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ABSTRACT

Aims. Despite extensive studies carried out since its discovery half a century ago, the nature of supergranulation remains an open
question in solar physics. Separability of flow models is a common assumption made in the literature to shed light on the properties of
supergranules. This paper studies the ability of separable mass-conserving flow models to reproduce photospheric observations from
the Helioseismic Magnetic Imager (HMI) on board of the Solar Dynamics Observatory (SDO) spacecraft corresponding to an average

supergranule.

Methods. For a steady mass-conserving separable flow model to be compatible with the observations, there is an integral relation
between the horizontal and vertical components of the flow. We test this relation directly on observations and compare the results with

the proportionality relationship for a separable model.

Results. Observations of an average supergranule do not satisfy the condition for separability. Selecting a narrower range of hori-
zontal scales of supergranules when performing the average does not change this result. Separable models are not consistent with

observations of an average supergranule.
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1. Introduction

Observations of supergranulation at the solar surface show
it as a distinct cellular pattern of horizontal diverging flows
separated by regions of convergence. Hart (1954) observed
supergranulation for the first time. Leighton et al. (1962) and
Simon & Leighton (1964) characterized it in the following
decade. Rieutord & Rincon (2010) presented a detailed review
of supergranulation.

Today, the surface properties of supergranulation are well
studied. Using f-mode helioseismology, Duvall & Gizon (2000)
showed that the horizontal scales of supergranulation range from
about 20 to 70 Mm at the photosphere with an average size of
30 Mm, corroborating the findings of Hathaway et al. (2000).
Supergranules have a typical lifespan of one to two days (see,
e.g., Hirzberger et al. 2008). However, individual cells have been
observed to live for longer than a week (Gizon 2006). Finally,
supergranules are characterized by a horizontal surface flow of
about 300 m s~! rms (Hathaway et al. 2002; Rieutord et al. 2010)
and a much slower vertical surface flow of 10-30ms~! at the
center of the cell (Hathaway et al. 2002; Duvall & Birch 2010).

The properties of supergranules below the visible sur-
face remain an open question. Many helioseismic studies of
supergranulation use separable models in 2D cylindrical-polar
coordinates to attempt to derive the subsurface characteristics
of supergranules. A flow is separable in any coordinate system
(x1, x) if the components can be written as
vi(xr, x2) = f(x1)g(x2),
va(x1, X2) = p(x1)g(x2). (1)

Because of this property, separable models tend to simplify prob-
lems involving inversions, which are common in helioseismology.

Comparing travel-times obtained using the ray
approximation on a separable flow model with helioseis-
mic observations, Duvall & Hanasoge (2013) argued that
supergranulation is a shallow process, the vertical velocity
of which is highest at 2-3 Mm below the surface. However,
DeGrave & Jackiewicz (2015) compared the separable flow
model from Duvall & Hanasoge (2013) with helioseismic obser-
vations of an average supergranule. These latter authors derived
the horizontal structure of the observed average supergranule at
different depths from inversions of HMI travel-time maps and
found that the model predictions of velocities were much larger
(up to an order of magnitude) than the observed velocities.
They claim to observe a weak horizontal inflow up to 20 Mm in
depth, in contrast with the shallow supergranules predicted by
Duvall & Hanasoge (2013).

A model akin to that described by Duvall & Hanasoge
(2013) was used in Dombroski et al. (2013) to test a regu-
larized least-squares inversion of helioseismic observations of
supergranular flows. Instead of modeling the vertical varia-
tion of the vertical velocity by a Gaussian, as is described by
Duvall & Hanasoge (2013), Dombroski et al. (2013) model the
vertical variation of the horizontal velocity by a sum of Gaus-
sian contributions corresponding to the outflow (top of the cell)
and inflow (bottom of the cell). The horizontal variation is
the same as in Duvall & Hanasoge (2013). Bhattacharya et al.
(2017) developed a 2D helioseismic inversion algorithm that
could retrieve properties of a similar separable flow model up
to depths of 8—10 Mm without noise. This method has not yet
been applied to observations.

