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ABSTRACT

Context. Using known frequencies of the twin-peak high-frequency quasiperiodic oscillations (HF QPOs) and known mass of the cen-
tral black hole, the black-hole dimensionless spin a can be determined by assuming a concrete version of the resonance model.
However, a wide range of observationally limited values of the black hole mass implies low precision of the spin estimates.
Aims. We discuss the possibility of higher precision for the black hole spin a measurements in the framework of a multi-resonance
model inspired by observations of more than two HF QPOs in the black hole systems, which are expected to occur at two (or more)
different radii of the accretion disc. This framework is also applied in a modified form to the neutron star systems.
Methods. We determine the spin and mass dependence of the twin-peak frequencies with a general rational ratio n:m, assuming
a non-linear resonance of oscillations with the epicyclic and Keplerian frequencies or their combinations. In the multi-resonant model,
the twin-peak resonances are combined properly to give the observed frequency set. For the black hole systems we focus on the special
case of duplex frequencies, when the top, bottom, or mixed frequency is common at two different radii where the resonances occur
giving triple frequency sets.
Results. The sets of triple frequency ratios and the related spin a are given. The resonances are considered up to n = 5 since excita-
tion of higher order resonances is improbable. The strong resonance model for “magic” values of the black hole spin means that two
(or more) versions of resonance could occur at the same radius, allowing cooperative effects between the resonances. For neutron star
systems we introduce a resonant switch model that assumes switching of oscillatory modes at resonant points.
Conclusions. In the case of doubled twin-peak HF QPOs excited at two different radii with common top, bottom, or mixed frequency,
the black hole spin a is given by the triple frequency ratio set. The spin is determined precisely, but not uniquely, because the same
frequency set could correspond to more than one concrete spin a. The black hole mass is given by the magnitude of the observed
frequencies. The resonant switch model puts relevant limits on the mass and spin of neutron stars, and we expect a strong increase in
the fitting procedure precision when different twin oscillatory modes are applied to data in the vicinity of different resonant points.
We expect the multi-resonance model to be applicable to data from the planned LOFT or similar X-ray satellite observatory.
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1. Introduction

In the black hole systems observed in both Galactic and ex-
tragalactic sources, strong gravity effects play a crucial role in
three phenomena related to the accretion disc that is the emit-
ting source: the spectral continuum, spectral profiled lines, and
oscillations of the disc. Moreover, it is clear that strong gravity
should also play an important role in the binary systems contain-
ing neutron (quark) stars. Quasiperiodic oscillations (QPOs) of
X-ray brightness had been observed at low-(Hz) and high-(kHz)
frequencies in many Galactic low mass X-ray binaries (LMXBs)
containing neutron stars (see, e.g., van der Klis 2000, 2006;
Barret et al. 2005b; Belloni et al. 2005, 2007b; Wang et al.
2013) or black holes (see, e.g., McClintock & Remillard 2004;
Remillard 2005; Remillard & McClintock 2006). Some of the
high-frequency (HF) QPOs are in the kHz range and often come
in pairs of the upper and lower frequencies (νU, νL) of twin
peaks1 in the Fourier power spectra. Since the peaks of high

� Appendices are available in electronic form at
http://www.aanda.org
1 Also called double peaks.

frequencies are close to the orbital frequency of the marginally
stable circular orbit, representing the inner edge of Keplerian
discs orbiting black holes (or neutron stars), the strong gravity
effects must be relevant in explaining HF QPOs (Török et al.
2005).

Before the twin-peak HF QPOs were discovered in micro-
quasars (first by Strohmayer 2001) and the 3:2 ratio pointed
out, Kluźniak & Abramowicz (2001) suggested that these QPOs
should have rational ratios, because of the resonances in oscil-
lations of nearly Keplerian accretion discs; see also Aliev &
Galtsov (1981). It seems that the resonance hypothesis is now
well supported by observations and that, in particular, the 3:2 ra-
tio (2νU = 3νL) is seen most often in twin-peak QPOs in
the LMXBs containing black holes (microquasars). In addition,
there is even some evidence of the same 3:2 ratio in the X-ray
spectra of the Galaxy centre’s black hole in Sgr A∗ (Abramowicz
et al. 2004; Aschenbach 2004; Török 2005), the galactic nuclei
MCG-6-30-15 and NGC 4051 (Lachowicz et al. 2006), and other
active galactic nuclei (Middleton et al. 2011, 2009).

There is a crucial difference between the HF QPOs in black
hole and neutron star systems. In black hole systems, the peaks
of HF QPOs are detected at (nearly) constant frequencies that are
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characteristic of a given source across long times and various ob-
servations. When more frequencies are detected (simultaneously
or in various observations), they come in ratios of small num-
bers, usually in the 3:2 ratio (Remillard & McClintock 2006). In
neutron star systems, the HF QPOs often appear as twin QPOs
consisting from two simultaneously observed peaks with dis-
tinct actual frequencies that substantially change over time (in
one observational sequence); moreover, sometimes only one of
the frequencies is observed and has evolved (Belloni et al. 2007a;
Boutelier et al. 2010). Most of the twin QPOs in the so-called
atoll sources (van der Klis 2006) have been detected at lower
frequencies, 600−800 Hz vs. upper frequencies 900−1200 Hz,
demonstrating a clustering of the twin HF QPOs frequency ra-
tio around 3:2 and thus indicating some analogy to the black
hole case (Abramowicz et al. 2003a; Belloni et al. 2007a; Török
et al. 2008a,b,c; Boutelier et al. 2010). The amplitudes of twin
HF QPOs in neutron star systems are usually much stronger,
and their coherence times are much longer than those of black
hole sources (see, e.g., Remillard & McClintock 2006; Barret
et al. 2005b, 2006). It is probable that a 3:2 resonance also
plays a significant role in the LMXBs containing neutron stars.
However, the evidence is much more complicated, since the fre-
quency ratio is concentrated around 3:2, but has much wider
range than in the hole systems (Belloni et al. 2005; Török et al.
2005, 2008c; Abramowicz et al. 2005a; Török 2009; Boutelier
et al. 2010). It remains controversial whether the peak in distri-
bution of the twin-peak frequency ratios νU/νL at 3:2 is physical
(Montero & Zanotti 2012).

It has also been suggested that the multi-peaked distribu-
tion in the frequency ratios meant that more than one resonance
could be realized if a resonant mechanism is involved in gener-
ating the neutron star (Belloni et al. 2005; Stuchlík et al. 2011b)
and black hole (Stuchlík & Török 2005) HF QPOs. For a given
neutron star source, the upper and lower HF QPO frequencies
can be traced over the whole observed range, but the proba-
bility of detecting both QPOs simultaneously increases when
the frequency ratio is close to the ratio of small natural num-
bers, namely 3:2, 4:3, 5:4, in the case of the atoll sources (Török
2009; Boutelier et al. 2010) or the ratios that are close to 2:1, and
3:1 in the Z-source Circinus X-1 (Boutloukos et al. 2006; Török
et al. 2010). The analysis of root-mean-squared-amplitude evo-
lution in a group of six atoll sources (4U 1636−53, 4U 1608−52,
4U 0614−09, 4U 1728−34, 4U 1820−30, 4U 1735−44) shows
that the upper and lower HF QPO amplitudes equal each
other and alter their dominance, while passing rational fre-
quency ratios corresponding to the datapoint clustering (Török
2009). Such an “energy switch effect” can be explained well in
the framework of non-linear resonant orbital models as shown in
Horák et al. (2009).

In the orbital resonance models of HF QPOs, the resonance
conditions applied to the frequency ratio of oscillations enter-
ing the resonances imply specific radii of accretion discs where
the resonances can occur. For any specific version of the orbital
resonance models, the resonant radii at thin, Keplerian accre-
tion discs (Török et al. 2005) are given by the frequency ra-
tio and the parameters of the central black hole or neutron star
(mass M, spin a, and quadrupole moment q in the case of neu-
tron stars)2. The frequencies of disc oscillation modes can be

2 For toroidal discs (Rezzolla et al. 2001, 2003b; Blaes et al. 2007;
Straub & Šrámková 2009; Montero & Zanotti 2012) or slightly charged
discs around magnetic neutron stars (Bakala et al. 2010, 2012; Pachon
et al. 2012; Kovář et al. 2008), additional parameters must enter the res-
onance conditions.

expressed in terms of the geodetical orbital and epicyclic fre-
quencies of the test particle motion for both Keplerian discs
and slender tori when gravitation is the relevant restoring force
(Abramowicz et al. 2003b; Šrámková et al. 2007). For non-
slender tori, corrections to the epicyclic frequencies have to be
introduced, depending on the thickness of the tori, with dif-
ferences to the epicyclic frequencies approaching tens of per-
cent (Blaes et al. 2007; Šrámková 2005; Straub & Šrámková
2009).

When the pressure gradients in thick tori become important
as the restoring force, the radial oscillation frequency strongly
differs from the radial geodetical epicyclic frequency (Rezzolla
et al. 2003b,a; Montero et al. 2004), similar to the model of oscil-
lating string loops where the string tension due to magnetic field
is the main restoring force (Stuchlík & Kološ 2012b,a; Jacobson
& Sotiriou 2009; Semenov et al. 2004; Spruit 1981).

We focus our attention mainly on the black hole sys-
tems. According to the resonance hypothesis (Kluźniak &
Abramowicz 2001), the two modes in resonance should have
eigenfrequencies νr (equal to the radial epicyclic frequency)
and νv (equal to the vertical epicyclic frequency νθ, or to
the Keplerian frequency νK; see also Abramowicz et al. 2004;
Török et al. 2005). While models based on the parametric res-
onance identify the two observed frequencies of the twin peak
(νU, νL) directly with the eigenfrequencies of resonant oscilla-
tions, models based on the forced resonance allow combinational
(beat) frequencies of the modes to be observed. Both paramet-
ric and forced resonance models make clear and precise pre-
dictions about the values of observed frequencies in connection
with the spin and mass of the observed object, at least in the case
of black holes – see Török et al. (2005) where the black hole spe-
cific (dimensionless) internal angular momentum (spin) is pre-
dicted by a few possible models for microquasars with observed
twin-peak HF QPOs.

Although the observed frequencies are consistent with sev-
eral (but not all) resonance models, the most probable and nat-
ural explanation for the presence of a 3:2 ratio is the 3:2 para-
metric (or internal) resonance (Abramowicz et al. 2004; Török
et al. 2005). However, in all the cases under consideration, a rel-
atively wide range of observationally allowed black hole masses
implies rather unprecise determination of the black hole spin
(Török et al. 2005). Therefore, it is useful to look for some pos-
sibilities how to make the spin estimate more precise (Stuchlík
& Török 2005; Stuchlík et al. 2008b).

Of course, the spin estimates based on various versions of
the resonance model have to be compared with the spin es-
timates based on the accretion disc spectral continuum fitting
(McClintock et al. 2011, 2006; Done & Davis 2008; Done et al.
2007; Middleton et al. 2006; Shafee et al. 2006) and profiled
spectral lines (Laor 1991; Bao & Stuchlík 1992; Karas et al.
1992; Dovčiak et al. 2004; Fabian & Miniutti 2005; Zakharov
2003; Čadež et al. 2003; Fanton et al. 1997; Čadež & Calvani
2005; Zakharov & Repin 2006; Schee & Stuchlík 2009a,b;
Miller et al. 2009). In the case of Sgr A∗ the orbital precession
of some stars moving in close vicinity of the central black hole
could also give an interesting restriction on the black hole spin
(Kraniotis 2005, 2007).

In some sources, more than two high-frequency peaks
are observed. The microquasar GRS 1915+105 reveals
high-frequency QPOs appearing at four frequencies with
the lower and upper pairs in the ratio close to 3:2 or 5:3
(Remillard & McClintock 2006), and even a fifth frequency was
reported (Belloni et al. 2001). An additional sixth frequency
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was mentioned (Strohmayer 2001), although not confirmed. In
Sgr A∗, three frequencies were reported with ratios close to 3:2:1
(Aschenbach 2004; Aschenbach et al. 2004; Török 2005). In
the source NGC 5408 X-1, oscillations with three frequencies
of ratios close to 6:4:3 were observed (Strohmayer et al. 2007).
In the galactic nuclei MCG-6-30-15 and NGC 4051, two pairs
of QPOs were reported with the ratios close to 3:2 and 2:1, re-
spectively (Lachowicz et al. 2006).

In the microquasar GRS 1915+105, a near-extreme Kerr
black hole with a ∼ 1 is expected according to the spectral con-
tinuum fitting (McClintock et al. 2006), and all five (six) fre-
quencies of QPOs can be explained in the framework of the ex-
tended resonance model with the hump-induced oscillations
(Stuchlík et al. 2007c). In the extended resonance model, forced
resonances of the epicyclic oscillations are assumed with the os-
cillations induced by the humpy orbital velocity profile (related
to the locally non-rotating frames, Bardeen et al. 1972) that oc-
curs in Keplerian discs orbiting Kerr black holes with a > 0.9953
(Aschenbach 2006, 2004; Stuchlík et al. 2005, 2007b,c, 2011a).
In the extended “humpy” resonance model, all the oscillations in
resonance are related to the exclusively defined “humpy radius”
with extremal orbital velocity gradient within the humpy profile
(Stuchlík et al. 2007b). However, this model can only be rele-
vant for near-extreme Kerr black holes with spins of a > 0.9953.
Some concrete implications of a rapid spin in GRS 1915+105
for other frequently quoted QPO models are discussed in Török
et al. (2011).

When more than two resonant frequencies or, precisely, more
than one resonant point corresponding to two resonant eigen-
frequencies of the system are observed, a multi-resonant model
of HF QPOs is necessary in order to understand the behaviour
of a concrete system generating such HF QPOs. There are dif-
ferent types of the multi-resonant model based on oscillations
with the orbital frequencies νK, νθ, and νr, all of which allow
higher precision in determining the black hole parameters in
comparison with situations where only one resonant point is
observed.

First, for special “magic” values of the black hole spin,
the resonance points share the same radius in the disc that en-
ables cooperative phenomena between resonances of different
origin. Of special interest is the case of so-called strong reso-
nant phenomena allowing direct resonances of oscillations hav-
ing frequency ratio νK:νθ:νr = s:t:u (with s, t, u being small nat-
ural numbers) at the radius given by the frequency ratio; for each
triple frequency set ratio, the black hole spin a is given uniquely
(Stuchlík et al. 2008b).

Second, two resonance points occur at two different radii.
Generally, a set of four frequencies is observed. However, a com-
mon frequency appears for special values of the black hole spin,
which is related to the types of resonances involved and the fre-
quency ratio. Then the ratio of the three observed frequencies
determines the black hole spin uniquely, if the resonance condi-
tions at the resonant points are given. Here, we concentrate our
attention on these situations.

Third, one fixed type of resonance is enhanced at different
radii, with different frequency ratios. This type is probably rel-
evant in neutron star atoll and Z systems, where it is shown
that the observed datapoint clusters concentrated around fre-
quency ratios 3:2, 4:3, 5:4 could be approximated for a vari-
ety of models, e.g., the relativistic precession model (Stella &
Vietri 1999, 1998) or the so-called total precession model, where
the Keplerian oscillations of frequency νK are in resonance with
the total precession oscillations of frequency νT = νθ − νr
(Stuchlík et al. 2007d). However, we observe a bad quality of

data fitting by the HF QPO models in neutron star LMXBs
(Török et al. 2010, 2012; Boutelier et al. 2010). Therefore, we
introduce a new, resonant switch model that could be applied
to some neutron star LMXBs exploring observational data span-
ning two resonant points. Such a model could improve data fit-
ting without using a non-geodesic corrections to the orbital and
epicyclic frequencies.

In general, for two resonant points observed, we can expect
the oscillations to be excited at two different radii of the accre-
tion disc and to enter the resonance in the framework of different
versions of the resonance model. In such situations we are mak-
ing the black hole spin estimate within two properly chosen ver-
sions of the resonance model, thus in principle obtaining a more
precise determination of the spin in comparison with situations
where only one resonant point is observed. In special cases
where a common upper, lower, or mixed frequency is observed
in the two frequency pairs (i.e., only three different frequencies
are observed), the triple frequency set is precisely given inde-
pendently of the black hole mass for appropriately fixed values
of the black hole spin (Stuchlík & Török 2005). Then, the spin is
in principle determined precisely (within the precision of the fre-
quency measurements), but not uniquely, because the same fre-
quency set could occur for different values of the spin within
different versions of the resonance model. It is clear that in such
situations the black hole spin estimates coming from the spec-
tral continuum fitting and the line profile models have to be rele-
vant for determining the proper versions of the resonant model3.
The recently discussed method based on the frequency shift in-
terval of radiation emitted from matter excited at the resonant
radii can also be very efficient in restricting the spin of the black
hole or some other compact object (Murphy et al. 2009; Stuchlík
& Schee 2010). When the black hole spin is found, the black hole
mass can be determined from the magnitude of the observed fre-
quencies. We expect the multi-resonance model of HF QPOs to
be applicable to both black hole and neutron star systems for
precise data obtained by the planned LOFT (Feroci et al. 2012)
or a similar X-ray satellite observatory.

2. Digest of orbital resonance model

The standard orbital resonance model (Abramowicz & Kluźniak
2001; Török et al. 2005; Aliev & Galtsov 1981) assumes non-
linear resonance between oscillation modes of an accretion
disc orbiting a central object, here considered to be a rotat-
ing Kerr black hole (or a neutron star with exterior described
by the Kerr geometry – see Török et al. 2010 for details)4.
The accretion disc can be a thin disc with Keplerian angular
velocity profile (Novikov & Thorne 1973) or a thick toroidal
disc with angular velocity profile given by the distribution
of the specific angular momentum of the fluid (Kozłowski
et al. 1978; Abramowicz et al. 1978; Stuchlík et al. 2000).
The frequency of the oscillations is related to the Keplerian
frequency (orbital frequency of tori) or to the radial and ver-
tical epicyclic frequencies of the circular test particle motion.

3 Very promising seems to be modelling of the energy dependencies
of high-frequency QPO, i.e., the QPO spectra generated at the QPO ra-
dius (Życki et al. 2007), as they could be credited by the multi-resonant
models giving exact values of the black hole spin and the QPO radii.
4 We consider here only the Kerr spacetime as the standard description
for rotating black holes, although alternatives have been discussed in
the same context (see Kotrlová et al. 2008; Stuchlík & Kotrlová 2009;
Aliev & Talazan 2009; Rahimov et al. 2011; Aliev et al. 2013; Horváth
& Gergely 2012).
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The epicyclic frequencies can be relevant both for the thin,
Keplerian discs with quasicircular geodetical motion (Kato
et al. 1998; Nowak & Lehr 1998; Abramowicz et al. 2003b;
Kluźniak et al. 2007; Kato 2001b, 2004b; Wagoner 1999) and for
slender toroidal discs (Schnittman & Rezzolla 2006; Rezzolla
2004a,b; Rezzolla et al. 2003b). However, with the thickness
of an oscillating toroid growing, the eigenfrequencies of its ra-
dial and vertical oscillations deviate from the epicyclic test par-
ticle frequencies (Šrámková 2005; Blaes et al. 2007; Straub &
Šrámková 2009). Here we focus our attention on the Keplerian
thin discs.

A variety of different versions of the orbital resonance model
exists that could be classified according to the following criteria:

a) the type of the resonance (parametric or forced),
b) the presence of beat, combinational frequencies,
c) the type of oscillations entering the resonance.

Thus, according to the basical criterion a), two main groups
of orbital resonance model versions exist, differing by the type
of the resonance. In both of them, the epicyclic frequencies of
the equatorial test particle circular motion play a crucial role
(Török et al. 2005).

2.1. Parametric internal resonance

The internal resonance model is based on the idea of parametric
resonance between vertical and radial epicyclic oscillations with
the frequencies νθ = ωθ/2π and νr = ωr/2π. The parametric res-
onance is described by the Mathieu equation (Landau & Lifshitz
1976)

δθ̈ + ω2
θ [1 + h cos(ωrt)] δθ = 0. (1)

Theory behind the Mathieu equation implies that a parametric
resonance is excited when

ωr

ωθ
=
νr
νθ
=

2
n
, n = 1, 2, 3, . . . (2)

and is strongest for the lowest possible value of n (Landau
& Lifshitz 1976). Because there is νr < νθ near black holes,
the low possible value for the parametric resonance in the so-
called epicyclic resonance model is n = 3, which means that
2νθ = 3νr. This explains observed 3:2 ratio, assuming νU = νθ
and νL = νr. The internal resonance corresponds to a system
with conserved energy, as shown, e.g., in Horák et al. (2009).

