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ABSTRACT

Context. The extension of the KDA analytical model of FR II-type source evolution originally assuming a continuum injection process
in the jet-IGM interaction towards a case of the jet’s termination is presented and briefly discussed.
Aims. The dynamical evolution of FR II-type sources predicted with this extended model, hereafter referred to as KDA EXT, and its
application to the chosen radio sources.
Methods. Following the classical approach based on the source’s continuous injection and self-similarity, I propose the effective
formulae describing the length and luminosity evolution of the lobes during an absence of the jet flow, and present the resulting
diagrams for the characteristics mentioned.
Results. Using an algorithm based on the numerical integration of a modified formula for jet power, the KDA EXT model is fitted to
three radio galaxies. Their predicted spectra are then compared to the observed spectra, proving that these fits are better than the best
spectral fit provided by the original KDA model of the FR II-type sources dynamical evolution.
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1. Introduction

The previously elaborated and published analytical models for
the dynamics and radio emission properties of FR II-type radio
sources (Fanaroff & Riley 1974) are all based on the “standard
model" of Scheuer (1974) and Blandford & Rees (1974); the
model explains these sources as an interaction of twin jets, com-
posed of highly relativistic particles emerging from the active
galactic nucleus (AGN), with the external gaseous environment
called intergalactic medium (IGM) surrounding a given galaxy
or quasar. The jet formation results from the matter’s accretion
processes on a supermassive black hole with magnetic field and
angular momentum. Interaction of the jets with the IGM pro-
duces a supersonic shock enabling the acceleration of the exter-
nal medium particles and the jet material after their transition
through the shock which, in turn, inflates the radio lobes or co-
coon and is observed as diffuse emission with a typical power-
law spectrum.

Non-thermal continuum radio emission of the lobes is due to
the synchrotron process and to the inverse-Compton scattering of
ambient photons of the cosmic microwave background (CMB).
The synchrotron radiation arises from ultra-relativistic parti-
cles interacting with the magnetic field. According to classical
electrodynamics, the life-time of relativistic electrons emitting
medium and short radio waves has to be relatively short. The
most energetic electrons, preferentially emitting at high radio
frequencies and due to the synchrotron losses, lose their energy
at the fastest rate. This implies that, in the absence of a constant
injection of fresh particles into the lobes, the synchrotron losses
must cause a violent steepening of their radio spectra and a rapid
dimming of the source’s structure.

However, observed radio lobes are stable, so such long-lived
structures have to be continuously powered by new particles
from the AGN. This scenario forms the basis of all analytical
models of powerful radio galaxies and radio-loud quasars (e.g.
Begelman & Cioffi 1989; Falle 1991; Kaiser et al. 1997; Blundell
et al. 1999; Manolakou & Kirk 2002). All of these models, which
differ in their description of how the relativistic particles pass
from the jets into the lobes and in their treatment of energy losses
and particle transport, assume a constant injection of new parti-
cles to the lobes during the time at which the source is observed.
This is, clearly, a substantial simplification of these models.

Nevertheless, precise observations show several radio struc-
tures (of FR II-type) with so-called double-double morphology
strongly suggesting a recurrent jet activity in the AGN (cf. Saikia
& Jamrozy 2010) and also show radio spectra of the lobes with a
high-frequency slope significantly exceeding the limiting value
of αinj + 0.5 expected in the continuum-injection (CI) process.
Therefore, in this paper I modify the model of Kaiser, Dennett-
Thorpe & Alexander (1997; hereafter KDA model) by introduc-
ing one more free parameter in that model, i.e. a time of the jet’s
termination, tbr, and consider changes in the adiabatic expansion
of the cocoon (lobes) and in its radio emission at tbr.

This approach was already extensively discussed by Kaiser
et al. (2000) in their investigation of the evolution of the outer
and inner structures of five selected double-double radio galax-
ies. However, their considerations were qualitative rather than
quantitative. The quantitative results given in the above paper
were reached under a number of arbitrary assumptions for the
values of basic and very sensitive free parameters of the model,
fixing the value of the density of the radio core, fixing the value
of the exponent of the initial energy distribution of the relativistic
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particles in the jet flow, taking the unique value of the aspect
ratio of the cocoon, etc. Our aim is to provide the model that
is flexible enough, thus enabling the determination of these pa-
rameters by the fit of the extended model to the observational
data of a possibly large representative sample of FR II-type radio
sources selected within a wide range of linear size, radio power,
and redshift.

Therefore, in this paper I propose the effective formula for
describing the dynamics and the luminosity evolution of the
lobes of FR II-type sources during an absence of the jet inflow.
The brief summary of the original KDA model and its proposed
extension is given in Sect. 2. The Pν−D diagrams, radio spectra,
and other characteristics of dynamical evolution of FR II-type ra-
dio sources predicted with this extended model are analysed in
Sect. 3. The model fits to the observational data for the three ex-
ample radio galaxies, providing the expected values of their ba-
sic physical parameters (the jet power, internal density and pres-
sure, magnetic field strength, the source’s age, and duration of
the jet flow) are presented in Sect. 4 along with the radio spectra
of these sources resulting from the new model. The goodness of
the fit of these spectra to the observational data and the corre-
sponding fits arising from the original KDA model are included.
The discussion of the results is presented in Sect. 5.

2. Applied model and its extension

2.1. Brief summary of the original KDA model

The model applied is based on a detailed dynamical descrip-
tion by Kaiser & Alexander (1997) combined with the radia-
tive processes analysed by Kaiser et al. (1997) and extensively
summarized in Barai & Wiita (2006). It assumes a power-law
radial density distribution (the simplified King 1972, profile)
of unperturbed ambient gas surrounding the radio source as
ρa(r) = ρ0(r/a0)−β, where ρa is the ambient density at distance
r from the centre of the host galaxy, ρ0 is the central density of
the radio core with radius a0, and β is exponent of the density
profile. From the energy conservation conditions arises the ex-
pression for the total length of the jet at a given age t as

rj(t) = c1

 Qj

ρ0aβ0

1/(5−β)

t3/(5−β), (1)

where Qj is the jet’s power and rj is identified with one-half of
the source’s linear size D, rj = D/2. If two of the model pa-
rameters, Qj and ρ0aβ0, are specified, the model predicts the time
evolution of the source (its size D and volume of the cocoon, V)
only.

The independent relation between the above parameters is
available from a consideration of expected radio emission of the
source (its lobes or cocoon) under influence of different energy
losses. The energy loss of an electron with the Lorentz factor γ
is

dγ
dt

= −
a1

3
γ

t
−

4
3
σT

mec
γ2(uB + iC), (2)

where the first term on the right-hand side refers to the adiabatic
expansion loss in the source’s volume evolving as V(t) ∝ ta1

and the second term to the combined energy loss due to the syn-
chrotron radiation and inverse-Compton scattering of the CMB
radiation; uB and iC are the energy density of the magnetic field
and CMB photons, a1 = (4 +β)/Γc(5 − β). Moreover, this model

assumes a constant rate at which relativistic particles in the jets
are transported from the AGN to the hot spot area interpreted
as the region of the particles’ reacceleration. The initial en-
ergy distribution of injected particles is taken as n(γi) = n0γ

−p
i ,

where p is constant. Minimum energy arguments give the ratio
r of the magnetic field’s energy density to the sum of the en-
ergy densities of the relativistic, ue, and thermal, uT, particles:
r = uB/(ue + uT) = uB/[ue(1 + k′)] = (1 + p)/4.

