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ABSTRACT

This paper presents a new architecture for deformable mirrors, suitable for adaptive optics (AO) observations. The performance of
these systems directly depends on the density of actuators, which correct for wavefront errors. Therefore, deformable mirrors of large
sizes are difficult to build because of the required number of actuators. Moreover, these actuators use either piezoelectric, magnetic, or
electrostatic systems, which all suffer from nonlinear behavior (hysteresis). To solve these problems, we propose to use addressable
vertical-cavity surface-emitting laser (VCSELs) systems, which move, through radiation pressure, a CVD-diamond membrane coated
with an aluminum/gold thin film. The advantage of such a system is the high actuator density (16 384 on 41 mm2) without hysteresis
problems. This technology is therefore well-suited for the next generation of AO systems.

Key words. instrumentation: high angular resolution – instrumentation: adaptive optics – methods: numerical

1. Introduction

Deformable mirrors (DM), coupled with wavefront-sensing sys-
tems, are used in adaptive optics to correct in real time for the at-
mospheric turbulence. They are also used in high-contrast imag-
ing optical workbenches such as HCIT (Trauger 2009) to correct
for some residual speckles after some coronagraphics systems.
Indeed, phase and intensity errors introduced in the pupil plane
create residual speckles in the final imaging plane after the coro-
nagraphic effect. All coronagraphs suppress the coherent part of
the light and leave some residual non-coherent speckles.

Extreme AO (ExAO) can be used to correct these phase
residuals at the 0.1 nm level. In these cases, using high-density
deformable mirrors with a small footprint (active area) is es-
sential to correct for the high number of Zernike polynomials,
without hysteresis. Nowadays, the performance of state-of-the-
art high-density DMs are still limited by their relatively signifi-
cant footprint (>9 cm2). Despite the technological advances, new
techniques that use piezoelectric, magnetic, or electrostatic sys-
tems generate undesirable hysteresis responses.

In this paper, we present a new concept that solves most
of these drawbacks (density, footprint, hysteresis). The solution
we propose makes use of high-density vertical-cavity surface-
emitting laser (VCSELs) that move a thin CVD-diamond mem-
brane (e.g., synthetic diamond, produced using chemical vapor
deposition technique) with an aluminum coating through radi-
ation pressure. Thanks to present progress in the microsystem
manufacturing, a 128 × 128 fully matrix-addressable VCSELs
array is under study today. This configuration allows high actua-
tor density (16 384), small footprint (0.41 cm2 with 50 μm array
pitch) and no hysteresis due to the free-mechanical movement
induced by each laser radiation pressure.

The DM concept is explained in detail in Sect. 2, while the
radiation pressure theory on a clamped membrane is presented
in Sect. 3. Because the device uses a VCSELs array (Kasten
et al. 2007; Seurin et al. 2008; Bardinal et al. 2011) to exercise

pressure on the thick membrane via laser beams, it is essential to
take into account any possible diffraction effects; these calcula-
tions are given in Sect. 4. The optical propagation of light allows
one to calculate (a) the “waffle” effect and (b) the inter-actuator
crossing effect, because the laser beam size is larger than the ac-
tuator pitch (see the Gaussian convolution in Appendix E). The
first stage of the numerical simulation of the membrane deflec-
tion can be performed with a simple linear model, which is pre-
sented in Sect. 5. However, due to the very thick (1–2 μm) multi-
layer membrane, the deformation level can be higher than the
thickness and a nonlinear model must also be investigated to per-
form better numerical simulations of the deformation constraint
(i.e. laser power vs. dynamic). These calculations are presented
in Sect. 5.5. The temporal response of the device is also inves-
tigated in Sect. 7 by directly calculating the resonance frequen-
cies. Finally, an estimation of the thermal deformation of the
membrane, due to the high laser power, is proposed in Sect. 8.

2. Principle

This paper introduces the concept of using radiation pressure
to distort a thin CVD-diamond membrane. The pressure is pro-
duced by a fully addressable VCSELs array, which consists of
spatially monomode (TEM 00) laser diodes. This new optical
MEMS architecture creates a high-density actuator on a very
small footprint. The impressive performance of VCSELs, such
as (a) high-power laser-diode emission (several mW per diode),
(b) circular monomode beam, and (c) efficient high-frequency
modulation, is providing the motivation for using light for a pos-
sible non-mechanical movement of the thin membrane with ra-
diation pressure (Mansuripur 2004; Labeyrie et al. 2010).

2.1. VCSELs array manufacturing

Up to 128 × 128 VCSELs array are under study in
the near-infrared (808−1064 nm) and this high number of
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laser-diodes (16 384) constitutes a possibility to obtain the
largest high-density deformable mirror ever made. We propose
to use laser-diodes working around 808−1064 nm because this
technology allows a high-power emission (up to 1 KW for an
entire array, see for example the commercially available Lasertel
product V1 QCW for high-power VCSEL at 808 nm). The actua-
tor pitch is a free parameter, but with the present nanotechnology
the number of laser-diodes varies inversely with the pitch dimen-
sion, and a value between 25–100 μm should be feasible. The
main problem in manufacturing a fully-addressable VCSELs ar-
ray is the number of metal connections or wires that is required
to operate the array. Matrix-addressable arrays greatly reduce
the number of required metal connections. As a comparison, for
a 128×128 array, 16 384 metal wires are required for the individ-
ually addressed array, but only 256 metal wires are required for
the matrix-addressable array (Conk 2002). If we chose the dis-
tance between each laser diode to be 50 μm, the effective size of
the deformable mirror will only be 6.5 mm× 6.5 mm. This foot-
print is perfectly adapted to classical optical workbenches used
for high-contrast imaging. Indeed, in this type of workbench,
the size of the pupil must remain small in diameter (with 0.25
to 3 cm) to ensure a relatively small size of the overall optical
system (2 m to 3 m).

Each laser-diode can be driven in intensity with high-
frequency modulation (several KHz), to allow a proper distor-
tion of a small part of the thin membrane. Before that, the
Gaussian monomode beam provided by each microlaser must
be collimated with an array of square fused silica microlenses.
Let Λx,Λy be the distance between each laser diode in the x
and y direction, respectively, and Nd = nx × ny the total num-
ber of laser-diodes. These parameters are important to define the
actuator pitch and the full effective size of the deformable mir-
ror. The focal length FL needed for a good collimation is given
directly by the beam divergence (1/e2):

FL =
min(Λx,Λy)

2tan
(
(1/e2)/2

) · (1)

We obtain 15 to 20 degrees of the total beam divergence for the
commercial VCSELs array, the focal length of the microlens ar-
ray needs to be FL > 142 μm for a 50 μm array pitch. This
value is the minimum focal length to achieve a complete illu-
mination of the microlens by the full width at half maximum
of the Gaussian beam. To know the full laser field given by the
entire array, we must simulate the propagation until the mem-
brane is reached with Fresnel diffraction. The gap between mi-
crolens and a limited precision alignment must be taken into ac-
count to properly evaluate the diffraction field on the membrane,
which produces some correlation problems between actuators.
In classical mirror theory, this correlation is generally known as
“waffle” effect.

Figure 1 presents the optical scheme that uses polarized light
(provided directly by the VCSELs array or by a linear polariz-
ing system) to separate the input laser beam (Ein, Hin) from the
output (Eout, Hout) after reflection on the thin coated membrane.
The proposed optical device can either be a Faraday rotator or a
polarizing cube, necessary to achieve a perfect separation of the
output beam and dramatically decrease a possible interference
process between the two laser fields.