2.2. Forced resonance

Models based on the forced resonance come from the idea of
a forced non-linear oscillator, when the relation of the latitudinal
(vertical) and radial oscillations is given by the formulae

δθ̈ + ω2
θδθ + [non linear terms in δθ] = g(r) cos(ω0 t), (3)

δr̈ + ω2
rδr + [non linear terms in δθ, δr] = h(r) cos(ω0 t), (4)

with

ωθ =

(
k
l

)
ωr, (5)

where k, l are small natural numbers and ω0 is the frequency of
the external force5. The non-linear terms allow combinational
(beat) frequencies in resonant solutions for δθ(t) and δr(t) (see,
e.g., Landau & Lifshitz 1976), which in the simplest case give

ω− = ωθ − ωr, ω+ = ωθ + ωr . (6)

Such resonances can produce the observable frequencies in
the 3:2 ratio, as well as in other rational ratios. (One of the cases
that give 3:2 observed ratio is also the “direct” case of k:l = 3:2
corresponding to the same frequencies and radius as in the case
of 3:2 parametric resonance.) Therefore, we consider direct and
simple combinational resonances.

The “Keplerian” resonance model assumes parametric or
forced resonances between oscillations with radial epicyclic
frequency νr and Keplerian orbital frequency νK. Of course,
there are many additional possibilities for composing the res-
onance conditions. We systematically treat the possibilities in
the following.

For the parametric and direct forced resonances, the reso-
nance conditions related to the frequency ratio of oscillations are
common, however, physical details, such as the time evolution
of the resonance, the dependence of the resonance strength and
the resonant frequency width on the order of the resonance, are
different (see Landau & Lifshitz 1976; Nayfeh & Mook 1979;
Stuchlík et al. 2008b). Here we concentrate on the frequency-
ratio resonant conditions, leaving the physical details aside for
investigation in the concrete situations expected to be discovered
in future thanks to development of the observational techniques
(e.g., the proposed LOFT observatory, Feroci et al. 2012).

3. Determination of the black hole spin
from the resonance model

It is well known that the formulae for the vertical epicyclic fre-
quency νθ and the radial epicyclic frequency νr of the geodetical
motion take in the gravitational field of a rotating Kerr black hole
(with the mass M and spin a) the form

ν2θ = αθ ν
2
K, ν2r = αr ν

2
K (7)

(e.g., Aliev & Galtsov 1981; Kato et al. 1998; Stella & Vietri
1998; Török & Stuchlík 2005) where the Keplerian frequency νK
and related epicyclic frequencies are given by the formulae

νK =
1

2π

⎛⎜⎜⎜⎜⎝GM

r 3
G

⎞⎟⎟⎟⎟⎠1/2
1

x3/2 + a
=

1
2π

(
c3

GM

)
1

x3/2 + a
, (8)

αθ = 1 − 4 a

x3/2
+

3 a2

x2
, (9)

αr = 1 − 6
x
+

8 a
x3/2
− 3 a2

x2
· (10)

Here x = r/(GM/c2) is the dimensionless radius, expressed in
terms of the gravitational radius of the black hole, and a is the di-
mensionless spin.

It is known that the Keplerian frequency νK(x, a) is a mono-
tonically decreasing function of the radial coordinate for any
value of the black hole spin. On the other hand, the radial
epicyclic frequency has the global maximum for any Kerr
black hole. However, the vertical epicyclic frequency is also not

5 For example, the gravitational perturbation forces are discussed in
Stuchlík & Hledík (2005) and Stuchlík et al. (2008a) for the case of
a neutron star with “mountains” and of a binary partner of the neutron
star or a black hole.

A10, page 4 of 41



Z. Stuchlík et al.: On the possibility of determination of black hole and neutron star spin

monotonic if the spin is sufficiently high (see, e.g., Kato et al.
1998; Perez et al. 1997)6.

For the Kerr black-hole spacetimes, the locations
Rr (a), Rθ (a) of maxima of the epicyclic frequencies νr, νθ are
implicitly given by the conditions (Török & Stuchlík 2005)

β j(x, a) =
1
2

√
x

x3/2 + a
α j(x, a), where j ∈ {r, θ}, (11)

βr(x, a) ≡ 1
x2
− 2 a

x5/2
+

a2

x3
, (12)

βθ(x, a) ≡ a

x5/2
− a2

x3
· (13)

For any black hole spin, the extrema of the radial epicyclic
frequency Rr (a) must be located above the marginally stable
orbit. On the other hand, the latitudinal extrema Rθ (a) are lo-
cated above the photon (marginally bound or marginally sta-
ble) circular orbit only if the limits on the black hole spin a >
0.748 (0.852, 0.952) are satisfied (Török & Stuchlík 2005). In
the Keplerian discs, with the inner boundary xin ∼ xms, the lim-
iting value a = 0.952 is relevant.

For a particular resonance with frequency ratio n:m,
the equation

nνr = mνv; νv ∈ {νθ, νK} (14)

determines the dimensionless resonance radius xn:m as a function
of the spin a in the case of direct resonances. This can be easily
extended to the resonances with combinational frequencies, as
discussed in detail later.

The known mass of the central black hole, the observed twin-
peak frequencies (νU, νL), the Eqs. (7)−(14) and a concrete type
of resonance, assumed to be direct or to have the combinational
frequencies, enable to determine the black hole spin. This pro-
cedure was first applied to the microquasar GRO 1655–40 by
Abramowicz & Kluźniak (2001), to the other three microquasars
(Török et al. 2005), and also to the Galaxy centre black hole
Sgr A∗ (Török 2005).

More complex resonant phenomena in HF QPOs have to
be expected in the field of Kerr superspinars (naked singular-
ities), as shown in Török & Stuchlík (2005) and Stuchlík &
Schee (2012b). In the superspinar (or naked singularity) back-
grounds, the optical effects also demonstrate considerable dif-
ferences as compared with those generated in the field of black
holes (Stuchlík & Schee 2010, 2012a,b; Virbhadra & Ellis 2002;
Virbhadra & Keeton 2008; Takahashi & Harada 2010).

4. Multiple resonances and resonance conditions

The very probable interpretation of twin-peak frequencies ob-
served in microquasars is the 3:2 parametric resonance of
epicyclic oscillations; however, generally it is possible that more
than one resonance could be excited in the disc simultaneously
(or at different times) under different internal conditions. Indeed,
observations of the HF QPOs in the microquasar GRS 1915+105

6 In the model of p-mode (axisymmetric) oscillations of thick tori with
the fundamental frequency and its first overtone, both the frequencies
decrease monotonically with increasing dimension of the oscillating
torus (Rezzolla et al. 2003b,a). In the model of oscillating string loops,
the radial profiles of the radial and vertical frequencies cross each other
near the black hole horizon (Stuchlík & Kološ 2012b). In both these
models the resonant phenomena could be irrelevant, as for the model of
shock waves (Mondal & Chakrabarti 2006; Mondal et al. 2009; Mondal
& Choi 2013).

(Remillard 2005), in extragalactic sources NGC 4051, MCG-6-
30-15 (Lachowicz et al. 2006), NGC 5408 X-1 (Strohmayer et al.
2007), and the Galaxy centre Sgr A∗ (Aschenbach et al. 2004)
show a variety of QPOs with frequency ratios differing from (or
additional to) the 3:2 ratio.

The resonances could be parametric or forced and have
different versions according to the epicyclic (Keplerian) fre-
quencies entering the resonance directly, or in some combina-
tional form. In principle, for any case of the orbital resonance
model version, one can determine both the spin and mass of
the black hole just from the eventually observed set of fre-
quencies. However, the obvious difficulty would be to identify
the right combination of resonances and its relation to the ob-
served frequency set. Within the range of black hole mass al-
lowed by observations, each set of twin-peak frequencies puts
a limit on the black hole spin. The resonance model versions are
consistent with observations if the allowed spin ranges overlap.
Two or more twin peaks (resonant oscillations) then generally
make the spin measurement more precise.

Here we consider a special case of two different resonances,
determined by a doubled ratio of natural numbers n:m and n′:m′.
The resonances occur at the corresponding radii of the disc
xn:m, xn′:m′ that can be determined from the observed set of
frequencies using the relevant orbital resonance models. Thus,
the generic relations n:m, n′:m′ put restrictions on the spin of
the central black hole. We consider general frequency ratios of
small integers, with the order of the resonances n + m ≤ 9
(n′+m′ ≤ 9); only for n ≤ 5 are the resonant phenomena realistic
(see Landau & Lifshitz 1976; Nayfeh & Mook 1979, for details).
In some sources (e.g., NGC 5408 X-1), the ratio 4:3 occurs for
the strongest QPOs (Strohmayer et al. 2007), supporting the ne-
cessity of considering the general ratios at both radii. In special
cases, the resonant radii could coincide, i.e., xn:m = xn′:m′ . Then
we can expect strongest resonances due to possible direct inter-
actions of the relevant oscillatory modes (see, e.g., Nayfeh &
Mook 1979; Stuchlík et al. 2008b).

We first discuss how the frequency ratio of twin oscillation
modes in a resonance implies the resonance conditions, i.e., de-
pendence of the radius of the accretion disc where the resonance
occurs on the spin parameter a of the Kerr geometry and the fre-
quency ratio n:m.

4.1. Resonance conditions

We study radial coordinates determining positions where the ra-
tional frequency ratios occur for all possible versions of the reso-
nance between the radial and vertical epicyclic and the Keplerian
oscillations (νK > νθ > νr for 1 ≥ a ≥ 0), taking both the di-
rect and simple combinational resonances into account. For all
possible resonances of the epicyclic and Keplerian oscillations,
the resonance condition is given in terms of the frequency ratio
parameter

p =
(m

n

)2
· (15)

All the resonant conditions that implicitly determine the resonant
radius xn:m(a, p) must be related to the radius of the innermost
stable circular geodesic xms(a) giving the inner edge of Keplerian
discs. Therefore, for all the relevant resonance radii, we require
xn:m(a, p) ≥ xms(a), where xms(a) is implicitly given by (Bardeen
et al. 1972)

a = ams ≡
√

x
3

(
4 − √3x − 2

)
. (16)

The results are summarized in such a way as to relate the black
hole spin a and the dimensionless resonance radius xn:m(a, p)
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Fig. 1. Spin resonance functions aνU/νL (x, p) for the direct resonances D1 – D3 and the frequency ratios n:m= 5:4 (black solid line), 4:3 (black
dashed line), 3:2 (black dotted line), 5:3 (red solid line), 2:1 (red dashed line), 5:2 (red dotted line), 3:1 (blue solid line), 4:1 (blue dashed line),
5:1 (blue dotted line). Black thick line represents ams(x), which implicitly determines the radius of the marginally stable orbit xms giving a natural
restriction on the validity of the resonance model versions involving radial epicyclic oscillations. In the case D3, the black points determine turning
points of the functions aνU/νL (x, p) joining two separate branches of the solution of the resonance condition equation. Of course, only those parts
of the resonance functions with x > xms(a) are acceptable.

determined for the corresponding resonance model version and
the frequency ratio parameter p. The resonance functions are de-
noted as aνU/νL(x, p).

4.1.1. Direct resonances

We consider first the direct resonances concerning the epicyclic
and Keplerian orbital frequencies giving the resonance condi-
tions that have to be fulfilled:

D1. νU = νθ, νL = νr,

a = aθ/r(x, p) ≡
√

x
3(p + 1)

{
2(p + 2)

−
√

(1 − p)
[
3x(p + 1) − 2(2p + 1)

]}
, (17)

D2. νU = νK, νL = νr ,

a = aK/r(x, p) ≡
√

x
3

[
4 − √

3x(1 − p) − 2
]
, (18)

D3. νU = νK, νL = νθ,

a = aK/θ(x, p) ≡
√

x
3

[
2 ± √

4 − 3x(1 − p)
]
. (19)

The results are illustrated in Fig. 1. In cases D1 and D2, the res-
onance lines aνU/νL(x, p) are monotonous functions of x and do

not cross the stability line ams(x). They are given by a single
branch of the solutions of the resonance conditions. In case D3,
the resonance lines cross the stability line and in some cases are
determined by two branches of the resonance condition solu-
tions, joined at a turning point. The solutions are acceptable at
the stability domain, i.e., for a > aνU/νLms (p), where aνU/νLms (p) de-
notes crossing of the resonance line aνU/νL(x, p) with ams(x) and
is called “stability point” of the resonance function.

4.1.2. Simple combinational resonances

We study the simple combinational resonances in Appendix A
for combinations of frequency pairs, and in Appendix B for com-
binations of all three frequencies νK, νθ, νr.

4.1.3. Double-beat combinational resonances

Resonances of beat frequencies (four frequencies combined
from νK, νθ, νr) constitute family of 13 cases. The behavior
of the resonance functions is similar to the case of the simple
combinational resonances. The double-beat combinational reso-
nances are treated in Appendix C.

4.2. Warped disc oscillations

In the framework of the warped disc oscillations models (Kato
2004b; Wagoner 1999), where the frequencies of the disc os-
cillations are given by combinations of the (multiples of the)
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Keplerian and epicyclic frequencies, resonant phenomena could
be relevant too. Usually, the inertial-acoustic and g-mode oscil-
lations and their resonances are relevant (Kato 2007). We give as
an example the frequency relation νL = νK − νr; νU = 2νK − νθ
which can be considered as an acceptable model of HF QPOs in
some atoll sources (e.g., 4U 1636−53, Barret et al. 2005b) and
typical Z-source Circinus X-1 (Boutloukos et al. 2006; Török
et al. 2010).

Assuming

2νK − νθ
νK − νr =

n
m
, (20)

we find that the resonance points are determined by the reso-
nance condition

a = a(2K−θ)/(K−r)(x, p) (21)

where the resonance function a(2K−θ)/(K−r)(x, p) is given by
the equation

(pαθ − αr)2 − 2 (pαθ + αr)
(
2
√

p − 1
)2
+

(
2
√

p − 1
)4
= 0. (22)

Results of solutions of (22) are given in Fig. C.2 in Appendix C7.

5. Characteristic frequency sets with a duplex
frequency

In some specific situations, for some specific values of the black
hole spin, two twin-peak QPOs observed at the radii xn:m and
xn′:m′ have the bottom, top, or mixed (the bottom at the inner
radius and the top in the outer radius, or vice versa) frequen-
cies identical. Such situations can be characterized by sets of
three frequencies (upper νU, middle νM and lower νL frequency)
with ratio νU:νM:νL = s:t:u, given by the n:m and n′:m′ ratios,
the relevant versions of the resonance, and the type of the duplex
(common) frequency.

When only direct resonances of the epicyclic oscillations are
allowed, the first case with “bottom identity” can be realized
when two resonances have a common radial epicyclic frequency,
while the second case with “top identity” can be realized when
two resonances have a common vertical epicyclic frequency.
These two possibilities only are in principle allowed by the non-
monotonicity of the epicyclic frequencies (7) discussed in detail
by Török & Stuchlík (2005). When the Keplerian oscillations
and the combinational frequencies are allowed, all the mixed,
bottom, and top identities are possible.

From the point of view of the observational consequences,
it is important to know for which frequency ratios n:m the reso-
nant frequency νθ(a, n:m), which is considered as a function of
the black hole spin a for a given frequency ratio n:m, has a non-
monotonic character. A detailed analysis (Török & Stuchlík
2005) shows that νθ(a, n:m) has a local maximum for n:m >
11:5; i.e., in physically relevant situations (n, m small enough
for the resonance), it occurs for the ratios νθ:νr = 5:2, 3:1, 4:1,
5:1. This means that while the “bottom identity” could happen
for any black hole spin a, the “top identity” can only arise for
a ∼ 1 if only the epicyclic oscillations are considered.

7 In the realistic models of warped disc oscillations that could be used
to explain QPOs observed in the black hole systems, and due to preces-
sion of the disc also in the neutron star systems (Kato 2007), the higher-
harmonic oscillations are usually considered up to the third order being
thus allowed up to the frequencies 3νK − νr , etc.

The typical cases of the frequency triple sets with bottom,
top, and both types of mixed identities containing duplex fre-
quencies are illustrated in Fig. 2. Another interesting exceptional
case occurs, e.g., for the spin a = 0.958, when two oscillations
of frequencies with the same magnitude (and ratio) are in reso-
nance at two different radii, see Fig. 2h.

We use the following system of notation throughout this pa-
per: T(X)(Y), B(X)(Y), and M(X)(Y) where T stands for top, B
for bottom, and M for mixed identity. The (X)(Y) corresponds
to the given types of the doubled resonances (X) and (Y) with
identical top, bottom, or mixed frequencies (for the case of
mixed identity (X) always denotes the resonance with the top
frequency and (Y) the resonance with the identical bottom fre-
quency). The concrete types of resonances (X)(Y) can be easily
deduced from the notation presented in Appendix D (Tables D.1
and D.5).

5.1. Triple frequency sets and black hole spin

We consider a simple situation with the “top identity” of the up-
per frequencies in two resonances between the radial and ver-
tical epicyclic oscillations at the radii xp, xp′ with p1/2 = m:n,
p′1/2 = m′:n′. The condition νθ(a, xp) = νθ(a, xp′) is then trans-
formed to the relation

α1/2
θ (a, xp)

x3/2
p + a

=
α1/2
θ (a, xp′)

x3/2
p′ + a

, (23)

which uniquely determines the black hole spin a. When two dif-
ferent resonances are combined, we proceed in the same man-
ner. For example, the case of “bottom identity” in the resonance
between the radial and vertical epicyclic oscillations at xp and
the resonance between the Keplerian oscillations with νK and to-
tal precession oscillations with νT = νθ−νr at xp′ implies the con-
dition νr(a, xp) = (νθ − νr) (a, xp′) that leads to the relation

α1/2
r (a, xp)

x3/2
p + a

=
(αθ − αr) (a, xp′)

x3/2
p′ + a

, (24)

which uniquely determines the spin a, since in Eq. (17)
(and (B.2)), the radii xp and xp′ are related to the spin a
by the resonance conditions for aθ/r(x, p) and aK/(θ−r)(x, p′),
respectively.

Therefore, for given types of the doubled resonances, the ra-
tios n:m and n′:m′ determine the ratio in the triple frequency set
s:t:u. The black hole spin a is given by the types of the two reso-
nances and the ratios p, p′, quite independently of the black hole
mass M.

Since the radial and vertical epicyclic frequencies and
the Keplerian frequency have the same dependence on the black
hole mass M, the above arguments hold in the same way for
any kind of the three frequency sets, for any of the bottom,
top, or mixed frequency identity with any two resonances con-
taining any combination of the frequencies νK, νθ, νr. Therefore,
the triple frequency sets with the “duplex” frequencies can be
used to determine the black hole spin with very high preci-
sion, independently of the uncertainties in determining the black
hole mass M: the parameter M can be addressed by the mag-
nitude of the measured frequencies. However, the relation be-
tween the black hole spin and the triple frequency ratios is not
unique in general. For a given frequency ratio set, several values
of a are allowed, and some other methods of the spin measure-
ment (spectral continuum fitting, profiled spectral lines) must be
involved.
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Fig. 2. Typical cases of the frequency triples with top a), b), bottom c), d), and both types of mixed identities e), f), g). Also shown is the interesting
exceptional case where two oscillations of frequencies with the same magnitude and the same ratio are in resonance at two different radii h).
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Fig. 3. Determination of black hole spin for several cases of doubled resonances. The functions νv = νn:m
v (a, xn:m(a)), v ∈ {θ,K} are drawn for

the frequency ratios n:m= 5:4 (black solid line), 4:3 (black dashed line), 3:2 (black dotted line), 5:3 (red solid line), 2:1 (red dashed line), 5:2 (red
dotted line), 3:1 (blue solid line), 4:1 (blue dashed line), 5:1 (blue dotted line). Black thick line in T33, T44, and B33 represents νv = νv(a, xms),
which denotes the frequency on the marginally stable orbit. Here we show how to determine the “magic” spin am = 0.983 in the case of a) “mixed
identity” M13 with νθ:νr = 2:1 and νK:νθ = 3:2 giving the triple frequency set ν3:2

K :νθ:ν2:1
r = 3:2:1 and b) “top identity” T34 with νK:νθ = 3:2

and νK: (νθ − νr) = 3:1 giving the triple frequency set νK:ν3:2
θ : (νθ − νr)3:1 = 3:2:1.