In this paper we test the ability of mass-conserving flow
models that are separable in the spherical-polar coordinates
of the problem to reproduce photospheric observations of an
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Fig. 1. Geometry of the problem. The black arrows show the unitary
coordinate vectors. The center of the coordinate system coincides with
the center of the Sun. The coordinate r is the radius (r = R at the
photosphere shown in red) and 6 is the heliocentric angular distance
from the center of the supergranule. Hypothetical supergranular flows
are shown in blue.

average supergranule. The average supergranule is obtained by
averaging the velocity maps of ~10* supergranules. This averag-
ing process includes different horizontal scales. It is reasonable
to expect that the vertical length scale of a supergranule is corre-
lated with its horizontal length scale. Therefore one might pre-
sume that separable models are incompatible with this average.
In a second experiment, we select the horizontal scales included
in the averaging process to establish whether nonseparability
is inherent to supergranulation or is due to the multiple scales
included in the observations.

This paper uses photospheric observations from the Helio-
seismic and Magnetic Imager (HMI, Schou et al. 2012) on board
the Solar Dynamics Observatory spacecraft (SDO, Pesnell et al.
2012). Section 2 introduces the photospheric velocity fields for
an average supergranule derived from the HMI observations as
well as the associated error estimates. We formulate the hypothe-
ses of mass conservation and separable models in Sect. 3.
Section 4 discusses the compatibility of separable models with
observations under the given hypotheses. This latter section also
investigates the influence of the averaging over different scales
on the resulting incompatibility. We present our conclusions in
Sect. 5.

2. Observations of supergranular flows at the
surface

2.1. Geometry of the problem

We consider a spherical-polar geometry (see Fig. 1) that is more
adapted to the geometry of the Sun than a cylindrical-polar coor-
dinate system. The radius is r (r = R at the solar surface with
Ro =~ 696 Mm and r = 0 at the center of the Sun) and 8 is the
heliocentric angular distance from the center of the supergran-
ule. The quantity 6R;, is the distance measured along the surface
from the center of the supergranule. The problem is assumed to
be axisymmetric.

In this coordinate system, Eq. (1) is

vo(r,6) = f(r)g(0),
vi(r,0) = p(r)q(6). @)
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Fig. 2. Identification of supergranules (green crosses) in an example 8 h
map of divergence-sensitive f-mode travel times computed at the equa-
tor, near disk center, using the method in Langfellner et al. (2015a). The
x coordinate is in the east-west direction (positive towards west), the y
coordinate is in the north-south direction (positive towards north). The
gray-scale indicates the value of the divergence-sensitive travel times
from which we derive the position of the supergranules. White indicates
outflows, black inflows.

2.2. The “average supergranule”

This study confronts observations of the velocity components for
an average supergranule with the hypothesis of separability in r
and 6 coordinates. The observations used in this paper come from
Langfellner et al. (2015a). This section explains how they obtain
an average supergranule from velocity maps derived from one
year of SDO/HMI observations (from 01.05.2010 to 30.04.2011).

Velocity maps were obtained from surface observations
(Dopplergrams for the vertical velocity, intensity images for
the horizontal velocity) centered at the equator. Image patches
of approximate size 180 x 180 Mm? were remapped using Pos-
tel’s projection and tracked for 8h (in contrast to 24h in
Langfellner et al. 2015a) as they cross the central meridian. The
tracking rate is the surface equatorial solar rotation rate from
Snodgrass (1984). This results in 365 eight-hour data cubes
whose centers cross the central meridian halfway through the
tracking period.

Observations that have a low duty cycle (<90%) or visi-
ble activity (maximum absolute intensity contrast >10%) were
discarded. This reduces the total number of eight-hour sets from
365 to 326.

Langfellner et al. (2015a) identified the position of each
individual supergranule on surface velocity maps using f-mode
divergence sensitive travel times (“outwards minus inwards”
travel-times, see Duvall et al. 1996). One full year of line-of-sight
Doppler images taken by SDO/HMI near disk center as they cross
the central meridian were used as an input for the travel-time com-
putation. Figure 2 shows an example travel-time map with individ-
ual supergranules identified as green crosses. The supergranule
boundaries are identified using the image segmentation algorithm
described by Hirzberger et al. (2008) and the center of a super-
granule is located at the maximum divergence.

