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ABSTRACT

Context. The ubiquitous presence of filamentary structures in the interstellar medium asks for an unbiased characterization of their
properties including a stability analysis.

Aims. We propose a novel technique to measure the spectrum of filaments in any two-dimensional data set. By comparing the power
in isotropic and anisotropic structures we can measure the relative importance of spherical and cylindrical collapse modes.

Methods. Using anisotropic wavelets we can quantify and distinguish local and global anisotropies and measure the size distribution
of filaments. The wavelet analysis does not require any assumptions on the alignment or shape of filaments in the maps, but directly
measures their typical spatial dimensions. In a rigorous test program, we calibrate the scale dependence of the method and test the
angular and spatial sensitivity. We apply the method to molecular line maps from magneto-hydrodynamic (MHD) simulations and
observed column-density maps from Herschel observations.

Results. When applying the anisotropic wavelet analysis to the MHD data, we find that the observed filament sizes depend on the
combination of magnetic-field-dominated density—velocity correlations and radiative transfer effects. This can be exploited by observ-
ing tracers with different optical depth to measure the transition from a globally ordered large-scale structure to small-scale filaments
with entangled field lines. The unbiased view to Herschel column-density maps does not confirm a universal characteristic filament
width. The map of the Polaris Flare shows an almost scale-free filamentary spectrum up to the size of the dominating filament of
about 0.4 pc. For the Aquila molecular cloud the range of filament widths is limited to 0.05-0.2 pc. The filaments in Polaris show no
preferential direction in contrast to the global alignment that we trace in Aquila.

Conclusions. By comparing the power in isotropic and anisotropic structures we can measure the relative importance of spherical and

cylindrical collapse modes and their spatial distribution.
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1. Introduction

Recent mapping observations of the interstellar medium (ISM)
reveal more and more filamentary structures. In particular,
Herschel' continuum maps show a network of filamentary
structures in many interstellar clouds (e.g., André et al. 2010;
Schneider et al. 2010; Miville-Deschénes et al. 2010). They
seem to dominate the structure both in star-forming and starless
clouds. However, it is still unclear to what degree the filaments
dominate the dynamical evolution of the clouds, whether there
is a clear hierarchy of filaments, and even whether the fila-
ments showing up in the column—density maps actually reflect
true filaments in the underlying three-dimensional (3D) struc-
ture. In many models, “filaments” show up as projections of
crossing sheets from interacting shocks or from a “stretch”
induced by turbulence (e.g., Hennebelle 2013). In case of a
global 3D isotropy, the projection effects have been estimated
(e.g., Vazquez-Semadeni & Garcia 2001; Burkhart & Lazarian
2012), but this assumption is obviously questionable when highly

1 Herschel is an ESA space observatory with science instruments
provided by European-led Principal Investigator consortia and with
important participation from NASA.
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anisotropic structures such as filaments dominate the interstellar
clouds. Therefore, a global statistical analysis of the anisotropy
of the ISM is highly demanded. Here, we try to contribute
towards this general goal.

As most prestellar cores are found within dense filaments the
question arises as to whether the filaments channel the flow of
material towards the cores and consequently towards star forma-
tion or whether the cores form from the direct fragmentation of
filaments (Federrath 2016; André 2017). Estimates on the gravi-
tational stability of the filaments indicate that many of them are
unstable against fragmentation (e.g., Fischera & Martin 2012)
but this requires an accurate determination of their physical prop-
erties. Measuring the width of the filaments in a network of
structures including background emission is not trivial.

Frequently used methods for the identification of the fila-
ments from the morphological structure in the maps, such as
DisPerSe (Sousbie 2011), getFilaments (Men’shchikov et al.
2010), and FilFinder (Koch & Rosolowsky 2015) apply some
map filtering and filament truncation that may affect the mea-
sured filament properties such as their typical length, width,
and transversal column—density distribution (Panopoulou et al.
2017). The existence of a universal filament width across

A5, page 1 of 36


https://www.aanda.org
https://doi.org/10.1051/0004-6361/201731596
mailto:ossk@ph1.uni-koeln.de
mailto:rodion@icmm.ru
http://www.edpsciences.org

A&A 621, A5 (2019)

different clouds is highly debated (André 2017). We try to con-
tribute to the discussion here by suggesting an unbiased method
to measure the geometrical parameters of filaments from any
astrophysical map.

The detection of characteristic scales describing length and
width of filaments can be regarded as an analysis of the spec-
tral properties of the maps. They are most directly measured by
the power spectrum obtained from a discrete Fourier transform.
However, the power spectrum does not retain any information
on the localization of individual structures in normal space,
describing global properties only. To overcome this problem,
Gabor (1946) already introduced a combination of the Fourier
transform with a windowing technique that allowed him to
localize individual frequency components in a signal. This was
extended by Grossman & Morlet (1984) to a theory of wavelet
transforms using constant shape wavelets that fulfil an “admis-
sibility condition” allowing for an isometric representation of
any data in combined frequency-localization space. Wavelets
are quadratically integrable in normal and Fourier space and
have a zero mean. This asks for smoothly tapered oscillatory
functions. Walker (2008) provides a comprehensive introduc-
tion. A first application to astronomical maps was presented by
Gill & Henriksen (1990), and Robitaille et al. (2014) present
a broader overview on the application of wavelet analyses for
interstellar-cloud maps.

We propose a novel technique to quantify the general struc-
ture of anisotropic structures in clouds allowing to trace the
degree of anisotropy as a function of spatial scale. We use the
anisotropic wavelet transform to characterize the spectral energy
distribution (SED) depending on scale and orientation of cloud
structures (see e.g., Patrikeev et al. 2006; Frick et al. 2016). This
allows us to detect scales and directions of anisotropies in the
observed structure in any 2D map. Extension to full 3D struc-
tures is planned. Compared to existing techniques, it does not
only characterize the global anisotropy, but also quantifies local
anisotropies that trace structures with changing directions and
warps, produced, for example, by entangled magnetic fields. We
can also use it to quantify the dominant modes of gravitational
collapse in molecular clouds to estimate the importance of fila-
mentary structures relative to spherical clumps for the global star
formation process.

In Sect. 2, we introduce the formalism of the anisotropic
wavelet analysis. Section 3 shows the application of the method
to well-controlled test structures to determine which parameters
are best suited for a local and global analysis and to demon-
strate the resolving power of the anisotropic wavelet analysis. In
Sect. 4, we analyze the anisotropic structure created in magneto-
hydrodynamic (MHD) turbulence simulations, in Sect. 5, we
apply the method to observed column—density maps of interstel-
lar clouds, and in Sect. 6, we discuss the implications for the
characterization of the role of filaments and magnetic fields.

2. Anisotropic wavelets

The continuous wavelet transform of a 2D map f(x) = f(x,y) is
defined by

1 +00 +00 ’
W(s.0.%) = =5 f f f(x’)xvtp(" - ")dx', (1)

where s is the spatial scale and the wavelet {, (x, y) obtained by
rotating an asymmetric wavelet (x, y) by the position angle @,

P (X) =P(xcos @ — ysin @, xsin @ + ycos @). 2)
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Fig. 1. Cut through the basic two-dimensional Morlet wavelet used for
the anisotropic analysis (Eq. (3) for b = 1). The yellow surface repre-
sents the real part, the blue surface the imaginary part of the wavelet
function. For better visibility of both parts, the range y < 0 is omitted
in the display. For the full analysis, the wavelet is stretched by a factor s
and rotated by an angle .