The triple frequency set ratios are directly given by the ver-
sions of resonance that occur in the two twin-peak QPOs under
consideration, while the relevant spin a can be easily determined
by seeking common points of the relevant frequency functions
for a fixed mass M. The schemes for treating the situations with
duplex frequencies are given in Figs. 2 and 3.

The method of finding the spin a is illustrated in Fig. 3
for several cases of resonances. We can see from Fig. 3 that
there are no solutions for the cases T33, T44, and B33, but for
T11, T34, and M13 there are some specific values of the black

hole spin when the top (or mixed) frequencies are identical
and give the characteristic triple frequency ratio sets. The com-
plete results of detailed analysis are given in Appendix D
(Tables D.2−D.4). We give schemes of the direct resonances
(D1−D3) and some of the triple combinational resonances (CT1,
CT2) that cannot be deduced from the direct resonances.

For the simple combinational resonances containing only
two of the three relevant frequencies, the results can be eas-
ily determined from the direct resonances, because at a given
radius xp, where a direct resonance occurs, the combinational
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resonances of the two relevant frequencies occur, and the rele-
vant ratio of the combinational resonances is given by the re-
lations expressed explicitly for the direct resonance. In all of
the simple combinational resonances occurring at the same ra-
dius as the corresponding direct resonance, the related black hole
spin a remains unchanged, and only the triple of the frequency
ratios is different and is determined by the relations for the com-
binational frequencies.

In presenting the final results for the direct and simple com-
binational resonances in the tables in Appendix D, we have con-
sidered all the ratios with n,m = 1, 2, 3, 4. Of course, owing
to the theory (Landau & Lifshitz 1976), the highest resonance
order that should be considered here is n + m = 9, correspond-
ing to the highest order resonances with n:m = 5:4 that are ob-
served in some black hole systems (see Remillard & McClintock
2006; Strohmayer et al. 2007) and in some neutron star systems
(see Belloni et al. 2005, 2007b; Barret et al. 2005b; Török 2009;
Stuchlík et al. 2011b). However, such tables are too extended to
be presented here, and that is the reason we restrict ourselves
to the limited range of n,m = 1, 2, 3, 4. The complete tables
with n,m = 1, 2, 3, 4, 5 can be found for some important cases in
Stuchlík et al. (2007a).

In the case of the doubled combinational (and warped disc)
frequency ratios, we restrict our attention to triple frequency
sets that contain their combinations with the most frequently ex-
pected direct resonance of the radial and vertical epicyclic oscil-
lations and to the ratios involving n,m = 1, 2, 3, 4. The results
are presented in Appendix D (Tables D.6−D.8). The other com-
binations can be constructed in an analogous manner. An explicit
form of tables representing all the possible combinations of dou-
bled beat frequencies is very extended, and that is why we do
not present them explicitly. Using our results they could be con-
structed in a straightforward way. The resonance “guide” book
can be thus completed easily.

5.2. Strong resonant radii and related black hole spin

The presented results show that usually the triple frequency sets
fixing the black hole spin a occur at two different radii. However,
there are important cases when the triple frequencies occur at
the same (shared) radius. Then one could expect an intuitively
higher probability that the resonant phenomena will arise, espe-
cially in the cases of ratios of very low integers

3:2:1, 4:3:2, 6:3:2, . . . (25)

because a causally related cooperation of the resonances at
the given radius should come into play. A crucial role is ex-
pected for direct resonances of oscillations with all three orbital
frequencies characterized by a triple frequency ratio set (s, t, u
being small natural numbers)

νK:νθ:νr = s:t:u (26)

when strong resonant phenomena are possible (Stuchlík et al.
2008b). Assuming two resonances with ratios νK:νθ = s:t and
νK:νr = s:u sharing the same radius x, we can determine the ra-
dius giving s:t:u ratio from the equation (Stuchlík et al. 2008b)

x (s/u, t/u) ≡ 6 (s/u)2 X−1, (27)

X = 6 (s/u)2 ± 2
√

2
√

(t/u − 1) (t/u + 1)
[
3 (s/u)2 − (t/u)2 − 2

]
−

[
(t/u)2 + 5

]
, (28)
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Fig. 4. Function x(s/u, t/u) determining the triple frequency ratio set
s:t:u at the properly given radius of a black hole with a “magic” spin.
The points represent the ratio: s:t:u = 3:2:1 A), 4:3:1 B), 5:3:1 C),
5:4:1 D), 5:4:2 E).

and the related black hole “magic” spin is given by

a (x (s/u, t/u) , u/s) ≡
√

x
3

(
4 ±

√
−2 + 3x

[
1 − (u/s)2

] )
. (29)

A detailed discussion of the black holes that admit strong
resonant phenomena is for small integers (s ≤ 5) given in
Stuchlík et al. (2008b). All the results (denoted by an asterisk)
are contained in Appendix D (Tables D.2−D.4 and D.6−D.8).
Since x(s, t, u) can be considered as a two-parameter (s/u, t/u)
family of solutions for the shared resonant radii, we are able to
give the results of finding the strong resonance radii and the cor-
responding spin in Fig. 4. The radius and spin at these points are
xA = 2.395, aA = 0.983; xB = 2.880, aB = 0.866; xC = 2.083,
aC = 0.962; xD = 3.240, aD = 0.775; xE = 3.407, aE = 0.882.

Of special interest seems to be the case of the “magic” spin
a = 0.983, when the Keplerian and epicyclic frequencies are in
the ratio νK:νθ:νr = 3:2:1 at the common radius x3:2:1 = 2.3947
(see Fig. 5a). In fact, this case involves rather extended struc-
ture of resonances with νK:νr = 3:1, νK:νθ = 3:2, νθ:νr = 2:1.
Also the simple combinational frequencies could be in this small
integer ratio (Stuchlík et al. 2008b). The strongest possible reso-
nances occur when the beat frequencies enter the resonance sat-
isfying the conditions

νθ + νr
νK

=
νθ

νK − νr =
νr

νK − νθ =
νθ − νr
νr

= 1. (30)

It should be stressed that beside the case of strong resonances
between oscillations with νK, νθ, νr sharing the same radius,
the characteristic set 3:2:1 could also appear because of reso-
nances at different radii (see Fig. 5b). All the relevant versions
of the multi-resonant model with 3:2:1 frequency ratio set are
given in Appendix E by Table E.1.

6. Resonant switch model

In the case of LMXB systems containing neutron or quark stars,
we propose a new model of twin-peak HF QPOs. It is based
on the idea that the twin oscillatory modes with changing fre-
quencies that create sequences of the lower and upper HF QPOs
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switch at a resonant point – we call it resonant switch (RS)
model. We assume the resonant point occurs at a radius of the os-
cillating disc where frequencies of the twin oscillatory modes
become commensurable. We expect that at the resonant point
non-linear resonant phenomena will cause excitation of a new
oscillatory mode (or two new oscillatory modes) and dump-
ing (vanishing) of one of the previously acting modes (or both
the previously acting modes), i.e., switching from one pair of
the oscillatory modes to the other pair of them that will be act-
ing up to the next relevant resonant point.

The observational X-ray data obtained for both the atoll and
Z-sources indicate the feasibility of the RS model in some of
the observed sources. In the atoll sources (e.g., in 4U 1636−53),
the twin-peak HF QPOs span a wide range of frequencies cross-
ing the frequency ratios 3:2, 4:3 and finishing at 5:4, just near
the inner edge of the accretion disc (Boutelier et al. 2010; Török
2009). In the case of the 4U 1636−53 source, the behaviour of
these observed oscillations, reflected by the energy switch ef-
fect occurring at the related frequency ratios (Török 2009), in-
dicates the resonant effects at disc radii where the frequencies
are in the ratios 3:2 and 5:4. The energy switch effect, reflecting
the change of the dominance of the lower frequency oscillations
to dominance of the upper frequency oscillations while the reso-
nant point is crossed, can be naturally explained in the frame-
work of non-linear resonant phenomena (Horák et al. 2009).
Therefore, it is probably reasonable to assume that the fre-
quencies of oscillations at the energy reverse point determine
the eigenfrequencies of the oscillations at the resonance point.

The energy switch effect allows the frequencies to be
determined at the resonant points that can then be used to deter-
mine (or significantly restrict) parameters of the central neutron
(quark) star for various models of the HF QPOs. A similar, but
slightly modified, situation occurs for Z-sources. In the case
of the typical Z-source Circinus X-1, we again observe a wide
range of HF QPO frequencies, but these are crossing frequency
ratios 2:1 and 3:1 which are substantially higher than in the atoll
sources, indicating that the QPOs occur at different parts of
the accretion discs in comparison with the atoll sources. We
expect that in the atoll sources HF QPOs occur in the inner-
most parts of the disc (we can even assume that the resonant
point with frequency ratio 5:4 represents the inner boundary
of the disc, Stuchlík et al. 2011b), while in the Z-sources we
expect HF QPOs generated at more distant parts of the disc,
lying behind the radius where the maximum of the radial
epicyclic frequency occurs (Török et al. 2010). We can deter-
mine the resonant points (and their observational extension) by
both (i) the switch energy effect, i.e., due to the frequency where
the difference in amplitude of the lower and upper frequency os-
cillations vanishes, and (ii) the region of observational data in
the resonant frequency ratio. We have checked that these meth-
ods agree in the case of the 4U 1636−53 source.

In the (simplest version of) RS model, we assume two res-
onant points at the disc radii rout and rin, with observed fre-
quencies νout

U , νout
L and νinU , νinL , being in commensurable ratios

pout = nout:mout and pin = nin:min. These resonant frequencies
are determined by the energy switch method (Török 2009; Horák
et al. 2009). The observations put the restrictions νinU > ν

out
U and

pin < pout. In the region covering the resonant point at rout we
assume the twin oscillatory modes with the upper (lower) fre-
quency determined by the function νout

U (x; M, a) (νout
L (x; M, a)).

In the region of the inner resonant point we assume (gener-
ally) different oscillatory modes with the upper and inner fre-
quency functions νinU(x; M, a) and νinL (x; M, a). We assume all

the frequency functions to be given by combinations of the or-
bital and epicyclic frequencies of the geodesic motion in the Kerr
backgrounds, and such a simplification is correct with high pre-
cision for neutron (quark) stars with high mass. The rotating
neutron stars are described quite well by the Hartle–Thorne
geometry characterized by three parameters: mass M, internal
angular momentum J, and quadrupole moment Q (Hartle &
Thorne 1968). It is convenient to use dimensionless parameters
a = J/M2 (spin – denoted j in Török et al. 2010) and q = QM/J2

(dimensionless quadrupole moment). In the special case where
q ∼ 1, the Hartle–Thorne geometry reduces to the Kerr geome-
try that is very convenient for relativistic calculations in a strong
gravitational field regime because of the simplicity of relevant
formulae. It has been shown that near-maximum-mass neutron
(quark) star Hartle–Thorne models, constructed for any given
realistic equation of state, imply q ∼ 1, and the simple Kerr
geometry is quite correctly applicable in such situations instead
of the complicated Hartle–Thorne geometry (Török et al. 2010).
High neutron star masses can be expected in the LMXBs because
their mass grows owing to the accretion.

The frequency functions have to meet the observationally
given resonant frequencies. In the framework of the simple
RS model this requirement enables determination of the param-
eters of the Kerr background describing the exterior of the neu-
tron (quark) star. The “shooting” of the frequency functions to
the resonant points, giving the neutron star parameters, can be
realized efficiently in two steps. First, we can apply our method
based on the frequency ratio’s independence of the mass param-
eter M. Therefore, the conditions

νout
U (x; M, a) : νout

L (x; M, a) = pout,

νinU(x; M, a) : νinL (x; M, a) = pin (31)

imply the relations for the spin a in terms of the dimension-
less radius x and the resonant frequency ratio p. We can ex-
press them in the form aout(x, pout) and ain(x, pin) as determined
in Sect. 4 for a concrete version of the twin oscillatory modes,
or in an inverse form xout(a, pout) and xin(a, pin). At the resonant
radii, the conditions

νout
U = ν

out
U (x; M, a), νinU = ν

in
U(x; M, a) (32)

are satisfied along the functions Mout
pout

(a) and Min
pin

(a), which
are obtained by using the functions aout(x, pout) and ain(x, pin).
The parameters of the neutron (quark) star are then given by
the condition

Mout
pout

(a) = Min
pin

(a). (33)

Usually, condition (33) determines M and a uniquely, if the res-
onant frequencies are determined precisely. If an error occurs in
determining the resonant frequencies, as expected naturally, our
method gives corresponding intervals of the acceptable values of
the mass and spin parameter of the neutron (quark) star.

Predictions of the RS model have to be tested in three ways:

a) by the range of values of the mass and spin parameters of
the central neutron (quark) star allowed by theoretical models
of the neutron (quark) star structure,

b) by the fitting of the twin-peak HF QPO data sequences
around the resonant points by the twin oscillation modes used
near the resonant points,

c) by the observational limits on mass and spin given by differ-
ent phenomena observed in X-rays coming from the source,
e.g., by the profiled spectral lines.
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Fig. 5. Left: case of a “magic” spin, where the strongest resonances could occur at the same radius. For completeness we present the relevant
simple combinational frequencies νθ − νr, νθ + νr, νK − νθ, νK − νr (grey dashed lines). The “magic” spin am = 0.983 represents the only case where
the combinational and direct orbital frequencies coincide at the shared resonance radius. Right: another example of the characteristic frequency
ratio set 3:2:1 that appears at different radii.

The method of finding the M(a) relation in the framework of
the RS model can be directly used for the black hole systems that
provide four QPO frequencies at two resonant points located at
two different radii. Of course, for black holes the four frequen-
cies are exactly determined from precise observations, and there
are generally no restrictions on the models applied to the two
resonant points since we expect no relation between the two res-
onances, contrary to the RS model related to the systems con-
taining a neutron star.

7. Discussion

We discuss the applicability and precision of the multi-resonance
model in black hole or neutron star systems. As an illustra-
tion we offer a detailed discussion of the HF QPO phenomena
for triple frequency set with ratio 3:2:1 in terms of the multi-
resonance model, including estimates of the error in determin-
ing the black hole spin. The RS model for neutron star systems
exhibiting two resonant points is tested for data from the atoll
source 4U 1636−53.

7.1. Black holes

The relation between the tripled frequency ratios and the black
hole spin is presented in Appendix D, which gives all the pos-
sible cases of the bottom, top, and mixed frequency identi-
ties. Of course, there is potentially a real difficulty in choos-
ing the proper combination of the resonance model versions in
analysing the frequency data from concrete sources. Then all
the relevant data on HF QPOs have to be used, and the results
have to be compared with results from the other methods of mea-
suring black hole spin, e.g., those based on the spectral contin-
uum and profiled spectral lines.

The method of triple frequency sets must be treated very
carefully because of uncertainties in the frequency measurement
in HF QPOs (Remillard & McClintock 2006). In fact, in some
versions of the multi-resonance model, even a relatively high
precision of the frequency measurements could imply rather
high scatter in the estimated black hole spin. The triple frequency
set method could be expected to work quite efficiently in the case
of ratios of small integers, such as 3:2:1, 4:3:2, etc. The other
possible frequency sets have to be taken seriously, but analysis
must be very careful for high integers in the triple frequency
sets. It is increasingly difficult to distinguish different triple fre-
quency sets when the order of the resonance increases, since
the uncertainties of the frequency measurements are relatively

high. Nevertheless, we can expect that data from a new genera-
tion of X-ray satellites, especially from the LOFT project aimed
at extremely precise timing measurements (Feroci et al. 2012),
could improve the situation due to an expected strong increase
in the frequency measurement precision.

We expect that analysis of each concrete source will need
an appropriate combination of different methods. Clearly, a de-
tailed analysis of assumed resonance phenomena, both para-
metric and forced, and their excitation by both external and
internal causes must be taken into consideration. In particu-
lar, the expected resonance strength and allowed range of res-
onant frequencies must be treated very carefully (Stuchlík et al.
2008b; Nayfeh & Mook 1979). When the equations of motion
for non-linear oscillations are solved by successive approxima-
tions, higher harmonics and combinational frequencies occur in
oscillating systems corresponding to higher approximations. As
the degree of approximation increases, the strength of the res-
onances and the resonant frequency width decrease rapidly as
shown by Landau & Lifshitz (1976) and Nayfeh & Mook (1979).

The most promising example of the triple frequency ratios
arising in a single radius (or in its close vicinity) occurs for
the “magic” black hole spin a = 0.983, when at the radius
x3:2:1 = 2.395, the frequency ratio is νK:νθ:νr = 3:2:1. Then
the resonant phenomena should be strongest, and all the res-
onances, including those with beat frequencies, could coop-
erate efficiently even for frequencies scattered from the ex-
act resonant eigenfrequencies. For the triple frequency ratio
set 3:2:1, all the allowed combinations of the oscillatory modes
are given in Appendix E (Table E.1) and demonstrate a signifi-
cant complexity.

It is necessary for us to compare the results of the multi-
resonance model to the results of the other methods of black hole
spin measurements, namely those related to the optical phenom-
ena in the vicinity of the black hole (Schee & Stuchlík 2009a;
Bin-Nun 2010a,b; Horváth & Gergely 2012). For Sgr A∗, consid-
ered to be a candidate for the test object of the resonant phenom-
ena with frequency ratio 3:2:1 (Aschenbach 2004; Török 2005),
the relativistic precession of the nearby star orbits is also very
promising (Kraniotis 2005, 2007).

It is quite instructive to determine how the frequency mea-
surement precision could influence the black hole spin es-
timates in this very special case8. We give the range of

8 A similar estimate must be realized in analysing data from all sources
that could be considered as realistic candidates of a system for which
the triple frequency method is applicable.
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Fig. 6. Error in determining the “magic” spin am = 0.983043 allowing νK:νθ:νr = 3:2:1 at the same radius. The interval of allowed values
of the black hole spin a ∈ 〈am − Δ; am + Δ〉 related to the 2% error in frequency measurements is for T23: a ∈ 〈0.973038; 0.992436〉; for M13:
a ∈ 〈0.970599; 0.995125〉; for T34: a ∈ 〈0.981643; 0.984157〉; for B14: a ∈ 〈0.981436; 0.984253〉. For the case of B12, only the 0.5% measurement
error gives a reasonable restriction on black hole spin: a ∈ 〈0.969714; 0.993428〉 (for 2% measurement error there is a ∈ 〈0.91012; 1.01155〉).

the black hole spin for which the 3:2:1 resonant phenomena
could be relevant because of the precision of frequency mea-
surements that is usually reported in the period of 0.5−2%
(Remillard & McClintock 2006). The scatter of the black hole
spin related to the frequency measurement errors is shown in
Fig. 6. We illustrate the situation for some representative ver-
sions of oscillatory modes in resonance, namely T23, T34, B12,
B14, M13. We can see that, except for the case of B12, all
the cases give a strong restriction on the spin even for the two
percent error in the frequency measurements. On the other hand,
for B12, only the 0.5% measurement error gives a reasonable
restriction on a, while even for 1% error, values of a > 1 are
allowed. Clearly, if the relevant frequency curves cross in a large

(small) relative angle, the spin is determined with high (low)
precision. The same rule is relevant in analysing any resonance
triple frequency set. In the case of T23, the detailed results are
illustrated in the Table 1. We can see that the one percent error in
frequency measurement implies an error of 0.005 in spin deter-
mination, while a three percent frequency error implies a 0.015
error in spin determination. In the latter case, the interval of al-
lowed values for the spin reads as 0.9678 < am < 0.9969, and
the upper limit enters the region of applicability of the extended
resonance model (Stuchlík et al. 2007b). The LOFT project
promises high enough precision for extended application of our
multi-resonance model. The assumed precision of the LOFT
measurements of HF QPOs is expected to be at least one order
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Table 1. Scatter of the black hole spin a ∈ 〈am − Δ; am + Δ〉 related
to the frequency measurement errors for the resonance of the type T23
with the “magic” spin am = 0.983043 allowing νK:νθ:νr = 3:2:1 at
the same radius (see also Fig. 6).

