎡⎢⎢⎢⎢⎢⎣ ∞∑
n=−∞

E∗n(H; t)e− jnε

⎤⎥⎥⎥⎥⎥⎦
〉
=

1

I(
→
H)

Im

⎡⎢⎢⎢⎢⎢⎣− j
∞∑

m=−∞

∞∑
n=−∞

n

〈
1
2

Em(H; t)E∗n(H; t)

〉
e j(m−n)ε

⎤⎥⎥⎥⎥⎥⎦
=

1

I(
→
H)

Re
∞∑

m=−∞

∞∑
n=−∞

n Im,n(H) e j(m−n)ε. (A.4)

Note that the POAM expansion of the electric field makes the ε derivatives trivial.
If the link between the specific plane and the celestial sphere is known, via the DF, the azimuthal derivative of the aberration

function can be written as

∂Φ(
→
N;
→
a)

∂ν
= − 1

I(
→
N)

Im
∫

d2ΩD(
→
N,
→
Ω;
→
a)
∂D∗(

→
N,
→
Ω;
→
a)

∂ν
I(
→
Ω) =

1

I(
→
N;
→
a)

Re
∞∑

p=−∞

∞∑
q=−∞

q Ip,q(N;
→
a) e j(p−q)ν (A.5)

for
→
H → →

N. This final expression is valid only for spatially incoherent sources. The DF and intensity on the celestial sphere are
expanded according to the formulae in Sects. 3 and 4 to obtain the second part of the equation, which has the same form as
Eq. (A.4).

Appendix B: Calculating the rancor components in terms of the correlation components

Substituting Eq. (10a) into Eq. (12b), I obtain

Ik(H) =
1

2π

∫ 2π

0
dε e− jkε

∞∑
m=−∞

∞∑
n=−∞

Im,n(H) e j(m−n)ε =

∞∑
m=−∞

∞∑
n=−∞

Im,n(H)

[
1

2π

∫ 2π

0
dε e− j(k−m+n)ε

]
. (B.1)

The integral in the square brackets is simply the Kronecker delta δn,m−k, which means that one of the sums in Eq. (B.1) disappears, or

Ik(H) =
∞∑

m=−∞
Im,m−k(H). (B.2)

The index k is called the rancor index. It is possible to reverse this derivation by substituting Eqs. (9a) and (10b) back into Eq. (12b),

Ik(H) =
∞∑

m=−∞

〈
1
2

Em(H; t) E∗m−k(H; t)

〉
=

∞∑
m=−∞

〈
1
2

1
2π

∫ 2π

0
dε e− jmε E(

→
H; t)

1
2π

∫ 2π

0
dε′ e j(m−k)ε′ E∗(

→
H′; t)

〉

=
1

2π

∫ 2π

0
dε

1
2π

∫ 2π

0
dε′ e− jkε′

⎡⎢⎢⎢⎢⎢⎣ ∞∑
m=−∞

e− jm(ε−ε′)
⎤⎥⎥⎥⎥⎥⎦
〈

1
2

E(
→
H; t) E∗(

→
H′; t)

〉
, (B.3)

where
→
H′ = (H cos ε′,H sin ε′). The quantity in the square brackets is 2πδ(ε − ε′) and the quantity in the angular brackets is I(

→
H)

(after the Dirac delta function is applied within the integral).

Appendix C: Calculating POAM quantities in the specific plane

In this appendix, I make extensive use of the equations and tables of Sects. 3 and 4. One must insure not to confuse the substitutions

of vectors
→
N (the vector in the specific plane) and

→
Ω (the vector on the celestial sphere) as

→
H (the vector in the specific plane),

depending on the context. All of the electric-field POAM expansions can be used for spatially incoherent and coherent electric fields
on the celestial sphere. All of the intensity POAM expansions, however, can be used only with spatially incoherent sources on the
celestial sphere. There are multiple ways to derive these equations. I chose the simplest.

The first electric-field POAM expansion (Table 1) is obtained when Eq. (9a) is substituted into Eq. (24a),

E(
→
N;
→
a , t) =

∫
d2ΩD(

→
N,
→
Ω;
→
a)

∞∑
m=−∞

Em(ρ; t) e jmφ = 2π
∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dφ e jmφ D(

→
N,
→
Ω;
→
a)

]
Em(ρ; t). (C.1a)
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The quantity in the square brackets is the input sensitivity D−m(
→
N, ρ;

→
a) defined in Table 2. The second electric-field POAM expan-

sion is obtained by substituting Eq. (24a) back into Eq. (9a),

E(
→
N;
→
a , t) =

∞∑
p=−∞

1
2π

∫ 2π

0
dν′ e− jpν′

∫
d2ΩD(

→
N′,

→
Ω;
→
a) E(

→
Ω; t)e jpν

=

∞∑
p=−∞

{∫
d2Ω

[
1

2π

∫ 2π

0
dν′ e− jpν′ D(

→
N′,

→
Ω;
→
a)