This definition implies that ¢ is zero in positive x direction
and increases counterclockwise. The scaling by s~/ provides a
wavelet energy spectrum that corresponds to the energy density
spectrum (Frick et al. 2001), allowing for an easy comparison
with the Fourier transform.

We use a complex Morlet mother wavelet function in the x-
direction (see Fig. 1; Walker 2008)

3

2y
)

V(x,y) = % [exp(me) - exp(—nzbz)] exp(

where the localization parameter b allows for a scaling of the
isotropic Gaussian filter relative to the anisotropic sinusoidal
part. In Sect. 3.6, we show how it affects the resolution of the
wavelet in terms of scales and in the position in space. The
small constant —exp(—7m>5?) and the localization prefactor 1/b
are required to fulfill, correspondingly, the wavelet conditions of
a zero mean and a square norm of unity. A similar wavelet was
already proposed by Robitaille et al. (2014) within a larger, more
general set of wavelets. However, they did not allow for a varia-
tion of the localization parameter to avoid the variable offset in
the normalization in Eq. (3). We test the impact of localization

parameters b between 1/ V2 and V2 in Sect. 3.6.
The 2D wavelet spectrum is defined as

M(s, @) = (IW(s, 0, %)) )

X
where (-), denotes the average over the map. The wavelet spec-
trum characterizes the distribution of energy as a function of
scale s and orientation (. Isotropic m' and anisotropic m“ parts
of energy can be defined as the amplitude of the n = 0 and n = 2
complex rotational modes of |W(s, @, x)|*> at the given position
and scale, namely,

+7T

m'(s,x) = (271)71]‘ IW(s, @, %) de, &)

—T7T
+7T

m(s,%) = 270" f W(s, 9. 0P dg. ©)

—T7T
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The n = 0 mode m/(s,x) is real. It can be interpreted as the
local isotropic energy. The mode n = 1 is zero because of the
symmetry W(s, @,x) = W*(s, @ + 7,X). The complex n = 2
mode m“(s,X) quantifies the anisotropy in the structure, where
the amplitude [m(s,x)| characterizes the energy’. The phase
©o(s,x) = arg(m?(s,x)) gives the preferred direction of the local
anisotropy”.

Using these distributions we can introduce the isotropic and
anisotropic spectra

Mi(s) = <mi(s, X)>x , ®)
M(s) = (Im“(s, %))y - )

The spectrum M’(s) measures the energy as a function of scale
of the isotropic wavelet transform. Analytic expressions for the
wavelet spectrum can be given for idealized test structures. The
case of elliptical Gaussians is covered in Appendix A. We can
compare M'(s) to the spectrum obtained from filtering with
isotropic wavelets such as the Mexican hat filtering by Frick
et al. (2001) and Arévalo et al. (2012) also used in the A-variance
spectrum, Gi(s) (Stutzki et al. 1998; Ossenkopf et al. 2008). We
discuss the comparison for selected examples in Appendix B.

It is now natural to introduce the degree of anisotropy as
dioc(5) = M*(5)/M'(s). 10)
This characterizes the degree of the local anisotropies through-
out the map. The spectrum of the degree of anisotropy then
quantifies the scale dependence of the ratio of the energy of
anisotropic variations compared to that of isotropic variations.
It does not directly identify the size of individual structures but
the size where anisotropic variations dominate (Sect. 3.1.3).

If one is only interested in global anisotropies, one can use
the average of the complex wavelet coefficients m“(s, X) instead
of their amplitudes so that different phases cancel each other.
Then we obtain a global degree of anisotropy from the wavelet
transform,

[(m? (s, X))x|

‘ Mi(s)

glob(s ) = (11)
In the case of a significant global anisotropy one can calcu-
late the preferred direction as the angle

0"() = 3 arg (On(5, X)), (12)
Averaging @ over the map instead does not make sense due to
the periodicity of the angles.

To combine the spatial and angular information we can study
the distribution of angles @q(s,x) of the anisotropic modes
m?(s, x). We define the 2D anisotropic mode spectrum as

Als, ©) = (Jm*(s, %)l o) (13)

’
X

where the |y,-, Symbol indicates that the averaging is to be
taken over the coefficients with arg(m“(s, x)) = @.

2 The restriction to the n = 2 mode excludes higher order anisotropies
here, i.e., our definition is not sensitive to cross- or asterisk-like
structures.

3 The position angle @, can be different from the maximum energy
position angle @,, defined as

IW(s, @, )| = max [W(s, @, x)]. @)
@el0,7t]

In the same way, we can define a 2D spectrum of the degree
of anisotropy by normalizing the distribution of angles A(s, @)
to the spectrum of isotropic modes

A(s, @) = A(s, @)/ M'(s). (14)

The 2D spectra then provide information on the scale and the
angle dependence of the anisotropic wavelet coefficients. The
inspection of A(s, @) and A(s, @) provides a complementary
view on the ratio between local and global anisotropies that will
help us to understand the relation between d;(s) and dg’lob(s).

The global anisotropy measured through the wavelet spec-
trum can be compared with the outcome of existing methods. In
Appendix C, we show a comparison with the structure-function-
based anisotropy definition from Esquivel & Lazarian (2011).
The wavelet-based anisotropy is independent of the choice of
scaling normalization in Eq. (1). As shown for the A-variance
as an isotropic wavelet analysis, the wavelet spectrum can also
be related to the Fourier spectrum of the distribution (Stutzki
et al. 1998; Ossenkopf et al. 2008). Scale s and wave number k
are related as s = X,o/k where X,y is the total size of the map.
If f(kx, k) = f (kcos @, ksin @) is the Fourier transform of the
map f(x) and

F(k) = 2m)™! f |f(k cos @, k sin @)|*kd@

—T7T

+

(15)

is the energy density of the map in k-space, we can decompose
them into angular modes. The isotropic contribution is simply
given by the energy density Fi(k) = F(k) and the anisotropic
contribution is

+7T
Fék) = 2m)~! f |f (k cos @, k sin @)Pe*®kd . (16)
=TT

However, as this definition implies a global integral of the
phases, F“(k) can only characterize global anisotropies. We
obtain the degree of anisotropy as
dgop (k) = |F4(R)I/F'(K), a7
which should be equivalent to the wavelet-based global degree of
anisotropy d;ob(k)- By testing that both methods provide equiv-

alent results for the global anisotropy we can obtain a feeling
for the general reliability of the wavelet-based method that holds
then as well for local anisotropies. For an easy comparison of the
energy density spectra and the wavelet coefficients, we express
all scales in terms of the corresponding filter size by s = Xio/k.

The scaling normalization in Eq. (1) means that structures
of similar shape but different size have the same contribution
to M(s) if their total energies per scale are equal. We can use
these wavelet spectra for a direct measurement of the energy den-
sity, equivalent to the Fourier spectra. Our wavelet and Fourier
spectra characterize the energy density of the structures as a
function of their scale in units of the square of the amplitude
in f multiplied by the pixel scale.