ΔνU [%] am − Δ am + Δ ∼Δa [%]

±3.0 0.967806 0.996902 ±1.5

±2.0 0.973038 0.992436 ±1.0

±1.5 0.975596 0.990146 ±0.7

±1.0 0.978117 0.987817 ±0.5

±0.5 0.980599 0.985449 ±0.2

Expected precision of LOFT:

±0.05 0.982801 0.983286 ±0.025

±0.01 0.982995 0.983092 ±0.005

higher than for recent satellites (Feroci et al. 2012), implying
precision of the spin determination at the level of 0.001 (see
Table 1).

In the framework of the multi-resonance model, a detailed
guide book of triple frequency sets and related black hole spins
has been developed (see Appendix D). However, this is only
an introductory book based solely on the frequency ratios of
the observed oscillations. Additional case-dependent informa-
tion has to be related to the multi-resonance model in order to
restrict variants of the oscillatory modes in resonance or to fal-
sify all of them. The most important information is connected
to the amplitude of the oscillatory modes, simultaneity of their
appearance, their time dependence, and frequency scatter.

Properties of the observed oscillations are related to the mag-
nitude of the accretion flow (see, e.g., Ford et al. 2000). The
multi-resonance model is unaffected by the flow magnitude
if the gravitation remains the main restoring force of the os-
cillations. In those cases where the restoring forces of non-
gravitational origin becomes relevant, the model has to be
modified.

7.2. Neutron stars

In LMXB systems containing neutron (quark) stars, the sim-
ple resonance model assuming resonance of oscillations with
radial νr and vertical νθ epicyclic frequencies can be excluded
with high probability, or requires substantial non-geodesic cor-
rections to the formulae of the epicyclic frequencies (Urbanec
et al. 2010b; Abramowicz et al. 2011). The evolution of the lower
and upper HF QPOs frequencies (across a single measure-
ment sequence) in such sources suggests (very rough) agree-
ment of the data distribution with the relativistic precession
(RP), hot spot model (Stella & Vietri 1999, 1998). In rough
agreement with the data are also other models based on the as-
sumption of the oscillatory motion of hot spots or accretion
disc oscillations, such as the total precession model (Stuchlík
et al. 2007d), the tidal disruption model (Čadež et al. 2008;
Kostić et al. 2009; Germanà et al. 2009), or the warped disc
oscillations model (Kato 2001a, 2004b,a, 2007, 2008, 2009).
In all of these models the frequency difference νU − νL de-
creases with increase in the magnitude of the lower and up-
per frequencies in accord with trends given by the observa-
tional data (Barret et al. 2005a; Belloni et al. 2007a; Boutelier
et al. 2010). An alternative explanation of HF QPOs in neu-
tron star systems provides the sonic-point and spin-resonance
models (Lamb & Miller 2001, 2003), higher-order nonlinearity

model (Mukhopadhyay 2009), shock-wave model (Chakrabarti
et al. 2009; Debnath et al. 2010), Rayleigh–Taylor gravity
wave model (Osherovich & Titarchuk 1999; Titarchuk 2003;
Titarchuk & Shaposhnikov 2008), MHD Alfvén wave oscilla-
tion model (Zhang 2004; Zhang et al. 2006, 2007; Shi 2011),
and MHD model (Shi & Li 2009).

The νU − νL frequency relation, given by a variety of the rel-
evant frequency-relation models mentioned above, can be fitted
to the observational data for some properly chosen neutron star
sources. Rather surprisingly, the fitting procedure applied im-
plies a mass-spin relation M(a) = M0[1 + k(a + a2)] for both
the sources rather than concrete values of the neutron star pa-
rameters M and a. Both the parameters M0 and k depend on
the source and the combination of the twin oscillatory modes
(for details see Török et al. 2010, 2012). The quality of the fit-
ting procedure is very poor for the atoll source 4U 1636−53 as
demonstrated in Török et al. (2012). Similar, very bad fitting of
observational data with the frequency relation models has been
found in Lin et al. (2011) for the atoll source 4U 1636−53 and
Sco X-1. This disagreement of the data distribution with their fit-
ting by the frequency-relation models is based on the assumption
of the geodesic character of the oscillatory frequencies. It im-
plied some attempts to find a non-geodesic correction reflecting
additional physical ingredients (such as an influence of the mag-
netic field) that could make the fitting procedure much better
(Török et al. 2012).

For the RP model, a strong improvement can be reached by
a small shift in the geodetical radial epicyclic frequency and a re-
lated small change in the marginally stable orbit location (Török
et al. 2010, 2012). The non-geodesic corrections to the radial
epicyclic frequencies can be generated on the level of tens of
percent for oscillating non-slender tori (Šrámková 2005; Blaes
et al. 2007; Straub & Šrámková 2009), or can do so by assum-
ing a slightly charged internal part of the accretion disc inter-
acting with the external dipole magnetic field of the neutron
star when very strong effects can be obtained, on the level of
hundred percent or higher (Bakala et al. 2010, 2012; Pachon
et al. 2012). We can consider several diverse possibilities to ex-
plain the behaviour of charged accretion discs. First, the disc can
be treated as a “dielectric” structure, with the effective charge
fixed to the moving matter, as discussed in Kovář et al. (2011).
Second, there might be an inverse possibility, when the elec-
tric charge happens to be concentrated in a hot spot of a soli-
tonic character that could be a cosmic object similar to the well
known and poorly understood “ball lightning”. Third, an inter-
esting new and open possibility is represented by oscillations of
coronal structures distributed in the vicinity of the off-equatorial
circular orbits of charged particles discovered and discussed in
Kovář et al. (2008, 2010), Stuchlík et al. (2009), and Kopáček
et al. (2010). Preliminary studies indicate that the non-geodesic
corrections make the fits much better, however they do introduce
additional free parameters into the HF QPOs models. Therefore,
it is useful to also test the possibility of improving the fitting pro-
cedure by using proper combinations of the models that assume
purely geodesic origin of the observed frequencies. Our multi-
resonant approach can be applied to the neutron star systems
thanks to the possible occurrence of one or two resonant points
along the observed twin-peak HF QPOs (Belloni et al. 2007b;
Török et al. 2008c,a,b; Török 2009; Boutelier et al. 2010).

The twin-peak frequencies are widely scattered, but concen-
trated in the vicinity of the resonance point with the frequency
ratio close to 3:2 in most of the atoll sources. The scatter
of the twin-peak frequencies around this 3:2 resonant point is
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correlated and approximated by the linear fits νU = AνL + B,
and an anticorrelation of the parameters A, B was predicted
by the resonance theory and indicated from observational
data related to twelve atoll neutron star X-ray binary systems
(Abramowicz et al. 2005a,b). However, analysis of the neutron
star source 4U 1636−53 indicates resonance at two resonance
points with frequency ratios 3:2 and 5:4 (Török et al. 2008c,a,b;
Török 2009); moreover, two resonance points with the same
frequency ratios are demonstrated by analysis of the source
4U 1608−52 (Török 2009). This means that the HF QPO fre-
quency linear fits and the anticorrelation data (Abramowicz et al.
2005b) only related to the 3:2 frequency ratio are contaminated
with the data connected to the 5:4 resonance point in the case of
at least these two sources.

Recent observational data obtained for the atoll sources in-
dicate convincingly that the resonance points are located very
close to the innermost stable circular geodesics (ISCO) of
the spacetime, which are usually assumed to represent the in-
ner edge of the accretion disc (Barret et al. 2006, 2005b,c).
Therefore, it is quite natural to expect that the resonant os-
cillations could be excited by inhomogeneities on the surface
of the neutron star, and these inhomogeneities strongly influ-
ence the innermost parts of the accretion disc (Stuchlík et al.
2008a). In fact, the twin-peak QPOs’ amplitude analysis of four
atoll sources (4U 1636−53, 4U 1608−52, 4U 1820−30, and
4U 1735−44) demonstrates a cut-off of HF QPOs at the resonant
radii corresponding to the frequency ratios 5:4 or 4:3 and indi-
cating thus a possibility that in such sources the accretion discs
are strongly influenced by resonant phenomena and that the in-
ner edge is shifted from the ISCO to the corresponding resonant
radius (Stuchlík et al. 2011b).

A non-standard way to improve the data fitting can be re-
alized in the neutron star systems demonstrating two resonant
points in HF QPOs when assumption of a unique frequency re-
lation applicable along the full twin-peak HF QPOs frequency
range can be abandoned thanks to the RS model.

7.3. Resonant switch model applied to the atoll source
4U 1636–53

We tested our RS model in the case of the atoll 4U 1636−53
source that seems to be the best possibility owing to the charac-
ter of the observational data clearly demonstrating two “resonant
points” where the energy switch effect occurs. Using the results
of Török (2009), the resonant frequencies determined by the en-
ergy switch effect are given in the outer resonant point with fre-
quency ratio νU/νL = 3/2 by the frequency intervals

νout
U = νout

U0 ± Δνout = (970 ± 30) Hz,

νout
L = νout

L0 ± Δνout = (647 ± 20) Hz, (34)

and at the inner resonant point with frequency ratio νU/νL = 5/4
there is

νinU = ν
in
U0 ± Δνin = (1180 ± 20) Hz,

νinL = ν
in
L0 ± Δνin = (944 ± 16) Hz. (35)

The resonant points determined by using the energy switch ef-
fect accord with observational data points crossing the lines of
constant frequency ratios 3:2 and 5:4 as given in the standard
papers (Barret et al. 2005b; Belloni et al. 2007a).

We tested the RS model determining the parameters M
and a of the neutron (quark) star at the 4U 1636−53 source
for the standard relativistic precession (RP) model (Stella &
Vietri 1999) combined with the tidal distortion (TD) model

(Kostić et al. 2009), and the total precession (TP) model
(Stuchlík et al. 2007d). In the case of the RP model, the fre-
quency ratio of two oscillatory modes reads as

νU

νL
=
νK

νK − νr , (36)

for the TD model we have to consider the frequency ratio

νU
νL
=
νK + νr
νK

, (37)

while in the case of the TP model there is
νU
νL
=
νθ
νθ − νr · (38)

7.3.1. Combination of the RP and TD models

For the combination of RP and TD models, the RP model has to
be related to the inner resonant point, while the TD model has
to be related to the outer resonant point. We applied the method
of determining the neutron star parameters M and a presented in
the Sect. 6, and the results are presented in Fig. 7. For the fre-
quency scatter at the resonant points, given by relations (34)
and (35), the range of allowed values for the mass and spin of
the neutron star is given by

0.86 < a < 0.94 , 5.03 <
M
M

< 6.27. (39)

The central point of the frequency ranges implies that the central
estimates of the neutron star parameters are a = 0.91 and M =
5.67 M
.

Clearly, for the combination of the RP and TD oscillatory
modes, the RS model implies parameters of the neutron star that
are totally out of the ranges accepted by the recent theory of
the structure of the neutron stars both for their spin and mass. It
is well known that the neutron star mass surely cannot exceed
the critical value of M ∼ 3 M
 (Rhoades & Ruffini 1974) and
the models based on the realistic equations of state give maxi-
mal masses going up to Mmax ∼ 2.8 M
 (Postnikov et al. 2010).
In fact, the extremal maximum Mmax ∼ 2.8 M
 is predicted by
the field theory (Müller & Serot 1996). The limit of Mmax ∼
2.5 M
 is predicted by the Dirac–Brueckner–Hartree–Fock ap-
proach in some special cases (Müther et al. 1987), in the varia-
tional approaches (Akmal & Pandharipande 1997; Akmal et al.
1998), and in other approaches (Urbanec et al. 2010a) allow
for Mmax ∼ 2.25 M
. For the maximum spin of neutron stars,
the limit a < amax ∼ 0.7 has been demonstrated recently by Lo
& Lin (2011), independently of the equation of state; on the other
hand, they have shown the possible existence of quark stars with
spin slightly exceeding the black hole limit a = 1. Therefore,
the RP–TD combination can be excluded as a realistic explana-
tion of the observed data in the atoll source 4U 1636−53 because
of the high values of the predicted neutron star parameters.

7.3.2. Combination of the RP and TP models

For the combination of RP and TP models, the RP model has to
be related to the inner resonant point, while the TP model has to
be related to the outer resonant point. The method of determining
the neutron star parameters M and a implies the results presented
in Fig. 7. The range of allowed values of the mass and spin of
the neutron star is given by

0.29 < a < 0.70, 2.25 <
M
M

< 3.57. (40)
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Fig. 7. Intervals of acceptable values of mass and spin of the neutron star in the atoll source 4U 1636−53 predicted by the resonant switch model
for the combination of RP–TD models (left) and RP–TP models (right) using the scatter of the resonant frequencies at each of the two resonant
points where RP ≡ νK:(νK − νr) = 5:4, TD ≡ (νK + νr):νK = 3:2 and TP ≡ νθ:(νθ − νr) = 3:2.

The central point of the frequency ranges implies that the cen-
tral estimates of the neutron star parameters are a = 0.54 and
M = 2.91 M
.

The RP–TP combination of the oscillatory modes in
the RS model implies parameters of the neutron star that are
quite acceptable at the lower end of the allowed ranges of
spin and mass. Owing to the rotational frequency of the cen-
tral neutron star in the atoll source 4U 1636−53, observed to
be fNS = 580 Hz (or fNS = 290 Hz), the spin estimated by
the Hartle–Thorne models of rotating neutron stars puts limits
in the range 0.2 < a < 0.4 on near-extreme masses predicted
by models with realistic equations of state (Urbanec et al., in
prep.). The related restriction on the neutron star mass reads as
M < 2.4 M
. The physical explanation of the RP–TP special
model could be very simple. A hot spot is oscillating in both
vertical and radial directions, and its radiation is modified by
the frequencies νθ and νθ−νr; approaching the 3:2 resonant point,
oscillations in the vertical direction are successively damped by
non-linear (e.g., tidal) effects and the radial oscillations are en-
forced. Then the Keplerian and the radial epicyclic frequencies
become important. This model requires a detailed description
that is planned in future.

The RP–TP combination of the RS model should be explic-
itly tested by a fitting procedure realized for the observed twin
HF QPO sequences related to the resonant points. We plan to
make such a test in a future work. Of course, we shall also test
all the possible combinations of the RS model and estimate al-
lowed values of the spin and mass of the neutron stars for these
combinations.

8. Conclusions

The multi-resonance model of HF QPOs assumes that both in-
ternal parametric resonance and/or forced resonance can occur
in accretion discs rotating around black holes or neutron stars
and that the resonant non-linear phenomena can influence os-
cillations with the vertical and radial epicyclic frequency and/or
with the orbital (Keplerian) frequency and their simple combina-
tions. It is possible that the resonances occur for different inter-
nal reasons, at different radii within the accretion discs, and two
pairs (or more complex combinations) of the resonant frequen-
cies could be exhibited in general situations. For simplicity, we
considered two pairs of the resonant frequencies, or their spe-
cial reductions, but more complex situations can be treated in
an analogous way. The spin and mass of the black hole can then
be found with higher precision than for individual twin peaks,

but it could be rather difficult to identify any relevant combina-
tion of the resonances.

For special values of the black hole spin, the bottom (top)
epicyclic frequencies could be equal at different radii, since there
are local extrema of the radial profiles for both the epicyclic fre-
quencies in the Kerr black hole spacetimes. If Keplerian fre-
quency or beat frequencies can also enter the resonance phe-
nomena, top, bottom, or mixed coinciding frequencies in various
versions of resonance are possible. In such situations, the ratio
of the triples of the resonant frequencies is directly related to
the black hole spin, independently of the black hole mass. The
related possibility of directly measuring the black hole spin is
very important because of relatively high uncertainties in obser-
vational estimates of the black hole mass that are necessary for
determining the black hole spin in general resonant phenomena
(Török et al. 2005, 2011), or in black hole spin determinations
based on the measurements of profiled spectral lines (Laor 1991;
Karas et al. 1992; Dovčiak et al. 2004; Fabian & Miniutti 2005;
Zakharov 2003; Zakharov & Repin 2006; Zakharov et al. 2012;
Fanton et al. 1997; Čadež et al. 2003; Čadež & Calvani 2005).

The multi-resonance model of HF QPOs represents
a promising approach to understanding the observational data
from LMXBs containing both black holes and neutron stars and
data from discs orbiting black holes in the ULX sources or in ac-
tive galactic nuclei. We focussed our attention on the properties
of the frequency patterns implied by various versions of the res-
onance orbital model, but not going into physical details because
they are clearly case dependent.

The special triple frequency set method determines the black
hole spin with high precision and is quite independent of
the measurement of the black hole mass, but it could work
only accidentally for special values of the spin. Nevertheless,
it is worth making a detailed scan of all the observational data
for the LMXB black hole systems or supermassive black holes
in active galactic nuclei in order to look for some candidate
systems, since any successful determination of the spin could
help very much in determining other physical parameters of
the system and in understanding a wide scale of astrophysi-
cal phenomena. The prepared new space X-ray mission LOFT
(Feroci et al. 2012) proposes a sensitivity of the observational
instruments that is high enough to obtain data that could be both
extended and precise enough to apply the triple frequency set
method in a realistic way.

In Appendix D we present a detailed guide to all the possible
triple frequency sets and related values of the black hole spin a,
shown for all possible double combinations of both the direct
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and simple combinational resonances with the order of individ-
ual resonances limited by n ≤ 49. It is clear that comparison
of observational data with the guide tables must be done ex-
tremely carefully, since different resonances can give the same
triple frequency ratio set and black hole spin. It is worth not-
ing that the triple frequency set resonant model can be approx-
imately used also in situations where two resonant points are
detected with two of the four frequencies involved in the reso-
nances close to each other, and the black hole spin then can be
estimated independently of the black hole mass.

The efficiency of the black hole spin determination by us-
ing the triple frequency set ratios grows strongly with the grow-
ing precision of the frequency measurements. We believe that
the precision of the planned LOFT mission will be high enough
to enable application of the multi-resonance methods for an or-
der of resonance up to n = 5.

In the LMXB neutron star sources exhibiting a possible two
resonant points in the data of twin-peak HF QPOs, the RS model
can be relevant, since based on the switching of the twin oscil-
latory modes at the outer resonant point. Of course, the neutron
star parameters given by the RS model have to accord with those
determined by fitting all the observed data by the frequency re-
lations corresponding to the oscillatory modes in action.

We expect differences between the black hole and neutron
star resonant phenomena to be attributed to the presence of
the neutron star surface and related inhomogeneities influenc-
ing the HF QPOs in the vicinity of the star surface. A switch of
the frequency relations reflecting twin-peak HF QPOs in neutron
star systems from one pair to some other pair is not necessarily
caused by the resonant phenomena, but could be excited, e.g., by
the influence of the neutron star magnetic field or by something
else.

We can conclude that the multi-resonant model of HF QPOs
based on the orbital motion is able to explain a wide range
of HF QPO phenomena observed in both black hole and neu-
tron star X-ray binary systems, around the supermassive galactic
centre (Sgr A∗) black hole or in some other black hole systems
in the centre of active galactic nuclei, and in the intermediate
(NGC 5408 X-1) black hole systems.