The authors copy and shift each map so that the center of the
selected supergranule coincides with the center of the grid. They
discard supergranules located less than 18 Mm away from the
edges of the map (in contrast to 8 Mm in Langfellner et al. 2015a).

A total of ~10* individual supergranules are then stacked
up and averaged to reduce the noise. The vertical velocity
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Fig. 3. Assumed weighting function Wyt (see Eq. (5)) as a function of
height with the parameters used in this paper.

component derived from Doppler observations is v; and vy is the
horizontal velocity component derived from LCT observations.
The following sections detail how the velocity fields are obtained
from observations.

2.3. Vertical velocity from Doppler observations

The Doppler observations are averaged over eight-hour time
intervals, then the mean map over all data cubes is removed from
each individual eight-hour data set. This ensures that most of the
background velocity (from differential rotation, larger-scale con-
vection, etc.) is not included in the final Doppler observations.
The resulting velocity maps are 2D in Cartesian coordinates with
x being the east-west direction (directed westwards) and y the
north-south direction (directed northwards).

The supergranules are equally distributed in the east-west
direction around the central meridian and the north-south direc-
tion around the equator. As a result, the leakage of the horizontal
velocity field into the Doppler observations mostly cancels out
during the averaging and we can approximate the Doppler obser-
vations to be the vertical velocity for the average supergranule.

We assume the resulting observed velocity vp(x, y) to be

VD(.X, )’) = f WD(V)V,(X, Vs r) dr7 (3)

where v, is the vertical component of velocity in the solar interior
and atmosphere and Wp, is the Doppler response function. The
integral spans all radii.

Fleck et al. (2011) determined that the observed Doppler
velocities were consistent with the velocity response function
for the center of gravity of the spectral line used by HMI.
Bello Gonzilez et al. (2009) computed this response function.
We approximate the velocity response function shown in Fig. 2
of Bello Gonzédlez et al. (2009) by a Gaussian that is normalized
such that f Wp(r)dr = 1. The Gaussian peaks at Rp = 100km
above the surface and has a FWHM of 240 km. This approxima-
tion does not influence the rest of our analysis in this paper, as
discussed in Sect. 3.2.

2.4. Horizontal velocity from local correlation tracking of
granules

Langfellner et al. (2015a) apply local correlation tracking (LCT,
the method is described by November & Simon 1988) to the pre-
viously described 326 eight-hour patches of intensity images

taken by SDO/HMI. The LCT method cross-correlates small
regions from pairs of consecutive images which are separated
by a time lag of 45 s. From shifts in the spatial cross-correlation,
they infer the advection of the granules due to larger-scale flows.

We model the granulation tracking data by a vertical average
of the horizontal velocity component:

ber(x,y) = f Weer(Fon(x, ) dr. @

The function Wy cr(r) is the weighting function associated with
LCT observations.

The equivalent of a response function for the LCT measure-
ments is not available. Instead, we approximate the “response
function” by a skewed Gaussian peaking at 100 km below the
surface. The LCT measurements are based on granule tracking
(Rieutord et al. 2001) and granules do not extend above the sur-
face. Therefore we choose the skewness parameter so that the
weighting function is only sensitive to velocities below the sur-
face. This choice does not impact the main conclusion of the
paper, as discussed in Sect. 3.2.

In practice:

- - 2 -
WLCT(r)erxp(——(r Ro — Ricr) )(l—erf((r DRG))), 5)

2
207 cr

where A is chosen so that f Wicr(r)dr = 1 and Ricr =
—0.100Mm, ocr such that the FWHM is 0.200Mm, D =
V2 x 10km. The function erf is the error function as defined
by Abramowitz & Stegun (1965). Figure 3 shows the W cr used
in this paper.

2.5. Surface velocity components of the average
supergranule

Figure 4 shows the horizontal and vertical velocity fields for an
average supergranule at the surface in Cartesian coordinates. The
center of the map coincides with the center of the supergranule.