However, for very shallow structures like the Plummer pro-
files with p = 2 discussed in Sect. 3.1.4, the energy normaliza-
tion leads to a peak of the spectrum at infinite scales. For those
structures the M(s) spectrum cannot be directly used to mea-
sure their size. This can be overcome by rescaling the spectrum
by s72. The rescaled spectra, M'(s)/s*> , measure amplitude per
scale equality of structures with similar shape and different size.
The additional factor 1/s* always guarantees the appearance of a
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Fig. 2. Spectra of isotropic and anisotropic wavelet and Fourier coef-
ficients for a map containing a sinusoidal stripe pattern with k, = 16,
i.e., a period of p = 32 pixels in a 512% pixels image. The two Fourier
spectra consist only of a single point at s = 32 pixels and are other-
wise zero. In all figures, we plot the absolute value for the anisotropic
Fourier spectrum. All other coefficients are real. The wavelet analysis
used a localization parameter b = 1.

peak related to the size of a structure. On top of the slope change
we can additionally normalize the spectra by the variance of the
original maps, G}, to separate the effects of the signal amplitude
from the spatial structure. For all applications where we want to
measure the size of individual structures, we, therefore, switch
to this combined rescaling. The units of the rescaled spectra are
consequently given by the inverse pixel scale.

3. Test of the technique with artificial data sets

To test how the anisotropic wavelet analysis describes inherent
and coincidental anisotropies in different data sets, we performed
a large set of tests using maps with simple geometrical structures
and computed the different coefficients defined in Sect. 2. We
start with a kernel width of b = 1. A more extended set of tests
including other kernels is presented in Appendix E.

3.1. Individual structures
3.1.1. Sinusoidal pattern

As the most simple anisotropic structure in Fourier space, we
start with a sinusoidal pattern. In Fig. 2 we test a sine pat-
tern in y direction with a wave number of k = 16 providing
a period of 32 pixels in a 5122 pixels image, representing an
extremely anisotropic structure. The Fourier spectra consist of
a single point at the characteristic structure length of s = 32.
The wavelet spectra show a broader peak at the same scale due
to finite scale resolution of wavelets controlled by the localiza-
tion parameter b. As the only structure in the map is 100%
anisotropic, isotropic and anisotropic coefficients fall basically
on top of each other. The resulting ratios between anisotropic
and isotropic coefficients, providing the degrees of anisotropy,
are therefore close to unity at all scales where the structure is
detected and drop to a value of ~0.8 at small scales where no
structure is detected any more. There is no difference between
the global and local degrees of anisotropy as the only structure
is globally anisotropic.

When combining stripes in orthogonal directions, the 7t sym-
metry in our definition of the anisotropic coefficients in Egs. (6)
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and (16) leads to a cancellation of the contributions from struc-
tures with a relative angle of 90 degrees. Therefore, we find
vanishing anisotropies when analyzing the sum of two orthogo-
nal patterns like Fig. E.4 or from star-like structures. In principle,
this limitation can be overcome by including higher moments
in our definitions but for the practical purpose of quantifying
filamentary structures those cases should be irrelevant.

3.1.2. Noise maps

A special type of isotropic structures well defined in Fourier
space is given by fractional Brownian motion structures (fBms,
see e.g., Stutzki et al. 1998, and Fig. E.2). These are given by a
power-law power spectrum F(k) o k'~B and random phases. One
example is given by white noise maps with an energy density
spectrum F(k) « k. Other spectral indices, 3 # 0, correspond
to maps of colored noise. The wavelet analysis for two fBms is
shown in Appendix E. We find the same spectral index mea-
sured by the slope of the Fourier spectra and the wavelet spectra.
The spectra of anisotropic wavelet coefficients are proportional
to those of the isotropic coefficients providing an almost con-
stant local degree of anisotropy of about 0.3 independent of the
spectral index. This indicates a significant fraction of accidental
local anisotropies that are caught by the wavelets when consider-
ing all orientations. When only considering global anisotropies,
as measured by the Fourier coefficients or the sum of
anisotropic wavelet coefficients including their phase (Egs. (11)
and (17)), we obtain vanishing global degrees of anisotropy
below 1074,

3.1.3. Gaussian clumps

Gaussians represent a type of clump that is sharply confined and
numerically well behaved. In an elliptic representation with dif-
ferent widths along the two main axes a and ¢, Gaussians are
given by

(xcosd +ysind)?  (xsind — ycos p)?
202 202

g(x,y) = §xexp

s

(18)

where g specifies the amplitude, ¢ the angle of the ¢ axis in the
x, y plane, and o, and o, are the standard deviations of the ellipse
in both directions.

For the most simple case of a single Gaussian clump, analytic
formulae for the wavelet spectra are derived in Appendix A. Here
we only summarize the most important parameters and show the

results for localization parameters b between 1/ V2 and V2.
Figure 3 shows the results from the analysis of a Gaussian
clump with axes of o = 8 X 32 pixels when using a filter param-
eter b = 1. It contains the isotropic and anisotropic wavelet and
Fourier spectra (Egs. (9), (15), (16)) in the upper panel and the
local and global degree of anisotropy measured through wavelet
and Fourier coefficients (Egs. (10), (11), (17)) in the lower panel.
The shape of the spectra of wavelet and Fourier coefficients
reflects the size of the Gaussians. The isotropic spectra, M’ and
F!, show the same behavior at scales above about 30 pixels.
Their maxima appear at about 180 pixels in a broad peak. The
Fourier spectra, F “ and F¢, show a steep increase from about
8 to 30 pixels. The spectra of wavelet coefficients, M’ and M¢,
have a shallower increase but anisotropic and isotropic coeffi-
cients behave very similarly for both quantities. The anisotropic
spectra peak at smaller scales, and consequently, the degrees
of anisotropy, given by the ratio of the spectra, peak at even
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Fig. 3. Anisotropic wavelet analysis for a map containing an anisotropic
Gaussian clump with standard deviations of o, = 8 pixels, o, =
32 pixels. Top panel: isotropic and anisotropic wavelet and Fourier
spectra. Bottom panel: resulting local and global degrees of anisotropy.

lower scales. The wavelet-based degrees of anisotropy, ;. and

dg’lob, have their maximum at s* = S(dff,c)max ~ 23 pixels; the

Fourier-transform-based degree of anisotropy, dglob, continues to

rise up to unity for the vanishing Fourier coefficients towards
the small-scale limit. As there is only one anisotropic structure
in the map, the local degree of anisotropy is identical to the
global degree of anisotropy. The match between the peaks of
the wavelet-based and the Fourier-transform-based isotropic and
anisotropic spectra indicate, as for the sinusoidal pattern, that
anisotropic wavelet and Fourier analysis measure the same scale
of the maximum energy density for isotropic and anisotropic
variations.

The general formulae from Appendix A show that the peak of
the local degree of anisotropy dj; (s*) measures the aspect ratio
of the Gaussian clumps o./0,. This is demonstrated in Fig. 4
giving the maximum degree of anisotropy as a function of the
width of the major axis of a Gaussian when the minor axis is
fixed to o, = 1 pixel. For aspect ratios below three we find a
steep dependence. For larger aspect ratios the maximum degree
of anisotropy saturates.

The location of the peak of the degree of anisotropy falls at
s* = v20,0./b. However, with the extended plateau around the
peak, the exact position of the peak is hard to determine when
applying the method to observational data that may be affected
by noise and other observational errors. It is better to parameter-
ize the whole plateau by measuring its edges. In agreement with
typical observational errors in the order of 10% we define the

1.0
0.8 —
0.6~ —
© . <
0.4 —
0.2 b=1/v2 ____|
L b=1 4
r b=v2 ]
0.0 1
0 5 10 15

o, [pixels]

Fig. 4. Peak value of the degree of local and global anisotropy from the
wavelet analysis of Gaussians as a function of their aspect ratio.

plateau here as the region where the spectrum falls above 90%
of the peak value.