2.2. Membrane manufacturing

Finally, we decided to take a 1 μm thick CVD-diamond mem-
brane (see Espinosa et al. 2003; Koizumi et al. 2008) with
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Fig. 1. Key functional elements of a high-density actuator deformable
mirror, driven by radiation pressure from a VCSELs array. Bottom to
top: fully addressable VCSELs array of laser diodes in the near-infrared
(808−1064 nm). The emitting region of the laser diode is around 9 μm
(the laser size), and the actuator pitch is given by the laser diode spac-
ing. Each Gaussian beam (provided by laser diodes) is collimated by
a square microlens array in fused silica with a proper anti-reflection
coating (transmission >99.5%). The microlens array must be very well
aligned (<0.5 μm) with the VCSEL array. If the VCSELs array is not
in polarized emission, a linear polarizer is needed. The light passes
through an optical polarizing device and arrives on a thin CVD-diamond
membrane (≈1 μm of thickness) with aluminum coating (100 nm of
thickness) on each face. The linear polarizer and the optical polariz-
ing device management can have the same component as a polarizing
cube with high polarization purity (>104). The radiation pressure pro-
duced by each laser diode locally distorts the membrane with a Gaussian
shape, which definies the actuator response of the system.

a 100 nm aluminum and 60 nm gold coating. The thickness of
the membrane must be (a) as low as possible to allow a suf-
ficient displacement (i.e. dynamic range) due to the radiation
pressure and (b) thin enough not to break during movement.
The CVD-diamond material constitutes the best possible choice,
due to its high Young’s modulus (greater than 1000 GPa). The
mechanical resonance frequency must be high compared to the
maximum frequency (10KHz) used in the deformable mirror
(200 KHz for a 50 μm length).

To manufacture a diamond membrane of 1–10 μm thick-
ness range, we must use nanocrystalline or ultra-nanocrystalline
CVD diamond (Hess 2012). Membranes as thin as 100 nm al-
ready exist (Espinosa et al. 2003) and clearly demonstrate the
feasibility of the DM concept. The choice of reflection coating
for the laser beams can be a simple aluminum, because it di-
rectly provides a low-density membrane (3.51 g/cm3 for CVD-
diamond material and 2.7 g/cm3 for aluminum coating), but
gold (19.3 g/cm3) provides a better reflectivity at 980 nm than
aluminum also with low-roughness and low-depolarization is-
sue. The gold coating must be greater than 60 nm of thickness.
Concerning the reflecting surface used for the phase corrections,
the metallic coating can also be aluminum because it provides
low roughness and small mass at the other face.
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In the following section we present the fundamental equa-
tions that describe the radiation pressure (the Lorentz law), using
as a starting point Maxwell’s electromagnetic field equations.

3. Radiation pressure simulation

3.1. The Lorentz law

Following Mansuripur (2004), we calculated the electromag-
netic radiation force and its associated acceleration for a thin
suspended membrane, produced by a direct application of the
Lorentz law of classical electrodynamics. We used Maxwell’s
equations to determine the distributions of the two fields, E
and H, present in the electromagnetic radiation both inside and
outside the considered medium. The Lorentz law describes the
electromagnetic force F on a particle of charge q and velocity

−→
V :

−→
F = q

(−→
E +
−→
V × −→B

)
. (2)

The magnetic field
−→
B is related to the H-field via the permeabil-

ity of free space μ0,

−→
B = μ0

−→
H ∇−→B = 0. (3)

All three
−→
E ,
−→
B ,
−→
H fields are classical time harmonic fields, writ-

ten for the electric field as
−→
E (x, y, z, t) =

−→
E (x, y, z) exp(−iωt)

with ω the angular frequency.
The next step is to calculate the interaction of laser light in

the considered medium. For this purpose we introduce two new
vectors that take into account some of the properties of the inter-
acting medium:

−→
D = ε0

−→
E +
−→
P ∇−→D = 0, (4)

where
−→
D is the electric displacement vector,

−→
P is the local polar-

ization density within the considered medium, and ε0 is the per-

mittivity of free space. The divergence of
−→
D is generally equal

to zero and occurs when there are no free charges in the system.
In a linear medium with a relative permittivity ε , the two

vectors
−→
D,
−→
P become

−→
D = ε0ε

−→
E

−→
P = ε0(ε − 1)

−→
E . (5)

The complex refractive index of the medium is given by

n + iκ =
√
ε.

When the light interacts with the medium, the perpendicular
H-field at the interface between adjacent media must remain
continuous. Nevertheless, this is not the case for a tangential

H-field at such interfaces. Maxwell’s equation
−→∇ × −→H = −→J +

∂
−→
D/∂t can be used to create an interfacial current density,

−→
J .

The high conductance of aluminum or gold permits the flow of
the surface current. Using the charge conservation principle for

this specific medium, we obtain ∇.−→J + ∂ρ/∂t = 0, where ρ is the
surface charge density. The motion of the conduction electrons

corresponds to a surface current density
−→
J = q

−→
V and the only

source of electrical currents are bound charges, with a current

density,
−→
Jb, of

−→
Jb =

∂
−→
P
∂t
= −iωε0(ε − 1)

−→
E . (6)
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Fig. 2. Composition of the thin membrane and how the light from the
laser interacts in its interior. The membrane consists of three films:
(a) an aluminum coating of width h1, (b) a CVD-diamond substrate
of width h2, and (c) an aluminum or gold coating, of width h3. Left: the
shape of the clamped-edge membrane, hm(r), is only depending on r,
and in the classical adaptive optics implementations, the gravity vec-
tor is vertical. Right: a linearly polarized plane wave (Ein , Hin) is nor-
mally incident on the surface of a medium of complex dielectric con-
stant ε1. E1t, E1r are the electric fields inside the first reflective medium
for, the transmitted and reflected waves respectively. For a good reflec-
tion of light with aluminum or gold, the thickness of the coating must
be greater than 50 nm and the two electric fields inside with medium
will be strongly attenuated. In this case, E2t, E2r, Et inside and outside
the CVD-diamond will be equal to zero. Z0 =

√
μ0/ε0 is the free-space

impedance and the H-field amplitude will be always Hn =
√
εEn/Z0

depending on the relative permittivity ε of the medium.

The H-field of the electromagnetic wave will create a force on
the bound current, which, according to the Lorentz law, will be

F = 1/2.�(
−→
Jb × −→B∗), (7)

where � is the real part of the vectorial product between the

bound current density,
−→
Jb, and the magnetic field

−→
B .

3.2. Forces on a homogeneous membrane with clamped
edge

In the vacuum, the amplitude of the H-field of the electro-
magnetic wave is proportional to the E-field (H0 = E0/Z0)
with Z0 =

√
μ0/ε0 being the free-space impedance. In a di-

electric medium with a relative permittivity εn this relation be-
comes Hn =

√
εnEn/Z0.

As shown in Fig. 2, the membrane is illuminated at a normal
incidence, the complex reflection and transmission coefficients
are denoted by r1 and t1 respectively, and the absorption coeffi-
cient is A1 (see Table 1). The counter-propagating beams within
the first aluminum coating have an E-field amplitude E1t and E1r
and the total field distribution is given by

Ex = E1teiΓz + E1re−iΓz

Hy = (
√
ε1E1t/Z0)eiΓz − (

√
ε1E1r/Z0)e−iΓz (8)
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Table 1. Parameters used for the reflection coating.

Material λ
√
ε1 Thickness |r1|2 |t1|2 A1

coating (μm) n + iκ (nm) % % %

Al1 0.98 1.468 + i 9.22 100 93.83 0 6.17
Au2 0.98 0.248 + i 6.67 60 97.85 0 2.15

Notes. (1) Mearini (1992), Barron (2005), Bass et al. (2009); (2) Bass
et al. (2009).