The velocity maps are averaged along the azimuthal direc-
tion to obtain the velocity fields for an average supergranule
depending only on the horizontal distance from the center of
the cell. Because Postel’s projection preserves distance from the
center of the map, OR; is equivalent to +/x> + y?. Supergran-
ules are not exactly azimuthally symmetrical (Langfellner et al.
2015b); however, the departure from symmetry is small and can
be ignored as a first approximation.

Figure 5 (top panel) shows the velocity components v, and
vy as functions of OR;. These velocity components correspond to
outflows. The horizontal component is ten times larger in ampli-
tude than the vertical component, which is consistent with values
found in the literature. Most of the signal is concentrated in the
first 20 Mm from the center of the supergranule and becomes
indistinguishable from noise at about 50 Mm from the center.

2.6. Error estimates

To compute the sample standard deviation, Langfellner et al.
(2015a) derive the velocity components for each of the 326
resulting eight-hour sets and compute the variance between the
326 velocity curves for both components. The square root of the
variance divided by the square root of the number of data cubes
is the sample standard deviation of the horizontal and vertical
components (0 and o, respectively). We assimilate the sample
standard deviation with an error estimate on the observations.
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Fig. 4. Horizontal (top panel) and vertical (bottom panel) components
of the velocity at the surface. The x coordinate is in the east-west direc-
tion (pointed westwards), the y coordinate is in the north-south direction
(pointed northwards). The maps are centered at the center of the super-
granule. Red indicates outflows (horizontal component) and upflows
(vertical component).

Figure 5 (bottom panel) shows the error estimates on the
observations. The relative error on v, is much larger than the
relative error on vy.

3. Models of mass-conserving supergranular flows
3.1. General formulation for separable models

Under the hypothesis that the vertical velocity field is compatible
with separable models that are independent of time, we assume

vi(r, 0) = p(r)q(6), (6)

where p(r) and ¢(f) are arbitrary functions of r and 6, respec-
tively.

We consider an axisymmetric steady mass-conserving flow
such that

1 .
——05(psin(@)vy(r.0)).

V- (ov) = %ﬁr (przvr(r, 9)) +
=0, 7

where p = p(r), which is the density of the medium taken
from Model S (Christensen-Dalsgaard et al. 1996) that does not
depend on 6.
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Fig. 5. Top panel: observed vertical velocity v, (blue curve) and hori-
zontal velocity vy (red curve) for an average supergranule as a function
of the surface distance 6R,, from the center of the supergranule. Bottom
panel: error estimates on the LCT observations (red curve) and Doppler
observations (blue curve).

By combining Eq. (6) with Eq. (7), we can write

1
3e( sin(@)ve(r, 0)) = —q(6) sin(6) [—ar (or? p(r))] : ®)
pr

Integrating over 6 under the hypothesis that vy is regular at the
center of the supergranule gives

1 1 0
vy(r,6) = — [;(h (przp(r))} [m j(: q(8")sin(@") dﬂ’]
= f(r)g(0). 9)

This formulation for vy(r, 6) satisfies Eq. (2). The separability of
v, therefore implies the separability of vy under the condition that
the steady flow conserves mass.

3.2. Relationship between the velocity components from
mass conservation

Equation (7) holds at a radius r if, using an integration over 6 and
still assuming that vy is regular at the center of the supergranule,

1d 0
sin Qvy(r,0) = —— — (pr2 f v (r,0)sin @ d9’) . (10)
0

pror

Performing a weighted integration over r leads to vgbs(é?):
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Fig. 6. Top-left panel: left-hand side Y**P(6) of Eq. (15) as a function of the right-hand side C*** X*®?(6) of Eq. (15) for a separable model. Bottom-left
panel: left-hand side Y°*(0) of Eq. (15) as a function of the right-hand side C*?X°*(6) of Eq. (15) for the observations. Top right panel: left-hand
side Y**P() and right-hand side C*?X***(6) of Eq. (15) as a function of distance for a separable model. Bottom right panel: left-hand side Y°%(6)
and right-hand side C*PX°**() of Eq. (15) as a function of distance for the observations. We show angular distances up to 30 Mm where the
supergranular velocities are largest. Further away from the center of the supergranule, both X(6) and Y(6) go to zero. In all panels the errors are
3. In all panels, blue error bars and curves correspond to the right-hand side of Eq. (15) and red error bars and curves correspond to the left-hand

side of Eq. (15).