In Fig. 5, we show the dependence of the plateau parame-
ters for the degree of anisotropy, d”, and the spectra of isotropic
wavelet coefficients, M, on the aspect ratio of the Gaussian
ellipses. As discussed in Sect. 2, a better sensitivity to prominent
scales is achieved when normalizing the isotropic spectrum by
the quadratic spatial scales M/s*. Therefore, we also show the
peak parameters for the M’/s* spectra in the figure. For every
localization parameter b we plot the three curves that provide
the location of the peak and the two plateau edges at 90% of the
peak value.

For the degree of anisotropy (upper panel) the upper end of
the plateau hardly changes with the b parameter. The edge can
be approximated by a simple linear function §999, ~ 20, — 1/20,
in the range o, > o,. The lower edge does not depend on o,
but b with Seq, = 1.10,/b*. The square root o.-dependence of
the peak, s* = v20,0./b, thus falls between the constant and
the linear behavior of the two edges. The plateau gets wider with
increasing aspect ratio.

The peak and edges of the isotropic wavelet spectrum (cen-
tral panel) depend only weakly on b and are linear in o,.. The
peak position falls at about s(M")pax = 9/50. + 50, for 0. > 0.
This means that the peak of the isotropic wavelet spectrum, M,
measures mainly the length of the filaments, not their width.
In contrast, the peak of the renormalized spectra M'/s? (lower
panel) mainly depends on the filament width for aspect ratios
above 1.5. We can describe the plateau by a square root o,
dependence at small aspect ratios and a constant for larger aspect
ratios 0./ 04 (5909, S(M'/ %) max> S90%) = (3.9,4.8,6.2) X /0,0,
for o, < 1.50,; (4.8,6.0,7.7) X 0, for o, > 1.50, when using
the b = 1 filter. There is a weak b-dependence; all values are
higher by 2% for the b = \/E filter and lower by 5% for the
b=1/ V2 filter. For circular structures, the peak falls at 4.8 times
the radius, o,, consistent with the comparison to the A-variance
in Appendix B.

The results show that for elliptic structures with an axes ratio
of 1.5 or more, the peak of the spectrum of isotropic wavelet
coefficients is determined by the length of the major axis (cen-
tral panel), the peak of the spectrum of scale-normalized wavelet
coefficients is determined by the minor axis (lower panel), while
the plateau of the degree of anisotropy extends from S$qg¢,, deter-
mined by the minor axis, to §9p¢, determined by the major axis
(upper panel).
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Fig. 5. Dependence of the peak region of the degree of anisotropy
(upper plot), the spectra of isotropic wavelet coefficients, M’ (central
plot), and the quadratic-scale-normalized spectra of isotropic wavelet
coefficients, M'/s*> (lower plot), on the aspect ratio of the Gaussian
ellipses. We changed the major axis o, of the ellipses while keeping
the minor axis o, = 1 pixel constant. For every filter, three curves are
plotted giving the location of the peak and the two plateau edges at 90%
of the peak.

3.1.4. Plummer profiles

Column-density maps of interstellar clouds rarely show bound-
aries as steep as Gaussian clumps. In particular, filamentary
structures are rather described by Plummer profiles (Plummer
1911)

2 \~(p-1)/2
) ) (19)

p(r)=ﬁ><(l+ﬁ
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Fig. 6. Comparison of a Gaussian profile with a Plummer profile for
p = 2 when using the Gaussian standard deviation for the plateau radius
R, or using a 1.7 times smaller plateau radius leading to the same 40%
width.

where R, describes the radius of an inner core with a flat den-
sity distribution and the exponent p the outer radial decay (see
e.g., Ostriker 1964). Therefore we implement filaments with a
Plummer-type radial structure as another test data set.

The value of p = 2 found, for example, by Arzoumanian et al.
(2011), Malinen et al. (2012), and Juvela et al. (2012) for many
interstellar filaments represents another extreme compared to the
Gaussians, as p = 2 Plummer profiles are spatially ill confined
having a diverging total mass due to the 1/r dependence at large
radii. The divergence prevents us from providing analytical solu-
tions but numerical computations on a finite domain still provide
us with significant numbers. For the major axis of the clumps we
stick to a Gaussian profile for which we already know the imprint
on the wavelet spectra from Sect. 3.1.3. The full Plummer test
clump structure used here is thus given as

R2

a

o o\—(p-D)2
p(x’y):ﬁx(l+(xcosd)+ysmd)) )
S 2
y exp(_(xsmd) ycos §) ) ,

702 (20)

where R, is the inner core radius of the Plummer profile in
the direction of the minor axis and o, is the standard devia-
tions of the Gaussian profile in the direction of the major axis.
Consequently, we only consider o, > R,,.

In reality all clumps should show an intermediate behavior
between the Gaussians with the steep exponential boundaries
and the Plummer profiles with p = 2 having very shallow bound-
aries. Figure 6 compares the radial profiles for the Gaussian case
with the p = 2 Plummer distribution. For R, = o the inner part of
both profiles agree but the Plummer profile has much shallower
wings. We also show a Plummer profile that is narrower by a
factor 1.7. Below we demonstrate that this one has the same peak
of the renormalized wavelet spectra as the Gaussians (Fig. 8).
It corresponds to a match of the levels at 40% of the maximum
between Gaussian and Plummer profiles.

Figure 7 shows the results from the wavelet and Fourier
analysis for a p = 2 Plummer profile with a core radius of
R, = 8 pixels and a Gaussian length o, = 32 pixels, equiva-
lent to Fig. 3. Again, Fourier and wavelet spectra behave very
similarly at scales above s = 30 pixels while the Fourier spectra
show a steeper slope at small scales. For the Plummer profiles
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Fig. 7. Anisotropic wavelet analysis for a map containing an anisotropic
Plummer profile with a core radius R, = 8 pixels and o, = 32 pixels.
The panels and parameters are the same as in Fig. 3.

the isotropic wavelet coefficients grow monotonically with scale
showing no local maximum but continuing to rise towards infi-
nite size scales with a slope of s3/2. The anisotropic spectra show
a local maximum at about 90 pixels leading to a peak of the
wavelet-based degrees of anisotropy at s* ~ 15 pixels while the
Fourier-transform-based degree of anisotropy approaches unity
towards the small-scale limit. As there is only one anisotropic
structure in the map, local and global degrees of anisotropy
agree. Due to the unboundedness of the shallow profiles the
energy density is no useful quantity to measure the character-
istic size of the clumps. This can be overcome by rescaling the
spectra by s~2, providing the amplitude per scale as mentioned in
Sect. 2. For the rest of the paper we therefore compare rescaled
wavelet spectra, M/(s> 0?.).