]
E(
→
Ω; t)

}
e jpν, (C.1b)

where
→
N′ = (N cos ν′,N sin ν′). The quantity within the curly brackets is the specific-plane POAM Ep(N;

→
a , t), and the quantity

within the square brackets is the output sensitivity Dp(N;
→
Ω;
→
a) defined in Table 2. The third electric-field POAM expansion is

obtained by substituting Eq. (9a) into the previous equation,

E(
→
N;
→
a , t) =

∞∑
p=−∞

⎧⎪⎪⎨⎪⎪⎩
∫

d2Ω

[
1

2π

∫ 2π

0
dν′ e− jpν′ D(

→
N′,

→
Ω;
→
a)

] ∞∑
m=−∞

Em(ρ; t) e jmφ

⎫⎪⎪⎬⎪⎪⎭ e jpν

=

∞∑
p=−∞

⎧⎪⎪⎨⎪⎪⎩
∞∑

m=−∞
2π

∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dφe jmφ 1

2π

∫ 2π

0
dν′ e− jpν′D(

→
N′,

→
Ω;
→
a)

]
Em(ρ; t)

⎫⎪⎪⎬⎪⎪⎭ e jpν. (C.1c)

Again, the quantity within the curly brackets is the propagated-plane state Ep(N;
→
a , t), and the quantity within the square brackets

is the source/focal gain D−m
p (N, ρ;

→
a) defined in Table 2.

The first intensity POAM expansion (Table 3) is obtained when Eq. (10a) is substituted into Eq. (24b),

I(
→
N;
→
a) =

∫
d2ΩP(

→
N,
→
Ω;
→
a)

∞∑
m=−∞

∞∑
n=−∞

Im,n(ρ)e j(m−n)φ =

∞∑
m=−∞

∞∑
n=−∞

2π
∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dφe j(m−n)φP(

→
N,
→
Ω;
→
a)

]
Im,n(ρ). (C.2a)

The quantity in the square brackets is the input sensitivity (combined) P−m+n(
→
N, ρ;

→
a) defined in Table 4. Using Eq. (12a) in the

same manner, I get the second intensity POAM expansion

I(
→
N;
→
a) =

∫
d2ΩP(

→
N,
→
Ω;
→
a)

∞∑
m=−∞

Im(ρ)e− jmφ =

∞∑
m=−∞

2π
∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dφe jmφP(

→
N,
→
Ω;
→
a)

]
Im(ρ), (C.2b)

where the quantity in the square brackets is the input sensitivity (combined)P−m(
→
N, ρ;

→
a) defined in Table 4.

The third intensity POAM expansion is obtained by substituting the output DF sensitivity expansion (Table 2) into Eq. (24b)

I(
→
N;
→
a) =

∫
d2Ω

∞∑
p=−∞

Dp(N,
→
Ω;
→
a) e jpν

∞∑
q=−∞

D∗q(N,
→
Ω;
→
a) e− jqν I(

→
Ω)

=

∞∑
p=−∞

∞∑
q=−∞

{∫
d2Ω

[
Dp(N,

→
Ω;
→
a) D∗q(N,

→
Ω;
→
a)

]
I(
→
Ω)

}
e j(p−q)ν, (C.3a)

where quantity within the curly brackets is the specific-plane correlation Ip,q(N), and the quantity within the square brackets is the

output sensitivity (separate) Pp,q(N,
→
Ω;
→
a) defined in Table 4. To obtain the fourth intensity POAM expansion, I substitute Eq. (24b)

back into Eqs. (12a) and (12b)

I(
→
N;
→
a) =

∞∑
p=−∞

1
2π

∫ 2π

0
dν′e− jpν′

∫
dd2ΩP(

→
N′,

→
Ω;
→
a)I(

→
Ω)e jpν =

∞∑
p=−∞

{
d2Ω

[
1

2π

∫ 2π

0
dν′e− jpν′P(

→
N′,

→
Ω;
→
a)

]
I(
→
Ω)

}
e jpν. (C.3b)

The quantity within the curly brackets is the specific-plane rancor Ip(N), and the quantity in the square brackets is the output

sensitivity (combined)Pp(N,
→
Ω;
→
a) defined in Table 4.