Finally, the radio emission of the source (cocoon) at a given
frequency is calculated by splitting it into infinitesimal evolv-
ing volume elements, i.e. undergoing the adiabatic and radiative
losses (cf. Eq. (2)). The sum of the contributions from all of these
elements gives the total emission (at a frequency ν), Pν(t), as a
complicated integral over injection time ti

Pν(t) =

t∫
tmin

dti
σTc r

6πν(r + 1)
Qjn0(Phc)(1−Γc)/Γc

×
γ3−pta1/3(p−2)

i

[t−a1/3 − a2(t, ti)γ)]2−p

(
t
ti

)−a1(1/3+ΓB)

, (3)

where (Phc), the ratio of the jet head pressure (ph) and the uni-
form cocoon pressure (pc), is a function of (RT) – the axial ra-
tio of the cocoon described by the empirical formula adopted
from Kaiser (2000); Γc and ΓB are the adiabatic indices in the
equation of state of the cocoon material and the magnetic field,
respectively.

The integration of Eq. (3) is performable using a numerical
calculation only.

2.2. Extension of the KDA model

2.2.1. Adiabatic expansion of the cocoon after nuclear
activity ceases

The information about termination of the energy supply propa-
gates from the AGN to the radio lobes with the speed of sound.
There are arguments for a relatively low internal sound speed in
the lobes, for example if there is a significant mixing of the lobe
material with the surrounding gaseous environment (e.g. Kaiser
et al. 2000). It implies that after switching off the jets, the adi-
abatic evolution of the lobes of old and large sources may be
the same as it was before cease of the nuclear activity for a long
time. However, for small and overpressured (with respect to the
external medium) lobes, the internal sound speed can be high
and their adiabatic evolution can slow down in a relatively short
time.

After switching off the supply of new particles to the cocoon,
it may still be overpressured with respect to the external gaseous
environment and therefore be continuing its expansion behind a
bow shock. Such adiabatic evolution of a spherical source (early
evolution of a supernova remnant) during the so-called coast-
ing phase was analysed by Kaiser & Cotter (2002). Although
the cocoons of radio sources and the related bow shocks are not
spherical, they assume a spherical bow shock with the radius RS
growing with time as RS ∝ t2/(5−β). For simplicity they studied
the scenario where a radio source reaches pressure equilibrium
with the external medium immediately after the jet switches off
and assumed an instantaneous transition between the active and
coasting phases. With these assumptions they solved the equa-
tion of state for the spherical approximation of the source re-
sulting in steady-state similarity solutions from which we can
identify their source’s radius Rc with the lobe length D/2 in the
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KDA model. After some transformations, the effective formula
for the cocoon (the source) length, describing its adiabatic evolu-
tion before and after termination of the jet’s activity, is given by

D(t, tbr) =


c1

(
Qj

ρ0aβ0

)1/(5−β)
t3/(5−β) for t < tbr

D(tbr)
(

t
tbr

) 2(Γc+1)
Γc(7+3Γc−2β) for t ≥ tbr

(4)

where D(tbr) is the cocoon length at the time of switching off the
energy supply. Hereafter we follow the Kaiser & Cotter approach
in the limiting case when the internal sound speed is fast (their
model B).

2.2.2. Analytical formula for the integration of radio power

The energy loss process due to the synchrotron and inverse-
Compton scattering of the CMB photons (second term on the
right-hand side in Eq. (2)) is characterized by the energy break in
the energy spectrum comprising particles with different energies.
Expressing the energy densities in Eq. (2), uB and uiC, by the
corresponding magnetic field strengths B and BiC and the con-
stant coefficient by the relevant constant defined by Pacholczyk
(1970), one has

dγ
dt

= −C2{(B sin θ)2 + B2
iC}γ

2, (5)

where θ is the pitch angle of the relativistic particles. Integrat-
ing Eq. (5) gives the time evolution of the particles’ energy γ(t)
with the energy break γ−1

br = C2{(B sin θ)2 + B2
iC}

2t fulfilling the
condition γ(t)/γbr < 1. The appearance of γbr causes a break
frequency in the observed radio spectrum. If the source is sup-
plied by a constant flow of particles (i.e. CI process), the highest
break frequency (for θ = 90◦, i.e. for the particles dominating
the emission) is

νbr,CI = C1Bγ2
br =

C1

C2
2

B
(B2 + B2

iC)2t2
(6)

which we assume is valid for t ≤ tbr, and C1 and C2 are the phys-
ical constants (cf. Pacholczyk 1970). On the other hand, if the
pitch angle of the particle distribution is highly isotropic, i.e. all
the particles can have any possible pitch angles (the Jaffe-Perola
process; hereafter JP), the break frequency valid for t > tbr is

νbr,JP =
C1

C2
2

B
{(2/3B2 + B2

iC)(t − tbr)}2
(7)

where C1/C2
2 = 2.51422 × 1012 and BiC = 0.318(1 + z)2 nT.

According to the superposition principle the analytical for-
mula for the total radio power of a source (its cocoon) at a given
frequency can be rewritten as the sum of two integrals. In the
extended model presented here, the first integral gives the source
power calculated until the time of the jet termination, tbr, while
the second adds the radio power emitted from tbr until the actual
age of the source, t. Therefore, the total power of a source can
be written as

Pν(t) =

{
Pν(tmin, tbr) + Pν(tbr, t) for tbr > tmin

Pν(tmin, t) for tbr ≤ tmin.
(8)

In the above equation the first term corresponds to the integral
given by Eq. (3) in Sect. 2.1, where the upper limit of integration
is changed from tmin to tbr. The second term is given by

Pν(tbr, t) =
σT c
6πν

r
r + 1

QjP
(1−Γc)

Γc
hc

t∫
t∗

G(ti)H(ti)dti, (9)

where t∗ = tbr if tbr > tmin and t∗ = tmin if tbr ≤ tmin,

H(ti) = n0(ti)
γ3−pta1/3(p−2)

i

{t−a1/3 − a2(t, ti)γ}2−p

(
t
ti

)−a1(1/3+ΓB)

,

G(ti) =

1∫
0

FJP(x)x−p(1 − x)p−2dx

1∫
0

FCI(x)x−(p+1){1 − (1 − x)p−2}dx +
∞∫
1

FJP(x)x−(p+1)dx

,

and the functions FJP = (ν/νbr,JP/x2) and FCI = (ν/νbr,CI/x2) are
the “kernel” synchrotron spectrum of a single ultra-relativistic
particle. It should be noted that transient values of νbr,JP and νbr,CI
are functions of ti, i.e. the time of initial acceleration of the radi-
ating particles. The sum of the two integrals in the denominator
of the function G(ti) results from a different form of these inte-
grals for ν < νbr and for ν ≥ νbr. It is calculated at every step
of the integration and all of the infinitesimal values of integrated
radio power are multiplied by this function.

3. Predictions of the extended model

In order to study the influence of the jet termination on the Pν−D
diagrams and observed radio spectra, a fiducial source with a set
of basic model parameters: αinj = (p − 1)/2 = 0.51, β = 1.5,
z = 0.1, Rt = 3, k′ = 0, adiabatic indices in the equation of state:
Γc = ΓB = 5/3, a0 = 10 kpc, Qj = 1038 W and ρ0 = 10−22 kg m−3

is used.

3.1. Evolutionary tracks

Kaiser et al. (1997) presented the Pν − D diagrams (Shklovskii
1963) for the original KDA model applied to fiducial FR II-type
radio sources with parameters adopted in agreement with the
present knowledge. These diagrams, which constitute a power-
ful tool for investigation of time evolution of radio sources, show
the sources decreasing radio luminosity determined at a given
frequency, Pν, as a function of its linear size D enlarging with
time. In this section, the analogous evolutionary tracks of the
fiducial FR II-type sources, constructed with the new KDA EXT
model and with the use of some revised physical parameters of
the source (cf. the list given above) are presented.