In Fig. 8, we show the dependence of the plateau param-
eters for the degree of anisotropy, d (upper panel), and the
renormalized spectra of isotropic wavelet coefficients, M'/s?
(lower panel), on the aspect ratio of the Plummer profile clumps,
o./R,. For the three localization parameters b = V2, b = 1, and
b = 1/+2, and a number of aspect ratios, we give the location
of the peak as a central dot and the 90% plateau edges, Sogq, and
S90%, as outer lines. In the degree of anisotropy, the lower edge of
the plateau falls at very small scales, close to the minimum scale
of the map, meaning that we were only able to reliably measure
this edge with the b = 1/ V2 filter. For the wavelet coefficients,
the points at the right edge of the plotted range indicate the val-
ues for an infinite aspect ratio, given by an extended 1D Plummer
profile.
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Fig. 8. Parameters of the peak plateau regions for the degree of
anisotropy (upper plot), and the rescaled spectra of isotropic wavelet
coefficients, M'/s* (lower plot), as a function of the aspect ratio of the
Plummer ellipses. We labeled the y-axes by the variables for the peak
of the two quantities. For every filter, the central dots give the loca-
tion of the peak and the two outer lines show the plateau edges, at 90%
of the peak. For the wavelet coefficients, the dots at the right edge of
the plotted range represent the values for an infinite aspect ratio, i.e., a
one-dimensional (1D) Plummer profile. In the degree of anisotropy, we
were not able to measure the lower edge of the plateau except for the
b = 1/ V2 filter as the peak is extended and close to the minimum scale
of the maps.

For the degree of anisotropy (upper panel), we find a behav-
ior that is close to that of the Gaussian clumps when multiplying
the plateau scales by a factor 0.8. The upper end of the plateau
is again independent of b and well approximated by S$ooq
0.8 X (20, — 1/2R,). The dependence of the peak location, s*
s(d? Jmax» on the aspect ratio is somewhat steeper than for the
Gaussians. Instead of an exponent of 0.5 we fit a common expo-

nent of 0.63 + 0.02 when excluding the smallest aspect ratios for
the b = V2 filter. However, simply using the square-root scal-
ing law from the Gaussian clumps, multiplied by the factor 0.8,
also gives a reasonable representation of the peak location within
20% when excluding aspect ratios above 40 and below 6 for the
b = V2 filter. The lower edge of the plateau, S9¢, seems to fall
at slightly smaller scales than the 0.8-fold of the Gaussian value,
only approaching it for large aspect ratios; we cannot, however,
give solid estimates here. As a consequence, we get an approx-
imate match of the peak positions of the degrees of anisotropy
between Gaussian and Plummer profiles if we increase the size
of the Plummer profiles by the factor 1/0.8 = 1.25 and exclude

-
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the b = V2 filter. In Sect. 3.6, we see moreover that this filter is
less suited to study the degree of anisotropy.

For the normalized isotropic wavelet spectra, M'/s* (lower
panel), we also find a constant position of the peak plateau,
but only for large aspect ratios, o./R, ® 8. Like for the
Gaussians, the peak position only depends on the filament width
in this range: ($99%, S(M'/5>)max» S90%) ~ (6.7,10.2,15.2) X R,
when using the b = 1 filter. For the b = V2 filter, the values are
higher by 4%, and for the b = 1/ V2 filter they are lower by 10%.
Compared to the Gaussian ellipses the scale of the lower edge of
the plateau is 1.4 times higher, the peak position 1.7 times higher,
and the upper edge 2 times higher. The peak plateau is thus
shifted by a factor 1.7 and widened by 40%. As seen in Fig. 6, a
match between the peak scales of highly elongated Gaussian and
Plummer profiles is consequently reached when comparing the
contours that mark 40% of the maximum.

However, an excursion exists for aspect ratios o./R, =~ 3-6.
There, the location of the peak of the isotropic wavelet spec-
tra would overestimate the filament width by up to a factor of

two. The deviation is small for the b = 1/ V2 filter and largest

for the b = V2 filter. Inspection of the wavelet coefficient maps
shows that this effect results from the varying match of the filter
shape to the wings of the clump. Due to the shallow decrease
of the Plummer profile in the direction of the minor axis, only
the central contours of the clump reflect the input aspect ratio.
For an aspect ratio o./R, = 6.0, the 40% contour only shows
an aspect ratio of 3.5, and the 10% contour is already almost
round. The filter with the wide localization parameter b is more
sensitive to these broad structures resulting in an almost spher-
ical distribution of the wavelet coefficients at the scale of the
peak of M'/s?. There, it obviously no longer traces the fila-
mentary structure. Instead of providing an additional fit for the
range of aspect ratios 0./R, = 3-6, we consider this rather as
an uncertainty of the method for the particular case of rela-
tively short filaments with a shallow radial profile. In all cases
where the 40% contour has an aspect ratio of four or above, the
fixed relation between the peak of the M'/s* spectra and the fil-
ament width can be used to reliably measure the width of the
40% contour, independent of whether the filament profile is as
steep as a Gaussian or as shallow as a p = Plummer profile. In
terms of the 40% of the maximum width, the peak of the M/ s?
spectra falls at s(M'/s?)max = 2.2 FWao%. When sticking to the
commonly used full-width-half-maximum (FWHM) instead, the
relation is S(M'/s*)max =~ 2.7 FWHM but this introduces an
uncertainty of % due to the unknown density structure falling
somewhere in between the Gaussian and the p = 2 Plummer
profile.

To demonstrate this approach we compare the normalized
isotropic spectra and the local degree of anisotropy for Gaussian
clumps and Plummer profiles with the same axes ratios in Fig. 9.
The shallow density profile of the Plummer ellipses creates shal-
lower spectra in both quantities. When using the same axes
R, = 0, and o, for both clumps, the isotropic wavelet spectra
of the Plummer profiles peak at much larger scales than for the
Gaussian profiles and the degrees of anisotropy peak at slightly
smaller scales. A match of the peak position of the wavelet spec-
tra is achieved when reducing the size of the Plummer profile by
a factor of 1.7, and a match in the peak position of the degree
of anisotropy is achieved when increasing the size of the Plum-
mer profile by the factor 1.25. Both quantities react in a different
way to the shallower density profile. For single-sized clumps
with known aspect ratio one could therefore use the comparison
between the two to distinguish the density profile. Vice versa, if
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Fig. 9. Comparison of the rescaled spectra of the isotropic wavelet coef-
ficients (fop panel) and the local degree of anisotropy (bottom panel)
for elliptical Gaussian clumps with o, = 4 pixels, o, = 32 pixels and
Plummer profile clumps with R, = 4 pixels and o, = 32 pixels. To test
the fit relations for the peaks in the wavelet spectra and the degree of
anisotropy, we also show the results for Plummer profile clumps that are
smaller by a factor 1/1.7 and larger by the factor 1/0.8.

the density profile is known one could derive the width and the
aspect ratio. For real maps consisting of multiple structures with
different sizes, aspect ratios, and density profiles, this is however
practically impossible, and therefore we concentrate here on a
robust way to measure the width of the filaments that is defined
by the 40%-contours, independently of the aspect ratio and the
density profile. Unfortunately, the scale sensitivity of the wavelet
analysis is significantly reduced when the analyzed structures are
less pronounced due to being embedded in shallow density halos.
The plateau around the peaks is wider, meaning that an accurate
determination of the peak location becomes more difficult than
for sharply confined structures.

3.1.5. Noise effects

In observational data, the analysis will be affected by obser-
vational uncertainties, in particular noise. This may introduce
an error in the measurement of the characteristic scale of any
structure. From Figs. 2 and 3 it is clear that in principle the max-
imum of the power spectrum measures the characteristic scale
most sharply, but only for infinitely extended structures. For spa-
tially constrained structures, the wavelet analysis provides a good
compromise.