The fifth intensity POAM expansion may be obtained by substituting the DF output sensitivity expansion (Table 2) into
Eq. (C.2a),

I(
→
N;
→
a) =

∞∑
m=−∞

∞∑
n=−∞

2π
∫ ∞

0
dρ ρ

1
2π

∫ 2π

0
dφ e j(m−n)φ

∞∑
p=−∞

Dp(N, ρ;
→
a) e jpν

∞∑
q=−∞

D∗q(N, ρ;
→
a)e− jqν Im,n(ρ)

=

∞∑
p=−∞

∞∑
q=−∞

⎧⎪⎪⎨⎪⎪⎩
∞∑

m=−∞

∞∑
n=−∞

2π
∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dφ e j(m−n)φ Dp(N,

→
Ω;
→
a) D∗q(N,

→
Ω;
→
a)

]
Im,n(ρ)

⎫⎪⎪⎬⎪⎪⎭ e j(p−q)ν, (C.4a)
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where the quantity in the curly brackets is the specific-plane correlation Ip,q(N;
→
a), and the quantity in the square brackets is the

input/output gain (combined #2)P−m+n
p,q (N, ρ;

→
a) defined in Table 4. I obtain the sixth intensity POAM expansion in the same manner

by substituting the DF output sensitivity expansion (Table 2) into Eq. (C.2b),

I(
→
N;
→
a) =

∞∑
m=−∞

2π
∫ ∞

0
dρ ρ

1
2π

∫ 2π

0
dφ e jmφ

∞∑
p=−∞

Dp(N, ρ;
→
a) e jpν

∞∑
q=−∞

D∗q(N, ρ;
→
a)e− jqν Im(ρ)

=

∞∑
p=−∞

∞∑
q=−∞

⎧⎪⎪⎨⎪⎪⎩
∞∑

m=−∞
2π

∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dφ e jmφ Dp(N,

→
Ω;
→
a) D∗q(N,

→
Ω;
→
a)

]
Im(ρ)

⎫⎪⎪⎬⎪⎪⎭ e j(p−q)ν, (C.4b)

where the quantity in the curly brackets is the specific-plane correlation Ip,q(N;
→
a), and the quantity in the square brackets is the

input/output gain (combined #2) P−m
p,q(N, ρ;

→
a) defined in Table 4. To obtain the seventh intensity POAM expansion, I substitute

Eq. (C.2a) back into Eqs. (12a) and (12b),

I(
→
N;
→
a) =

∞∑
p=−∞

1
2π

∫ 2π

0
dν′ e− jpν′

∞∑
m=−∞

∞∑
n=−∞

2π
∫ ∞

0
dρ ρP−m+n(

→
N′, ρ;

→
a) Im,n(ρ) e jpν

=

∞∑
p=−∞

⎧⎪⎪⎨⎪⎪⎩
∞∑

m=−∞

∞∑
n=−∞

2π
∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dν′ e− jpν′P−m+n(

→
N′, ρ;

→
a)

]
Im,n(ρ)

⎫⎪⎪⎬⎪⎪⎭ e jpν, (C.4c)

where the quantity in the curly brackets is the specific-plane rancor Ip(N;
→
a), and the quantity in the square brackets is the in-

put/output gain (combined #2) P−m+n
p (N, ρ;

→
a) defined in Table 4. The last intensity POAM expansion is obtained in the same

manner by substituting Eq. (C.2b) back into Eqs. (12a) and (12b),

I(
→
N;
→
a) =

∞∑
p=−∞

1
2π

∫ 2π

0
dν′ e− jpν′

∞∑
m=−∞

2π
∫ ∞

0
dρ ρP−m(

→
N′, ρ;

→
a)Im(ρ) e jpν

=

∞∑
p=−∞

⎧⎪⎪⎨⎪⎪⎩
∞∑

m=−∞
2π

∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dν′ e− jpν′P−m(

→
N′, ρ;

→
a)

]
Im(ρ)

⎫⎪⎪⎬⎪⎪⎭ e jpν, (C.4d)

where the quantity in the curly brackets is the specific-plane rancor Ip(N;
→
a), and the quantity in the square brackets is the in-

put/output gain (combined #1) P−m
p (N, ρ;

→
a) defined in Table 4.

Appendix D: Propagating the intensity from the celestial sphere

Assume that the electric field in the specific plane has the form

E(
→
N;
→
a , t) =

∫
d2ΩK(

→
N,
→
Ω;
→
a) E(

→
Ω; t), (D.1)

where K(
→
N,
→
Ω;
→
a) is the propagation kernel. The corresponding intensity is

I(
→
N;
→
a) =

〈
1
2

∣∣∣∣∣E(
→
N;
→
a , t)

∣∣∣∣∣2
〉
=

∫
d2Ω

∫
d2Ω′ K(

→
N,
→
Ω;
→
a) K∗(

→
N,
→
Ω′;

→
a) I(

→
Ω,

→
Ω′), (D.2a)

where

I(
→
Ω,

→
Ω′) =

〈
1
2

E(
→
Ω; t) E∗(

→
Ω′; t)