Figure 1 shows the P178-D diagrams for the fiducial source
with three different values of αinj = 0.51, 0.75, and 1.0 for
tbr = 10 Myr. The dashed and solid lines show its lobes radio
power and size evolution with time in two limiting scenarios: a
very slow and a fast internal sound speed in the cocoon, respec-
tively (see Sect. 2.2.1). Within the first scenario, the lobe’s length
is initially still evolving as in the continuum-injection model (the
upper expression of Eq. (4)), and after some time it begins to
evolve as in the KDA EXT model. In the second scenario, lobes
are continuously expanding according to the KDA EXT model
and formula described by the bottom expression of Eq. (4). Fi-
nally, dotted lines correspond to the pure KDA evolution.
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Fig. 1. Comparison of the P178-D diagrams predicted with the KDA
and KDA EXT model for the fiducial source with three different val-
ues of αinj and tbr = 10 Myr. The solid and dashed lines show predic-
tions of the KDA EXT model for the two limiting cases of the internal
sound speed (see the text). The dotted lines show predictions of the pure
KDA model. All the KDA EXT diagrams are cut off at the points where
their radio powers rapidly diminish and linear sizes tend to a constant
value.

These diagrams demonstrate the dependence of various
source parameters on its dynamical evolution in the two extreme
cases of the internal sound speed (KDA and KDA EXT). The
clearly visible breaks may result from the cocoon length evolu-
tion (here adopted from Kaiser & Cotter’s limiting case B, in
which the internal sound speed is fast – cf. Sect. 2.2.1) is not
completely applicable in the case of terminated jet activity. In
particular, the information about stopping the jet is not trans-
mitted instantaneously, so the lobes should not begin to expand
significantly more slowly immediately after the jet switch-off. It
is more probable that its evolution changes smoothly from one
regime (CI) to another (KDA EXT).

Since we are not able to provide the right formula for this
gradual change, we can only approximate this situation by us-
ing the following procedure based on the assumption that the
rate of the cocoon growth only changes slowly: the separated
model is constructed with the radio luminosity evolving as in the
KDA EXT model, but with the lobe length still growing as in
the CI regime (KDA) shortly after the jet termination. Then, af-
ter the assumed time, the lobes length evolution transforms into
the internal sound speed scenario of KDA EXT, but with more
recent stopping of the jet activity, which implies using the re-
duced value of tbr (here equal to the 0.7 of the initial tbr in the
KDA EXT). This procedure simulates – very roughly – the slow
change described above and is intended to demonstrate that the
“broken” KDA EXT plots can be easily smoothed only if the
proper formula for the gradual lobe growth can be applied.

It is also worth noting that the abnormal breaks on P178-D
diagrams may be the result of numerical effects occurring in the
calculation of the lobes radio luminosities. In particular, they
may occur because the radio power in the KDA EXT model
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Fig. 2. Comparison of the P178-D diagrams predicted by the KDA and
KDA EXT model with different values of β (0, 1.5, 1.9) and tbr = 10,
20, and 100 Myr, respectively. Calculations are performed for the same
set of source parameters as in Fig. 1, but only for αinj = 0.51. Solid lines
show predictions of the KDA EXT, dotted lines show predictions of the
KDA model, while the dashed lines trace the corrected (smoothened)
KDA EXT model with the approximated gradual change of the lobe
length evolution (see the text).

constitute the sum of three different and independently calcu-
lated integrals with the distinct integration limits (cf. Eq. (8)).
The characteristic “shoulder” visible in all diagrams corresponds
to time ti at which the integration changes from the case of
tbr > tmin to tbr ≤ tmin. This implies that though we expect the
plots to be continuous at this point, some breaks appear as the
numerical result of changing the limits of integration and (most
likely) more rapid decrease in the first of the integrals in the up-
per expression of Eq. (8), which cannot keep up with the slower
increase in the second integral in this formula and maybe also
with the independently evolving lobe length. It is also interest-
ing that these breaks are sharper for the high values of αinj (cf.
Fig. 1)

Figure 2 shows the P178-D diagrams for three different val-
ues of β: 0, 1.5, and 1.9 and for αinj = 0.51 and for tbr = 10,
20, and 100 Myr, respectively. The solid, dashed, and dotted
lines correspond to the same models as in Fig. 1. Finally, Fig. 3
present analogous P178-D diagrams for the fiducial source for
three different values of ρ0: 10−21, 10−22, and 10−23 kg m−3, with
αinj = 0.51 and for tbr = 10 Myr. Regardless of varying parame-
ters of the fiducial source, evolutionary tracks for the KDA EXT
model behave similarly to the ones discussed above, and also
here the characteristic plot irregularities can be noticed. It can be
then assumed that they are also most probably due to the numer-
ical effects or incorrect formula for calculating the lobe length.

3.2. Time evolution of the lobe’s expansion velocity, internal
pressure and the total energy emitted

The relations between the source’s age and the expansion veloc-
ity of its lobes, the internal pressure and total energy emitted are
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Fig. 3. Comparison of the P178-D diagrams predicted by the KDA and
KDA EXT model with different values of ρ0 and tbr = 10 Myr. Calcula-
tions are performed for the same set of source’s parameters as in Fig. 1,
but only for αinj = 0.51. Solid lines show predictions of the KDA EXT,
dotted lines show predictions of the KDA model, and the dashed lines
trace the same predictions as the analogous lines in the Fig. 2.

also analysed. The instantaneous bow shock velocity vh is

vh(t) =
∂

∂t
D(t) (10)

and is reduced to the differentiation of Eq. (4) which gives:

vh(t) =


c1

3
5−β

(
Q j

ρ0aβ0

) 1
5−β

t
β−2
5−β , t < tbr

c4D(tbr)t
−c4
br tc4−1, t ≥ tbr,

(11)

where c4 =
2(Γc+1)

Γc(7+3Γc−2β) .

Figures 4, 5 present the evolution of the lobe’s head veloc-
ity given as the ratio of the speed of light, c, in function of the
source’s age for the KDA and the KDA EXT model. It is worth
noting that the rate of its decrease depends not only on tbr and the
β exponent, but also on different values of Γc (for relativistic and
cold cocoon material). The diagrams indicate that the process of
termination of the nuclear activity strongly affects the rate of the
lobe propagation as well. The difference of this rate increases
with the increase in the value of the β exponent describing the
density profile of the external medium.

In the case of a young source, the lobe expansion velocity
predicted with the KDA model strongly depends on the density
profile of that medium (cf. Fig. 5). For the radio sources with ter-
minated activity (the case of KDA EXT model) this dependence
rapidly declines with their growing age because the β parameter
has a relatively small contribution in the formula describing the
lobe’s head velocity. On the contrary, this velocity begins to de-
pend more strongly on the value of Γc with the source’s age. It
can also be seen that for the assumed value of β = 0, the lobe ve-
locities predicted from the models with different values of tbr are
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0,035   = 1.5
 = 0

v/
c

t x 108 (yr)

Fig. 4. Velocity of the expanding lobes vs. time. Solid and dashed curves
correspond to the KDA EXT and dotted lines follow the KDA model
of continuous activity. Parameters are the same as in Fig. 1, but with
tbr = 100 Myr and Γc = 5/3.
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  = 1.5
 = 0

v/
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Fig. 5. Velocity of the expanding lobes vs. time. As in Fig. 4, but for
tbr = 1 Myr.

very similar. The difference between v relations is much more
explicit in the case of these two models calculated for β = 1.5.

Following the discussion given by Kaiser & Cotter for their
model B, I also assume that the time evolution of the lobe
pressure pc after switching off the source’s nuclear activity,
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Fig. 6. Internal pressure of the expanding lobes vs. time. Solid and
dashed curves correspond to the KDA EXT and dotted lines follow the
KDA model of continuous activity. The parameters are the same as in
Fig. 1, with tbr = 1 Myr and Γc = 5/3.

changes its former decrease according to the formula:

pc(t > tbr) = pc(tbr)
(

t
tbr

)−3Γcc4

· (12)

Figure 6 presents the behaviour of internal pressure of the ex-
panding lobes due to its growing age. Similarly to the lobe’s head
velocity, the evolutionary tracks are calculated for both the KDA
and KDA EXT models for the two different values of the β ex-
ponent. In both models the slope of the pc(t) function is steeper
for β = 1.5 than for β = 0, according to Eq. (19). Regardless of
that factor, the time evolution of the lobe’s internal pressure is
faster and much more rapid in the KDA EXT model, which is in
good agreement with our physical intuition – in the case of the
termination of the jet, the decrease in the lobe’s head velocity is
expected, as is the gradual decline in that pressure. It is also note-
worthy that in the case of the KDA EXT, there is an exponential
decay of the internal pressure that, starting at the particular age,
is independent of the β value. Finally, the evolution of the lobe’s
internal pressure depends very weakly on the value of Γc.