The standard deviation of the wavelet coefficients o,
caused by noise with a correlation length /y is approximately
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Fig. 10. Relative error of sp,, simulated for noise with different val-
ues of the signal-to-noise ratio, S /oy, and the relative noise correlation
length, Iy/Smax, superimposed on Gaussian structures. The dashed
line represents the approximation for small noise correlation lengths,
ASmalx/smax = O~05(S/0N)721N/Smux-

03, ~ oxly/s. This leads to the systematic variation of the

wavelet spectra and a possible shift of the peak of the rescaled
isotropic spectra s(M'/s*)max used for the filament width mea-
surement. We estimated the error for Gaussian profiles of dif-
ferent widths but find qualitatively the same behavior for all
structures discussed so far. Figure 10 shows the results of numer-
ical tests, providing the relative uncertainty of the peak position
as a function of the signal to noise ratio, (S/oy), and the noise
correlation length relative to the characteristic structure sc ale,
In/Smax. Because the uncertainty in 0‘5,\_ is determined by G%]ZN
the uncertainty in the peak position also depends only on the
product (S/on)"2(ly/Smax). The dashed line represents a lin-
ear dependence, providing an approximate relation for relative
error of the peak position AsSpx/Smax = ¢(S/ on) 2Ly / Smax With
¢ = 0.05 for Iy < s. Even for relatively large noise amplitudes,
noise will thus only affect our size estimates at scales below the
noise correlation length. They are easily identified by increased
variances and the lower panel shows the (see the discussion of
the Polaris column density map in Sect. 5).

3.2. Superposition effects

Astronomical maps usually contain multiple structures. As the
wavelet analysis is a linear transformation, the wavelet spectra,
averaging the square of the transform, do not distinguish between
a map consisting of ten separated clumps, like in Figs. 11 and
D.1, and a map consisting of a single clump with an amplitude
that is higher by the factor V10. The distinction has to come from
the spatial distribution of the wavelet coefficients. The contribu-
tion of every individual structure to the total wavelet spectrum
is always determined by its square-amplitude weighted fraction
of the total map. The area filling enters only as a simple scaling
parameter that is eliminated when we divide the spectra by the
variance of the maps, 012(, as proposed in Sect. 2. If there is more
than one component that contributes to a map it is therefore nec-
essary to inspect the maps of wavelet coefficients to judge the
number and relative contribution of different structures in the
map.

However, the spatial correlation of multiple clumps may
create some effects that are not visible in the analysis of the sin-
gle structures considered above. To study superposition effects
we limit ourselves here to superpositions of Gaussians because
they are numerically well behaved and the general impact of
the superposition effects does not depend on the shape of the
individual structures.
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Fig. 11. Anisotropic wavelet analysis for a map containing 10
Gaussian clumps with a standard deviation of o = 8 pixels, i.e.,
a FWHM of 19 pixels. Upper panel: original map. Central panel:
scale-normalized isotropic and anisotropic wavelet spectra M/ (szoi.)
and M“/(s*0%). Lower panel: resulting local and global degrees of
anisotropy measured through wavelet and Fourier coefficients.

We start with the superposition of isotropic clumps. In
Fig. 11, we use a random superposition of ten Gaussian clumps;
they are inherently isotropic but may create some anisotropy due
to their random placement in the map. The shape of the isotropic
wavelet spectra, shown in the middle panel, roughly matches
the behavior of single Gaussians. In agreement with the results
from Sect. 3.1.3, the peak of the renormalized spectrum falls at
s = 4.80,. The anisotropic wavelet spectrum is non-negligible,
roughly following the isotropic spectrum, but at a ten to one hun-
dred times lower level. The global degrees of anisotropy rise to
a noticeable level at scales above 60 pixels where the random
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placement of the Gaussians creates some larger structure. Small
local anisotropies are also visible at scales below 8 pixels where
the filter picks up the edges of the individual circles as some
anisotropy, but obviously without any preferred direction.

In the actual numerical implementation, we noticed that it
is very difficult to create perfectly isotropic structures. Placing
isotropic clumps randomly on a rectangular grid already cre-
ates small deviations due to the gridding. These anisotropies
are picked up by the wavelet coefficients. A 1% deviation from
isotropy already creates a local degree of anisotropy of 2.5% for

the b = 1 filter and of 5% for the b = V2 filter. This is expressed
in the very steep rise of the maximum degree of anisotropy as
a function of the aspect ratio in Fig. 4. We therefore interpret
degrees of anisotropy below 10-20% as isotropic even if the
anisotropic wavelet spectra do not vanish.

To better understand the nature of the anisotropies, we show
the maps of the individual anisotropic wavelet coefficients,
|m®(s, x)|, normalized by the total variance of the map, sz,, for
some filter sizes s in Fig. 12. At small filter sizes, the curva-
ture of the edges of the Gaussians appears as anisotropy, but at
a very low level. If the filter size is in the order of the size of
the individual clumps, they are no longer visible as anisotropies,
but the two closely neighboring clumps in the upper central part
of the map (Fig. 11 top) appear as main anisotropic structure.
With larger filter sizes, other groups of clumps appear as domi-
nant anisotropies, all at a similar level. As those groups represent
global structures, we find that the local and global degrees of
anisotropy in Fig. 11 grow from values close to zero to values
of about 0.2 for scales above 60 pixels. Degrees of anisotropy
of 0.2-0.3 are thus naturally expected for random configurations
of overall isotropic structures. As seen in Sect. 3.1.2, degrees of
anisotropy of 0.3 are a robust limit for random noise signals.

As mentioned above, the map of wavelet coefficients is more-
over a necessary tool to interpret the wavelet spectra in terms
of the number of contributions. At small scales, we can clearly
count the ten clumps in the map. At larger scales, fewer struc-
tures contribute. The relatively low number of structures at
wavelet scales above the clump size confirms that superposition
effects are relatively small in this example; the wavelet spectra
are still close to those of the individual clumps.

Equivalent tests for anisotropic structures, laid out in detail
in Appendix D, show that the spectra of wavelet coefficients
and degrees of anisotropy for ensembles of anisotropic structures
are simply given by a combination of the behavior of individual
anisotropic clumps as discussed in Sect. 3.1.3 and the superposi-
tion effects discussed for the isotropic case above. The isotropic
wavelet spectra closely follow the spectra measured for individ-
ual clumps and at scales up to about four times the major axis
of the clumps, o, the local degree of anisotropy also matches
the curve of the individual clumps. Differences only occur at
larger scales where the random superposition of the clumps cre-
ates local and global anisotropies of about 20%. The mutual
alignment of the individual clumps, however, creates a huge dif-
ference in the global degree of anisotropy at small scales. For the
random angular placement of the clumps, the global anisotropy
vanishes at the scales below 40, while for a parallel alignment
the global anisotropy is identical to the local anisotropy in this
scale range. Combining the local and global degree of anisotropy
as a function of scale then allows us to characterize both the
anisotropy of individual structures and their mutual alignment.