A lot of observational and theoretical research is necessary
for deeper understanding of the resonant phenomena indicated in
the black hole and neutron (quark) star systems, and we hope that
the multi-resonant model will turn out to be very useful in future
research in connection with the observational data provided by
the LOFT X-ray satellite or some similar X-ray observatory.
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Appendix A: Simple combinational resonances
of frequency pairs

The simple combinational resonances correspond to frequency
relations of a single orbital (epicyclic) frequency να and a sim-
ple combinational (beat) frequency of another frequency νβ with
the frequency να, assuming να > νβ. Considering the pair
(α, β) in the combinations of (θ, r), (K, r), (K, θ) and introduc-
ing the new frequency ratio parameters

pI =

(n − m
m

)2
=

(
1 − √p

)2

p
, (A.1)

pII =

(n − m
n

)2
=

(
1 − √p

)2
, (A.2)

pIII =

( m
n − m

)2
=

p(√
p − 1

)2
, (A.3)

pIV =

( m
n + m

)2
=

p(√
p + 1

)2
, (A.4)

pV =

( n
n + m

)2
=

1(√
p + 1

)2
, (A.5)

pVI =

(n − m
n + m

)2
=

( √
p − 1√
p + 1

)2

, (A.6)

we arrive at the following resonance conditions expressed in
the general form:

CS.1. νU = να + νβ, νL = να,

a = a(α+β)/α(x, p) ≡ aα/β(x, pI), (A.7)

CS.2. νU = να, νL = να − νβ,

a = aα/(α−β)(x, p) ≡ aα/β(x, pII), (A.8)

CS.3. νU = να + νβ, νL = νβ,

a = a(α+β)/β(x, p) ≡ aα/β(x, pIII), (A.9)

CS.4. νU = να − νβ, νL = νβ,

a = a(α−β)/β(x, p) ≡ aα/β(x, pIV), (A.10)

CS.5. νU = νβ, νL = να − νβ,

a = aβ/(α−β)(x, p) ≡ aα/β(x, pV), (A.11)

CS.6. νU = να + νβ, νL = να − νβ,

a = a(α+β)/(α−β)(x, p) ≡ aα/β(x, pVI). (A.12)

Simple combinational resonances of the type CS occur at
the same radii as the direct resonances D1, D2, D3. Therefore,
it is enough to relate the ratios of the simple combinational and
direct resonances. For example, the frequency ratio να:νβ = 5:4
implies (να + νβ):να = 9:5, να:(να − νβ) = 5:1, etc.

Appendix B: Simple combinational resonances
of three frequencies νK, νθ, νr

We consider resonances of oscillations with one simple fre-
quency of the orbital frequencies and a simple combination
(beat) of the other two frequencies:

CT1. νU = νK, νL = νθ − νr.
The resonance function aK/(θ−r)(x, p) is given by

(αθ − αr)2 − 2p (αθ + αr) + p2 = 0. (B.1)

In the explicit form the solution reads as

a = aK/(θ−r)(x, p) ≡ √x +
1

2 · 35/6
(B.2)

×
⎡⎢⎢⎢⎢⎢⎢⎢⎣
√

A2/3 + B

A1/3
−

√
A1/3

⎛⎜⎜⎜⎜⎝ 4
√

3px5/2

√
A + A1/3B

− 1

⎞⎟⎟⎟⎟⎠ − B

A1/3

⎤⎥⎥⎥⎥⎥⎥⎥⎦ ,
where

A = 6p2x5 +

√
36p4x10 − B3, (B.3)

B = 31/3 px3 [
4 + (p − 4)x

]
. (B.4)

CT2. νU = νθ, νL = νK − νr.
The resonance function aθ/(K−r)(x, p) is given by

p2α2
θ − 2pαθ (1 + αr) + (1 − αr)2 = 0. (B.5)

CT3. νU = νr, νL = νK − νθ.
The resonance function ar/(K−θ)(x, p) is given by

(1 − αθ)2 − 2pαr (1 + αθ) + p2α2
r = 0. (B.6)

CT4. νU = νθ + νr , νL = νK.
The resonance function a(θ+r)/K(x, p) is given by

p2 (αr − αθ)2 − 2p (αr + αθ) + 1 = 0. (B.7)

The condition m < n < 2m has to be satisfied.

CT5. νU = νK + νr, νL = νθ.
The resonance function a(K+r)/θ(x, p) is given by

(αθ − p)2 − 2pαr (αθ + p) + p2α2
r = 0. (B.8)

CT6. νU = νK + νθ, νL = νr.
The resonance function a(K+θ)/r(x, p) is given by

p2 (αθ − 1)2 − 2pαr (αθ + 1) + α2
r = 0. (B.9)

The condition n > 2m has to be satisfied.

Except for the case CT1, we give the resonance functions in
an implicit graphical form, because the functions are too com-
plex and too long to be written explicitly. The implicit resonance
functions are given in Fig. B.1.

The implicit resonance conditions are polynomials of
the fourth order in the spin a in all six cases. Only one of the pos-
sible solutions of the resonance condition is physically relevant.
Now the resonance functions exhibit more complex behaviour
in comparison with the direct resonance functions. Along with
those that are monotonous and do not cross the stability line,
we have found monotonous functions crossing the stability line
at the stability points aνU/νLms (p) and non-monotonous functions
crossing the stability line. In some cases the non-monotonous
resonance lines appear to be (seemingly) discontinuous because
of entering the region with spin a > 1, corresponding to naked-
singularity spacetimes.
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Fig. B.1. Spin resonance functions aνU/νL (x, p) for the simple combinational resonances CT1 – CT6 and the frequency ratios n:m= 5:4 (black solid
line), 4:3 (black dashed line), 3:2 (black dotted line), 5:3 (red solid line), 2:1 (red dashed line), 5:2 (red dotted line), 3:1 (blue solid line), 4:1 (blue
dashed line), 5:1 (blue dotted line). Black thick line represents ams(x), which implicitly determines the radius of the marginally stable orbit xms.
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Appendix C: Double-beat combinational
resonances

We introduce 13 types of the double-beat combinational
resonances:

DC1.
νK − νr
νθ − νr , DC2.

νK + νr
νθ − νr , DC3.

νK − νθ
νθ − νr ,

DC4.
νK + νθ
νθ − νr , DC5.

νK − νr
νθ + νr

, DC6.
νK + νr
νθ + νr

,

DC7.
νK − νθ
νθ + νr

, DC8.
νK + νθ
νθ + νr

, DC9.
νK − νr
νK − νθ ,

DC10.
νK + νr
νK − νθ , DC11.

νθ − νr
νK − νθ ,

DC12.
νθ + νr
νK − νθ , DC13.

νθ + νr
νK − νr ·

We present the implicit graphical form of the solution of the res-
onance conditions related to the double-beat combinational res-
onances DC1−DC13. We also give the overview of the allowed
ranges of the direct and combinational resonances limited by
the stability points that are explicitly given and by the local ex-
trema of the resonance functions in Table C.1.

The results obtained for the relevant resonance functions
are given in Figs. C.1 and C.2. In order to keep the discus-
sion straightforward, we assume the frequency ratio n/m > 1
in all 13 cases. Therefore, we treat the frequency relations al-
lowing for ratios higher and lower than 1 as separate (inverse)
cases. For each relation of the beat frequencies, we give the re-
lation between νθ/νr and νK/νr in terms of the ratio n/m that
uniquely determines the spin “resonance” function aνU/νL(x, p).
Then we determine “resonance equations” relating the functions
αθ(x, a), αr(x, a) to the frequency ratio p that are used for numer-
ical determination of the spin “resonance” functions; however,
the “resonance equations” do not give unique results and usu-
ally determine two spin “resonance” functions that must be sepa-
rated during the numerical procedure. The separation is given by
the stability line, i.e., the function ams(x) giving the marginally
stable orbits. The resonance conditions are given in the follow-
ing form.

DC1.
νθ
νr
= 1 +

m
n

(
νK
νr
− 1

)
,

a(K−r)/(θ−r)(x, p) is solution of the equation

(αθ − p)2 − 2 (αθ + p)
(
1 − √p

)2
αr +

(
1 − √p

)4
α2

r = 0.

DC2.
νθ
νr
= 1 +

m
n

(
νK
νr
+ 1

)
,

a(K+r)/(θ−r)(x, p) is solution of the equation

(αθ − p)2 − 2 (αθ + p)
(
1 +
√

p
)2
αr +

(
1 +
√

p
)4
α2

r = 0.

DC3.
νθ
νr
=

(
1 +

m
n
νK
νr

) (
1 +

m
n

)−1
,

a(K−θ)/(θ−r)(x, p) is solution of the equation

α2
θ

(
1 +
√

p
)4 − 2αθ

(
1 +
√

p
)2 (αr + p) + (αr − p)2 = 0.

DC4.
νθ
νr
=

(
1 +

m
n
νK
νr

) (
1 − m

n

)−1
,

a(K+θ)/(θ−r)(x, p) is solution of the equation

α2
θ

(
1 − √p

)4 − 2αθ
(
1 − √p

)2 (αr + p) + (αr − p)2 = 0.

DC5.
νθ
νr
= −1 +

m
n

(
νK
νr
− 1

)
,

a(K−r)/(θ+r)(x, p) is solution of the equation

(αθ − p)2 − 2 (αθ + p)
(
1 +
√

p
)2
αr +

(
1 +
√

p
)4
α2

r = 0.

DC6.
νθ

νr
= −1 +

m
n

(
νK

νr
+ 1

)
,

a(K+r)/(θ+r)(x, p) is solution of the equation

(αθ − p)2 − 2 (αθ + p)
(
1 − √p

)2
αr +

(
1 − √p

)4
α2

r = 0.

DC7.
νθ
νr
=

(
−1 +

m
n
νK
νr

) (
1 +

m
n

)−1
,

a(K−θ)/(θ+r)(x, p) is solution of the equation

α2
θ

(
1 +
√

p
)4 − 2αθ

(
1 +
√

p
)2 (αr + p) + (αr − p)2 = 0.

DC8.
νθ
νr
=

(
−1 +

m
n
νK
νr

) (
1 − m

n

)−1
,

a(K+θ)/(θ+r)(x, p) is solution of the equation

α2
θ

(
1 − √p

)4 − 2αθ
(
1 − √p

)2 (αr + p) + (αr − p)2 = 0.

DC9.
νθ
νr
=

(
1 − m

n

)
νK
νr
+

m
n
,

a(K−r)/(K−θ)(x, p) is solution of the equation[
αθ − (

1 − √p
)2
]2 − 2p

[
αθ +

(
1 − √p

)2
]
αr + p2α2

r = 0.

DC10.
νθ
νr
=

(
1 − m

n

)
νK
νr
− m

n
,

a(K+r)/(K−θ)(x, p) is solution of the equation[
αθ − (

1 − √p
)2
]2 − 2p

[
αθ +

(
1 − √p

)2
]
αr + p2α2

r = 0.

DC11.
νθ − νr
νK − νθ =

n
m

⇒ νθ
νr
=

(
m
n
+
νK
νr

) (
1 +

m
n

)−1
,

a(θ−r)/(K−θ)(x, p) is solution of the equation

α2
θ

(
1 +
√

p
)4 − 2αθ

(
1 +
√

p
)2 (1 + pαr) + (1 − pαr)2 = 0.

DC12.
νθ
νr
=

(
−m

n
+
νK
νr

) (
1 +

m
n

)−1
,

a(θ+r)/(K−θ)(x, p) is solution of the equation

α2
θ

(
1 +
√

p
)4 − 2αθ

(
1 +
√

p
)2 (1 + pαr) + (1 − pαr)2 = 0.

DC13.
νθ

νr
=

m
n

(
νK

νr
− 1

)
− 1,

a(θ+r)/(K−r)(x, p) is solution of the equation

(αθ − p)2 − 2 (αθ + p)
(
1 +
√

p
)2
αr +

(
1 +
√

p
)4
α2

r = 0.

Generally, the resonant radii corresponding to specific spin
“resonance” functions are determined by the related “res-
onance equations” representing fourth-order polynomials in
terms of the black hole spin. The “resonance equations” are
identical in the following twin cases: DC1 ≡ DC6, DC2 ≡
DC5, DC3 ≡ DC7, DC4 ≡ DC8, DC9 ≡ DC10, DC11 ≡
DC12. The resonant radii are then determined by different
branches of the “resonance equations” solutions, separated by
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Fig. C.1. Spin resonance functions aνU/νL (x, p) for the double combinational resonances of the types DC1 – DC4, DC11 and the frequency ratios
n:m= 5:4 (black solid line), 4:3 (black dashed line), 3:2 (black dotted line), 5:3 (red solid line), 2:1 (red dashed line), 5:2 (red dotted line), 3:1 (blue
solid line), 4:1 (blue dashed line), 5:1 (blue dotted line). The grey lines represent the solutions of the same resonance equations that are relevant
for the corresponding types of resonances (DC5−DC8, DC12). The related solutions are separated by the line of marginally stable orbits ams(x)
(black thick line), they have a common stability point aνU/νLms (p).
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Fig. C.2. Spin resonance functions aνU/νL (x, p) for the double combinational resonances of the types DC9, DC10, DC13 and the warped disc
oscillation model (WD) for the frequency ratios n:m= 5:4 (black solid line), 4:3 (black dashed line), 3:2 (black dotted line), 5:3 (red solid line), 2:1
(red dashed line), 5:2 (red dotted line), 3:1 (blue solid line), 4:1 (blue dashed line), 5:1 (blue dotted line). Black thick line represents ams(x), which
implicitly determines the radius of the marginally stable orbit xms. The grey lines are related to the resonance DC10 – for details see Fig. C.1.

Table C.1. Allowed ranges of the Kerr geometry spin for the direct orbital resonance model D3 and the combinational resonances of the types
CT1, CT5, DC1, DC2, DC5, DC6 for given frequency ratio n:m.

n:m aνU/νLms (n:m)
νK
νθ

νK
νθ − νr

νK + νr
νθ

νK − νr
νθ − νr

νK + νr
νθ − νr

νK − νr
νθ + νr

νK + νr
νθ + νr

5 : 4 0.744446 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms 0 ≤ a ≤ aνU/νLms aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1
4 : 3 0.815817 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms 0 ≤ a ≤ aνU/νLms aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1
3 : 2 0.893977 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms 0 ≤ a ≤ aνU/νLms aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1
5 : 3 0.932874 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms 0 ≤ a ≤ aνU/νLms aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1
2 : 1 0.967775 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLmin ≤ a ≤ 1 aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1
5 : 2 0.985975 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLmin ≤ a ≤ 1 aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1
3 : 1 0.992634 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLmin ≤ a ≤ 1 aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1
4 : 1 0.997216 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ 1 aνU/νLmin ≤ a ≤ 1 aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ aνU/νLms aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1
5 : 1 0.998659 aνU/νLms ≤ a ≤ 1 0 ≤ a ≤ 1 aνU/νLmin ≤ a ≤ 1 aνU/νLmin ≤ a ≤ 1 0 ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1 aνU/νLms ≤ a ≤ 1

Notes. The special values of spin aνU/νLms (p) represent the limiting (minimum or maximum) values of spin for given frequency ratio n:m and given
type of resonance, along with the minima of non-monotonic resonance lines aνU/νLmin (p) (aνU/νLmin (p) � aνU/νLms (p), see Figs. B.1, C.1).

the line of the marginally stable orbits ams(x). Only the case
of DC13 is an exception, where the resonant lines do not
touch the marginally stable line. Some of the “resonance equa-
tions” are related because of the definition of the frequency
ratio (p → 1/p), namely DC3 ↔ DC11, DC5 ↔ DC13,
DC7 ↔ DC12. Furthermore, there are additional interesting

connections between the resonance lines of the classes DC1
(DC6) and DC9 (DC10) (see Figs. C.1 and C.2) expressed by
the relations

a(K−r)/(θ−r)(x, n:m) ≡ a(K−r)/(K−θ)(x, k:l), (C.1)

a(K+r)/(θ+r)(x, n:m) ≡ a(K+r)/(K−θ)(x, k:l). (C.2)
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Table C.2. Corresponding frequency ratios n:m and k:l for which
the resonance lines of the types DC1 (DC6) and DC9 (DC10) are iden-
tical and satisfy the relations (C.1) and (C.2).

n :m 5:4 4:3 3:2 5:3 2:1 5:2 3:1 4:1 5:1
k : l 5:1 4:1 3:1 5:2 2:1 5:3 3:2 4:3 5:4

The corresponding frequency ratios n:m and k:l are given in
Table C.2.

We can see from Figs. 1, B.1−C.2 that some of the consid-
ered orbital model versions do not work for the whole range
of the Kerr black hole (neutron star) spin a. For example,
for the direct orbital resonance model D3 (νK:νθ) there are
minimal values of spin aK/θ

ms (n:m) for the given frequency
ratio n:m that determines the stability point for considered
resonance functions (see Fig. 1). Such stability points aνU/νLms (p)
also represent limiting (minimum or maximum) values of spin
for related combinational resonances of the types CT1, CT5,
DC1, DC2, DC5, and DC6. Another limit on spin allowed for
resonance of a given type and frequency ratio occurs in the case
of non-monotonic resonance functions aνU/νL(x, p) by their local
minimum aνU/νLmin (p) (see, e.g., Fig. C.1). The limiting values of

the spin, and related allowed spin ranges for given frequency ra-
tio n :m, are presented for given types of resonance in Table C.1.

When two twin-peak QPOs are observed with frequency ra-
tios n:m and n′:m′, respectively, we have to find two versions
of resonance that could explain both the ratios and magnitudes
of the observed frequencies and, for a given range of allowed
mass in the source, they must predict the same black hole spin a,
or more precisely, overlapping intervals of the spin. Therefore,
it is clear that, generally, two observed twin-peak QPOs could
make the spin estimates more precise. Two different resonances
are necessary when two twin peaks are observed with the same
ratios but different magnitudes.

Appendix D: Detailed table guide across all
the possible triple frequency ratio sets and
related values
of the black hole spin a

In Tables D.2−D.4 and D.6−D.8 we present the cases with no
solution as empty. An asterisk denotes the special values of
the black hole spin when the triple frequencies occur at the same
(shared) radius.

Table D.1. Notation system of double combinations of both the direct (D1−D3) and some of the simple triple combinational resonances (CT1 and
CT2) with identical top (T), bottom (B), and both types of mixed (M) frequencies.

+ +
νθ
νr

νK
νr

νK
νθ

νK
νθ − νr

νθ
νK − νr

νθ
νr

T11 T12 T13 T14 T15

νK
νr

T22 T23 T24 T25

νK
νθ

T33 T34 T35

νK
νθ − νr T44 T45

νθ
νK − νr T55

− − νθ
νr

νK
νr

νK
νθ

νK
νθ − νr

νθ
νK − νr

νθ
νr

B11 B12 B13 B14 B15

νK
νr

B22 B23 B24 B25

νK
νθ

B33 B34 B35

νK
νθ − νr B44 B45

νθ
νK − νr B55

+ − νθ
νr

νK
νr

νK
νθ

νK
νθ − νr

νθ
νK − νr

νθ
νr

M11 M12 M13 M14 M15

νK
νr

M21 M22 M23 M24 M25

νK
νθ

M31 M32 M33 M34 M35

νK
νθ − νr M41 M42 M43 M44 M45

νθ
νK − νr M51 M52 M53 M54 M55

Notes. The “+” symbol denotes the resonance with the top frequency and “−” denotes the resonance with the identical bottom frequency.
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Table D.2. Top identity – characteristic triple frequency ratio sets and related values of the black hole spin.