W d 0
sin V3P (0) = — Wier() 0 (pr2 f v, (r, @) sin Q’dG’) dr.
pr  Or 0
(11)
Integrating by parts gives
0
sin v (6) = f o(r) ( f v,(r,8) sin e’de’) dr, (12)
0
where
d (W
o(r) := przd— (LC—T(r)) (13)
r pr

Under the assumption that v,(r,6) is separable, using Eqs. (3)
and (6), the following can be written

f(r)

v(r,0) = ——————™(9), (14)
[ Wo(r)p(r)dr
and therefore
9
sinv™(6) = C f VO (9')sin @’ d¢/, (15)
0

where the constant of proportionality is

_ Jowprdr

== 7 - . (16)
[ Wo()p(r)dr
Independently of how we choose to approximate the weighting
functions Wicr and Wp, v, and vy satisfy Eq. (15) if they are
separable. The approximations performed on Wy cr and Wy, only
influence the value of the proportionality constant C.
For the sake of simplicity one can define

Yo% (6) = sin(B)v™(0),

X°%(9) = fe Vo) sin(6’) dg'. (17)
0

There is a correlation between consecutive data points in the
observations, however the covariance matrices of the data sets
are unknown. Therefore we cannot use an analytical expression
for the propagation of uncertainty. We show in Appendix A that
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the error on X°*(6) can be approximated with

UX(H)zfar(H/)sin(H’)de’. (18)
0

3.3. Construction of a separable model

For comparison purposes, we construct a separable model that
matches the observed horizontal velocity. By definition, this
model satisfies Eq. (15) within error bars. The velocity compo-
nents are

Cmax

ve(r,0) = f(r) Z ap0gPe(cos 0),
=1

Cmax

vi(r,0) = p(r) Z VE(E + DagPi(cos 0),

(=1

19)

where f(r) and p(r) are arbitrary functions of r and the functions
P, are normalized Legendre polynomials. This choice of basis is
common in the literature (see, e.g., Ritzwoller & Lavely 1991)
and is very convenient for inversions. The Legendre polynomials
and their derivatives each form orthonormal bases.

The coeflicients a; are a projection of the observed horizon-
tal velocity onto the basis of derivatives of Legendre polyno-
mials. We choose {.x = 600 to encompass a wide range of
horizontal scales. Without specifying f(r) and p(r), we impose

fWD(V)P(r)dr =-15%x10"*ms™},

f Wier(nf(r)dr=1ms™. (20)
These values ensure that the model is close in amplitude to the
observations for ease of comparison. The surface values of the
separable model are v;"(6) and vy (6) for the vertical and hori-
zontal components, respectively. We call C*°P the proportionality
coefficient between the left-hand side X*°P(6) and right-hand side
Y*P(0) of Eq. (15) for this separable model.

The coefficient C*P cannot be calculated by computing the
terms of Eq. (16) because the function p(r) is unknown. The
proportionality coefficient can be estimated by minimizing the
weighted orthogonal distance between the curve defined by
Y*P(0) = C*PX*P(0) and the data points with C*P unknown.
We apply the observed error estimates on the separable model.
The resulting proportionality coefficient is C*® = 6124 + 32.

Because we constructed this model to be close in amplitude
to the observations, we expect that the proportionality coefficient
C° between X°P%(6) and Y°P5(8), if it exists, is close to C*P. For
the rest of this paper we assume that C°® ~ C*P and use C*P as
the factor of proportionality between X°P*(6) and Y°*(6) in the
following figures.

4. Comparison between the observations and a
separable model

4.1. Comparison between observations of an average
supergranule and a separable model

Figure 6 compares the observed velocity components for an
average supergranule with the separable model previously
described. In all panels the errors are 3o

The top-left panel of Fig. 6 shows that Eq. (15) is satisfied
by the separable model and there is a clear proportionality rela-
tionship between X*°P(6) and Y*°P(0).