Figures 7 and 8 show the conversion efficiency of the energy
delivered by the jet until its termination into the observed radi-
ation as a function of t/tbr. We can expect its decrease owing to
the fiducial source’s growing age. Similarly to the lobe’s head ve-
locity, the evolutionary tracks are calculated for both KDA and
KDA EXT models for three different values of the β exponent
and three values of RT. Both diagrams are presented: Γc = 4/5
and Γc = 5/3. The slopes of the efficiency function are steeper
for the low values of β and RT, and its evolution is much faster
for sources with terminated activity while its value is constant
during the phase before the jet termination. The value and the
further evolution of the lobe’s efficiency depends strongly on the
value of Γc.
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Fig. 7. Total energy of expanding lobes divided by jet power vs. time,
calculated for three values of β, for two general cases: t/tbr < 1 (KDA
model) and t/tbr > 1 (KDA EXT model). All the upper curves for a
given value of β are calculated for Γc = 4/3, while the bottom lines for
Γc = 5/3. The other parameters are the same as in Fig. 1.
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Fig. 8. As in Fig. 7, but for three different values of RT .

3.3. Resulting radio spectra

Though the Pν-D diagrams are very useful in diagnostics of the
dynamical evolution of FR II-type radio sources, they suffer from
one severe problem – the inability to verify their predictions by
direct observations owing to the large timescale of the analysed
processes. However, the analytical models of the evolution (in-
cluding the KDA and KDA EXT) allow the source’s luminosity
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Fig. 9. Comparison of the radio power spectra (Pν vs. ν) calculated with
the KDA EXT model (dashed and dotted lines for tbr = 33 and 40 Myr,
respectively) and the KDA model (solid lines) for the fiducial source
with different αinj.

to be predicted at a number of observing frequencies, i.e. its ra-
dio spectrum. Here a few examples of such spectra, calculated
for different sets of the fiducial source parameters, are shown
and compared to the corresponding spectra calculated with the
classical KDA model.

Figure 9 presents the radio power spectra (Pν vs. ν) of the
fiducial source predicted with the KDA EXT model calculated
for two different values of αinj, and of two different values of
jet switch-off time, tbr. It is easy to see that their high-frequency
slopes are close to the theoretical synchrotron aging spectrum of
Jaffe & Perola (1973; cf. Fig. 1 in Carilli et al. 1991).

Figure 10 shows the radio power spectra (Pν vs. ν) of the
fiducial source expected from the KDA EXT model, calculated
for two different values of redshift, z, as well as two different
values of jet switch-off time, tbr. It is worth noting that at the
high redshift z = 3, the decrease in radio power is much faster,
which is consistent with the cosmological IGM models.

Figures 11 and 12 show radio power spectra (Pν vs. ν) of the
fiducial source expected from the KDA EXT model and calcu-
lated for two different values of β and Rt, respectively. In these
cases the spectra are also shown for two values of tbr. Addition-
ally, the distinction for Qj values is introduced in order to ensure
that the resulting plots will not be superimposed on each other
(because the differences between the spectra of sources with var-
ious β and Rt are relatively low). The general trend indicates that
the higher are Qj, β, and Rt, the higher are the values of the radio
power, and the spectra resulting from the KDA EXT model are
less curved at higher frequencies.

The presented spectra indicate the very strong effect of the jet
termination on both linear size and radio luminosity of the lobes,
especially for the values of tbr much lower than the actual age of
a source, t. The characteristic high-frequency break is more rapid
in the case of low values of β and ρ0. The strongest breaking of
the spectra due to the rapid decrease in energy also occurs at the
high redshift. All the presented spectra show how quickly the
lobes of the FR II-type radio source may become invisible (or at
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Fig. 10. Comparison of the radio power spectra (Pν vs. ν) calculated
with the KDA EXT model (dashed and dotted lines for tbr = 33 and
40 Myr, respectively) and the KDA model (solid lines) for the fiducial
source with different z. We note that the vertical scale is more extended
than the other presented spectra in order to show the full shapes of the
lower plots for z = 3.
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Fig. 11. Comparison of the radio power spectra (Pν vs. ν) calculated
with the KDA EXT model (dashed and dotted lines for tbr = 33 and
40 Myr, respectively) and the KDA model (solid lines) for the fiducial
source with different β and Qj.

least not in the detection range of contemporary radio telescopes)
after the time t = tbr, only if in the meantime the activity of the
nucleus (AGN) has not restarted.

4. Application of the KDA EXT model

The KDA EXT model is expected to predict parameters of
FR II-type radio sources with the terminated jet activity and
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Fig. 12. Comparison of the radio power spectra (Pν vs. ν) calculated
with the KDA EXT model (dashed and dotted lines for tbr = 33 and
40 Myr, respectively) and the KDA model (solid lines) for the fiducial
source with different Rt and Qj.

ambient medium conditions for which the KDA model does not
give reliable solutions. However, the spectra, sizes, and volumes
of real sources are known from observations, and the values of
the unknown “free” model parameters are the subject of our in-
terest. The original KDA model, which assumes values for a
number of its free parameters, enables the prediction of the time
evolution of the source’s length D, and its radio luminosity Pν,
at a given observing frequency. To solve the reverse problem of
determining the values of t, αinj, Qjet, and ρ0 for a real radio
source, it is possible to use the DYNAGE algorithm (Machal-
ski et al. 2007) to find these values by a fit to its four observa-
tional parameters: size D, volume V , radio luminosity Pν and
radio spectrum αν, which provides Pν,i at a number of observing
frequencies i = 1, 2, 3,... This implies that it is also possible to
verify the accuracy of the KDA EXT model for a given source
with a highly steepened spectrum by deriving its spectra calcu-
lated from both the “best age-solution” of the KDA model (DY-
NAGE) and a similar solution found with the KDA EXT model,
and then comparing the results of these two models with the mul-
tifrequency observations of this source.

4.1. Sample of examined radio sources

Both models have been applied to six radio sources showing a
strong bend in their observed radio spectra. This small sample
includes three well-known 3C sources with small linear sizes
and (in two cases) relatively high redshift (see Table 1). How-
ever, the KDA EXT model is expected to be especially useful in
the case of giant FR II sources (i.e. J1428+3938; Machalski et al.
2006; Machalski 2011), which are also examined here. Two ra-
dio sources with restarting activity, J1453+3308 (Konar et al.
2006; Machalski et al. 2009) and J1548−3216 (Machalski et al.
2010), are included in the sample as examples of typical DDRG
sources for which previous authors studied and modelled their
individual lobes. Given the fact that observations of their sec-
ondary structure indicates the “young” (renewed) jet emission,

interacting and propagating within the previous “old” emission
in the same direction, it is interesting to examine how this may
affect the “old” primary structure (in particular its dynamical
age).

Table 1 presents the observational data of the sources used
for the fits. The errors in the flux measurements are taken from
the references given under Table 1; however, in some cases great
differences can be seen in the error values given in the data bases
of the original publications. Moreover, some published errors are
evidently underestimated, thus the relevant errors are arbitrariry
enlarged, for example the errors claimed by Vigotti et al. (1999).