E1t = 2Ein/
(
(1 + ρ) +

√
ε1(1 − ρ)

)
E1r = ρE1t (9)

Γ = 2π
√
ε1/λ ρ =

(√
ε1 − 1

)
/
(√
ε1 + 1

)
ei2Γh1 (10)

r1 =
ρ −

((√
ε1 − 1

)
/
(√
ε1 + 1

))
1 − ρ

((√
ε1 − 1

)
/
(√
ε1 + 1

)) (11)

t1 =
4
√
ε1(√

ε1 + 1
)2

e−iΓh1 −
(√
ε1 − 1

)2
eiΓh1

(12)

|r1|2 + |t1|2 = 1 + A1 A1 > 0. (13)

Therefore, the radiation pressure force, Fz, becomes

Fz = ε0
(
|r1|2 − A1

)
E2

in. (14)

4. Optical simulation

This section presents a complete analytical simulation of the
electromagnetic field due to the VCSEL’s array on the mem-
brane. The VCSEL array is composed of nx × ny lasers. Each
laser monomode diode creates a Gaussian illumination on
the microlens array. The proposed optical system propagates
this laser mode onto the membrane with the same shape.
Nevertheless, in the classical micro lens array, the Fresnel
diffraction pattern between the lenses sets a limitation on their
filling factor. Indeed, it is currently impossible to manufac-
ture lenselet arrays with 100% of filling factor (it is usually
around 99%). If the lens pitch in the x and y directions are 50 μm,
the diffractive zone is ≈0.5 μm. All lens boundaries create
Fresnel diffraction is called a waffle effect.

The entrance amplitude light field in each microlens is con-
sidered Gaussian with the following definition:

UL
i, j =

√
IL
i, je
−((x−xi, j)2+(y−yi, j)2)/(4(σ2

gx+σ
2
gy)), (15)

where IL
i, j is the intensity of the laser (i, j), and xi, j, yi, j are

the cartesian coordinates of the beam center for the laser (i, j).
The 4 factor on the beam width in amplitude corresponds to a
classical Gaussian distribution beam (with the factor of 2 in the
denominator) for the intensity laser,

(
xi, j, yi, j

)
=

(
(2i − 1)Λx

2
,

(2 j − 1)Λy
2

)
i ∈ {0, nx} j ∈ {0, ny}.

(16)

Finally, we assume that each Gaussian is symmetric, with σgx =
σgy, although this will not be the case if the laser diode presents
beam astigmatism.

Now, we calculate the Fresnel diffraction caused by the im-
perfect filling factor on the square array of laser diodes. The ar-
ray pitch is set by the previously defined Λx and Λy distances.

0

b

a

y

x

membrane

n  =128

xn  =128

y

r   =7 mmm

Fresnel

z

zP (x,y)

diffraction

random

Fig. 3. Numerical simulation of the illuminated field Pz obtained by the
proposed VCSEL array (128×128, pitch of 50 μm). We chose a circular
clamped membrane of rm = 7 mm (circle limit). Our simulation consid-
ers a random wavefront error of 0.1 wave rms and includes the Fresnel
propagation. To enhance the last effect in the image, the brightness scale
is not linear (|I|0.25).

Fx and Fy are the filling factors in the cartesian coordinates,
with Fx = 0.99Λx and Fy = 0.99Λy.

The entire demonstration is given in appendix A and the re-
sults are presented in Fig. 3.

For z = 2 cm and λ = 0.98 μm, all Fresnel numbers are
1
(Fraunhofer diffraction mode). A numerical calculation shows
that UFr < 10−4Ug, which means that the waffle effect caused by
the imperfect filling factor seems to be very low. The total illumi-
nated laser field on the membrane can be considered continuous.
The membrane mechanical deformation with nx × ny actuators
will be modelled as a single, large actuator. The full analytical
development is the scope of the following section.

5. Modeling the membrane deformation w

5.1. Equation of motion for a membrane in cartesian
coordinates

Let w = w(x, y, t) be the mechanical membrane deformation, and
Pz = Pz(x, y, t) the radiative pressure given by the VCSEL array.
The full dynamical mechanical deformation is

− 1
ab

[
ρ̄h
∂2w

∂t2
+ ζ
∂w

∂t
+ Kw

]

+

[
D �4 w − Pt

ab
�2 w − h

ab
G (φs, σ)

]
= Pz(x, y, t). (17)

Assuming that the temporal part of the radiation pressure is equal
to the membrane deformation, the the solution to Eq. (17) can be
decomposed into a spatial and temporal component as follows:

w = w(x, y)w(t) and Pz = Pz(x, y)w(t). (18)

Plugging Eqs. (18) into (17) yields the temporal and spatial
equations as follows:

ρ̄h
∂2w(t)
∂t2

+ ζ
∂w(t)
∂t
+

(
K +

Pz(x, y)ab
w(x, y)

)
w(t) = 0 (19)

D �4 w(x, y) − Pt

ab
�2 w(x, y) − h

ab
G (φs(x, y), σ) = Pz(x, y). (20)

Details about each of the terms the temporal and spatial equa-
tions consist of will be provided in the following sections.
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Table 2. Material properties.

Material Young’s modulus Stress σ Poisson’s Density Roughness
(GPa) (MPa) ratio (g/cm3) (nm)

CVD diamond1 610–1140 0 to 100 0.1 3.51 1–3
Al2 65–80 20 0.35 2.7 1–10
Al0.5%Cu3 60–120 –20 0.33 2.7 1
Au4 70 –180 to 77 0.44 19.3 2–3†

Notes. (†) Direct AFM measurements of gold coated mirror. (1) Hess (2012) for a complete review of CVD-diamond mechanical properties.
(2) Mearini (1992). (3) Barron (2005). (4) Pandey et al. (2009), Salvadori et al. (2003), Thornell et al. (1999).

Appendix B gives static solutions in the Fourier plane for the
linear model. These solutions are needed to enable the numeri-
cal simulations of the membrane deformation.

5.2. Numerical calculation: the Galerkin method

Prior to the development of the finite element method (FEM),
there existed an approximation and recursive technique to solve
differential equations, known as the Galerkin method (Galerkin
1915). The basic idea of this technique is to use the Fourier de-
velopment given by Eq. (B.3) with Wn,m as unknown parame-
ters to approximate the solution iteratively. For more information
concerning this method see Dubey (2005), and Kerrour & Hobar
(2006). The Galerkin method is also a method of weighted resid-
uals, where over the interior and boundary an appropriate func-
tion is set to zero. Now, we carefully explain the calculation to
obtain de radiation pressure Pz(x, y) and the membrane deforma-
tion w(x, y) (the final wavefront).

We define the weighted residuals R(x, y) as

R(x, y) = D �4 w(x, y) − Pt

ab
�2 w(x, y) − Pz(x, y) (21)∫ a

0

∫ b

0
R(x, y)S m (x) S n (y) dxdy = 0, (22)

where w(x, y) is the solution on the DM array:

R(x, y) =
ny∑

m′=1

nx∑
n′=1

Wm′ ,n′
(
D �4 [

S m′ (x) S n′ (y)
])

−
ny∑

m′=1

nx∑
n′=1

Wm′,n′
( Pt

ab
�2 [

S m′ (x) S n′ (y)
])

− 4
ab

∫ a

0

∫ b

0
Pz(x, y)S m (x) S n (y) dxdy. (23)

After some calculations, Eq. (23) gives

nx∑
m=1

ny∑
n=1

Wm,n

⎡⎢⎢⎢⎢⎢⎣D
((mπ

a

)2
+

(nπ
b

)2
)2

− Pt

ab

((mπ
a

)2
+

(nπ
b

)2
)⎤⎥⎥⎥⎥⎥⎦ =

4
ab

∫ a

0

∫ b

0

[
1
c

(|r1|2 − A1)
ab

Uf(x, y)U∗f (x, y)

]
S m (x) S n (y) dx, dy

where c is the speed of light in the vacuum. The total illumi-
nated laser field is Uf = Ug + UFr ≈ Ug. This is because, as
we previously calculated, the Fresnel propagation is negligible,
with UFr < 10−4Ug,

Uf(xm,n, ym,n)U∗f (xm,n, ym,n) ≈
nx∑

m=1

ny∑
n=1

UL
m,nUL∗

m,n. (24)

UL
m,nUL∗

m,n is the influence function of actuator m, n, and
(xm,n, ym,n) are the cartesian coordinates of the actuator center
(see Eq. (15)). However, the final shape of the mirror surface
depends on the positions of the neighbor actuators. The two ma-
trixes Wm,n and Iz,m,n are not diagonals. Solving this linear system
allows us to fully characterize this influence function.