νU νM νL T11 sets a

νθ ν3:2
r ν4:1

r 12 : 8 : 3 0.999795

νθ ν2:1
r ν3:1

r 6 : 3 : 2 0.993348

νθ ν2:1
r ν4:1

r 4 : 2 : 1 0.988797

νθ ν3:1
r ν4:1

r 12 : 4 : 3 0.972240

νU νM νL T12 sets a

ν3:1
θ = ν

2:1
K ν2:1

r ν3:1
r 6 : 3 : 2 0.997911

ν4:1
θ = ν

2:1
K ν2:1

r ν4:1
r 4 : 2 : 1 0.993823

ν4:1
θ = ν

3:1
K ν3:1

r ν4:1
r 12 : 4 : 3 0.585950

νU νM νL T13 sets a

– – – – –

νU νM νL T14 sets a

ν2:1
θ = ν

3:1
K ν2:1

r (νθ − νr)3:1 6 : 3 : 2 0.926845

ν3:1
θ = ν

2:1
K (νθ − νr)2:1 ν3:1

r 6 : 3 : 2 0.657961

ν3:1
θ = ν

3:1
K – ν3:1

r = (νθ − νr)3:1 3 : 1 0.957989

ν4:1
θ = ν

3:2
K (νθ − νr)3:2 ν4:1

r 12 : 8 : 3 0.303179

ν4:1
θ = ν

2:1
K (νθ − νr)2:1 ν4:1

r 4 : 2 : 1 0.723465

ν4:1
θ = ν

3:1
K (νθ − νr)3:1 ν4:1

r 12 : 4 : 3 0.959714

νU νM νL T15 sets a

νθ ν4:3
r (νK − νr)3:1 12 : 9 : 4 0.906232*

νθ ν3:2
r (νK − νr)2:1 6 : 4 : 3 0.948037*

νθ (νK − νr)4:3 ν2:1
r 4 : 3 : 2 0.882162*

νθ (νK − νr)3:2 ν2:1
r 6 : 4 : 3 0.780930*

νθ (νK − νr)4:3 ν3:1
r 12 : 9 : 4 0.475318*

νθ (νK − νr)4:3 ν4:1
r 4 : 3 : 1 0.997314

νθ (νK − νr)3:2 ν4:1
r 12 : 8 : 3 0.998678

νU νM νL T22 sets a

– – – – –

νU νM νL T23 sets a

νK ν4:3
θ ν3:1

r 12 : 9 : 4 0.907924*

νK ν3:2
θ ν3:1

r 3 : 2 : 1 0.983043*

νK ν4:3
θ ν4:1

r 4 : 3 : 1 0.865670*

νK ν3:2
θ ν4:1

r 12 : 8 : 3 0.942454*

νU νM νL T24 sets a

νK ν3:2
r (νθ − νr)4:1 12 : 8 : 3 0.883497*

νK ν2:1
r (νθ − νr)3:1 6 : 3 : 2 0.912558*

νK (νθ − νr)2:1 ν3:1
r 6 : 3 : 2 0.771066*

νK – ν3:1
r = (νθ − νr)3:1 3 : 1 0.983043*

νK (νθ − νr)3:2 ν4:1
r 12 : 8 : 3 0.481612*

νK (νθ − νr)2:1 ν4:1
r 4 : 2 : 1 0.865670*

νK (νθ − νr)3:1 ν4:1
r 12 : 4 : 3 0.986299*

νU νM νL T25 sets a

ν2:1
K = ν

4:3
θ (νK − νr)4:3 ν2:1

r 4 : 3 : 2 0.913464

ν2:1
K = ν

3:2
θ (νK − νr)3:2 ν2:1

r 6 : 4 : 3 0.805342

ν3:1
K = ν

4:3
θ (νK − νr)4:3 ν3:1

r 12 : 9 : 4 0.337980

νU νM νL T33 sets a

– – – – –

νU νM νL T34 sets a

νK ν4:3
θ (νθ − νr)3:2 12 : 9 : 8 0.821125*

νK ν4:3
θ (νθ − νr)2:1 4 : 3 : 2 0.865670*

νK ν4:3
θ (νθ − νr)3:1 12 : 9 : 4 0.967289*
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Table D.2. continued.

νK ν3:2
θ (νθ − νr)2:1 6 : 4 : 3 0.915030*

νK ν3:2
θ (νθ − νr)3:1 3 : 2 : 1 0.983043*

νK ν2:1
θ (νθ − νr)3:1 6 : 3 : 2 0.986666*

νK ν3:1
θ (νθ − νr)4:1 12 : 4 : 3 0.996798*

νU νM νL T35 sets a

– – – – –

νU νM νL T44 sets a

– – – – –

νU νM νL T45 sets a

ν3:2
K = ν

4:3
θ (νK − νr)4:3 (νθ − νr)3:2 12 : 9 : 8 0.219609

ν2:1
K = ν

4:3
θ (νK − νr)4:3 (νθ − νr)2:1 4 : 3 : 2 0.605596

ν2:1
K = ν

3:2
θ (νK − νr)3:2 (νθ − νr)2:1 6 : 4 : 3 0.505260

ν3:1
K = ν

4:3
θ (νK − νr)4:3 (νθ − νr)3:1 12 : 9 : 4 0.912811

ν3:1
K = ν

3:2
θ (νK − νr)3:2 (νθ − νr)3:1 3 : 2 : 1 0.885010

ν3:1
K = ν

2:1
θ (νK − νr)2:1 (νθ − νr)3:1 6 : 3 : 2 0.742897

ν4:1
K = ν

2:1
θ (νK − νr)2:1 (νθ − νr)4:1 4 : 2 : 1 0.996164

ν4:1
K = ν

3:1
θ (νK − νr)3:1 (νθ − νr)4:1 12 : 4 : 3 0.728900

νU νM νL T55 sets a

– – – – –
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Table D.3. Bottom identity – characteristic triple frequency ratio sets and related values of the black hole spin.

νU νM νL B11 sets a

ν3:1
θ ν4:3

θ νr 9 : 4 : 3 0.999171

ν3:1
θ ν3:2

θ νr 6 : 3 : 2 0.418229

ν4:1
θ ν4:3

θ νr 12 : 4 : 3 0.891596

νU νM νL B12 sets a

ν4:1
K ν3:2

θ νr 8 : 3 : 2 0.940033

ν3:1
K ν2:1

θ νr 3 : 2 : 1 0.983043*

ν3:1
θ ν3:2

K νr 6 : 3 : 2 0.998451

ν4:1
K ν3:1

θ νr 4 : 3 : 1 0.865670*

ν4:1
θ ν4:3

K νr 12 : 4 : 3 0.997358

νU νM νL B13 sets a

– – – – –

νU νM νL B14 sets a

ν3:1
K ν4:3

θ ν4:3
r = (νθ − νr)3:1 9 : 4 : 3 0.897551

ν3:1
K ν3:2

θ ν3:2
r = (νθ − νr)3:1 6 : 3 : 2 0.972843

ν3:1
K ν2:1

θ ν2:1
r = (νθ − νr)3:1 3 : 2 : 1 0.983043*

ν3:1
K = ν

3:1
θ – ν3:1

r = (νθ − νr)3:1 3 : 1 0.957989

ν4:1
θ ν3:1

K ν4:1
r = (νθ − νr)3:1 4 : 3 : 1 0.896685

νU νM νL B15 sets a

ν2:1
θ ν4:3

θ ν4:3
r = (νK − νr)2:1 6 : 4 : 3 0.982619

ν2:1
θ ν3:2

θ ν3:2
r = (νK − νr)2:1 4 : 3 : 2 0.590679

0.616894
ν3:1
θ ν2:1

θ ν3:1
r = (νK − νr)2:1 3 : 2 : 1

{
0.999667

νU νM νL B22 sets a

ν3:1
K ν2:1

K νr 3 : 2 : 1 0.913806

ν4:1
K ν3:2

K νr 8 : 3 : 2 0.696084

ν4:1
K ν2:1

K νr 4 : 2 : 1 0.996445

νU νM νL B23 sets a

– – – – –

νU νM νL B24 sets a

ν3:1
K ν4:3

K ν4:3
r = (νθ − νr)3:1 9 : 4 : 3 0.775077

ν3:1
K ν3:2

K ν3:2
r = (νθ − νr)3:1 6 : 3 : 2 0.926760

ν3:1
K ν2:1

K ν2:1
r = (νθ − νr)3:1 3 : 2 : 1 0.980124

ν3:1
K – ν3:1

r = (νθ − νr)3:1 3 : 1 0.983043*

ν4:1
K ν3:1

K ν4:1
r = (νθ − νr)3:1 4 : 3 : 1 0.976789

νU νM νL B25 sets a

ν2:1
θ ν3:2

K ν3:2
r = (νK − νr)2:1 4 : 3 : 2 0.885695

ν3:1
K ν3:2

θ ν3:1
r = (νK − νr)3:2 6 : 3 : 2 0.997713

ν3:1
K ν2:1

θ ν3:1
r = (νK − νr)2:1 3 : 2 : 1 0.475159

ν4:1
K ν2:1

θ ν4:1
r = (νK − νr)2:1 4 : 2 : 1 0.759538

νU νM νL B33 sets a

– – – – –

νU νM νL B34 sets a

ν3:2
K ν4:3

K ν4:3
θ = (νθ − νr)3:2 9 : 8 : 6 0.855369

ν2:1
K ν4:3

K ν4:3
θ = (νθ − νr)2:1 6 : 4 : 3 0.937852

ν3:1
K ν4:3

K ν4:3
θ = (νθ − νr)3:1 9 : 4 : 3 0.990714

ν2:1
K ν3:2

K ν3:2
θ = (νθ − νr)2:1 4 : 3 : 2 0.959385

νU νM νL B35 sets a

– – – – –

νU νM νL B44 sets a

– – – – –
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Table D.3. continued.

νU νM νL B45 sets a

ν3:2
K ν4:3

θ (νθ − νr)3:2 = (νK − νr)4:3 9 : 8 : 6 0.444214

ν2:1
K ν4:3

θ (νθ − νr)2:1 = (νK − νr)4:3 6 : 4 : 3 0.848374

ν2:1
K ν3:2

θ (νθ − νr)2:1 = (νK − νr)3:2 4 : 3 : 2 0.753126

ν3:1
K ν4:3

θ (νθ − νr)3:1 = (νK − νr)4:3 9 : 4 : 3 0.986484

ν3:1
K ν3:2

θ (νθ − νr)3:1 = (νK − νr)3:2 6 : 3 : 2 0.984319

ν3:1
K ν2:1

θ (νθ − νr)3:1 = (νK − νr)2:1 3 : 2 : 1 0.922985

ν4:1
K ν4:3

θ (νθ − νr)4:1 = (νK − νr)4:3 12 : 4 : 3 0.997450

ν4:1
K ν3:1

θ (νθ − νr)4:1 = (νK − νr)3:1 4 : 3 : 1 0.927315

νU νM νL B55 sets a

– – – – –
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Table D.4. Mixed identity – characteristic triple frequency ratio sets and related values of the black hole spin.

νU νM νL M11 sets a

ν3:2
θ ν3:2

r = ν
4:3
θ ν4:3

r 6 : 4 : 3 0.786859

νU νM νL M12 sets a

ν3:1
K ν3:1

r = ν
4:3
θ ν4:3

r 12 : 4 : 3 0.353929

ν4:1
K ν4:1

r = ν
4:3
θ ν4:3

r 16 : 4 : 3 0.907931

νU νM νL M13 sets a

ν4:3
K νθ ν2:1

r 8 : 6 : 3 0.935213*

ν3:2
K νθ ν2:1

r 3 : 2 : 1 0.983043*

ν4:3
K νθ ν3:1

r 4 : 3 : 1 0.865670*

0.931945*
ν3:2

K νθ ν3:1
r 9 : 6 : 2

{
0.996488

ν2:1
K νθ ν3:1

r 6 : 3 : 1 0.986666*

0.843271*
ν4:3

K νθ ν4:1
r 16 : 12 : 3

{
0.997648

0.915030*
ν3:2

K νθ ν4:1
r 6 : 4 : 1

{
0.990960

ν2:1
K νθ ν4:1

r 8 : 4 : 1 0.978338*

ν3:1
K νθ ν4:1

r 12 : 4 : 1 0.996798*

ν4:1
K νθ ν4:1

r 16 : 4 : 1 0.999436*

νU νM νL M14 sets a

ν3:1
K ν4:3

θ = (νθ − νr)3:1 ν4:3
r 12 : 4 : 3 0.967080

ν2:1
K ν3:2

θ = (νθ − νr)2:1 ν3:2
r 6 : 3 : 2 0.679246

ν3:1
K ν3:2

θ = (νθ − νr)3:1 ν3:2
r 9 : 3 : 2 0.986477

ν4:1
K ν3:2

θ = (νθ − νr)4:1 ν3:2
r 12 : 3 : 2 0.996851

ν3:2
K ν2:1

θ = (νθ − νr)3:2 ν2:1
r 3 : 2 : 1 0.544870

ν2:1
K ν2:1

θ = (νθ − νr)2:1 ν2:1
r 4 : 2 : 1 0.939903

ν4:3
K ν3:1

θ = (νθ − νr)4:3 ν3:1
r 4 : 3 : 1 0.655792

ν3:2
K ν3:1

θ = (νθ − νr)3:2 ν3:1
r 9 : 6 : 2 0.838000

ν4:3
K ν4:1

θ = (νθ − νr)4:3 ν4:1
r 16 : 12 : 3 0.749908

ν3:2
K ν4:1

θ = (νθ − νr)3:2 ν4:1
r 6 : 4 : 1 0.871285

νU νM νL M15 sets a

ν2:1
θ ν4:3

θ = (νK − νr)2:1 ν4:3
r 8 : 4 : 3 0.529797

ν4:3
θ ν3:2

θ = (νK − νr)4:3 ν3:2
r 4 : 3 : 2 0.988237

ν3:2
θ ν3:2

θ = (νK − νr)3:2 ν3:2
r 9 : 6 : 4 0.838418

ν4:3
θ ν2:1

θ = (νK − νr)4:3 ν2:1
r 8 : 6 : 3 0.282928

ν4:3
θ ν4:1

θ = (νK − νr)4:3 ν4:1
r 16 : 12 : 3 0.999879

νU νM νL M21 sets a

ν4:3
θ ν4:3

r = ν
4:3
K ν4:3

r 16 : 12 : 9 0.937003

ν3:2
θ ν3:2

r = ν
4:3
K ν4:3

r 6 : 4 : 3 0.279224

ν3:1
θ ν3:1

r = ν
4:3
K ν4:3

r 12 : 4 : 3 0.248602

ν2:1
θ ν2:1

r = ν
3:2
K ν3:2

r 6 : 3 : 2 0.926504

νU νM νL M22 sets a

ν3:2
K ν3:2

r = ν
4:3
K ν4:3

r 6 : 4 : 3 0.549318

ν2:1
K ν2:1

r = ν
3:2
K ν3:2

r 6 : 3 : 2 0.981859

ν3:1
K ν3:1

r = ν
4:3
K ν4:3

r 12 : 4 : 3 0.165341

ν3:1
K ν3:1

r = ν
3:2
K ν3:2

r 9 : 3 : 2 0.948045

ν4:1
K ν4:1

r = ν
4:3
K ν4:3

r 16 : 4 : 3 0.666295

ν4:1
K ν4:1

r = ν
3:2
K ν3:2

r 12 : 3 : 2 0.993213

νU νM νL M23 sets a

ν4:3
K ν4:3

θ = ν
2:1
K ν2:1

r 8 : 6 : 3 0.952671

νU νM νL M24 sets a
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Table D.4. continued.

ν3:1
K ν4:3

K = (νθ − νr)3:1 ν4:3
r 12 : 4 : 3 0.907926

ν2:1
K ν3:2

K = (νθ − νr)2:1 ν3:2
r 6 : 3 : 2 0.561945

ν3:1
K ν3:2

K = (νθ − νr)3:1 ν3:2
r 9 : 3 : 2 0.980201

ν3:2
K ν2:1

K = (νθ − νr)3:2 ν2:1
r 3 : 2 : 1 0.535413

ν2:1
K ν2:1

K = (νθ − νr)2:1 ν2:1
r 4 : 2 : 1 0.928219

νU νM νL M25 sets a

ν4:3
θ ν2:1

K = (νK − νr)4:3 ν2:1
r 8 : 6 : 3 0.286597

νU νM νL M31 sets a

– – – – –

νU νM νL M32 sets a

– – – – –

νU νM νL M33 sets a

– – – – –

νU νM νL M34 sets a

– – – – –

νU νM νL M35 sets a

– – – – –

νU νM νL M41 sets a

ν2:1
θ ν4:1

K = ν
2:1
r (νθ − νr)4:1 8 : 4 : 1 0.804129

νU νM νL M42 sets a

ν2:1
K ν4:1

K = ν
2:1
r (νθ − νr)4:1 8 : 4 : 1 0.761539

νU νM νL M43 sets a

ν4:3
K ν3:1

K = ν
4:3
θ (νθ − νr)3:1 4 : 3 : 1 0.930913

ν3:2
K ν3:1

K = ν
3:2
θ (νθ − νr)3:1 9 : 6 : 2 0.952228

νU νM νL M44 sets a

ν4:3
K ν2:1

K = (νθ − νr)4:3 (νθ − νr)2:1 8 : 6 : 3 0.662659

ν3:1
K ν4:1

K = (νθ − νr)3:1 (νθ − νr)4:1 12 : 4 : 1 0.985873

νU νM νL M45 sets a

ν4:3
θ ν2:1

K = (νK − νr)4:3 (νθ − νr)2:1 8 : 6 : 3 0.137701

ν4:3
θ ν3:1

K = (νK − νr)4:3 (νθ − νr)3:1 4 : 3 : 1 0.795501

ν3:2
θ ν3:1

K = (νK − νr)3:2 (νθ − νr)3:1 9 : 6 : 2 0.621812

ν3:2
θ ν4:1

K = (νK − νr)3:2 (νθ − νr)4:1 6 : 4 : 1 0.956880

ν2:1
θ ν4:1

K = (νK − νr)2:1 (νθ − νr)4:1 8 : 4 : 1 0.373293

νU νM νL M51 sets a

ν3:2
θ ν3:1

θ = ν
3:2
r (νK − νr)3:1 9 : 6 : 2 0.885275

ν2:1
θ ν3:1

θ = ν
2:1
r (νK − νr)3:1 6 : 3 : 1 0.692253

ν4:3
θ ν4:1

θ = ν
4:3
r (νK − νr)4:1 16 : 12 : 3 0.778856

ν3:2
θ ν4:1

θ = ν
3:2
r (νK − νr)4:1 6 : 4 : 1 0.184900

ν3:1
θ ν4:1

θ = ν
3:1
r (νK − νr)4:1 12 : 4 : 1 0.153782

0.992768
ν4:1
θ ν4:1

θ = ν
4:1
r (νK − νr)4:1 16 : 4 : 1

{
0.738425

νU νM νL M52 sets a

ν2:1
K ν3:1

θ = ν
2:1
r (νK − νr)3:1 6 : 3 : 1 0.709136

ν3:1
K ν3:1

θ = ν
3:1
r (νK − νr)3:1 9 : 3 : 1 0.793520

ν4:1
K ν3:1

θ = ν
4:1
r (νK − νr)3:1 12 : 3 : 1 0.907095

ν3:2
K ν4:1

θ = ν
3:2
r (νK − νr)4:1 6 : 4 : 1 0.273678

ν3:1
K ν4:1

θ = ν
3:1
r (νK − νr)4:1 12 : 4 : 1 0.117032

ν4:1
K ν4:1

θ = ν
4:1
r (νK − νr)4:1 16 : 4 : 1 0.553757

νU νM νL M53 sets a

ν4:3
K νθ (νK − νr)4:3 16 : 12 : 9 0.985324*

νU νM νL M54 sets a
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Table D.4. continued.

ν4:3
K ν4:3

θ = (νθ − νr)4:3 (νK − νr)4:3 16 : 12 : 9 0.590528

ν3:2
K ν4:3

θ = (νθ − νr)3:2 (νK − νr)4:3 6 : 4 : 3 0.746592

ν2:1
K ν4:3

θ = (νθ − νr)2:1 (νK − νr)4:3 8 : 4 : 3 0.924992

ν3:1
K ν4:3

θ = (νθ − νr)3:1 (νK − νr)4:3 12 : 4 : 3 0.991126

ν4:3
K ν3:2

θ = (νθ − νr)4:3 (νK − νr)3:2 4 : 3 : 2 0.465645

ν3:2
K ν3:2

θ = (νθ − νr)3:2 (νK − νr)3:2 9 : 6 : 4 0.673939

ν2:1
K ν3:2

θ = (νθ − νr)2:1 (νK − νr)3:2 6 : 3 : 2 0.905012

ν3:1
K ν3:2

θ = (νθ − νr)3:1 (νK − νr)3:2 9 : 3 : 2 0.987798

ν3:2
K ν2:1

θ = (νθ − νr)3:2 (νK − νr)2:1 3 : 2 : 1 0.336030

ν2:1
K ν2:1

θ = (νθ − νr)2:1 (νK − νr)2:1 4 : 2 : 1 0.817798

ν3:1
K ν2:1

θ = (νθ − νr)3:1 (νK − νr)2:1 6 : 2 : 1 0.986208

ν2:1
K ν3:1

θ = (νθ − νr)2:1 (νK − νr)3:1 6 : 3 : 1 0.451536

ν3:1
K ν3:1

θ = (νθ − νr)3:1 (νK − νr)3:1 9 : 3 : 1 0.959038

ν3:1
K ν4:1

θ = (νθ − νr)3:1 (νK − νr)4:1 12 : 4 : 1 0.862765

νU νM νL M55 sets a

– – – – –
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Table D.5. Notation system of double combinations of the direct resonance D1 and all double combinational resonances (DC1 – DC13) with
identical top (T), bottom (B), and both types of mixed (M) frequencies.