The “largest angular size” (LAS ) estimated from radio maps
is given in arc seconds. The Rt values are adopted from radio
maps or the earlier publications. Table 1 also includes the pre-
sumed inclination angle of the source’s jet axis, θ. The projected
linear size of the sources, D, is calculated as

D = 4.848 × 10−6LA(z)LAS . (13)

The observed flux densities for the 3C sources are taken from the
NED NASA database. The flux densities for J1428+3938 are de-
rived from various radio surveys (7C, B3-VLA, WENSS, NVSS,
Miyun). The flux density data from dedicated observations with
the GMRT and VLA arrays for the outer lobes of J1453+3308
and J1548−3216 are taken from the original publications in or-
der to model their extended, outer FR II-type structures only.
Where it was possible, original flux densities were previously
corrected by substacting the core emission from the total flux of
the sources. The values of the sources’ radio power Pν – which
are the proper physical observables to use in the modelling – are
calculated from the given flux densities according to the formula

Pν = S νLD(z)2(1 + z)(αν−1) (14)

where LA(z) (in Eq. (13) and LD(z) (in Eq. (14)) are the angular
and luminosity distances of the source, respectively, determined
with the Cosmological Calculator of Wright (2006) assuming a
flat Universe with Hubble constant H0 = 71 km s−1 Mpc−1 and
the ΛCDM model with cosmological parameters Ωm = 0.27 and
ΩΛ = 0.73, and where αν is the spectral index measured as the
spectrum slope gradient calculated separately for every pair of
neighbouring radio flux densities.

It is worth noting a need to know the source’s radio power
Pν for at least five observing frequencies for a proper applica-
tion of the KDA and KDA EXT models. In general, the wider
the frequency coverage of the radio spectra of the source, the
more precise is the model fit. This indicates that it is also advis-
able to know the observed flux densities for the very low (about
10−20 MHz) and very high (above 10 GHz) radio frequency
in order to take it into account in the modelling. However,
18−25 flux density data points covering the frequency range
22 MHz to 15 GHz are provided for the 3C sample sources.
For the three remaining sources presented in Table 1 there are
at least seven flux densities covering the quite broad frequency
range, although some hopes are connected with the new LOFAR
interferometer.

4.2. Fitting procedure

The fitting method consists of two steps. In the first, the best
“age-solution” of the KDA model (tKDAEXT; Table 8) is deter-
mined using the DYNAGE algorithm. However, as expected, the
best model fit and resulting spectra remain unsatisfied as long as
we are trying to reproduce observed highly steepened spectrum
with the model assuming the CI process of the energy supply
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Table 1. Observational data for the selected FR II-type sources with strongly curved spectra.

Name 3C 184 3C 217 3C 438 J1428+3938 J1453+3308 J1548−3216
z 0.994 0.898 0.290 0.5 (est) 0.249 0.1082
LAS [′′] 4.8 12.1 22.4 269 336 522
Rt 3.0 4.0 2.7 3.4 3.8 2.9
D [kpc] 38.5 94 100 1630 1297 998
θ [◦] 90 70 90 90 90 90

ν [MHz] S ν ± ∆S ν [mJy]

22 61 000 ± 500014

26 43 000 ± 60008 228 000 ± 12 0008

38 37 200 ± 37207 39 000 ± 58509 150 290 ± 40 65019

38 162 840 ± 48 8508

74 23 660 ± 237010 25 380 ± 2510 81 560 ± 816010

86 23 800 ± 27008 24 400 ± 13008 86 700 ± 87208

151 14 870 ± 8937 16 498 ± 29421 971 ± 1094 2165 ± 110
151 990 ± 957

160 8400 ± 840
178 14 652 ± 7009 15 590 ± 60020 51 400 ± 410019 2020 ± 200
178 14 388 ± 7198 49 620 ± 230019

232 810 ± 1003

240 1667 ± 250
325 9676 ± 3501 8970 ± 3561 29 940 ± 10801 428 ± 341 1365 ± 140
334 1456 ± 112 4737 ± 710
365 9083 ± 32811 8372 ± 24211 26 400 ± 95011

408 7840 ± 61020 23 760 ± 48015

408 7090 ± 2806 25 180 ± 198019 270 ± 316

605 970 ± 75
619 3141 ± 252
750 4230 ± 1778 4060 ± 2088 13 700 ± 70019

750 4200 ± 2009 4300 ± 14020

1287 442 ± 34
1384 1733 ± 87
1400 2582 ± 782 2087 ± 632 6854 ± 2202 83 ± 42 426 ± 36
1400 2275 ± 17018 2230 ± 7020 6940 ± 22019

1477 6410 ± 12816

2495 963 ± 30
2695 1183 ± 608 1011 ± 8020 3260 ± 15519

2700 1020 ± 5020 3300 ± 16019

4830 1635 ± 16417

4850 618 ± 45512 550 ± 4912 1607 ± 14318

4860 13 ± 35 104 ± 8 415 ± 42
4900 1580 ± 6019

5000 596 ± 4020 477 ± 608 1529 ± 6019

8440 765 ± 3813

10550 3 ± 26

10695 122 ± 388 640 ± 4019

10705 216 ± 308 130 ± 409 600 ± 388

14900 150 ± 208 120 ± 208 390 ± 308

References. (1) WENSS (Rengelink et al. 1997); (2) NVSS (Condon et al. 1998); (3) Miyun (Zhang et al. 1997); (4) 7C (Waldram et al. 1996);
(5) Machalski et al. (2006); (6) B3-VLA (Vigotti et al. 1999); (7) 6CII (Hales et al. 1988); (8) Laing & Peacock (1980); (9) Kellermann & Pauliny-Toth
(1973); (10) VLSS (Cohen et al. 2007); (11) TXS (Douglas et al. 1996); (12) GB6 (Gregory et al. 1996); (13) Hardcastle et al. (1998); (14) Roger et al.
(1986); (15) B3 (Ficarra et al. 1985); (16) Leahy & Pearley (1991); (17) Griffith et al. (1991); (18) White & Becker (1992); (19) Kühr et al. (1981);
(20) Kühr et al. (1979); (21) 7CN (Riley et al. 1999). The flux densities for J1453+3308 and J1548−3216 are adopted from Konar et al. (2006) and
Machalski et al. (2010), respectively.
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to the lobes (the case of the KDA model). To solve this prob-
lem, I performed the KDA fits using only the low-frequency
parts of the flux density data, i.e. rejecting the extremely high-
frequency fluxes that increase the curvature of the source’s ob-
served spectra.

Following the original KDA analysis, their Case 3 where
both the cocoon material and the ambient medium are assumed
to be described by the “cold” equation of state (i.e. Γc = Γa =
ΓB = 5/3) is adopted. The equipartition condition for the ini-
tial ratio of the energy densities between the source’s magnetic
field and relativistic particles, r ≡ uB/ue = (1 + p)/4, is also
assumed, which is well supported by the X-ray observations of
the lobes in powerful radio sources (Kataoka & Stawarz 2005).
Finally, following Daly (1995) and Blundell et al. (1999), I adopt
β = 1.5 for all of the examined sources. The remaining model
free parameters are the same as for the fiducial source in Sect. 3.
The final result of this step is the determination of four model
parameters: the initial particle-energy distribution described by
αinj; the fitted age, t; the corresponding values of the jet power,
Qj; and the central core density, ρ0.

In the second step, a number of values for the jet switch-off
time tbr, fulfilling the tbr < t condition, is selected. For each of
these values, Eq. (8), i.e. Eqs. (3) and (9) are solved numerically,
providing the source power, Pνem , at the number of frequencies
(in the source frame) corresponding to a given tbr value. The best
fit is determined using the least-squares method by minimizing
the expression

χ2
red =

1
n − 3

∑
n

(
S ν0 − S MOD

∆S ν0

)2

, (15)

where S ν0 and ∆S ν0 are flux densities and S MOD are the model
flux densities re-calculated from the model values of Pνem ac-
cording to

S MOD = Pνem

 1 + z
L2

D(z)

 = Pν0(1+z)

 1 + z
L2

D(z)

 · (16)

The S MOD flux densities, resulting from the KDA and KDA EXT
models, are given in Tables 2−7 and are compared to the ob-
served flux densities which determine radio spectra of the sam-
ple sources.