The membrane deformation linear model, presented in this
section, is the first approximation to retrieve the relationship be-
tween w(x, y) and Pz(x, y). However, two corrections must be
applied on this model:

– because the membrane is a multi-layer system, its mechani-
cal properties must be corrected for;

– the deformation w(x, y) becomes nonlinear when the ampli-
tude is larger than the membrane thickness. Therefore a non-
linear model that includes an Airy stress function is prefer-
able to obtain a better evaluation of membrane deformation
amplitude w(x, y).

5.3. Multi-element membrane

The mechanical properties of a multi-layer system differ from a
single-layer homogenous membrane. Because the Poisson’s ra-
tios differ for diamond/aluminum, there will be a change in the
length of the lines that are parallel to the lower material (Al) due
to an in-plane strain εz. An equivalent single-material approach,
Myers et al. (2006), can be used for this study if

D→ De ν→ νe E → Ee, (25)

where De, νe, Ee are the equivalent mechanical properties of the
proposed structure. Our model is composed of four layers of dif-
ferent materials. The top layers are considered as one bi-material
layer (Al 100 nm/diamond 500 nm) and the bottom one as well
(diamond 500 nm/Al 100 nm or diamond 500 nm/Au 60 nm).
Some mechanical properties of these materials are summarized
in Table 2. The mathematical expressions of De, νe, Ee are given
in Appendix C.

For the layer combination Al/Au we chose an average
Young’s modulus of 70 GPa with a Poisson’s ratio of 0.33
and 0.44, respectively. Concerning the Stress coefficient σ, we
chose the conservative value of 20 MPa. A coating optimization
of the Al/diamond/Au system can decrease near the zero value
the stress coefficient.

5.4. Deflection of the membrane

The deflection of a circular clamped membrane is given by
Sheplak & Seiner (1999):

hm(r) =
ΔPr4

m

T 2
mDe

(
I0(Tmr/rm) − I0(Tm)

2TmI1(Tm)
+

r2
m − r2

4r2
m

)
(26)

A25, page 5 of 12



A&A 545, A25 (2012)

Table 3. Parameters used for the composite membrane.

Membrane Stiffness Young’s modulus Stress σ Poisson’s Density ρ̄
structure (N/m) (GPa) (MPa) ratio g/cm3

Al/diamond/Al 4.984 × 10−8 345 20 0.07 3.375
Al/diamond/Au 4.985 × 10−8 375 20 0.07 4.257

Tm =
rm

h

√
12(1 − ν2e)σ

Ee
, (27)

where ΔP is differential pressure, Tm is a tension parameter due
to the residual stress σ in the membrane, I0(Tm) and I1(Tm) are
modified Bessel function on the order of 0 and 1 respectively.
The maximum deflection of the membrane is given for r = 0,

hm(0) = ΔP(Pa)500 nm Tm = 152.287
I0(Tm)
I1(Tm)

= 1.00328.

(28)

We notice that the deformation memory will be very low for di-
amond material because this effect occurs only on the elasticity
deformation region (>95 GPa) and diamond has the highest elas-
tic moduli and fracture strength of any known material. In the
real world, the membrane breaks with the cleavage process be-
fore non-reversible deformation. For cubic materials, the crack
occurs around E/10 ≈ 110 GPa (Hess 2012).

5.5. Nonlinear model for the static solutions

Our surface deflection amplitude can be more than the mem-
brane thickness. In this case, the vertical deflections are accom-
panied by stretching of the mirror surface. The stretching is a
nonlinear process that causes the mirror layer to increase its
load-carrying capabilities. To include this nonlinear stretching
of the membrane into our model the plate equation must modi-
fied as

De�4w− Pt

ab
�2w− h

ab
G (φs, σ) = Pz(x, y) h = h1+h2+h3. (29)

The complete evaluation of this equation using the same
Galerkin method as the linear model in Appendix B is given in
Appendix D.

6. DM: the spatial response

Using the methods describe above, we simulated our 128 ×
128 DM. First, we used the linear model with the mem-
brane composite stiffness De to estimate the deformation func-
tion wL(x, y). Equation (24) can be put into matrix form:
AwWL

m,n = Iz,m,n.
Second, we used Eq. (D.17) to estimate the Airy stress func-

tion with the linear solution of the deformation function wL(x, y).
We calculated the new deflection function wNL(x, y) using the
nonlinear model Eq. (D.18). Finally, to increase the precision of
the w(x, y) result, we repeated the two last processes until the
desired relative error was achieved.

6.1. Direct evaluation

For our study, we needed to obtain the input laser field for a
known membrane deformation. In this context, this is not neces-
sary to resolve the system of equations.

φ s,m,n s,m,nφ       ,σG(             )mnZ mnW/

LIi,jZ 55

Fig. 4. Example of the nonlinear simulation on Zernike 55. The pro-
jection of Z55 in the Fourier plane gives the Zm,n/Wm,n coefficients. The
Airy-type stress function φs,m,n is evaluated by the Wm,n coupling (see
Eq. (D.17)). The nonlinear part of the Eq. (29) (G (φs , σ)) is calcu-
lated and the Iz,m,n is directly obtained. A deconvolution by the Gaussian
laser beam distribution (Egxy) and the final projection on the DM plane
gives IL

i, j. All images are given in linear brightness except for φs,m,n

where the intensity is power of 0.1.

The laser intensity was evaluated directly using the nonlin-
ear model (Eq. (D.18)). First of all, we assumed that the final
membrane deformation w(x, y) is a pure Zernike polynomial Zp.
Using Eq. (B.7), we numerically projected the Zernike polyno-
mial Zp on the S m(x)/S n(y) Fourier basis, we obtained the Zm,n

coefficients as Wm,n. As we explain in the following scheme, we
evaluated the nonlinear function G and calculated the input laser
flux IL

i, j,

Zp −→ Zm,n−→ [
φs,m,n /G (0, σ)

]
NL−→

[
G (φs, σ)

]
NL−→ Iz,m,n.

Using the Iz,m,n function evaluation in Appendix E for a purely
Gaussian laser field (without the Fresnel propagation), we obtain

Iz,m,n → (Egxy)→ IL
m,n −→ IL

i, j.

An example using an input Zernike (Z55) in the pupil plane is
presented in Fig. 4.

6.2. Positive vs. negative correction

Our proposed optical MEMS using the radiation pressure as ac-
tuator performs wavefront deflection in the same way (always
the positive values). Negative wavefront values are also allowed
but we need to add an input curvature as a defocus ∝4r2/a2 on
the membrane. The input wavefront Zp is changed to Z±p as

Z±p (2r/a, θ) = fw

√
3

2
Z4(2r/a) +

pmax∑
p=1

± βpZp(2r/a, θ), (30)

where Z±p (2r/a, θ) is the desired entrance wavefront (here a
sum of simple Zernike polynomials) in the r, θ polar coordi-
nate basis, ±βp are the Zernike weight coefficients, and fw is the
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Table 4. Cavity depth and damping coefficient for Al/diamond/Au membrane.

Material Density Sound velocity Damping Cavity depth Stiffness ω0/2π
ρ0 (kg/m3) ca (m/s) ζ Lcav (mm) K (N/m3) (KHz)

air 1.293 343 0.02 1 >1.5 × 108 27.9
aerogel1 50–300 ≈100 5–100 1 7 × 106 6.0

Notes. (1) Zimmermann et al. (1995), Daughton et al. (2003).

level of membrane defocus. We present the corrected wavefront
as a finite sum of Zernikes between p = 1 to pmax ≈ 10 000
for 128 × 128 actuators.

Under these conditions, the dynamic of the optical MEMS
is decreased by a factor of about 2 to perform both posi-
tive and negative wavefront corrections. The maximum deflec-
tion is calculated according to our previous nonlinear model
(see Sect. D), representing the full dynamic of the proposed ar-
chitecture (i.e. 1 μm = ±500 nm).