+ +
νθ
νr

νK − νr
νθ − νr T1(DC1)

νK + νr
νθ − νr T1(DC2)

νK − νθ
νθ − νr T1(DC3)

νK + νθ
νθ − νr T1(DC4)

νK − νr
νθ + νr

T1(DC5)

νK + νr
νθ + νr

T1(DC6)

νK − νθ
νθ + νr

T1(DC7)

νK + νθ
νθ + νr

T1(DC8)

νK − νr
νK − νθ T1(DC9)

νK + νr
νK − νθ T1(DC10)

νθ − νr
νK − νθ T1(DC11)

νθ + νr
νK − νθ T1(DC12)

νθ + νr
νK − νr T1(DC13)

− − νθ
νr

νK − νr
νθ − νr B1(DC1)

νK + νr
νθ − νr B1(DC2)

νK − νθ
νθ − νr B1(DC3)

νK + νθ
νθ − νr B1(DC4)

νK − νr
νθ + νr

B1(DC5)

νK + νr
νθ + νr

B1(DC6)

νK − νθ
νθ + νr

B1(DC7)

νK + νθ
νθ + νr

B1(DC8)

νK − νr
νK − νθ B1(DC9)

νK + νr
νK − νθ B1(DC10)

νθ − νr
νK − νθ B1(DC11)

νθ + νr
νK − νθ B1(DC12)

νθ + νr
νK − νr B1(DC13)

+ − νθ
νr

νK − νr
νθ − νr M(DC1)1

νK + νr
νθ − νr M(DC2)1

νK − νθ
νθ − νr M(DC3)1

νK + νθ
νθ − νr M(DC4)1

νK − νr
νθ + νr

M(DC5)1

νK + νr
νθ + νr

M(DC6)1

νK − νθ
νθ + νr

M(DC7)1

νK + νθ
νθ + νr

M(DC8)1

νK − νr
νK − νθ M(DC9)1

νK + νr
νK − νθ M(DC10)1

νθ − νr
νK − νθ M(DC11)1

νθ + νr
νK − νθ M(DC12)1

νθ + νr
νK − νr M(DC13)1

− + νθ
νr

νK − νr
νθ − νr M1(DC1)

νK + νr
νθ − νr M1(DC2)

νK − νθ
νθ − νr M1(DC3)

νK + νθ
νθ − νr M1(DC4)

νK − νr
νθ + νr

M1(DC5)

νK + νr
νθ + νr

M1(DC6)

νK − νθ
νθ + νr

M1(DC7)

νK + νθ
νθ + νr

M1(DC8)

νK − νr
νK − νθ M1(DC9)

νK + νr
νK − νθ M1(DC10)

νθ − νr
νK − νθ M1(DC11)

νθ + νr
νK − νθ M1(DC12)

νθ + νr
νK − νr M1(DC13)

Notes. The “+” symbol denotes the resonance with the top frequency and “−” denotes the resonance with the identical bottom frequency.

A10, page 32 of 41



Z. Stuchlík et al.: On the possibility of determination of black hole and neutron star spin

Table D.6. Top identity – characteristic triple frequency ratio sets and related values of the black hole spin.

νU νM νL T1(DC1) sets a

(νK − νr)4:3 = ν4:3
θ – ν4:3

r = (νθ − νr)4:3 4 : 3 0.807331

(νK − νr)4:3 = ν3:2
θ (νθ − νr)4:3 ν3:2

r 12 : 9 : 8 0.783086

(νK − νr)4:3 = ν2:1
θ (νθ − νr)4:3 ν2:1

r 4 : 3 : 2 0.770370

(νK − νr)4:3 = ν3:1
θ (νθ − νr)4:3 ν3:1

r 12 : 9 : 4 0.773163

(νK − νr)4:3 = ν4:1
θ (νθ − νr)4:3 ν4:1

r 4 : 3 : 1 0.775420*

(νK − νr)3:2 = ν4:3
θ ν4:3

r (νθ − νr)3:2 12 : 9 : 8 0.925660

(νK − νr)3:2 = ν3:2
θ – ν3:2

r = (νθ − νr)3:2 3 : 2 0.892290

(νK − νr)3:2 = ν2:1
θ (νθ − νr)3:2 ν2:1

r 6 : 4 : 3 0.869348

(νK − νr)3:2 = ν3:1
θ (νθ − νr)3:2 ν3:1

r 3 : 2 : 1 0.865670*

(νK − νr)3:2 = ν4:1
θ (νθ − νr)3:2 ν4:1

r 12 : 8 : 3 0.865551

0.997673
(νK − νr)2:1 = ν4:1

θ (νθ − νr)2:1 ν4:1
r 4 : 2 : 1

{
0.978151

(νK − νr)2:1 = ν2:1
θ – ν2:1

r = (νθ − νr)2:1 2 : 1 0.983043*

(νK − νr)2:1 = ν3:1
θ (νθ − νr)2:1 ν3:1

r 6 : 3 : 2 0.977470

νU νM νL T1(DC2) sets a

(νK + νr)
4:1 = ν3:1

θ ν3:1
r (νθ − νr)4:1 12 : 4 : 3 0.198086

(νK + νr)
4:1 = ν4:1

θ – ν4:1
r = (νθ − νr)4:1 4 : 1 0.551771

νU νM νL T1(DC3) sets a

0.999522
(νK − νθ)4:3 = ν4:1

θ (νθ − νr)4:3 ν4:1
r 4 : 3 : 1

{
0.978338*

(νK − νθ)4:3 = ν2:1
θ (νθ − νr)4:3 ν2:1

r 4 : 3 : 2 0.979978

(νK − νθ)4:3 = ν3:1
θ (νθ − νr)4:3 ν3:1

r 12 : 9 : 4 0.978203

0.996668
(νK − νθ)3:2 = ν4:1

θ (νθ − νr)3:2 ν4:1
r 12 : 8 : 3

{
0.988556

(νK − νθ)3:2 = ν2:1
θ (νθ − νr)3:2 ν2:1

r 6 : 4 : 3 0.988665

(νK − νθ)3:2 = ν3:1
θ (νθ − νr)3:2 ν3:1

r 3 : 2 : 1 0.986666*

νU νM νL T1(DC4) sets a

– – – – –

νU νM νL T1(DC5) sets a

– – – – –

νU νM νL T1(DC6) sets a

– – – – –

νU νM νL T1(DC7) sets a

– – – – –

νU νM νL T1(DC8) sets a

– – – – –

νU νM νL T1(DC9) sets a

(νK − νr)4:1 = ν4:3
θ ν4:3

r (νK − νθ)4:1 4 : 3 : 1 0.807331

(νK − νr)4:1 = ν3:2
θ ν3:2

r (νK − νθ)4:1 12 : 8 : 3 0.783086

(νK − νr)4:1 = ν2:1
θ ν2:1

r (νK − νθ)4:1 4 : 2 : 1 0.770370

(νK − νr)4:1 = ν3:1
θ ν3:1

r (νK − νθ)4:1 12 : 4 : 3 0.773163

(νK − νr)4:1 = ν4:1
θ – ν4:1

r = (νK − νθ)4:1 4 : 1 0.775420*

(νK − νr)3:1 = ν4:3
θ ν4:3

r (νK − νθ)3:1 12 : 9 : 4 0.925660

(νK − νr)3:1 = ν3:2
θ ν3:2

r (νK − νθ)3:1 3 : 2 : 1 0.892290

(νK − νr)3:1 = ν2:1
θ ν2:1

r (νK − νθ)3:1 6 : 3 : 2 0.869348

(νK − νr)3:1 = ν3:1
θ – ν3:1

r = (νK − νθ)3:1 3 : 1 0.865670*

(νK − νr)3:1 = ν4:1
θ (νK − νθ)3:1 ν4:1

r 12 : 4 : 3 0.865551

0.997673
(νK − νr)2:1 = ν4:1

θ (νK − νθ)2:1 ν4:1
r 4 : 2 : 1

{
0.978151

(νK − νr)2:1 = ν2:1
θ – ν2:1

r = (νK − νθ)2:1 2 : 1 0.983043*
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Table D.6. continued.

(νK − νr)2:1 = ν3:1
θ (νK − νθ)2:1 ν3:1

r 6 : 3 : 2 0.977470

νU νM νL T1(DC10) sets a

– – – – –

νU νM νL T1(DC11) sets a

(νθ − νr)4:1 = ν4:3
θ ν4:3

r (νK − νθ)4:1 4 : 3 : 1 0.700762

(νθ − νr)4:1 = ν3:2
θ ν3:2

r (νK − νθ)4:1 12 : 8 : 3 0.688632

(νθ − νr)4:1 = ν2:1
θ ν2:1

r (νK − νθ)4:1 4 : 2 : 1 0.696269

(νθ − νr)4:1 = ν3:1
θ ν3:1

r (νK − νθ)4:1 12 : 4 : 3 0.718404

(νθ − νr)4:1 = ν4:1
θ – ν4:1

r = (νK − νθ)4:1 4 : 1 0.729024

(νθ − νr)3:1 = ν4:3
θ ν4:3

r (νK − νθ)3:1 12 : 9 : 4 0.789129

(νθ − νr)3:1 = ν3:2
θ ν3:2

r (νK − νθ)3:1 3 : 2 : 1 0.772687

(νθ − νr)3:1 = ν2:1
θ ν2:1

r (νK − νθ)3:1 6 : 3 : 2 0.776511

(νθ − νr)3:1 = ν3:1
θ – ν3:1

r = (νK − νθ)3:1 3 : 1 0.795605

(νθ − νr)3:1 = ν4:1
θ (νK − νθ)3:1 ν4:1

r 12 : 4 : 3 0.804262

(νθ − νr)2:1 = ν4:3
θ ν4:3

r (νK − νθ)2:1 4 : 3 : 2 0.893791

(νθ − νr)2:1 = ν3:2
θ ν3:2

r (νK − νθ)2:1 6 : 4 : 3 0.870950

(νθ − νr)2:1 = ν2:1
θ – ν2:1

r = (νK − νθ)2:1 2 : 1 0.868917

(νθ − νr)2:1 = ν3:1
θ (νK − νθ)2:1 ν3:1

r 6 : 3 : 2 0.882761

(νθ − νr)2:1 = ν4:1
θ (νK − νθ)2:1 ν4:1

r 4 : 2 : 1 0.888123

(νθ − νr)3:2 = ν4:3
θ ν4:3

r (νK − νθ)3:2 12 : 9 : 8 0.949409

(νθ − νr)3:2 = ν3:2
θ – ν3:2

r = (νK − νθ)3:2 3 : 2 0.922399

(νθ − νr)3:2 = ν2:1
θ (νK − νθ)3:2 ν2:1

r 6 : 4 : 3 0.916969

(νθ − νr)3:2 = ν3:1
θ (νK − νθ)3:2 ν3:1

r 3 : 2 : 1 0.927324

(νθ − νr)3:2 = ν4:1
θ (νK − νθ)3:2 ν4:1

r 12 : 8 : 3 0.930411

(νθ − νr)4:3 = ν4:3
θ – ν4:3

r = (νK − νθ)4:3 4 : 3 0.967429

(νθ − νr)4:3 = ν3:2
θ (νK − νθ)4:3 ν3:2

r 12 : 9 : 8 0.938919

(νθ − νr)4:3 = ν2:1
θ (νK − νθ)4:3 ν2:1

r 4 : 3 : 2 0.932502

(νθ − νr)4:3 = ν3:1
θ (νK − νθ)4:3 ν3:1

r 12 : 9 : 4 0.941618

(νθ − νr)4:3 = ν4:1
θ (νK − νθ)4:3 ν4:1

r 4 : 3 : 1 0.943846

νU νM νL T1(DC12) sets a

– – – – –

νU νM νL T1(DC13) sets a

– – – – –
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Table D.7. Bottom identity – characteristic triple frequency ratio sets and related values of the black hole spin.

νU νM νL B1(DC1) sets a

(νK − νr)4:3 = ν4:3
θ – ν4:3

r = (νθ − νr)4:3 4 : 3 0.807331

ν4:1
θ (νK − νr)4:3 ν4:1

r = (νθ − νr)4:3 12 : 4 : 3 0.805935

ν3:1
θ (νK − νr)4:3 ν3:1

r = (νθ − νr)4:3 9 : 4 : 3 0.790993

ν3:2
θ (νK − νr)4:3 ν3:2

r = (νθ − νr)4:3 9 : 8 : 6 0.789110

ν2:1
θ (νK − νr)4:3 ν2:1

r = (νθ − νr)4:3 6 : 4 : 3 0.780930*

ν4:1
θ (νK − νr)3:2 ν4:1

r = (νθ − νr)3:2 8 : 3 : 2 0.916623

(νK − νr)3:2 ν4:3
θ ν4:3

r = (νθ − νr)3:2 9 : 8 : 6 0.915657

ν3:1
θ (νK − νr)3:2 ν3:1

r = (νθ − νr)3:2 6 : 3 : 2 0.896674

(νK − νr)3:2 = ν3:2
θ – ν3:2

r = (νθ − νr)3:2 3 : 2 0.892290

ν2:1
θ (νK − νr)3:2 ν2:1

r = (νθ − νr)3:2 4 : 3 : 2 0.882162*

(νK − νr)2:1 = ν2:1
θ – ν2:1

r = (νθ − νr)2:1 2 : 1 0.983043*

(νK − νr)2:1 ν3:2
θ ν3:2

r = (νθ − νr)2:1 4 : 3 : 2 0.994690

νU νM νL B1(DC2) sets a

(νK + νr)
4:1 ν4:3

θ ν4:3
r = (νθ − νr)4:1 12 : 4 : 3 0.396581

(νK + νr)
4:1 = ν4:1

θ – ν4:1
r = (νθ − νr)4:1 4 : 1 0.551771

(νK + νr)
4:1 ν3:1

θ ν3:1
r = (νθ − νr)4:1 4 : 3 : 1 0.893891

(νK + νr)
4:1 ν3:2

θ ν3:2
r = (νθ − νr)4:1 8 : 3 : 2 0.936147

(νK + νr)
4:1 ν2:1

θ ν2:1
r = (νθ − νr)4:1 4 : 2 : 1 0.983043*

νU νM νL B1(DC3) sets a

– – – – –

νU νM νL B1(DC4) sets a

– – – – –

νU νM νL B1(DC5) sets a

– – – – –

νU νM νL B1(DC6) sets a

– – – – –

νU νM νL B1(DC7) sets a

– – – – –

νU νM νL B1(DC8) sets a

– – – – –

νU νM νL B1(DC9) sets a

(νK − νr)4:1 ν4:3
θ ν4:3

r = (νK − νθ)4:1 12 : 4 : 3 0.774372

(νK − νr)4:1 = ν4:1
θ – ν4:1

r = (νK − νθ)4:1 4 : 1 0.775420*

(νK − νr)4:1 ν3:1
θ ν3:1

r = (νK − νθ)4:1 4 : 3 : 1 0.795605

(νK − νr)4:1 ν3:2
θ ν3:2

r = (νK − νθ)4:1 8 : 3 : 2 0.801116

(νK − νr)3:1 ν4:3
θ ν4:3

r = (νK − νθ)3:1 9 : 4 : 3 0.871561

ν4:1
θ (νK − νr)3:1 ν4:1

r = (νK − νθ)3:1 4 : 3 : 1 0.871309

(νK − νr)3:1 = ν3:1
θ – ν3:1

r = (νK − νθ)3:1 3 : 1 0.865670*

(νK − νr)3:1 ν3:2
θ ν3:2

r = (νK − νθ)3:1 6 : 3 : 2 0.865565

(νK − νr)3:1 ν2:1
θ ν2:1

r = (νK − νθ)3:1 3 : 2 : 1 0.868917

(νK − νr)2:1 ν3:2
θ ν3:2

r = (νK − νθ)2:1 4 : 3 : 2 0.994690

(νK − νr)2:1 = ν2:1
θ – ν2:1

r = (νK − νθ)2:1 2 : 1 0.983043*
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Table D.7. continued.

νU νM νL B1(DC10) sets a

0.851581
(νK + νr)

4:1 ν2:1
θ ν2:1

r = (νK − νθ)4:1 4 : 2 : 1

{
0.983043*

νU νM νL B1(DC11) sets a

(νθ − νr)4:1 ν4:3
θ ν4:3

r = (νK − νθ)4:1 12 : 4 : 3 0.723650

(νθ − νr)4:1 = ν4:1
θ – ν4:1

r = (νK − νθ)4:1 4 : 1 0.729024

(νθ − νr)3:1 ν4:3
θ ν4:3

r = (νK − νθ)3:1 9 : 4 : 3 0.774372

ν4:1
θ (νθ − νr)3:1 ν4:1

r = (νK − νθ)3:1 4 : 3 : 1 0.775420*

(νθ − νr)3:1 = ν3:1
θ – ν3:1

r = (νK − νθ)3:1 3 : 1 0.795605

(νθ − νr)3:1 ν3:2
θ ν3:2

r = (νK − νθ)3:1 6 : 3 : 2 0.801116

(νθ − νr)2:1 ν4:3
θ ν4:3

r = (νK − νθ)2:1 6 : 4 : 3 0.871561

ν4:1
θ (νθ − νr)2:1 ν4:1

r = (νK − νθ)2:1 4 : 2 : 1 0.871309

ν3:1
θ (νθ − νr)2:1 ν3:1

r = (νK − νθ)2:1 3 : 2 : 1 0.865670*

(νθ − νr)2:1 ν3:2
θ ν3:2

r = (νK − νθ)2:1 4 : 3 : 2 0.865565

(νθ − νr)2:1 = ν2:1
θ – ν2:1

r = (νK − νθ)2:1 2 : 1 0.868917

ν4:1
θ (νθ − νr)3:2 ν4:1

r = (νK − νθ)3:2 8 : 3 : 2 0.943111

(νθ − νr)3:2 ν4:3
θ ν4:3

r = (νK − νθ)3:2 9 : 8 : 6 0.940847

ν3:1
θ (νθ − νr)3:2 ν3:1

r = (νK − νθ)3:2 6 : 3 : 2 0.926243

(νθ − νr)3:2 = ν3:2
θ – ν3:2

r = (νK − νθ)3:2 3 : 2 0.922399

ν2:1
θ (νθ − νr)3:2 ν2:1

r = (νK − νθ)3:2 4 : 3 : 2 0.916693

0.997225
ν4:1
θ (νθ − νr)4:3 ν4:1

r = (νK − νθ)4:3 12 : 4 : 3

{
0.974864

(νθ − νr)4:3 = ν4:3
θ – ν4:3

r = (νK − νθ)4:3 4 : 3 0.967429

ν3:1
θ (νθ − νr)4:3 ν3:1

r = (νK − νθ)4:3 9 : 4 : 3 0.951093

ν3:2
θ (νθ − νr)4:3 ν3:2

r = (νK − νθ)4:3 9 : 8 : 6 0.944908

ν2:1
θ (νθ − νr)4:3 ν2:1

r = (νK − νθ)4:3 6 : 4 : 3 0.936844

νU νM νL B1(DC12) sets a

0.865670*

0.890740(νθ + νr)
4:1 ν3:1

θ ν3:1
r = (νK − νθ)4:1 4 : 3 : 1

{
0.983442

0.851581
(νθ + νr)

3:1 ν2:1
θ ν2:1

r = (νK − νθ)3:1 3 : 2 : 1

{
0.983043*

νU νM νL B1(DC13) sets a

– – – – –
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Table D.8. Mixed identity – characteristic triple frequency ratio sets and related values of the black hole spin.