〉
(D.2b)

is the spatial coherence on the celestial sphere. If the electric fields on the celestial sphere are spatially incoherent over the time
average, or〈

1
2

E(
→
Ω; t) E∗(

→
Ω′; t)

〉
= I(

→
Ω) δ(

→
Ω −

→
Ω′), (D.3)

then Eq. (D.2a) becomes

I(
→
N;
→
a) =

∫
d2Ω

∣∣∣∣∣K(
→
N,
→
Ω;
→
a)

∣∣∣∣∣2 I(
→
Ω). (D.4)

Note that the only time that a PSF can be defined is when the electric field on the celestial sphere is spatially incoherent. For example,

when propagating a spatially incoherent electric field from the celestial sphere to the observation plane (Sect. 5), K(
→
N,
→
Ω;
→
a) →

D(
→
R,
→
Ω) = e j2πκ

→
R·→s xy(

→
Ω) and |K(

→
N,
→
Ω;
→
a)|2 → P(

→
R,
→
Ω) = 1. Also, when propagating a spatially incoherent electric field from the

celestial sphere to the telescope image plane (Sect. 6), K(
→
N,
→
Ω;
→
a)→ D(

→
r ,
→
Ω) and |K(

→
N,
→
Ω;
→
a)|2→ P(

→
r ,
→
Ω).
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Appendix E: Propagating quantities through free space

When 9a is substituted into Eq. (17c), I obtain

E(
→
R; t) =

∞∑
m=−∞

2π
∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dφ e j2πκRρcos (φ−ψ) e jmφ

]
Em(ρ; t). (E.1a)

After the variable change χ = φ − ψ, the quantity in square brackets becomes

1
2π

∫ 2π−ψ

0−ψ
dχ e j2πκRρ cosχ e jmχ = jm Jm(2πκRρ) e jmψ. (E.1b)

Note that the integration range is 2π and the kernel function periodic in 2π, which means that the −ψ in the integration limits may
be ignored. Therefore, Eq. (E.1a) becomes

E(
→
R; t) =

∞∑
m=−∞

Em(R; t) e jmψ =

∞∑
m=−∞

{
jm

[
2π

∫ ∞

0
dρ ρ Jm(2πκRρ) Em(ρ; t)

]}
e jmψ. (E.1c)

The quantity in square brackets is the mth order Hankel function H
[
Em(ρ; t); R

]
, arising from diffraction. Note that each source state

Em(ρ; t) leads only one state in the observation plane Em(R; t) (the quantity in the curly brackets), which means that propagation
through free space applies no external torque to the wavefronts.

The POAM expansion of the observation-plane intensity of a spatially incoherent source may be derived in a number of ways.
According to Eq. (12b), a rancored intensity is the sum of correlated states with the same rancor. When this equation is substituted
into Eqs. (10a) and (20), I obtain

I(
→
R) =

∞∑
m=−∞

∞∑
n=−∞

⎧⎪⎪⎨⎪⎪⎩ jm−n 2π
∫ ∞

0
dρ ρ Jm(2πκRρ) Jn(2πκRρ)

∞∑
k=−∞

Ik,k−(m−n)(ρ)

⎫⎪⎪⎬⎪⎪⎭ e j(m−n)ψ

=

∞∑
k=−∞

∞∑
l=−∞

⎧⎪⎪⎨⎪⎪⎩ jk−l 2π
∫ ∞

0
dρ ρ

⎡⎢⎢⎢⎢⎢⎣ ∞∑
m=−∞

Jm(2πκRρ) Jm−(k−l)(2πκRρ)

⎤⎥⎥⎥⎥⎥⎦ Ik,l(ρ)

⎫⎪⎪⎬⎪⎪⎭ e j(k−l)ψ. (E.2a)

Each term in the curly brackets is Im,n(R), and each of them arises from only a single correlation on the celestial sphere. But, the
quantity in square brackets is the Kronecker delta function δk,l, which means that

I(
→
R) =

∞∑
k=−∞

2π
∫ ∞

0
dρ ρ Ik,k(ρ). (E.2b)

Appendix F: Propagating quantities through an unaberrated telescope

The DF (Eq. (23b)) of an unaberrated telescope is

D(
→
r ,
→
Ω)→ D(

→
r ,
→
Ω) =

1
Aep

∫
d2Re

− j2πκM
[→

r
Θ
−→s xy(

→
Ω)

]
·→RD0 =

1
Aep

2π
∫ Rep

0
dRR

[
1

2π

∫ 2π

0
dψe− j2πκMΓ(

→
r ,
→
Ω)R cos[ψ−γ(

→
r ,
→
Ω)]

]
D0, (F.1a)

whereD0 is a real constant. With the changes of variables χ = ψ − γ(
→
r ,
→
Ω) and u = R / Rep, I obtain