4.3. Fitting results

In order to compare the KDA EXT fits with the KDA solutions,
and with similar results already published for the sample sources
(including those from the KDA model for entire sources or their
radio lobes only), the values of χ2

red, determining the goodness of
fit, are calculated for all of the best fits of the KDA models and
the best fit of the KDA EXT model. The latter fits are character-
ized by αinj values that are flatter and dynamical ages that are
greater (especially for larger and older sources) than those with
the KDA fits.

Table 8 presents values of the model free parameters and
some derivative physical parameters of the sample sources de-
rived from their best fit of the KDA and KDA EXT models.
These derivative parameters are the cocoon pressure, pc; the to-
tal emitted energy, Uc; the strength of the magnetic field, Beq;
and the radial expansion speed of the cocoon’s head, vh. It is
worth noting that their values are calculated for t > tbr (after the
switch-off). Namely, pc for t > tbr is calculated with Eq. (12), Uc
is given by the formula Uc(t) = uc(t)Vc(t) = pc(t)Vc(t)/(Γc − 1),
and vh(t) with Eq. (11). A compilation of the results obtained for
the individual sources from the sample is presented below.

Table 2. Flux densities resulting from the KDA and KDA EXT models
for 3C 184 and their goodness of fit to the observed data.

ν0 S ν0 ± ∆S ν0 S MOD S MOD

KDA KDA EXT
22 61 000± 5000 69 177 60 377
38 37 200± 3720 46 877 42 388
74 23 660± 2370 28 377 26 961
86 23 800± 2700 25 407 24 262

151 14 870± 893 16 179 16 116
178 14 652± 700 14 124 14 240
178 14 388± 719 14 124 14 240
325 9676± 350 8472 8887
365 9083± 328 7655 8088
750 4230± 177 4018 4377
750 4200± 200 4018 4377

1400 2582± 78 2244 2456
1400 2275± 170 2244 2456
2695 1183± 60 1191 1254
4850 618± 55 665 643
5000 596± 40 646 621

10 705 216± 30 299 238
14 900 150± 30 212 146
χ2

red 5.94 1.89

4.3.1. 3C 184

3C 184 is an example of powerful high-redshift radio galaxies
embedded in a cluster environment (Belsole et al. 2004). Its lobe
length is rather small and equal to 38.5 kpc. It may then be
supposed that this source is relatively young. It is worth noting
that in the case of 3C 184 (and in two other 3C sources examined
in this paper) its radio spectrum is observed within a wide range
of frequencies extending from 22/26 MHz to even 15 GHz.

The spectra resulting from the predicted flux densities
S MOD (KDA) and S MOD (KDA EXT) are shown in Fig. 13. The
KDA EXT spectrum is evidently much more bent than the KDA
spectrum and fits better to the flux densities measured at both,
low and high frequencies. The goodness of the fit to data points
(χ2

red values at the bottom of Table 2) clearly indicate a superior-
ity of the KDA EXT solution over the KDA.

3C 184 is the only source in my sample whose fitted age
is less than 1 Myr. However, this young age is accompanied
by low relative expansion speed of the lobes’ head vh/c, being
only about 2−3 times higher than these for the three giant-sized
sources in the sample. This is concordent with the “best-fit” age
solution with the assumed jet termination. Perhaps it suggest that
this high redshift structure is not at an early stage of its evolution,
and will not evolve into a structure much larger than 100 kpc.

4.3.2. 3C 217

This high-redshift radio galaxy was included in Sample 3
(3CRR FR II-type sources with z > 0.5 and D < 400 kpc) in
Kuligowska et al. (2009). 3C 217 is another example of a rela-
tively young and small (D = 94 kpc) source with a strongly bent
radio spectrum.

The spectra resulting from the KDA and KDA EXT models
and overlain the data points are shown in Fig. 14. Similarly to
3C 184, the KDA EXT model spectrum is much more bent than
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Table 3. Flux densities resulting from the KDA and KDA EXT models
for 3C 217 and their goodness of fit to the observed data.

ν0 S ν0 ± ∆S ν0 S MOD S MOD

KDA KDA EXT
26 43 000± 6000 57 885 53 440
38 39 000± 5850 44 624 42 332
74 25 380± 2590 27 200 27 396
86 24 400± 1300 24 242 24 688

151 16 498± 294 15 544 16 227
178 15 590± 600 13 601 14 287
325 8970± 324 8214 8989
365 8372± 242 7440 8168
408 7090± 280 6754 7398
408 7840± 610 6754 7398
750 4060± 208 3923 4127

1400 2086± 62 2201 2126
1400 2230± 70 2201 2126
2695 1011± 80 1171 1038
2700 1020± 50 1168 1038
4850 550± 49 654 509
5000 477± 60 635 487

10 695 122± 38 294 150
10 705 130± 40 293 149
14 900 120± 20 201 84
χ2

red 8.00 1.21

that predicted by the KDA model. The χ2
red values at the bottom

of Table 3 clearly indicate a significantly higher goodness of fit
in the case of the KDA EXT solution.

4.3.3. 3C 438

Similarly to 3C 217, 3C 438 is a typical but low-redshift FR II-
type source with linear size not exceeding 100 Mpc. Also, its
observed radio spectrum shows considerable bending from the
middle frequencies to the higher ones. The spectra predicted
with the KDA and KDA EXT models are shown in Fig. 15.
Again, the relevant χ2

red values in these two models are similar
to those for 3C 184 and 3C 217, and confirm the superiority of
the KDA EXT age solution.

4.3.4. J1428+3938

J1428+3938 is a giant-sized (D > 1 Mpc) radio galaxy identi-
fied as a giant radio galaxy (GRG) by Machalski et al. (2006). Its
central radio core that is precisely coincident with a faint optical
galaxy with R = 21.11 mag implies a high redshift; unfortu-
nately, it has not been confirmed spectroscopically. Therefore,
the authors estimate its value from the Hubble mR − z relation
for giant radio sources as about 0.5. Extended radio lobes of
this source have been modelled by Machalski (2011) using the
DYNAGE algorithm – contrary to a simpler approach where a
dynamical model is fitted to the spectrum of entire source, i.e. to
a mean of its two lobes. This is worth emphasizing that such an
approach is only possible when a lack of angular resolution does
not allow for discrimination between spectra of opposite lobes,
especially at low observing frequencies.

Table 4. Flux densities resulting from the KDA and KDA EXT models
for 3C 438 and their goodness of fit to the observed data.

ν0 S ν0 ± ∆S ν0 S MOD S MOD

KDA KDA EXT
26 228 000± 12 000 229 220 243 060
38 150 290± 40 650 171 455 182 345
38 16 284± 48 850 171455 182345
74 81 560± 8160 99 095 105 770
86 86 700± 8720 87 287 93 230

178 51 400± 4100 46 105 49 377
178 49 620± 2300 46 105 49 377
325 29 940± 1080 26 506 28 440
365 26 400± 950 23 766 25 505
408 23 760± 480 21 387 22 959
408 25 180± 1980 21 387 22 959
750 13 700± 700 11 876 12 727

1400 6940± 220 6378 6755
1400 6854± 220 6378 6755
1477 6410± 128 6042 6388
2695 3260± 155 3260 3319
2700 3300± 160 3259 3311
4830 1635± 164 1779 1638
4850 1607± 143 1771 1629
4900 1580± 60 1752 1607
5000 1529± 60 1752 1565
8440 765± 38 986 825

10 695 640± 40 766 619
10 705 600± 38 766 619
14 900 390± 30 538 407
χ2

red 8.57 1.17

Table 5. Flux densities resulting from the KDA and KDA EXT models
for J1428+3938 and their goodness of fit to the observed data

ν0 S ν0 ± ∆S ν0 S MOD S MOD S MOD

M2011 KDA KDA EXT
151 971± 109 919 995 891
151 990± 95 919 995 891
232 810± 100 602 617 582
325 428± 34 431 421 413
408 270± 31 344 324 326

1400 83± 4 99 73 83
4860 13± 3 28 15 15

10 550 3± 2 13 6 4
χ2

red 15.52 3.69 2.20

In order to compare the best determined KDA and KDA EXT
model solution to the fit resulting from the Machalski model
for the lobes, I use the arbitrary means of αinj, t, Qjet and ρ0
values given in his Table 2. These mean values are as fol-
lows: αinj = 0.532, t = 415 Myr, Qjet = 3.93 × 1037 W and
ρ0 = 1.46 × 10−22 kg/m3. In addition to these values, the above
model (hereafter M2011) assumed different equations of state,
Γc = ΓB = 4/3.
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Table 6. Flux densities resulting from the KDA and KDA EXT models
for J1453+3308 and their goodness of fit to the observed data.