νU νM νL M(DC1)1 sets a

ν4:3
θ ν4:3

r = (νK − νr)4:3 (νθ − νr)4:3 16 : 12 : 9 0.829397

ν4:1
θ ν4:1

r = (νK − νr)4:3 (νθ − νr)4:3 16 : 4 : 3 0.828052

ν3:1
θ ν3:1

r = (νK − νr)4:3 (νθ − νr)4:3 12 : 4 : 3 0.809741

ν3:2
θ ν3:2

r = (νK − νr)4:3 (νθ − νr)4:3 6 : 4 : 3 0.807099

ν2:1
θ ν2:1

r = (νK − νr)4:3 (νθ − νr)4:3 8 : 4 : 3 0.796257

0.998895
ν4:1
θ ν4:1

r = (νK − νr)3:2 (νθ − νr)3:2 12 : 3 : 2

{
0.956922

ν4:3
θ ν4:3

r = (νK − νr)3:2 (νθ − νr)3:2 4 : 3 : 2 0.952075

ν3:1
θ ν3:1

r = (νK − νr)3:2 (νθ − νr)3:2 9 : 3 : 2 0.930033

ν3:2
θ ν3:2

r = (νK − νr)3:2 (νθ − νr)3:2 9 : 6 : 4 0.922894

ν2:1
θ ν2:1

r = (νK − νr)3:2 (νθ − νr)3:2 6 : 3 : 2 0.909575

νU νM νL M(DC2)1 sets a

– – – – –

νU νM νL M(DC3)1 sets a

– – – – –

νU νM νL M(DC4)1 sets a

– – – – –

νU νM νL M(DC5)1 sets a

– – – – –

νU νM νL M(DC6)1 sets a

– – – – –

νU νM νL M(DC7)1 sets a

– – – – –

νU νM νL M(DC8)1 sets a

– – – – –

νU νM νL M(DC9)1 sets a

ν4:3
θ ν4:3

r = (νK − νr)4:1 (νK − νθ)4:1 16 : 12 : 3 0.829397

ν4:1
θ ν4:1

r = (νK − νr)4:1 (νK − νθ)4:1 16 : 4 : 1 0.828052

ν3:1
θ ν3:1

r = (νK − νr)4:1 (νK − νθ)4:1 12 : 4 : 1 0.809741

ν3:2
θ ν3:2

r = (νK − νr)4:1 (νK − νθ)4:1 6 : 4 : 1 0.807099

ν2:1
θ ν2:1

r = (νK − νr)4:1 (νK − νθ)4:1 8 : 4 : 1 0.796257

0.998895
ν4:1
θ ν4:1

r = (νK − νr)3:1 (νK − νθ)3:1 12 : 3 : 2

{
0.956922

ν4:3
θ ν4:3

r = (νK − νr)3:1 (νK − νθ)3:1 4 : 3 : 1 0.952075

ν3:1
θ ν3:1

r = (νK − νr)3:1 (νK − νθ)3:1 9 : 3 : 1 0.930033

ν3:2
θ ν3:2

r = (νK − νr)3:1 (νK − νθ)3:1 9 : 6 : 2 0.922894

ν2:1
θ ν2:1

r = (νK − νr)3:1 (νK − νθ)3:1 6 : 3 : 1 0.909575

νU νM νL M(DC10)1 sets a

– – – – –

νU νM νL M(DC11)1 sets a

ν4:3
θ ν4:3

r = (νθ − νr)4:1 (νK − νθ)4:1 16 : 12 : 3 0.715971

ν4:1
θ ν4:1

r = (νθ − νr)4:1 (νK − νθ)4:1 16 : 4 : 1 0.714217

ν3:1
θ ν3:1

r = (νθ − νr)4:1 (νK − νθ)4:1 12 : 4 : 1 0.702207

ν3:2
θ ν3:2

r = (νθ − νr)4:1 (νK − νθ)4:1 6 : 4 : 1 0.701264

ν2:1
θ ν2:1

r = (νθ − νr)4:1 (νK − νθ)4:1 8 : 4 : 1 0.694650*

ν4:3
θ ν4:3

r = (νθ − νr)3:1 (νK − νθ)3:1 4 : 3 : 1 0.807331

ν4:1
θ ν4:1

r = (νθ − νr)3:1 (νK − νθ)3:1 12 : 3 : 1 0.805935

ν3:1
θ ν3:1

r = (νθ − νr)3:1 (νK − νθ)3:1 9 : 3 : 1 0.790993

ν3:2
θ ν3:2

r = (νθ − νr)3:1 (νK − νθ)3:1 9 : 6 : 2 0.789110

ν2:1
θ ν2:1

r = (νθ − νr)3:1 (νK − νθ)3:1 6 : 3 : 1 0.780930*
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Table D.8. continued.

ν4:1
θ ν4:1

r = (νθ − νr)2:1 (νK − νθ)2:1 8 : 2 : 1 0.916623

ν4:3
θ ν4:3

r = (νθ − νr)2:1 (νK − νθ)2:1 8 : 6 : 3 0.915657

ν3:1
θ ν3:1

r = (νθ − νr)2:1 (νK − νθ)2:1 6 : 2 : 1 0.896674

ν3:2
θ ν3:2

r = (νθ − νr)2:1 (νK − νθ)2:1 3 : 2 : 1 0.892290

ν2:1
θ ν2:1

r = (νθ − νr)2:1 (νK − νθ)2:1 4 : 2 : 1 0.882162*

ν4:3
θ ν4:3

r = (νθ − νr)3:2 (νK − νθ)3:2 4 : 3 : 2 0.973126

ν3:1
θ ν3:1

r = (νθ − νr)3:2 (νK − νθ)3:2 9 : 3 : 2 0.954275

ν3:2
θ ν3:2

r = (νθ − νr)3:2 (νK − νθ)3:2 9 : 6 : 4 0.946304

ν2:1
θ ν2:1

r = (νθ − νr)3:2 (νK − νθ)3:2 6 : 3 : 2 0.935213*

ν4:3
θ ν4:3

r = (νθ − νr)4:3 (νK − νθ)4:3 16 : 12 : 9 0.991695

ν3:1
θ ν3:1

r = (νθ − νr)4:3 (νK − νθ)4:3 12 : 4 : 3 0.974506

ν3:2
θ ν3:2

r = (νθ − νr)4:3 (νK − νθ)4:3 6 : 4 : 3 0.963571

ν2:1
θ ν2:1

r = (νθ − νr)4:3 (νK − νθ)4:3 8 : 4 : 3 0.952217*

νU νM νL M(DC12)1 sets a

– – – – –

νU νM νL M(DC13)1 sets a

– – – – –

νU νM νL M1(DC1) sets a

(νK − νr)4:3 ν4:3
θ = (νθ − νr)4:3 ν4:3

r 16 : 12 : 9 0.789129

(νK − νr)4:3 ν3:2
θ = (νθ − νr)4:3 ν3:2

r 4 : 3 : 2 0.772687

(νK − νr)4:3 ν2:1
θ = (νθ − νr)4:3 ν2:1

r 8 : 6 : 3 0.776511

(νK − νr)4:3 ν3:1
θ = (νθ − νr)4:3 ν3:1

r 4 : 3 : 1 0.795605

(νK − νr)4:3 ν4:1
θ = (νθ − νr)4:3 ν4:1

r 16 : 12 : 3 0.804262

(νK − νr)3:2 ν4:3
θ = (νθ − νr)3:2 ν4:3

r 6 : 4 : 3 0.893791

(νK − νr)3:2 ν3:2
θ = (νθ − νr)3:2 ν3:2

r 9 : 6 : 4 0.870950

(νK − νr)3:2 ν2:1
θ = (νθ − νr)3:2 ν2:1

r 3 : 2 : 1 0.868917

(νK − νr)3:2 ν3:1
θ = (νθ − νr)3:2 ν3:1

r 9 : 6 : 2 0.882761

(νK − νr)3:2 ν4:1
θ = (νθ − νr)3:2 ν4:1

r 6 : 4 : 1 0.888123

(νK − νr)2:1 ν3:2
θ = (νθ − νr)2:1 ν3:2

r 6 : 3 : 2 0.968975

(νK − νr)2:1 ν2:1
θ = (νθ − νr)2:1 ν2:1

r 4 : 2 : 1 0.961605

(νK − νr)3:1 ν3:2
θ = (νθ − νr)3:1 ν3:2

r 9 : 3 : 2 0.996047

(νK − νr)4:1 ν3:2
θ = (νθ − νr)4:1 ν3:2

r 12 : 3 : 2 0.996995

νU νM νL M1(DC2) sets a

(νK + νr)
4:3 ν3:1

θ = (νθ − νr)4:3 ν3:1
r 4 : 3 : 1 0.116004

(νK + νr)
4:3 ν4:1

θ = (νθ − νr)4:3 ν4:1
r 16 : 12 : 3 0.648423

(νK + νr)
3:2 ν3:1

θ = (νθ − νr)3:2 ν3:1
r 9 : 6 : 2 0.722027

(νK + νr)
3:2 ν4:1

θ = (νθ − νr)3:2 ν4:1
r 6 : 4 : 1 0.844978

(νK + νr)
2:1 ν2:1

θ = (νθ − νr)2:1 ν2:1
r 4 : 2 : 1 0.824225

(νK + νr)
3:1 ν3:2

θ = (νθ − νr)3:1 ν3:2
r 9 : 3 : 2 0.876687

(νK + νr)
4:1 ν4:3

θ = (νθ − νr)4:1 ν4:3
r 16 : 4 : 3 0.918625

νU νM νL M1(DC3) sets a

(νK − νθ)4:3 ν3:2
θ = (νθ − νr)4:3 ν3:2

r 4 : 3 : 2 0.986514

(νK − νθ)4:3 ν2:1
θ = (νθ − νr)4:3 ν2:1

r 8 : 6 : 3 0.981176

(νK − νθ)3:2 ν3:2
θ = (νθ − νr)3:2 ν3:2

r 9 : 6 : 4 0.990797

(νK − νθ)2:1 ν3:2
θ = (νθ − νr)2:1 ν3:2

r 6 : 3 : 2 0.996047

(νK − νθ)3:1 ν3:2
θ = (νθ − νr)3:1 ν3:2

r 9 : 3 : 2 0.996995

νU νM νL M1(DC4) sets a

(νK + νθ)
3:1 ν2:1

θ = (νθ − νr)3:1 ν2:1
r 6 : 2 : 1 0.824225

(νK + νθ)
4:1 ν3:2

θ = (νθ − νr)4:1 ν3:2
r 12 : 3 : 2 0.876687

νU νM νL M1(DC5) sets a

(νK − νr)2:1 ν3:1
θ = (νθ + νr)

2:1 ν3:1
r 6 : 3 : 1 0.969542

(νK − νr)2:1 ν4:1
θ = (νθ + νr)

2:1 ν4:1
r 8 : 4 : 1 0.970345
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Table D.8. continued.

(νK − νr)3:1 ν3:1
θ = (νθ + νr)

3:1 ν3:1
r 9 : 3 : 1 0.999704

(νK − νr)3:1 ν4:1
θ = (νθ + νr)

3:1 ν4:1
r 12 : 4 : 1 0.996435

(νK − νr)4:1 ν4:1
θ = (νθ + νr)

4:1 ν4:1
r 16 : 4 : 1 0.999413

νU νM νL M1(DC6) sets a

(νK + νr)
2:1 ν3:1

θ = (νθ + νr)
2:1 ν3:1

r 6 : 3 : 1 0.968153

(νK + νr)
2:1 ν4:1

θ = (νθ + νr)
2:1 ν4:1

r 8 : 4 : 1 0.968497

(νK + νr)
3:1 ν3:1

θ = (νθ + νr)
3:1 ν3:1

r 9 : 3 : 1 0.997319

(νK + νr)
3:1 ν4:1

θ = (νθ + νr)
3:1 ν4:1

r 12 : 4 : 1 0.994887

(νK + νr)
4:1 ν4:1

θ = (νθ + νr)
4:1 ν4:1

r 16 : 4 : 1 0.998970

νU νM νL M1(DC7) sets a

(νK − νθ)4:3 ν3:1
θ = (νθ + νr)

4:3 ν3:1
r 4 : 3 : 1 0.985072

(νK − νθ)4:3 ν4:1
θ = (νθ + νr)

4:3 ν4:1
r 16 : 12 : 3 0.983836

(νK − νθ)3:2 ν3:1
θ = (νθ + νr)

3:2 ν3:1
r 9 : 6 : 2 0.989839

(νK − νθ)3:2 ν4:1
θ = (νθ + νr)

3:2 ν4:1
r 6 : 4 : 1 0.988083

(νK − νθ)3:2 ν2:1
θ = (νθ + νr)

3:2 ν2:1
r 3 : 2 : 1 0.987594

(νK − νθ)2:1 ν3:1
θ = (νθ + νr)

2:1 ν3:1
r 6 : 3 : 1 0.997319

(νK − νθ)2:1 ν4:1
θ = (νθ + νr)

2:1 ν4:1
r 8 : 4 : 1 0.994887

(νK − νθ)3:1 ν4:1
θ = (νθ + νr)

3:1 ν4:1
r 12 : 4 : 1 0.998970

(νK − νθ)4:1 ν4:1
θ = (νθ + νr)

4:1 ν4:1
r 16 : 4 : 1 0.999909

νU νM νL M1(DC8) sets a

0.726293
(νK + νθ)

4:3 ν4:1
θ = (νθ + νr)

4:3 ν4:1
r 16 : 12 : 3

{
0.968674

0.935509
(νK + νθ)

4:3 ν3:1
θ = (νθ + νr)

4:3 ν3:1
r 4 : 3 : 1

{
0.959572

(νK + νθ)
3:1 ν4:1

θ = (νθ + νr)
3:1 ν4:1

r 12 : 4 : 1 0.970345

(νK + νθ)
3:1 ν3:1

θ = (νθ + νr)
3:1 ν3:1

r 9 : 3 : 1 0.969542

(νK + νθ)
4:1 ν3:1

θ = (νθ + νr)
4:1 ν3:1

r 12 : 3 : 1 0.999704

(νK + νθ)
4:1 ν4:1

θ = (νθ + νr)
4:1 ν4:1

r 16 : 4 : 1 0.996435

νU νM νL M1(DC9) sets a

(νK − νr)4:1 ν4:3
θ = (νK − νθ)4:1 ν4:3

r 16 : 4 : 3 0.800733

(νK − νr)3:1 ν4:3
θ = (νK − νθ)3:1 ν4:3

r 12 : 4 : 3 0.865546

(νK − νr)3:1 ν3:2
θ = (νK − νθ)3:1 ν3:2

r 9 : 3 : 2 0.891310

(νK − νr)2:1 ν3:2
θ = (νK − νθ)2:1 ν3:2

r 6 : 3 : 2 0.968975

(νK − νr)2:1 ν2:1
θ = (νK − νθ)2:1 ν2:1

r 4 : 2 : 1 0.961605

νU νM νL M1(DC10) sets a

(νK + νr)
3:1 ν4:1

θ = (νK − νθ)3:1 ν4:1
r 12 : 4 : 1 0.998813

(νK + νr)
2:1 ν3:1

θ = (νK − νθ)2:1 ν3:1
r 6 : 3 : 1 0.968153

(νK + νr)
2:1 ν4:1

θ = (νK − νθ)2:1 ν4:1
r 8 : 4 : 1 0.968497

νU νM νL M1(DC11) sets a

(νθ − νr)3:1 ν4:3
θ = (νK − νθ)3:1 ν4:3

r 12 : 4 : 3 0.800733

(νθ − νr)2:1 ν4:3
θ = (νK − νθ)2:1 ν4:3

r 8 : 4 : 3 0.865546

(νθ − νr)2:1 ν3:2
θ = (νK − νθ)2:1 ν3:2

r 6 : 3 : 2 0.891310

(νθ − νr)3:2 ν4:3
θ = (νK − νθ)3:2 ν4:3

r 6 : 4 : 3 0.923850

(νθ − νr)3:2 ν3:2
θ = (νK − νθ)3:2 ν3:2

r 9 : 6 : 4 0.915658

(νθ − νr)4:3 ν4:3
θ = (νK − νθ)4:3 ν4:3

r 16 : 12 : 9 0.947309

(νθ − νr)4:3 ν3:2
θ = (νK − νθ)4:3 ν3:2

r 4 : 3 : 2 0.930677

νU νM νL M1(DC12) sets a

(νθ + νr)
2:1 ν4:1

θ = (νK − νθ)2:1 ν4:1
r 8 : 4 : 1 0.998813

(νθ + νr)
3:2 ν4:1

θ = (νK − νθ)3:2 ν4:1
r 6 : 4 : 1 0.991471

(νθ + νr)
3:2 ν3:1

θ = (νK − νθ)3:2 ν3:1
r 9 : 6 : 2 0.995653

(νθ + νr)
4:3 ν2:1

θ = (νK − νθ)4:3 ν2:1
r 8 : 6 : 3 0.966222

(νθ + νr)
4:3 ν4:1

θ = (νK − νθ)4:3 ν4:1
r 16 : 12 : 3 0.983551
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Table D.8. continued.

(νθ + νr)
4:3 ν3:1

θ = (νK − νθ)4:3 ν3:1
r 4 : 3 : 1 0.986666*

νU νM νL M1(DC13) sets a

– – – – –
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Appendix E: Detailed table guide for the triple frequency 3:2:1

Table E.1. Relevant versions of the multi-resonant model with assumed observed characteristic frequency ratio set νU : νM : νL = 3:2:1. The radius
of marginally stable orbit xms and corresponding resonant radii x1 and x2 are given.

Set νU νM νL a xms x1 x2

“Magic” νK ν3:2
θ ν3:1

r 0.983043* 1.571 2.395

T45 ν3:1
K = ν

3:2
θ (νK − νr)3:2 (νθ − νr)3:1 0.885010 2.419 3.720 4.299

B15 ν3:1
θ ν2:1

θ ν3:1
r = (νK − νr)2:1 0.616894 3.758 4.241 5.833

B15 ν3:1
θ ν2:1

θ ν3:1
r = (νK − νr)2:1 0.999667 1.121 1.411 4.250

B22 ν3:1
K ν2:1

K νr 0.913806 2.225 2.885 3.935

B24 ν3:1
K ν2:1

K ν2:1
r = (νθ − νr)3:1 0.980124 1.612 2.551 3.519

B25 ν3:1
K ν2:1

θ ν3:1
r = (νK − νr)2:1 0.475159 4.330 4.988 6.359

B45 ν3:1
K ν2:1

θ (νθ − νr)3:1 = (νK − νr)2:1 0.922985 2.158 3.794 4.594

M14 ν3:2
K ν2:1

θ = (νθ − νr)3:2 ν2:1
r 0.544870 4.055 4.347 5.477

M24 ν3:2
K ν2:1

K = (νθ − νr)3:2 ν2:1
r 0.535413 4.093 4.394 5.832

M54 ν3:2
K ν2:1

θ = (νθ − νr)3:2 (νK − νr)2:1 0.336030 4.849 5.327 6.857

T1(DC1) (νK − νr)3:2 = ν3:1
θ (νθ − νr)3:2 ν3:1

r

B1(DC11) ν3:1
θ (νθ − νr)2:1 ν3:1

r = (νK − νθ)2:1

}
0.865670* 2.539 2.880

T1(DC3) (νK − νθ)3:2 = ν3:1
θ (νθ − νr)3:2 ν3:1

r 0.986666* 1.514 1.753

T1(DC9) (νK − νr)3:1 = ν3:2
θ ν3:2

r (νK − νθ)3:1

M(DC11) ν3:2
θ ν3:2

r = (νθ − νr)2:1 (νK − νθ)2:1

}
0.892290 2.372 3.601 5.034

T1(DC11) (νθ − νr)3:1 = ν3:2
θ ν3:2

r (νK − νθ)3:1 0.772687 3.046 3.792 6.036

T1(DC11) (νθ − νr)3:2 = ν3:1
θ (νK − νθ)3:2 ν3:1

r 0.927324 2.125 2.131 2.419

B1(DC9) (νK − νr)3:1 ν2:1
θ ν2:1

r = (νK − νθ)3:1

M1(DC1) (νK − νr)3:2 ν2:1
θ = (νθ − νr)3:2 ν2:1

r

}
0.868917 2.520 2.648 3.510

B1(DC12) (νθ + νr)
3:1 ν2:1

θ ν2:1
r = (νK − νθ)3:1 0.851581 2.623 2.675 3.640

M1(DC7) (νK − νθ)3:2 ν2:1
θ = (νθ + νr)

3:2 ν2:1
r 0.987594 1.498 1.502 2.326

Notes. An asterisk denotes the special values of the black hole spin when the resonance points share the same radius (x1 = x2 ≡ x3:2:1).
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