D(
→
r ,
→
Ω) = 2

∫ 1

0
du u

⎡⎢⎢⎢⎢⎢⎢⎢⎣ 1
2π

∫ 2π−γ(
→
r ,
→
Ω)

0−γ(
→
r ,
→
Ω)

dχ e− j2πκRtelΓ(
→
r ,
→
Ω)u cosχ

⎤⎥⎥⎥⎥⎥⎥⎥⎦ D0. (F.1b)

The γ(
→
r ,
→
Ω) term in both integral limits may be ignored since the integrand is periodic in 2π. The quantity in the square brackets is

J0

[
2πκRtelΓ(

→
r ,
→
Ω)u

]
. I now apply another change of variables v = 2πκRtelΓ(

→
r ,
→
Ω), which means that

D(
→
r ,
→
Ω) =

2[
2πκRtelΓ(

→
r ,
→
Ω)u

]2

⎡⎢⎢⎢⎢⎢⎢⎢⎣
∫ 2πκRtelΓ(

→
r ,
→
Ω)

0
dv v J0(v)

⎤⎥⎥⎥⎥⎥⎥⎥⎦ D0. (F.1c)

The indefinite integral is vJ1(v), so Eq. (F.1a) becomes

D(
→
r ,
→
Ω) = 2

J1

[
2πκRtelΓ(

→
r ,
→
Ω)

]
2πκRtelΓ(

→
r ,
→
Ω)

D0 = D0J1

[
2πκRtelΓ(

→
r ,
→
Ω)

]
. (F.1d)
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The unaberrated PSF is just the square of this DF,

P(
→
r ,
→
Ω) → P(

→
r ,
→
Ω) = D2(

→
r ,
→
Ω) = P0A

[
2πκRtelΓ(

→
r ,
→
Ω)

]
. (F.2)

Deriving the principal DF POAM expansions (Eq. (27a)) is relatively straightforward. I begin with the input/output gains of the
unaberrated DFs (Table 2),

D−m
p (r, ρ) =

1
2π

∫ 2π−ψ

0−ψ
dφ e jmφ

∫ 2π−ψ

0−ψ
dξ e− jpξ 1

Aep

∫
d2R e

− j2πκM
[→

r
Θ
−→s xy(

→
Ω)

]
·→RD0

= D0 2
∫ 1

0
du u

[
1

2π

∫ 2π

0
dγ e jpγ e− j2πκ

Rtel
Θ

u cos γ

] [
1

2π

∫ 2π

0
dχ e jmχ e− j2πκRtelρu cosχ

]∗ [
1

2π

∫ 2π

0
dψ e− j(m−p)ψ

]
, (F.3a)

where I made the variable substitutions γ = ξ − ψ, χ = φ − ψ, and u = R / Rep. The ψ variable has been removed from the integration
limits because the integrands are periodic in 2π. The rightmost quantity in square brackets is δm,p. Using the Bessel function identity
of Eq. (E.1b) to replace the other two quantities in square brackets, I obtain the principal DF POAM expansions. With the same
equations, it is then possible to derive the input and output sensitivities

D−m(
→
r , ρ) =

∞∑
p=−∞

D−m
p (r, ρ) e jpξ = D(r, ρ; m) e jmξ (F.3b)

and

Dp(r,
→
Ω) =

∞∑
m=−∞

D−m
p (r, ρ) e− jmφ = D(r, ρ; p) e− jpφ. (F.3c)

Deriving principal PSF POAM expansions takes a little more effort. I start with the input/output (correlated/correlated) expansion
in Table 3. For an unaberrated instrument, the image-plane correlations become

Ip,q(r) =
∞∑

m=−∞

∞∑
n=−∞

2π
∫ ∞

0
dρ ρP−m+n

p,q (r, ρ)Im,n(ρ) =
∞∑

m=−∞

∞∑
n=−∞

2π
∫ ∞

0
dρ ρ

[
1

2π

∫ 2π

0
dφe j(m−n−p+q)φ

]
D(r, ρ; p)D(r, ρ; q)Im,n(ρ)

= 2π
∫ ∞

0
dρ ρP(r, ρ; p, q)Ip−q(ρ), (F.4a)

which proves Eq. (28a). If I turn this equation into a relationship between the rancors of the image plane and the celestial sphere,
then

Im(r) =
∞∑

p=−∞
Ip,p−m(r) = 2π

∫ ∞

0
dρ ρ

⎡⎢⎢⎢⎢⎢⎢⎣
∞∑

p=−∞
P(r, ρ; p, p − m)