7. DM: dynamical modeling

We notice that the spatial nonlinear equation (see Eq. (29)) is
given in cartesian coordinates because of the square shape of
the nx × ny actuators. The radiation pressure acts as forced vi-
bration on a clamped circular membrane and we coupled the
possible vibration effect of actuators with some natural modes
of vibration of the circular membrane.

7.1. The DM frequency response

To properly calculate the coupling parameter, we write the spa-
tial and temporal equations in the following way.

�4w(x, y)− Pt

Deab
�2 w(x, y)− h

Deab
G (φs(x, y), σ)−λ4

mw(x, y)=0

∂2w(t)
∂t2

+
ζ

ρ̄h
∂w(t)
∂t
+

(
ω2

0 + ω
2
)
w(t) = 0

λ4
m =

Pz

wDe
ω2 =

Pz

w

ab
ρ̄h

ω2
0 =

K
ρ̄h

(31)

– where ρ̄h is the main dynamical coefficient proportional to
the mass of the membrane;

– ζ is the damping coefficient (including air viscous damping);
– K + Pz(x, y)ab/w(x, y) is the stiffness coefficient of the pro-

posed system (including the air stiffness K inside a cavity).

The resolution of the temporal equation gives

w(t) = e
−tζ
2ρh

(
1

Cζ
sinh

( −t
2ρh

Cζ

)
+ cosh

( −t
2ρh

Cζ

))
(32)

Cζ =
√
ζ2 − 4ρ̄2h2

(
ω2

0 + ω
2
)
. (33)

7.2. Resonance frequencies calculation for a circular
clamped membrane

In the previous analysis, the membrane temporal motion was not
governed by resonance frequencies. Indeed, the Pz/w parameter

Table 5. Some fc,m,n = ω
2
c/2π values in Hz for the free vibration of the

Al/diamond/Au membrane.

m n
1 2 3 4

0 105 219 360 527
1 410 628 873 1145
2 919 1239 1587 1964
3 1632 2054 2505 2984
4 2549 3073 3626 4208

is not a modal function of a circular clamped membrane. If we
are interested in the effect of resonance frequencies on the mem-
brane dynamic, we need to perform a modal analysis for a cir-
cular clamped membrane in polar coordinates (see Mehta 2009),
which gives

w(r, θ) ∝ (Jm(λcr)Im(λcrm) − Jm(λcrm)Im(λcr)) (cos(mθ)

+ sin(mθ)) . (34)

The frequency equation with infinitely many solutions for each
value of m is[
∂Jm(λcr)
∂r

Im(λcrm) − Jm(λcrm)
∂Im(λcr)
∂r

]
r=rm

= 0 (35)

Jm−1(λc,m,nrm)Im(λc,m,nrm) − Jm(λc,m,nrm)Im−1(λc,m,nrm) = 0. (36)

Each Bessel function also possesses n roots (nodes), therefore λc
is a function of the m and n coefficients. We notice that these two
parameters n,m are not the same physical meaning as the previ-
ous Fourier analysis for spatial solution. The values of resonance
frequencies are given by

ω2
c =
λ4

c,m,n

r4
m

De

ρ̄h
· (37)

We also point out that the first frequency for an Al/diamond/Al
membrane is fc,0,1 = 116 Hz compared to the Al/diamond/Au
membrane, where fc,0,1 = 105 Hz (see Table 5).

7.3. The modal decomposition by a modified Hankel
transform

We previously calculated the temporal response of the mem-
brane as a function of Pz(x, y)/w(x, y) (see Eq. (32)). The im-
portant question is to know whether there exists natural reso-
nance for a fixed value of wavefront correction w(x, y) or not.
For a membrane deflection w = w(r, θ) (Eq. (34)), we propose to
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calculate the resonance coefficients αc,m,n using a modified ver-
sion of the Hankel transform,

H±λc,m,n
(w) =

∫ 2π

0

∫ 1

0
rwJm

(
λc,m,nrmr

)
e±iθ/2drdθ (38)∫ 2π

0
(cos(mθ) + sin(mθ)) e±iθ/2dθ =

2m ∓ i(
m + 1

2

) (
m − 1

2

) (39)

∫ 1

0
rJm(λc,m,nrmr)2dr =

1
2

Jm(λc,m,nrm)2 (40)∫ 1

0
rIm(λc,m,nrmr)2dr =

1
2

Im(λc,m,nrm)2 (41)

H±λc,m,n(w) =
∑
m,n

αc,m,n
2m ∓ i

2
(
m + 1

2

) (
m − 1

2

)DIJ
c,m,n (42)

DIJ
c,m,n =

(
Im(λc,m,nrm)Jm(λc,m,nrm)2 − Jm(λc,m,nrm)Im(λc,m,nrm)2

)
.

We previously integrated the w function on the θ with a modula-
tion of e±iθ/2 as an azimuthally averaged function to perform the
correct modal analysis.

The imaginary and real part correspond to the cos and the
sin modulation of the wavefront. This calculation is the modal
decomposition of the deflection function w for cos/sin modes.

If the input wavefront is a direct sum of Zernike polynomials
(Nijboer-Zernike decomposition, see Magette 2010), the modal
decomposition is more straightforward and we have

w(r) =
∑
m,n′

Rm
n′(ra/2rm)

(
βm

cn′ cos(mθ) + βm
sn′ sin(mθ)

)
(43)

H±λc,m,n,n′(w)=
∑
m,n′

(−1)
n′−m

2
2mβm

sn′ ∓ iβm
cn′(

m+ 1
2

) (
m− 1

2

) · Jn′+1(λc,m,na/2)

(λc,m,na/2)
· (44)

If we equalize Eqs. (42) with (44), we obtain the resonance fre-
quencies αc,m,n as a function of Zernike coefficients βm

n as

αc,m,n =
∑

n′

(−1)
n′−m

2

(
βm

sn′ + β
m
cn′

)
Jn′+1(λc,m,na/2)

(λc,m,na/2)DIJ
c,m,n

· (45)

In this case, if a low-order Zernike polynomials have a larger
amplitude with respect to each other, the deformable mirror will
present overshooting behavior for some resonance frequencies
given by our modal analysis.

7.4. Passive vibration attenuation

The DM system possesses a small cavity between the moving
membrane and the polarizing optical system. This cavity can be
open (pressure equilibrium) or closed. The cavity depth can be
adjusted for the DM optimization. If we assume that this cavity
depth was significantly smaller than the radius of the membrane,
the ratio Lcav/rm 
 1. In this case, we can approximate the re-
sponse of the air within the cavity as a distribution of springs and
dampers acting on each differential element of the membrane
(actuators). The cavity stiffness K can be defined as

K =
(
ρ0c2

a

)
/Lcav.

The resonance frequencies and the cavity stiffness calculation
show a useful frequency bandpass of about 1–10 KHz. Indeed,
with an attenuation of 1/ f for natural resonance frequencies (see
Table 5), and the Shannon theorem applied on the cavity stiffness
frequency (ω0/2π), the optimal frequency response of our opti-
cal DM is in the KHz range.

8. Laser membrane heating: cooling parameters

Under high-power laser irradiation, the mirror absorbs a small
fraction of the incident light and is heated to temperatures much
higher than those of the coating beneath it. The thermal degra-
dation must be evaluated and minimized to prevent mechanical
degradation or thermal shape deformation. A cooling mecha-
nism overcomes this thermal effect.

We notice that the laser damage of a classical thin
membrane is as low as 340 W/cm2 for polyimide material,
and >100 KW/cm2 for silicon nitride.

It is important to understand the mechanisms of the ther-
mally induced distortions. One possible explanation of the mem-
brane distortion is that the high laser power creates a spatially
varying temperature distribution, which may warp the surface.
Another possible source of the thermally induced distortions is
the differential thermal expansion of the membrane’s material.