A98, page 6 of 8

The bottom panels of Fig. 6 show that there is no coeffi-
cient C°P such that Y°%(9) = C°*X°*(6) within 30 at all points
for the observations. Close to the center of the supergranule
(bR < 5Mm), the condition defined by Eq. (15) holds within
30. Between R, = 8 Mm and R, = 16 Mm, the observations
are 120x away from satisfying Eq. (15). The signal at distances
larger than 30 Mm is dominated by noise and oscillates around
zero. The amplitude of these oscillations is of the same order of
magnitude as the error estimates on the observations, and there-
fore we do not make any conclusions regarding this region.

To summarize, surface observations of an average supergran-
ule are not consistent with separable models.

4.2. Influence of the horizontal scales of supergranules
included in the average supergranule

The averaging process includes 10* supergranules of different
horizontal sizes. The nonseparability of the average supergranule
does not necessarily imply that the flow fields of the individual
supergranules are not separable. For example, a flow, defined as

vi(r, 6) = sin(2r)P(cos ) + sin(r)P,s(cos ), 21

is not separable for £ > 0.

During the identification of individual supergranules in LCT
and Doppler travel-time maps (see Fig. 2), the supergranules
were divided into four bins based on their size with the same
number of supergranules in each bin.

Figure 7 shows the same quantities as in Fig. 6 for the four
different bins. In all panels the errors are 30. The error estimates
are twice as big as the error estimates for the full observations.
This is expected from a data set cut in four equal pieces.

The area and strength of supergranules are correlated:
weaker supergranules appear small independently of their
actual size on divergence travel-time maps (as evidenced by
Meunier et al. 2007). The largest supergranules on the travel-
time maps are thus also the strongest, and the smallest ones are
also the weakest.

If the average only contains the smallest and weakest super-
granules, the observed velocity components are consistent with
a separable model within three error bars (top panel of Fig. 7)
because the signal-to-noise ratio is very small.

The larger and stronger the supergranules, the further away
the observations get from separability. For the largest and
strongest supergranules the observations are nine standard devi-
ations away from separability.

The range of scales going into the averaging process cannot
account for the incompatibility between separable models and
the observations.

5. Conclusion

We confronted observations with the hypothesis that average
supergranules are separable in terms of their vertical and hori-
zontal structure. Separable models are not compatible with the
observed surface flows.

Selecting the scales included in the average supergranule
showed that the deviation from flow separability is more promi-
nent for the largest spatial scales than it is for the smallest scales.
The multiple horizontal scales of supergranules included in the
average do not account for the incompatibility between observa-
tions and separability.

This result does not depend on the weighting functions
involved in the computation of the surface velocity components,
nor does it depend on the free parameters of separable models.
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Nonseparable models are necessary to reproduce veloc-
ity observations for an average supergranule. Furthermore, the
bottom-right panel of Fig. 6 imposes a new constraint on flow
models used to represent supergranulation.

Any nonseparable flow model can be written as a sum of
separable models. One possible example is an expansion of the
horizontal variations on Legendre polynomials as was performed
in Eq. (19) with a different r dependence at each ¢.
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Appendix A: Error estimates
To determine the error on X(6), we first approximate X(6) at each
point 6,, with

n

X(On) = ) vi™(6) sin(6)A0,
i=0

(A.1)

where A is the step between two points in the horizontal direc-
tion. Here A@ = 0.348 Mm. A property of the standard deviation
on a set of random variables (x;);<;<, is that

o [Zn: x,-] < Zn: o(x;),

i=0 i=0

(A.2)

where o is the standard deviation. We assume the worst case
where oy is equal to the upper bound of Eq. (A.2)

n

ox(6,) = Z o (VO (8:) sin(6)A6)

i=0

= Z o (6;) sin(6;) A6
i=0

O
= f o+(8')sin(8") d¢’, (A3)
0

where, as discussed previously, (6) is the error on the observed
vertical velocity.
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