⎤⎥⎥⎥⎥⎥⎥⎦Im(ρ) = 2π
∫ ∞

0
dρ ρP(r, ρ; m)Im(ρ), (F.4b)

which proves Eq. (28b).
To prove that the integrated POAM probabilities are conserved between the celestial sphere and the image plane for an un-

aberrated telescope, I begin with the relationship between correlations on the celestial sphere and correlations in the image plane
(Eq. (28a)),

Ip,p(r) = 2π
∫ ∞

0
dρ ρP(r, ρ; 0) Ip,p(ρ). (F.5a)

When this equation is normalized by the total intensity in the image plane

Iip =

∫
d2r I(

→
r) =

∫
d2Ω

[∫
d2r P(

→
r ,
→
Ω)

]
I(
→
Ω) =

∫
d2Ω P(

→
Ω) I(

→
Ω) (F.5b)

and rearranged, I obtain the integrated probability in the image plane (Eq. (14b)),

pip
p,p =

Iip
p,p

Iip
=

2π
∫ ∞

0
dr r Ip,p(r)

Iip
= 2π

∫ ∞

0
dr r pp,p(r)

= 2π
∫ ∞

0
dρ ρ

[
Ics

Iip
2π

∫ ∞

0
dr r P(r, ρ; 0)

]
pp,p(ρ) = 2π

∫ ∞

0
dρ ρ

⎡⎢⎢⎢⎢⎢⎣ Ics

Iip
2π

∫ ∞

0
dr r

∞∑
k=−∞

P(r, ρ; k, k)

⎤⎥⎥⎥⎥⎥⎦ pp,p(ρ), (F.5c)

where I have also normalized the celestial sphere correlation by Ics to form the radial probability density on the celestial sphere. I
let the radial integration limit go to infinity, which will be well approximated by a detector that captures the light from several of
the inner rings of the Airy disk. For Eq. (F.5c), which has a form similar to Eq. (14b), to be equal to the integrated probability on
the celestial sphere pcs

p,p (Eq. (21b)), I must prove that the quantity within the square brackets is unity.



920 N. M. Elias II: Photon orbital angular momentum in astronomy

The sum in Eq. (F.5c) may be derived from the following equation,

1
2π

∫ 2π

0
dφ

1
2π

∫ 2π

0
dξ P(

→
r ,
→
Ω) =

1
2π

∫ 2π

0
dφ

1
2π

∫ 2π

0
dξ

∣∣∣∣∣D(
→
r ,
→
Ω)

∣∣∣∣∣2

=

∞∑
p=−∞

∞∑
q=−∞

∞∑
k=−∞

∞∑
l=−∞

D−k
p (r, ρ) D−l,∗

q (r, ρ)

[
1

2π

∫ 2π

0
dφ e j(p−q)φ

] [
1

2π

∫ 2π

0
dξ e− j(k−l)ξ

]

=

∞∑
p=−∞

∞∑
k=−∞

∣∣∣D−k
p (r, ρ)

∣∣∣2 = ∞∑
k=−∞
|D(r, ρ; k)|2 =

∞∑
k=−∞

P(r, ρ; k, k). (F.6a)

Substituting the first line of this equation into the square backets of Eq. (F.5c) and rearranging, I find that

Ics

Iip
2π

∫ ∞

0
dr r

1
2π

∫ 2π

0
dφ

1
2π

∫ 2π

0
dξ P(

→
r ,
→
Ω) =

Ics

Iip

1
2π

∫ 2π

0
dφ

[∫
d2r P(

→
r ,
→
Ω)

]
. (F.6b)

When integrating over the entire image plane, the quantity in the square brackets is C ≈ constant and the integral over φ becomes
unity. According to Eqs. (F.5b), Iip → C Ics, which confirms that the integrated probabilities in the image plane and on the celestial
sphere are identical. Also, since each integrated probability is conserved, the POAM expectation value is also conserved.

Appendix G: Calculating the POAM expansion of a coronagraph sector mask

Substituting Eq. (37a) into Eq. (34b) and making a simple change of variables, I find that

Mh(r,
→
Ω) =

2N−1∑
g=0

⎡⎢⎢⎢⎢⎢⎣ 1
2π

∫ 2πg
2N +

π
2N

2πg
2N − π

2N

dξ e− jhξ

⎤⎥⎥⎥⎥⎥⎦ mg(r,
→
Ω) =

2N−1∑
g=0

⎡⎢⎢⎢⎢⎢⎣ 1
− j2πh

∫ − j 2πhg
2N − j πh

2N

− j 2πhg
2N + j πh

2N

du eu

⎤⎥⎥⎥⎥⎥⎦ mg(r,
→
Ω)

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩ 1
2N

2N−1∑
g=0

e− j2π gh
2N mg(r,

→
Ω)