The maps used so far contain only relatively few clumps,
leading to small superposition effects. To combine all effects
discussed so far with a large number of clumps we compare in
Fig. 13 maps of individual clumps of different sizes to maps
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Fig. 12. Maps of anisotropic wavelet coefficients |m“(s, x)| for the field
of 10 Gaussian clumps from Fig. 11. The three panels show the coeffi-
cients for the filter sizes of s = 10, 40, and 160 pixels. To be independent
of the amplitude of the original signal we normalized the coefficients by
the map variance O‘} as discussed in Sect. 2.

of superpositions containing a variable number of clumps. We
randomly placed and oriented elliptical clumps with an aspect
ratio of 4:1 using different sizes and numbers of clumps. For
the degree of anisotropy we only show the local degree d};
because we find only small accidental global anisotropies. The
spectra of wavelet coefficients show the expected broad peaks
and very little variation when changing the number of clumps.
All peak positions fall at six times the standard deviation of the
clump minor axis and the range above the 90%-of-the-peak level
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Fig. 13. Comparison of the wavelet spectra and local degrees of
anisotropy measured in the anisotropic wavelet analysis for maps con-
taining randomly placed and oriented ellipses with different sizes, all
with an axes ratio of 4:1 (o0 = 4 x 16 pixels, 0 = 8 x 32 pixels, 0 =
16 X 64 pixels). By changing the number of the clumps, we introduce
different degrees of anisotropy on the scale of the typical distance of
the clumps. The wavelet spectra are normalized for amplitude per scale
weighting by dividing them by 07 X 5°.

extends from 20% below the peak position to 30% above the
peak position. At a scale of three times the clump minor axis,
the coefficients drop to about 1/e and at the scale of the minor
axis to 2 x 107 of the peak values. The difference between
1 clump and 100 clumps can provide a variation of the peak
position by up to 15% and some deviation at large scales due
to some random superpositions. The situation is very different
when inspecting the degree of isotropy. The simple size-peak
relation for single elliptic clumps in the maps is quickly dis-
torted when adding more clumps. The anisotropy at large scales
is systematically reduced due to the random relation between
neighboring clumps. The affected scales are determined by the
typical distance between the clumps. We measured the average
distance between the clumps through Delaunay triangulation and
obtained a broad distribution with a mean of 160 pixels and a
standard deviation of 70 pixels for 10 clumps and a mean of
50 pixels and a standard deviation of 40 pixels for 100 clumps.
As a consequence, the maximum of the smallest clumps between
4 and 30 pixels is not affected when combining only 10 clumps,
but the large-scale wing is significantly reduced when combin-
ing 100 clumps. The resulting peak position is shifted to smaller
scales. The same effect is prominent for the largest clumps
when combining 10 of them. When combining many clumps the
mutual alignment or misalignment from the random placement
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Fig. 14. Local and global degrees of anisotropy for the map contain-
ing a superposition of two ensembles of elliptic clumps, shown in the
top panel. All clumps with standard deviations of 6 and 18 pixels are
oriented at 45 degrees; ellipsoidal clumps with standard deviations of
3 and 27 pixels, i.e., an aspect ratio of 9:1, are distributed at uniformly
spaced angles covering 360 degrees.

always destroys the anisotropy in the map at scales of the aver-
age clump distance, both globally and locally, but provides only
a minor modification to the isotropic wavelet coefficients.

3.3. Angular sensitivity

In Fig. 14, we combine two anisotropic structures with similar
sizes but different aspect ratios and orientations. Comparing the
local and global degree of anisotropy then allows us to assess the
sensitivity of the method to the aspect ratio of the structures. Ten
Gaussian clumps with standard deviations of 6 and 18 pixels for
their main axes are oriented at 45 degrees while ten clumps with
a larger aspect ratio, provided by standard deviations of 3 and
27 pixels for their main axes, have a uniform angular distribu-
tion. The corresponding isotropic power spectra and spectra of
wavelet coefficients, not plotted here, show a similar behavior to
the individual clumps in Fig. 3. The same is true for the degree of
local anisotropy at scales of s < 27 pixels. The global anisotropy
introduced by the 45 degrees alignment of the clumps with the
3:1 axes ratio is only apparent at scales between about 30 and
60 pixels.

In Fig. 15, we invert the situation in the sense of aligning all
ellipses with the high aspect ratio at an angle of zero while uni-
formly distributing the angles of the o = 6 X 18 pixels ellipses.
As the orientation of the ellipses is irrelevant for the local degree
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Fig. 15. Local and global degrees of anisotropy for a map contain-
ing a superposition of two ensembles of elliptic clumps. Ten clumps
with standard deviations of 3 and 27 pixels, i.e., an aspect ratio of
9:1, are aligned at 0 degrees; ten clumps with standard deviations of
6 and 18 pixels are distributed at uniformly spaced angles covering
360 degrees.

of anisotropy, the curve for &}’ agrees with the one from Fig. 14.
However, the global degree of anisotropy is much higher here at
all scales below 30 pixels. Similar global degrees as in Fig. 14
only occur for s 2 30 pixels.

When inspecting the maps of anisotropic wavelet coeffi-
cients [m“(s, x)|, we find that at small scales the clumps with the
higher aspect ratio produce nine times higher anisotropic wavelet
coefficients than the o = 6 X 18 pixels clumps. The relative con-
tribution of the wavelet coefficients of the clumps with lower
aspect ratio grows with scale, starting from the characteristic

anisotropy scale for the minor axis at s = V2x6=~8 pixels,
until they show the same magnitude as the coefficients for the
clumps with the high aspect ratio at a scale of about 30 pixels.
Consequently, the map-averaged anisotropic wavelet coefficients
M?“(s) are dominated by high-aspect-ratio clumps at all small
scales while we find similar contributions at scales s 2 30 pix-
els. On very large scales, approaching the map size, only random
anisotropies appear from the mutual positioning of the individual
clumps providing degrees of anisotropy around 0.2-0.3.

To also inspect the distribution of the directions of
anisotropic structures in the maps we need to look at the distri-
bution of angles of the anisotropic modes m“(s, x) measured by
the 2D anisotropic mode spectra A(s, @) and A(s, @) (Egs. (13)
and (14)).

Figure 16 shows the angular distribution of the anisotropic
wavelet coefficients, in terms of A(s, @) (contours) and A(s, @)
(colors) for the examples from Figs. 14 and 15. The upper plot
refers to the configuration where the low-aspect-ratio clumps are
aligned at 45 degrees; in the lower plot the clumps with high
aspect ratio are aligned at O degrees. In the case of the uni-
form angular distribution of the high-aspect-ratio clumps, we
can see the contribution from every individual of these clumps
at small scales in the normalized coefficients A(s, ¢). How-
ever, there the absolute magnitude of the wavelet coefficients
is small, causing the clumps to not show up in the contours
of A(s, @). The angular distribution of the absolute coefficients
A(s, @) exceeds 3% of its maximum only for s > 10 pixels. The
peak is reached at s = 30 pixels where we also see the contribu-
tion of the o = 6 X 18 pixels clumps concentrated at the angle of
7t/4 = 45 degrees. Although the global anisotropy is not very
prominent in the spectra in Fig. 14 it is very obvious in the
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Fig. 16. Angular distribution of the anisotropic wavelet coefficients
for the maps containing the two ensembles of clumps from Figs. 14
(top panel, o = 6 x 18 pixel clumps at 45 degrees, o = 3 x 27 pixel
clumps uniformly distributed) and 15 (bottom panel, o = 6 X 18 pixel
clumps uniformly distributed, o = 3 X 27 pixel clumps at 0 degrees).
The contours show the 2D spectrum of wavelet coefficients A(s, @) at
levels of 1/30, 1/10, and 1/3 of the peak value indicated in the top-left
corner of the plot. The colors represent the coefficients normalized by
the spectrum of isotropic modes, A(s, @) (Eq. (14)), on a linear scale.

angular distribution. At large scales we find an accidental
anisotropy at an angle of about 30 degrees responsible for the
enhanced degree of anisotropy there.