Concerning the silicon nitride material used for multi-
layer dielectric-coated deformable mirrors, Sinha et al. (2002)
obtained a thermally induced wavefront distortion of 32.3
and 39.1 nm rms for an incident intensity of 140 and 212 W/cm2,
respectively, with a cw 1064 nm laser on a gold coated mem-
brane. These values are very pessimistic regarding our free-
standing reflective diamond membrane architecture. Indeed, the
DM device used in Sinha et al. (2002) is a complex dielectric
structure with silicon pillars, which explains the localization of
the deformations by differential thermal expansion. A simple
gold-coated silicon mirror presents no distortion for an incident
intensity of 300 W/cm2.

This last study must be compared with the present de-
sign, where the maximum incident laser intensity is IL

max =
970 W/cm2 for 25 mW per diode. In our case, the estimated
membrane conductivity is about 1588 W/(mK) for a gold-coated
membrane and the thermal field distribution will be more uni-
form because the laser heating is efficiently conducted over the
membrane surface because of the high conductivity of the mate-
rials (1800/318/237 W/(mK) for diamond, gold, and aluminum,
respectively).

In our irradiation condition, a thermally induced wavefront
distortion of less than 20 nm rms seems to be achievable. The
membrane cooling seems to be mandatory to perform high wave-
front precision corrections (residual <1 nm) with a maximum
absorbed laser power of A1 IL

max ≈ 21 W/cm2 for gold-back
coating. Some studies that used silicon nitride material such as
Morse et al. (2008) or Lee et al. (2006), show a more experimen-
tal analysis of deformable mirrors under high-power laser flux.

Another problem that occurs with laser heating is the me-
chanical thermal stress. Indeed, changes in temperature produce
expansion or contraction, resulting in thermal strains and stress.
For linear elastic materials, the thermal stress, σ, is governed by
the following expression:

σ(ΔT ) = σ +CαEeΔT, (46)

where Cα = 3.74 × 10−6 K−1 is the thermal expansion of
Al/diamond/Au membrane dominated by the two metallic lay-
ers. Indeed, the thermal expansion of diamond is only 1.18 ×
10−6 K−1 compared with 23.1 and 14.2×10−6 K−1 for aluminum
and gold, respectively.

9. Optical cavity for high-power laser?

The optical scheme presented in Fig. 1 permits using of a high-
reflectivity (R > 99.9%) cavity mirror to increase the laser
power inside the cavity. This configuration could be used with a
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Fig. 5. Non linear simulation of the w(x, y) maximum deflection with re-
spect to the Zernike polynomial order. We present the deflection for two
different membrane structures. The gold back-face coating shows a bet-
ter dynamic than classical Al coating. A maximum deflection of 1 μm
with ≈25 mW per laser diode seems to be possible.

thicker membrane (2–10 μm) on the linear mechanical deforma-
tion region (see Fig. 5 for the low-amplitude deformation range).
Owing to the cooling process, to ensure a high wavefront preci-
sion correction, this configuration seems to be limited to increas-
ing the wavefront dynamic of our proposed DM.

10. Discussion

We now discuss the practical aspects of the proposed DM con-
cept. The very thin CVD-diamond membrane must be manu-
factured using nanocrystalline or ultra-nanocrystalline grown to
ensure the best mechanical properties near the single diamond
crystal with a low roughness (1–3 nm rms). Some laboratories
and industries routinely manufacture such membranes for micro-
optical components such as MEMS.

The Au/Al coating can be optimized to minimize the stress
coefficient σ. Concerning the aluminum coating σ = 20 MPa
is generally obtained with classical sputtering system while for
chromium-gold coating σ = −20 MPa can be reached after op-
timizing thermodynamical conditions.

Microlens arrays in fused silica with a very good wavefront
error (<λ/20 rms in the visible) and very accurate centering
(<0.5 μm) are commercially available, but a dedicated micro-
optical lens manufacturing can be achieved for each VCSELs
laser (see Bardinal et al. 2011) to allow the best possible lens
centering, with high-precision microelectronic technology.

Finally, the main challenge is the VCSELs array manufactur-
ing, not for the near-infrared laser technology (micro-cavity with
Bragg mirrors), but for the properties of the metal wires on the
matrix-addressable array for a high-power system. Indeed, for a
high-power laser system, where the overall laser conversion ef-
ficiency is between 35% to 50%, the metal wire resistivity is an
important limitation regarding the thermal management.

11. Conclusion

We showed the simulations of a new high-density deformable
mirror using the VSCEL radiation pressure as actuators on a
thin diamond membrane. A complete analysis with the non-
linear plate equation shows a dynamic of ±0.5 μm attainable

with 25 mW per laser diode. Large array actuators (here 128 ×
128 actuators) allowed us to correct the first 10 000 Zernike
polynomials without segmentation effect.

The VCSEL array is modulated up to 1 GHz, but the tempo-
ral limitation response of the DM is mechanical because of the
membrane response and its sufficient dampening. The dynami-
cal analysis showed a possible use of the DM in 1 to 10 KHz.
In theses cases, our proposed DM (considered as an optical
MEMS) is well-suited for eXterm Adaptive Optics architecture
as a “tweeter” correction (i.e. high-order correction with small
dynamic). Indeed, low-order wavefront correction (up to Z36)
with f < 1 KHz with a classical piezoelectric DM as a “boomer”
deformable mirror is needed to desaturate the wavefront correc-
tion. This configruation can be applied for the E-ELT AO system
(Hubin et al. 2006).
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Appendix A: Waffle effect: the Fresnel propagation

If the Fresnel diffraction pattern of a simple slit is well-defined,
we obtain

Ui, j
(
ξ, x′, y′

)
=

ei2πz/λ

2i
[
(C(ξx2) + iS (ξx2) −C(ξx1) − iS (ξx1))

]
×

[(
C(ξy2) + iS (ξy2) −C(ξy1) − iS (ξy1

)]
, (A.1)

where z is the propagation distance between the microlens array
and the membrane, λ is the laser wavelength, x′, y′ is the carte-
sian coordinate of the diffracted field. C(ξ)/S (ξ) are the classical
Fresnel integrals defined by

C(ξ) =
∫ ξ

0
cos

(
πt2/2

)
dt and S (ξ) =

∫ ξ

0
sin

(
πt2/2

)
dt,

(A.2)

where ξ are the diffraction parameters for each laser diode,
given by

ξVx2 =

√
8NV

x

(
1
2
− x′ + xi, j + Λx/2

(Λx − Fx)

)
(A.3)

ξVx1 = −
√

8NV
x

(
1
2
+

x′ + xi, j + Λx/2

(Λx − Fx)

)
(A.4)

ξVy2 =
√

8NV
y

(
1
2
− y

′ + yi, j + Λy/2

Λy

)
(A.5)

ξVy1 = −
√

8NV
y

(
1
2
+
y′ + yi, j + Λy/2

Λy

)
(A.6)

ξH
x2 =

√
8NH

x

(
1
2
− x′ + xi, j + Λx/2

Λx

)
(A.7)

ξH
x1 = −

√
8NH

x

(
1
2
+

x′ + xi, j + Λx/2

Λx

)
(A.8)

ξH
y2 =

√
8NH
y

⎛⎜⎜⎜⎜⎜⎜⎝1
2
− y

′ + yi, j + Λy/2(
Λy − Fy

)
⎞⎟⎟⎟⎟⎟⎟⎠ (A.9)

ξH
y1 = −

√
8NH
y

⎛⎜⎜⎜⎜⎜⎜⎝1
2
+
y′ + yi, j + Λy/2(
Λy − Fy

)
⎞⎟⎟⎟⎟⎟⎟⎠ , (A.10)
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where NV
x ,N

V
y ,N

H
x ,N

H
y are the four Fresnel numbers

NV
x =

(Λx − Fx)2

4λz
NV
y =

Λ2
y

4λz
(A.11)

NH
x =

Λ2
x

4λz
NH
y =

(
Λy − Fy

)2

4λz
· (A.12)

The total illuminated Fresnel field has an amplitude of Uf =
Ug+UFr, where Ug is the direct field and UFr the diffracted field.
Each term must be calculated as follows:

Ug =

nx∑
i=1

ny∑
j=1

UL
i, j (A.13)

eV
i, j =

∫ y=Λy/2
y=−Λy/2

∣∣∣∣Ug

(
xi, j +

Λx
2 , yi, j + y

)∣∣∣∣2 dy∫ +∞
−∞

∫ +∞
−∞

∣∣∣Ug

∣∣∣2 dxdy
(A.14)

eH
i, j =

∫ x=Λx/2

x=−Λx/2

∣∣∣∣Ug

(
xi, j + x, yi, j +

Λy
2

)∣∣∣∣2 dx∫ +∞
−∞

∫ +∞
−∞

∣∣∣Ug

∣∣∣2 dxdy
(A.15)

and

UFr =

nx−1∑
i=1

ny−1∑
j=1

[
Ui, j

(
ξV

)
eV

i, j + Ui, j

(
ξH

)
eH

i, j

]
(A.16)

+

ny∑
j=1

[
U0, j

(
ξV

)
eV

0, j + Unx , j

(
ξV

)
eV

nx, j

]

+

nx∑
i=1

[
Ui,0

(
ξH

)
eH

i,0 + Ui,ny

(
ξH

)
eH

i,ny

]
,

where eV
i, j and eH

i, j are the light intensity values (energy) inside
the vertical and horizontal slits, respectively.

Appendix B: Linear model for the static solutions

In the first approximation (linear model), the deformable mirror
can be well modeled by the plate equation of Timoshenko &
Woinowsky-Krieger (1959):

D �4 w − Pt

ab
�2 w = Pz(x, y) D =

E h3

12(1 − ν2)
, (B.1)

where �4 and �2 are the biharmonic and the nabla operators
on the deformation w(x, y), respectively. Pz(x, y) is the radi-
ation pressure, and Pt is the membrane tension. For the nu-
merical simulation, we chose a value of Pt = 0.25 N/m (low
mechanical tension). The flexural rigidity D depends on the
Young’s modulus E, the Poisson’s ratio ν and the membrane
thickness h. We saw in Sect. 5.3 how the full membrane structure
(Al/diamond/Al or Al/diamond/Au) can be taken into account.

Using Navier’s method, the plate Eq. (B.1) can be trans-
formed into a set of two linear partial differential equations:

∂2M
∂x2
+
∂2M
∂y2

= −Pz(x, y) and D

(
∂2w

∂x2
+
∂2w

∂y2

)
= −M, (B.2)

where M is the moment sum.

B.1. Boundary conditions and periodic solutions

Owing to the actuator influence function given by the microlens
array focal ratio, the wavefront correction shape w(x, y) is gen-
erally greater than nx · Λx × ny · Λy in surface (see Fig. 3).The
general boundary condition reads

M(x = 0) = 0 M(x = a) = 0 w(x = 0) = 0 w(x = a) = 0

M(y = 0) = 0 M(y = a) = 0 w(y = 0) = 0 w(y = a) = 0,

where a and b are the geometrical extensions in the x and y axis
of the single large actuator used in this mechanical simulation,
respectively. Because of the intrinsic influence actuator function,
the DM active surface extension a > nxΛx and b > nyΛy. To in-
clude in the w deformation function the nx × ny actuators, we
chose a sinusoidal periodic orthogonal set of functions that sat-
isfies these boundary conditions (Fourier decomposition):

w(x, y) =
nx∑

m=1

ny∑
n=1

Wm,nS m (x) S n (y) (B.3)

S m (x) = sin
(mπx

a

)
S n (y) = sin

(nπy
b

)
· (B.4)

The orthogonal set of functions possess the following properties:∫ a

0
S m (x) S m′ (x) dx = 0 (m′ � m) = a/2 (m′ = m) (B.5)∫ b

0
S n (y) S n′ (y) dy = 0 (n′ � n) = b/2 (n′ = n) (B.6)

Wm,n =
4
ab

∫ a

0

∫ b

0
w(x, y)S m (x) S n (y) dxdy. (B.7)

Appendix C: Multi-material mechanical
transformations

The following equations show the different transformations ap-
plied on the D, ν, E coefficients for two materials:

De =
E1h3

1

12(1 − ν21)
Kβ νe = ν1

Kγ
Kβ

Ee =
De

(
1 − ν2e

)
(h1 + h2)3

(C.1)

Kβ = 1 +
E2h2

2(1 − ν21)

E1h2
1(1 − ν22)

+
3
(
1 − ν21

) (
1 + h2

h1

)2 (
1 + E1h1

E2h2

)
(
1 + E1h1

E2h2

)2 −
(
ν1 + ν2

E1h1
E2h2

)2
(C.2)

Kγ = 1+
ν2E2h3

2(1 − ν21)

ν1E1h3
1(1 − ν22)

+
3
(
1 − ν21

) (
1 + h2

h1

)2 (
1 + ν2E1h1

ν1E2h2

)
(
1 + E1 h1

E2 h2

)2 −
(
ν1 + ν2

E1h1
E2h2

)2
· (C.3)

The Kγ coefficient is equivalent to K3p in Myers et al. (2006) but
with an error correction.

Appendix D: Nonlinear model for the static
solutions

Our surface deflection amplitude can be more than the mem-
brane thickness. In this case, the vertical deflections are ac-
companied by stretching of the mirror surface. The stretching
is a nonlinear process that causes the mirror layer to increase
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its load-carrying capabilities. Now, our model possesses a new
stress function G (φs, σ) defined as

�4φs = −Ee

2
G (w, 0) (D.1)

G (φs, σ) =
∂2w

∂x2

(
∂2φs

∂y2
+ σx

)
+
∂2w

∂y2

(
∂2φs

∂x2
+ σy

)

−2
∂2w

∂x∂y

(
∂2φs

∂x∂y
+ σxy

)
(D.2)

G (w, 0)
2

=

[(
∂2w

∂x2

∂2w

∂y2
− ∂

2w

∂x∂y
∂2w

∂x∂y

)]
, (D.3)

where φs is an Airy-type stress function and σ = σx = σy = σxy
is a stress constant. We used the value equal to 20 MPa for this
application (see Table 3). Therefore, this term can be moved to
the left hand side of Eq. (29). We notice here that we used the
stiffness and the Young’s modulus for a composite membrane.

D.1. φs (x , y ) Airy stress function

We express the φs stress function in the same basis set as the
w(x, y) function (Fourier decomposition).

φs(x, y) =
nx∑

m=1

ny∑
n=1

φs,m,n Cm (x) Cn (y) (D.4)

Cm (x) = cos
(mπx

a

)
Cn (y) = cos

(nπy
b

)
· (D.5)

The Airy-type stress function solves in the same manner as
the w(x, y) deflection function with the Galerkin method (see
Azucena et al. 2008; Timoshenko & Woinowsky-Krieger 1959,
p. 425). We obtain the following equations:∫ a

0

∫ b

0

(
�4φs +

Ee

2
G (w, 0)

)
Cm (x) Cn (y) dxdy = 0 (D.6)

�4φs =

nx∑
m=1

ny∑
n=1

((mπ
a

)2
+

(nπ
b

)2
)2

φs,m,n Cm (x) Cn (y) . (D.7)

The derivative of w(x, y) deflection function can be expressed in
the following form:

∂2w

∂x2
=

nx∑
r=1

ny∑
s=1

−r2π2

a2
Wr,s S r (x) S s (y) (D.8)

∂2w

∂y2
=

nx∑
p=1

ny∑
q=1

−q2π2

b2
Wp,q S p (x) S q (y) (D.9)

∂2w

∂x∂y
=

nx∑
r=1

ny∑
s=1

nx∑
p=1

ny∑
q=1

rspqπ4

a2b2

Wr,sWp,q S r (x) S s (y) S p (x) S q (y) . (D.10)

The orthogonal set of functions Cm/Cn possess the same proper-
ties asn S m/S n,∫ a

0
Cm (x) Cm′ (x) dx = 0 (m′ � m) = a/2 (m′ = m)(D.11)∫ b

0
Cn (y) Cn′ (y) dy = 0 (n′ � n) = b/2 (n′ = n). (D.12)

Table D.1. Brspq and Crspq coefficients.