⎫⎪⎪⎪⎬⎪⎪⎪⎭ sinc

(
π

h
2N

)
= Mh(r,

→
Ω) sinc

(
π

h
2N

)
, (G.1)

where the quantity in the curly brackets is the hth DFT component. The DFT components of the alternating-phase mask are obtained
by substituting Eq. (39a) into Eq. (37c)

Mh(r,
→
Ω) → Mh =

1
2N

2N−1∑
g=0

e− j2π gh
2N e jpπ =

1
2N

2N−1∑
g=0

e− j2π g(h−N)
2N . (G.2a)

The components are unity when h is an odd multiple (positive or negative) of N, and zero otherwise. Similarly, the DFT components
of the vortex mask are obtained by substituting Eq. (41a) into Eq. (37c)

Mh(r,
→
Ω) → Mh =

1
2N

2N−1∑
g=0

e− j2π gh
2N e j2π gNw

2N =
1

2N

2N−1∑
g=0

e− j2π g(h−Nw)
2N . (G.2b)

The components are unity when h is Nw plus an even mutiple (positive or negative) of N, and zero otherwise.

Appendix H: Calculating the POAM quantities of a Michelson interferometer

Using Eq. (46b), I calculate the IDF output sensitivity

Du(B,
→
Ω; d,

→
r ) =

1
2π

∫ 2π

0
dβ e− juβ D(

→
B,
→
Ω; d,

→
r )

=

[
1

2π

∫ 2π

0
dβe− juβe j2πκ 1

2 Bρ cos (β−φ)

]
DA(

→
r ,
→
Ω)e− j2πκ 1

2 d +

[
1

2π

∫ 2π

0
dβe− juβe− j2πκ 1

2 Bρ cos (β−φ)

]
DB(

→
r ,
→
Ω)e j2πκ 1

2 d. (H.1a)

The quantities in square brackets are ju Ju(2πκ 1
2 Bρ) e− juφ and j−u Ju(2πκ 1

2 Bρ) e− juφ, respectively, which means that

Du(B,
→
Ω; d,

→
r ) = ju Ju

(
2πκ

1
2

Bρ

) {
[E(u) + O(u)] DA(

→
r ,
→
Ω) e− j2πκ 1

2 d + [E(u) − O(u)] DB(
→
r ,
→
Ω) e j2πκ 1

2 d
}

e− juφ. (H.1b)

The quantity in the curly brackets is Darm(
→
r ,
→
Ω; d, u), in Eq. (50b).

According to Eqs. (50b) and (52b), the IPSF output sensitivity (separate) is

Pu,v(B,
→
Ω; d,

→
r ) = Du(B,

→
Ω; d,

→
r ) D∗v(B,

→
Ω; d,

→
r ) = ju−v Ju(2πκ

1
2

Bρ) Jv(2πκ
1
2

Bρ) Parm(
→
r ,
→
Ω; d, u, v) e− j(u−v)φ. (H.2a)
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Equations (48e–48h), (50c), and (52c), can be used to explicitly state the arm factor product

Parm(
→
r ,
→
Ω; d, u, v) =

[
PAA(

→
r ,
→
Ω) + PBB(

→
r ,
→
Ω) + 2Re

{
PAB(

→
r ,
→
Ω) e− j2πκd

}]
E(u) E(v)

+

[
PAA(

→
r ,
→
Ω) − PBB(

→
r ,
→
Ω) − j2Im

{
PAB(

→
r ,
→
Ω) e− j2πκd

}]
E(u) O(v)

+

[
PAA(

→
r ,
→
Ω) − PBB(

→
r ,
→
Ω) + j2Im

{
PAB(

→
r ,
→
Ω) e− j2πκd

}]
O(u) E(v)

+

[
PAA(

→
r ,
→
Ω) + PBB(

→
r ,
→
Ω) − 2Re

{
PAB(

→
r ,
→
Ω) e− j2πκd

}]
O(u) O(v)

=

(
P0(
→
r ,
→
Ω) [E(u)E(v) + O(u)O(v)] + ΔP0(

→
r ,
→
Ω) [E(u)O(v) + O(u)E(v)]

)
+

(
2Re

{
PAB(

→
r ,
→
Ω)

}
[E(u)E(v)− O(u)O(v)] − j2Im

{
PAB(

→
r ,
→
Ω)

}
[E(u)O(v) − O(u)E(v)]

)
. (H.2b)

In the second part of this equation, the quantities in the square brackets are E(u − v), O(u − v), (−1)v E(u − v), and (−1)v+1 O(u − v),
respectively. Also in the second part of this equation, the first quantity in parentheses is Puncorr(

→
r ,
→
Ω; u − v) (Eq. (52d)) and the

second quantity is (−1)v Pcorr(
→
r ,
→
Ω; d, u − v) (Eq. (52e)).