ν0 S ν0 ± ∆S ν0 S MOD S MOD S MOD

MJS2009 KDA KDA EXT
151 2165± 110 2475 2391 2399
178 2020± 200 2179 2136 2158
240 1667± 250 1715 1724 1751
325 1365± 140 1332 1379 1378
334 1456± 112 1301 1351 1347
605 970± 75 771 847 843

1287 442± 34 389 441 426
1400 426± 26 352 410 394
4850 104± 8 104 125 115
χ2

red 4.80 2.54 2.09

Table 7. Flux densities resulting from the KDA and KDA EXT models
for J1548−3216 and their goodness of fit to the observed data.

ν0 S ν0 ± ∆S ν0 S MOD S MOD S MOD

MJK2010 KDA KDA EXT
160 8400± 840 8174 8465 8391
334 4737± 710 4909 4838 4975
619 3141± 252 3064 2983 3096

1384 1733± 87 1561 1544 1577
2495 963± 30 920 928 917
4860 415± 42 492 504 476
χ2

red 3.18 3.19 2.61

It is particularly interesting to examine how the KDA EXT
model fits the observed spectrum of this source. I use the
151 MHz measurements as the lowest one and include the very
uncertain Miyun measurement at 232 MHz. The original radio
flux density of 6.2 mJy at 10 550 MHz taken from the B3-VLA
catalogue (Vigotti et al. 1999), likely referring to the entire
source, is corrected here by subtracting the probable flux den-
sity of the radio core, supposed to dominate the total radio flux
at the high frequencies. This is justified by the 4860 MHz VLA
observations showing the core flux of 3.5 mJy.

The spectra resulting from the KDA and KDA EXT mod-
els and including the data points are shown in Figure 16. The
goodness of the fits indicate that the continuum-injection spectra
predicted with the M2011 and KDA models are quite compara-
ble, though the fitted values of their free parameters are signif-
icantly different. This emphasizes the problem of how to deter-
mine the best age solution, reproducing the observed spectrum
with a comparable accuracy (again see Brocksopp et al 2011).
The KDA EXT model fits the observed data better than KDA.
The (t − tbr)/tbr ratio of about 0.1 (Table 8) strongly supports
the hypothesis that the observed structure of the lobes and their
spectrum reflect the evolutionary phase after the termination of
the jet activity.

According to Fig. 16, the flux density measurement at
232 MHz is a clear outlier from the plot and its measurement
uncertainty is high. It is reflected in the relatively high values
of χ2

red for the results of modelling. It can be shown that remov-
ing this data point from the set reduces the resulting χ2

red for the
KDA EXT model to the value of 1.44. However, in the case of the

KDA solutions it gives the simultaneous increase of this value to
about 18.

The most interesting thing here is that if J1428+393 is really
at the assumed redshift, it is the old and large source with the evi-
dence of the strong aging in opposition to the two DDRG sources
J1453+3308 and J1548−3216. Furthermore, owing its supposed
high redshift, the inverse Compton losses should dominate over
synchrotron losses. Indeed, once the jet activity ceases, a strong
aging will occur.

4.3.5. J1453+3308

J1453+3308 is the well-known DDRG galaxy whose ra-
dio structure has already been studied by several authors (e.g.
Schoenmakers et al. 2000; Kaiser et al. 2000; Konar et al. 2006).
It consists of two pairs of lobes, the extended outer lobes and
slimmer inner ones, considered to be the result of secondary nu-
clear activity occurring after a termination of the primary jets.
Spectral aging analysis of these pairs of lobes was published by
Konar et al. (2006), while their dynamical analysis was under-
taken by Machalski et al. (2009; in the frame of a subsample of
ten GRGs), and, independently by Brocksopp et al. (2011).

Also in this case, the best-fit KDA and KDA EXT flux densi-
ties shown in Fig. 17 models were compared to the observed data
and to the flux densities of Machalski et al. (2009) model (here-
after MJS2009) for the outer lobes. The arbitrary mean values of
the model parameters used for a comparison are αinj = 0.547,
t = 146 Myr, Qjet = 4.96×1037 W, and ρ0 = 2.51×10−23 kg/m3.
Additionally, the MJS2009 model assumes ΓB = 4/3. The result-
ing flux densities and the goodness of the fit for each model are
given in Table 6. The values of χ2

red indicate that the KDA EXT fit
is better than MJS2009 and KDA, though the differences in the
goodness of the fits are low. These two continuum injection mod-
els reproduce well the low-frequency part of the observed spec-
trum; starting at some point, the KDA EXT spectrum is clearly
more bent towards high frequencies. Again, the model spectra
predicted with the MJS2009 and KDA models are comparable
in spite of the quite different age solutions (reflecting the prob-
lem mentioned earlier), and χ2

red value in the KDA EXT model
is similar to that for J1428+3938. It should be noticed that the
models presented here concern the outer (primary) lobes of these
DDRGs only. Because the new (secondary) young inner lobes
are also observed, it is expected that these outer lobes have had
no time for noticeable aging effects.

4.3.6. J1548−3216

J1548−3216 (PKS B1545−321) is another example of a gi-
ant DDRG. This low-redshift radio galaxy was discovered by
Saripalli et al. (2003). Its dynamical analysis was published by
Safouris et al. (2008) concluding that the interruption of the jet
activity was brief, no more than a small percent of the actual age
of the whole source. Nevertheless, based on new low-frequency
observations with the GMRT array, Machalski et al. (2010) has
repeated the dynamical age analysis but applied to the opposite
lobes in both the outer and the inner pairs.

The source location on the southern sky hemisphere means
that it is not covered by the large radio surveys on the northern
sky: VLSS, NVSS, FIRST, WENSS. The observational data at
150 MHz and 843 MHz from similar southern surveys – TGSS
(in progress1) and SUMSS (Bock et al. 1999), respectively – are

1 http://tgssadr.strw.leidenuniv.nl/doku.php
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Table 8. Physical parameters of the sources from the sample derived from the best KDA fits for the entire available radio spectrum (upper lines)
and KDA EXT fits (bottom lines).

Name 3C 184 3C 217 3C 438 J1428+3938 J1453+3308 J1548−3216
tKDA [Myr] 0.78 1.87 8.5 66 75 55
tKDAEXT [Myr] 0.62 1.70 13.8 158 91 79
tbr [Myr] 0.49 1.10 12.9 145 82 67
αinj 0.58 0.59 0.61 0.84 0.59 0.64

0.55 0.53 0.54 0.58 0.51 0.60
Qjet [W] 1.3 × 1039 2.0 × 1039 2.9 × 1038 4.1 × 1039 9.8 × 1037 8.1 × 1037

1.6 × 1039 1.4 × 1039 2.0 × 1038 7.1 × 1037 5.9 × 1037 4.0 × 1037

ρ0 [kg/m3] 1.2 × 10−22 3.3 × 10−23 9.7 × 10−23 2.2 × 10−23 7.3 × 10−24 6.8 × 10−24

6.3 × 10−23 1.3 × 10−23 2.6 × 10−22 0.68 × 10−22 0.56 × 10−23 0.85 × 10−23

pc [N/m2] 1.3 × 10−9 7.0 × 10−11 2.2 × 10−11 4.1 × 10−13 4.4 × 10−14 6.5 × 10−14

8.4 × 10−10 3.2 × 10−11 2.0 × 10−11 0.89 × 10−13 2.6 × 10−14 0.44 × 10−13

Uc [J] 3.3 × 1052 2.6 × 1052 7.8 × 1052 4.3 × 1054 2.3 × 1053 1.4 × 1053

1.7 × 1052 6.2 × 1052 2.2 × 1052 3.4 × 1053 2.0 × 1053 8.7 × 1052

Beq [nT] 30 7.1 4.0 0.58 0.18 0.22
24 4.8 3.7 0.25 0.13 0.18

vh/c 0.036 0.068 0.017 0.018 0.023 0.024
0.043 0.034 0.004 0.008 0.017 0.013
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Fig. 13. Best KDA fit (dotted line) and KDA EXT fit (solid line) for
the radio galaxy 3C 184. The values of flux density and frequency are
presented in logarithmic scale. The observed flux densities and their
errors are marked with data points.

not easily available for the source with LAS over 8.7 arcmin on
the sky.