Brspq/Crspq r + p = m r − p = m

s + q = n −(rq − sp)2/ − (rq − sp)2 (rq + sp)2/(rq + sp)2

s − q = n (rq + sp)2/ − (rq + sp)2 −(rq − sp)2/(rq − sp)2

Now, because of the compling coefficients Wr,sWp,q this is nec-
essary to calculate during the final integration:∫ a

0
Cm (x) S r (x) S p (x) dx = 0 (r ± p � m) (D.13)

∫ a

0
Cm (x) S r (x) S p (x) dx = ∓ a/4 (r ± p = m) (D.14)

∫ a

0
Cm (x) Cr (x) Cp (x) dx = 0 (r ± p � m) (D.15)

∫ a

0
Cm (x) Cr (x) Cp (x) dx = a/4 (r ± p = m). (D.16)

We obtain the same kinds of results (±b/4) with the integation on
the y axis on the s and q variables as Eq. (D.13). After simplifi-
cations, the Airy stress function can be calculated by correlating
the input w(x, y) deformation fonction (see Table D.1), and we
obtain:

φs,m,n =
Ee

4
(
m2b/a + n2a/b

)2

∑
BrspqWr,sWp,q. (D.17)

The Airy stress function presents a strong spatial frequency de-
pendence: the most part of the Stress function is in low frequency
(see Fig. 4). This result presents some limitations on the an-
alytical evaluation of φs,m,n. Indeed, the real area of the mem-
brane is πr2

m not only ab that used in the previous calculation for
the active area of the DM. This physical characteristic changes
the real value of the Airy stress function by frequency filtering.
The φs,m,n must be evaluated on the entire circular membrane and
then estimated on the active area of the DM. The solution pre-
sented here seems to be pessimistic but a full analytical develop-
ment is beyond the scope of this paper. A global finite elements
model (FEM) of the DM seems to be more useful to know the
dynamical response with respect to the entrance VCSEL laser
power.

D.2. G (φs , σ) equation

The G (φs, σ) must be treated in the same manner,

G (φs, σ) = G (0, σ) +G (φs, 0) . (D.18)

Equation G (0, σ) becomes

G (0, σ) =
−σπ2

ab

(
m2b/a + n2a/b

)
Wm,n. (D.19)

Following the mathematical development in the system of
Eq. (D.17), the function G (φs, 0) gives

G (φs, 0) =
π4

4a2b2

∑
Crspqφs,r,sWp,q. (D.20)
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Appendix E: Analytical evaluation of Iz,m,n

For a purely Gaussian laser field (without the Fresnel propaga-
tion), the integal Iz,m,n can be evaluated analytically as a convo-
lution system (IL

i, j ⊗ Gaussian):

Iz,m,n ≈ 4(|r1|2 − A1)
ca2b2

nx∑
m=1

ny∑
n=1

IL
m,n Egxy(a, b,m, n) (E.1)

IL
m,n =

∫ a

0

∫ b

0
IL
i, jδ(x − xi, j)δ(y − yi, j)S m (x) S n (y) dxdy

Egxy(a, b,m, n) =
∫ a

0

∫ b

0
e
−((x−a/2)2+(y−b/2)2)

2(σ2
gx+σ

2
gy ) S m (x) S n (y) dxdy

Egxy(a, b,m, n) = −π
8

e−
π2(σ2

gx+σ
2
gx)(b2m2+a2n2)+ib2π(m+n)

2a2b2 (E.2)

×
(
σ2

gx + σ
2
gx

) (
eimπ − 1

) (
einπ − 1

)

×
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝Er f

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
a2 + 2imπ(σ2

gx + σ
2
gy)

2a
√

2(σ2
gx + σ

2
gx)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠+Er f

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
a2 − 2imπ(σ2

gx + σ
2
gy)

2a
√

2(σ2
gx + σ

2
gx)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

×
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝Er f

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
b2 + 2inπ(σ2

gx + σ
2
gy)

2b
√

2(σ2
gx + σ

2
gx)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠+Er f

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
b2 − 2inπ(σ2

gx + σ
2
gy)

2b
√

2(σ2
gx + σ

2
gx)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

where Er f is the error function (the integral of the Gaussian
distribution). Numerically, we verify that Egxy ∈ �.

To retrieve the exact value of the illuminated laser field IL
m,n,

we must deconvolve in the Fourier plane the Iz,m,n illumina-
tion obtained by our model using the Egxy function. Indeed,
IL
m,n � Iz,m,n/Egxy and this operation is very similar to the my-

opic deconvolution given by Conan et al. (1998).

References
Azucena, O., Fernandez, B., & Kubby, J. 2008, in MEMS Adaptive Optics II,

eds. S. S. Olivier, T. G. Bifano, & J. A. Kubby, Proc. SPIE, 6888, 68880Q
Bardinal, V., Camps, T., Reig, B., et al. 2011, Adv. Opt. Tech., 2011, ID 609643
Barron, L. 2005, High-Reflectance, Sputter-Deposited Aluminum Alloy Thin

Films for Micro-Electro-Mechanical Systems, Master Thesis

Bass, M., DeCusatis, C., Enoch, J., et al. 2009, Handbook of Optics,
Vol. IV, Optical Properties of Materials, Nonlinear Optics, Quantum Optics
(McGraw-Hill), 1152

Conan, J.-M., Mugnier, L. M., Fusco, T., Michau, V., & Rousset, G. 1998, Appl.
Opt., 37, 4614

Conk, R. 2002, Fabrication techniques for micro-optical device arrays, Master
Thesis

Daughton, D. R., MacDonald, J., & Mulders, N. 2003, J. Non-Cryst. Sol., 319,
297

Dubey, Y. 2005, An approximate solution to buckling of plates by the galerkin
method, Master Thesis

Espinosa, H., Peng, B., Prorok, B., et al. 2003, J. Appl. Phys., 94, 6076
Galerkin, B. 1915, Vestnik inzhenerov i tekhnikov, 19, 897
Hess, P. 2012, J. Appl. Phys., 111, 051101
Hubin, N., Ellerbroek, B. L., Arsenault, R., et al. 2006, in The Scientific

Requirements for Extremely Large Telescopes, eds. P. Whitelock,
M. Dennefeld, & B. Leibundgut, IAU Symp., 232, 60

Kasten, A., Giannopoulos, A., Long, C., C., C., & Choquette, K. 2007, in Proc.
SPIE, 6484, 64840C

Kerrour, F., & Hobar, F. 2006, Semiconductor Physics, Quant. Electron. &
Optoelectron., 9, 52

Koizumi, S., Nebel, C., & Nesládek, M. 2008, Physics and Applications of CVD
Diamond (Wiley-VCH), 374

Labeyrie, A., Coroller, H. L., Residori, S., et al. 2010, in Pathways Towards
Habitable Planets, eds. V. Coudé Du Foresto, D. M. Gelino, & I. Ribas, ASP
Conf. Ser., 430, 239

Lee, J.-H., Lee, Y.-C., & Kang, E.-C. 2006, J. Opt. Soc. Korea, 10, 57
Magette, A. 2010, Ph.D. Thesis: The International Liquid Mirror Telescope: op-

tical testing and alignment using a Nijboer-Zernike aberration retrieval ap-
proch, IAGL, University of Liège, 1

Mansuripur, M. 2004, Opt. Expr., 12, 5375
Mearini, G. 1992, Ph.D. Thesis, Case Western Reserve University
Mehta, P. 2009, Vibrations of thin plate with piezoelectric actuator: theory and

experiments, Master Thesis
Morse, K. A., McHugh, S. L., & Fixler, J. 2008, Appl. Opt., 47, 5325
Myers, O., Anjanappa, M., & Freidhoff, C. 2006, COMSOL Users Conference,

Boston, MA, October, 1
Pandey, A. K., Venkatesh, K., & Pratap, R. 2009, Sādhanāa, 34, 651
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