Appendix I: Measuring binary star orbital parameters with a limited rancorimeter

The COL for a binary star, expressed in Cartesian coordinates with respect to a fixed origin, is

αCL =
I1

I
α1 +

I2

I
α2 =

1
1 + qL

α1 +
qL

1 + qL
α2 (I.1a)

and

δCL =
I1

I
δ1 +

I2

I
δ2 =

1
1 + qL

δ1 +
qL

1 + qL
δ2, (I.1b)

where qL = I2/I1 is the light ratio and I = I1 + I2 is the light total. For each observation, the COL acts as the reference point,

α1,∗ = α1 − αCL =
qL

1 + qL
Δα =

qL

1 + qL
ρ∗ cosφ∗ = ρ1,∗ cosφ∗, (I.2a)

δ1,∗ = δ1 − δCL =
qL

1 + qL
Δδ =

qL

1 + qL
ρ∗ sin φ∗ = ρ1,∗ sin φ∗, (I.2b)

α2,∗ = α2 − αCL = − 1
1 + qL

Δα = − 1
1 + qL

ρ∗ cosφ∗ = −ρ2,∗ cosφ∗, (I.2c)

and

δ2,∗ = δ2 − δCL = − 1
1 + qL

Δδ = − 1
1 + qL

ρ∗ sin φ∗ = −ρ2,∗ sin φ∗. (I.2d)

The quantities qL, ρ1,∗, ρ2,∗, and φ∗ are measured with the limited rancorimeter (Sect. 9.1), but ρ∗ = ρ1,∗ + ρ2,∗ and φ∗ are used for
orbit fitting.

Appendix J: Expressing the diffraction function perturbation using the zernike expansion

When Eq. (76) is substituted into Eq. (75a), I obtain

ΔD(
→
r ,
→
Ω) = jD0

∞∑
m=0

∞∑
n=m,

n−m=even

2
∫ 1

0
du u

[
1

2π

∫ 2π

0
dψ e− j2πκRtelΓ(

→
r ,
→
Ω)u cos[ψ−γ(

→
r ,
→
Ω)]e jmψ

]
Rm,n(u)Fm,n(

→
Ω)

+ jD0

∞∑
m=0

∞∑
n=m,

n−m=even

2
∫ 1

0
du u

[
1

2π

∫ 2π

0
dψ e− j2πκRtelΓ(

→
r ,
→
Ω)u cos[ψ−γ(

→
r ,
→
Ω)]e− jmψ

]
Rm,n(u)F∗m,n(

→
Ω) (J.1a)

after some rearranging. With a change of variables χ = ψ − γ(
→
r ,
→
Ω), this equation becomes

ΔD(
→
r ,
→
Ω) = jD0

∞∑
m=0

∞∑
n=m,

n−m=even

2
∫ 1

0
du u

⎡⎢⎢⎢⎢⎢⎢⎢⎣ 1
2π

∫ 2π−γ(
→
r ,
→
Ω)

0−γ(
→
r ,
→
Ω)

dχ e− j2πκRtelΓ(
→
r ,
→
Ω)u cosχe jmψ

⎤⎥⎥⎥⎥⎥⎥⎥⎦ e jmγ(
→
r ,
→
Ω)Rm,n(u)Fm,n(

→
Ω)

+ jD0

∞∑
m=0

∞∑
n=m,

n−m=even

2
∫ 1

0
du u

⎡⎢⎢⎢⎢⎢⎢⎢⎣ 1
2π

∫ 2π−γ(
→
r ,
→
Ω)

0−γ(
→
r ,
→
Ω)

dχ e− j2πκRtelΓ(
→
r ,
→
Ω)u cosχe− jmψ

⎤⎥⎥⎥⎥⎥⎥⎥⎦ e− jmγ(
→
r ,
→
Ω)Rm,n(u)F∗m,n(

→
Ω). (J.1b)
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The γ(
→
r ,
→
Ω) terms in the integral limits may be ignored, since the integrands are periodic in 2π. Using the identities

jk Jk(x) =
1

2π

∫ 2π

0
dχ e− jx cosχ e jkχ (J.2)

and J−k(x) = (−1)kJk(x), Eq. (J.1b) becomes

ΔD(
→
r ,
→
Ω) = jD0

∞∑
m=0

∞∑
n=m,

n−m=even

j−m

{
2
∫ 1

0
du u Jm

[
2πκRtelΓ(

→
r ,
→
Ω)u

]
Rm,n(u)

} [
Fm,n(

→
Ω) e jmγ(

→
r ,
→
Ω) + F∗m,n(

→
Ω) e− jmγ(

→
r ,
→
Ω)

]
. (J.3)

The quantity in the curly braces is jn−mJn+1

[
2πκRtelΓ(

→
r ,
→
Ω)

]
, thus giving Eq. (77).
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