In the same way as for J1453+3308, I calculated the spec-
tra predicted with three models, KDA, KDA EXT, and the
Machalski et al. (2010) model (hereafter MJK2010), and com-
pared them to the flux densities measured at six frequencies
from 160 MHz up to 4860 MHz adopted from their Table 2.
The MJK2010 model for the outer lobes assumes a significant
fraction of thermal particles in the lobes (k′ = 10), thus also

101 102 103 104

0,1

1
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100

3C217

 KDA 
 KDA EXT

[MHz]

S 
[J

y]

Fig. 14. As in Fig. 13, but for 3C 217.

non-relativistic equations of state, i.e. Γc = ΓB = Γa = 5/3.
The arbitrary mean values of the model parameters are taken
as αinj = 0.541, t = 132 Myr, Qjet = 1.12 × 1038 W, and
ρ0 = 5.55 × 10−23 kg/m3. The spectra resulting from the pre-
dicted flux densities S MOD (KDA) and S MOD (KDA EXT) and
the goodness of the fit for each model are given in Table 7 and
are shown in Fig. 18. Also for this source, the KDA EXT model
reproduces the observed spectrum better then the CI models.

It is easily noticeable that in both KDA models (Table 7) the
resultant χ2

red are nearly equal, although the models have signif-
icantly different values of their free parameters. This illustrates
the problem with the determination of the best KDA solution for
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Fig. 15. As in Fig. 13, but for 3C 438.
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Fig. 16. As in Fig. 13, but for J1428+3938.

a model having a large set of input parameters. The spectra pre-
dicted for the fiducial source analysed in Sect. 3.3 clearly show
that the shape in a limited frequency range can be very similar
(or almost identical). In spite of completely different values of
the model parameters (cf. Figs. 11 and 12).

5. Discussion

The author is aware that the proposed model of dynamics of the
FR-II-type radio sources with retained central activity is based
on the widely used original KDA model, which assumes the
steady and self-similar flow of energy caused by a supersonic jet.

102 103 104
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Fig. 17. As in Fig. 13, but for J1453+3308.
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Fig. 18. As in Fig. 13, but for J1548−3216.

This assumption is reasonable in a certain ambient medium den-
sity distribution (Falle 1991). If the jet ceases, the self-similarity
of the flow appears aimless. Nevertheless, it should be noted that
there are numerous sources for which the spectral aging is not
yet very strong, i.e. not as evident as in the case of the typical ra-
dio relics (Murgia et al. 2011). The solutions and plots presented
in Sect. 4 indeed suggest that the KDA EXT model is still useful
for those sources whose jets have stopped relatively recently, i.e.
the (t − tbr)/tbr ratios are low (Table 8).

As expected, in the case of two sample DDRGs (J1453+3308
and J1548−3216) the impact of the renewed radio lobes inter-
acting with the old ones is evident and may be responsible for
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relatively limited spectral aging of the source. This translates
into the obtained results: the KDA EXT model is not statistically
superior in these cases, and its goodness of fit to the observed
data is similar to that resulting from the KDA model.

Moreover, I made some attempts to fit the extreme steepened
KDA models (with assumed αinj values in the range of 0.8−1.2)
to the observed data for J1428+3309 and two DDRG sources. As
a result, most of these fits, although formally best in terms of χ2

red
and rather well reproducing observations, provide very young
source ages. However, in some of these solutions evidently non-
physical source parameters were found, i.e. the speed of the lobe
expansion significantly greater than the speed of light, c. For this
reason the obtained results are not included in the plots, and the
less steepened solutions (with much lower goodness of fit to the
observations) are presented instead. It can then be concluded that
for these sources it is not possible to fit a reliable KDA model
with very steep spectrum (as could be expected by only taking
into account the high-frequency parts of the spectra) because
their spectra are both relatively flat at the low frequencies and
very steepened at the higher ones. This provides the additional
argument for the need to apply the KDA EXT model (as the one
that reproduces the real data much better).

It is easy to notice that the KDA EXT models do not sat-
isfactorily reproduce the bent spectra of these sources; there
are some observational data points not lying within the model
lines, or even favouring the plots of KDA model (cf. Figs. 17
and 18). Other possible reasons for the inconsistency of this
model/observations may be a variation in the rate of particles
transported in the jets (not implemented in the KDA EXT), or
the situation when the jet’s activity is not simply stopped, but
undergoes a temporary weakening (and then resumes). In ad-
dition, the KDA EXT model does not include the possible un-
known initial energy distribution in the lobe’s head, different
from that assumed in the KDA model and demanding a new
approach to the understanding of the physics of these sources.
However, it needs to be emphasized that the range of available
observations for J1428+3938, J1453+3308, and J1548−3216 is
relatively narrow when compared to the 3C sources, resulting in
not very reliable fits of both models.

It is necessary to take into account the inaccuracy of deter-
mining the initial KDA model’s parameters obtained for the sam-
ple sources and their further use in fitting the KDA EXT model.
This may be due to the inaccurate estimation of the initial model
parameters for the sources (i.e. the density of the surrounding
media, initial particle distributions, or their geometrical param-
eters). On the other hand, the goodness of the fit to the data ob-
tained for the particular models may be underestimated or over-
estimated owing to incorrect values of the source’s radio flux
densities and their errors, which is particularly possible when
using observational data from old radio surveys. The applica-
tion of the KDA EXT model with the prior knowledge of some
source parameters (which in this case would be not regarded as
its free parameter, but obtained from independent observations),
may also improve the accuracy of the solutions. A good example
is a possible constraint to the ambient medium density from the
modern X-ray observations of the field.

Finally, the n-dimensional space of free parameters of the
KDA/KDA EXT models is very large and provides multiple
solutions (Brocksopp et al. 2011). It appears that the same
model outputs may be obtained using very different initial (in-
put) parameters, and very often it is impossible to specify what
change in these parameters influences the final solution the most
(Sect. 4.3). It may also indicate that the classical approach used
to perform the modelling is not accurate enough, and the other

numerical methods (general Monte Carlo) should be applied to
analyse all the parameters and find the best model fit to the
observations.

To sum up, the extended model for the dynamical evolution
of the lobes of FR II-type radio galaxies with terminated jet ac-
tivity, KDA EXT, was briefly presented along with the best fits of
this model to the observed radio spectra for the small sample of
radio sources. The results were compared to the available KDA
solutions for these sources. The preliminary results indicate that
KDA EXT model can provide a satisfactory solution in the case
of radio sources with presumed large ages or interrupted activity.
However, the goodness of its results in relation to the observed
radio spectra is supposed to be high only for a certain type of
radio sources.

Taking into account all the above, it can be assumed that the
KDA EXT model is an appropriate and promising tool for solv-
ing the problem of modelling the very steep spectra of FR II ra-
dio galaxies, though the accuracy of its solutions is not high and
requires further improvements. The future work should focus
on the proposed improvements of the KDA EXT model, and on
searching for new observational data to perform the further tests
of the model.
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