In the lower plot where the high-aspect-ratio clumps are
aligned, the whole angular distribution, both in terms of A(s, ©)
and A(s, @), is dominated by the o = 3 x 27 pixels clumps.
One can only recognize the broad angular distribution of the
low-aspect-ratio clumps in the A(s, @) contours at the level of
A(s, @) = 3% at scales between 30 and 60 pixels. This is hardly
visible in the normalized spectrum but is sufficient to lower the
global degree of anisotropy at scales above 30 pixels to the same
level as measured for the aligned clumps with low aspect ratio
(see Fig. 14).

Both angular distributions of wavelet coefficients, A and A,
are therefore useful to judge the anisotropic structure in a map.
The absolute coefficients, A(s, @), add the angular information to
the power of anisotropic structural variations thereby providing a
visual explanation for the measured degree of global anisotropy
in a map. Local and global anisotropy are, however, better cov-
ered by the plot of A(s, @), combining the information from dy..

and dg’lob into a single 2D surface showing the full angular depen-

dence. The color represents the degree of local anisotropy as a
function of size scale and angle; the angular spread of the con-
tributions provides a good assessment of the alignment that can
create some global anisotropy.
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Fig. 17. Comparison of the normalized spectra of the isotropic wavelet
coefficients (fop panel) and the local degree of anisotropy (bottom
panel) for maps containing random projections of ten 3D Gaussian rota-
tional ellipsoids with sizes of o = 3 x 3 X 27 pixels and 0 = 3 X 27 X
27 pixels. The green line shows the result for a map consisting of ten 2D
Gaussian ellipses with o = 3 X 27 pixels.

3.4. Three-dimensional structures

To address the question whether the anisotropy of the 2D projec-
tion eventually reflects elongated structures in the underlying 3D
structure, or rather projections of sheets, we analyzed projections
of Gaussian rotational ellipsoids with main axes a X a X c. For
a < c this corresponds to cigar-like, prolate structures approxi-
mating the traditional picture of elongated filaments, while a > ¢
represents the oblate case of thin sheets. In the projection of
a rotational ellipsoid one axis corresponds to the length of the
two common axes dp,j = a while the second axis is given by

€7 = acos’ 0 +c sin? @, where 0 is the angle between the sym-
metry axis of the ellipsoid and the direction of projection. Any
projection reduces the aspect ratio of the resulting 2D ellipses
from the 3D ellipsoids.

Figure 17 shows the normalized spectra of isotropic wavelet
coefficients and the degrees of local anisotropy for maps cre-
ated from random projections of ten prolate Gaussian clumps
with 0 = 3 X 3 x 27 pixels and ten oblate clumps (0 = 3 X
27 x 27 pixels). For comparison we overplot the spectra for ten
randomly placed 2D Gaussian ellipses with o0 = 3 X 27 pix-
els. The spectra of isotropic wavelet coefficients show a close
match between the 2D case and the projections of the prolate
clumps. The good match results from the combination of two
effects already discussed in Sects. 3.1.3 and 3.3. There we found
that for highly elongated structures the larger diameter hardly

changes the wavelet spectrum and that in a superposition of
clumps those clumps with the higher aspect ratio dominate the
wavelet spectrum. This means that for the random projections of
prolate structures the clumps with a projection angle 0 close to
90 degrees dominate the spectrum, having the same shape as the
2D ellipses. The deviation between both curves at larger scales
is explained by the variable superposition effects (Sect. 3.2). The
wavelet spectrum for the projection of the oblate clumps is very
shallow with an onset of structures also at the three-pixel scale,
but a much wider distribution of scales because of the wide dis-
tribution of the minor axes of the projected clumps covering the
whole range between 3 and 27 pixels. In contrast to the wavelet
spectrum, the degree of anisotropy on its own is not sufficient
to distinguish between projections of oblate and prolate spectra.
As the average axes ratio of the projections is the same in both
cases, given by the mean projection angle, we find only small
differences between the degrees of anisotropy. The degree of
anisotropy is always dominated by the few clumps that appear
very elongated in the projection close to the 2D case that rep-
resents the most elongated limit and thus has the broadest peak
going up to Sooq, = 20, — 1/20, = 52 pixels.

Therefore, the anisotropic wavelet analysis performed on
projected maps can only provide limited information on the
underlying 3D structure. It reliably measures the width of the
narrowest filaments and the anisotropy of the most elongated
structures but a distinction between the oblate and the prolate
case is only possible if one has some a priori knowledge of the
size distribution of the clumps allowing for a detailed quanti-
tative interpretation of the isotropic wavelet spectrum. To what
degree this can be performed in observed 3D position—position—
velocity cubes will be the topic of a subsequent paper.

3.5. Spectra of clumps

In Fig. 18, we combine anisotropic structures on very different
scales. A big ellipsoidal clump with o = 20 x 100 pixels is ori-
ented at —45 degrees providing a global anisotropy. Ten small
ellipsoidal clumps, each with o = 4 X 16 pixels, randomly ori-
ented and positioned are superimposed. The wavelet and Fourier
spectra show the superposition of two broad maxima from the
two structures, having only a weak dip at the intermediate scales
of 60-70 pixels. In the degrees of anisotropy we find two well
separated peaks. The local degree of anisotropy shows the broad
maximum between 4 and 30 pixels expected from the indi-
vidual 0 = 4 x 16 pixel clumps, but the maximum from the
o = 20 x 100 ellipse does not start at 22 pixels, as expected
from the scaling relations for individual clumps, but only at
about 120 pixels. This can be understood from the effect seen
in Fig. 13. The scale range below 100 pixels is dominated by
the arrangement of the individual smaller clumps. The mutual
alignment or misalignment from the random placement destroys
the anisotropy in the map at those scales, both globally and
locally, while still providing some noticeable contribution to the
isotropic wavelet coefficients.

The global degrees of anisotropy are close to the local ones
at large scales where the map contains only one large anisotropic
structure. At small scales the global degrees also show a small
enhancement due to the accidental alignment of four of the
clumps at an angle of about 60 degrees.

All tests performed so far intentionally used structures with
well defined sizes. An opposite assumption is a continuous spec-
trum of sizes following an approximately self-similar scaling.
One case, composed of discrete sizes, consists of a superposition
of elliptical Gaussian clumps with different sizes. We compare
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Fig. 18. Anisotropic wavelet analysis of a map with a superposition of a
big elliptic clump with o = 20 x 100 pixels with 10 smaller ellipsoidal
clumps with o = 4 X 16 pixels.

two different approaches: an equal number of clumps indepen-
dent of their size and an equal area filling, corresponding to
a quadratic decrease of the number of clumps as a function
of their size. The smallest clumps used here have a size of
0 = 4 x 16 pixels. As a data set that is free of any discrete scales,
we use a simulation of fully developed hydrodynamic turbulence
(Federrath et al. 2010). The column density structure obtained
in a FLASH3 simulation of isothermal turbulence in a periodic
box driven by solenoidal velocity perturbations provides a struc-
ture with a close-to-power-law power spectrum