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ABSTRACT

Context. Recent investigations indicate that the magnetic field configuration in interplanetary flux ropes is in contrast with the common
magnetic field models that are used to fit them, namely constant-alpha force-free fields, whose twist increases without limits toward
the flux-rope boundary. Therefore, magnetic field configurations with a constant twist are now being employed in fits.
Aims. Real flux ropes have varying twist. Therefore, analytical magnetic field configurations with prescribed twist distributions are
searched for in cylindrical geometry.
Methods. Equations for the field solenoidality and for the force-free condition are solved for case when a twist profile is prescribed.
Results. A model of a force-free magnetic field configuration with an arbitrarily given twist distribution in a cylinder and its relative
helicity per unit length are presented. It is applied to a core-envelope model recently suggested in studies of twist in magnetic
clouds.
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1. Introduction

Large interplanetary flux ropes were discovered in the 1970s
and 1980s (Krimigis et al. 1976; Burlaga et al. 1981) and were
named magnetic clouds (Klein & Burlaga 1982; Burlaga &
Behannon 1982). For many years they were modeled by a
constant-alpha force-free magnetic field in a cylinder (Burlaga
1988; Lepping et al. 1990, 2006, 2015; Farrugia et al. 1995;
Marubashi & Lepping 2007), which had been found earlier by
Lundquist (1950). In cylindrical coordinates (x = r cosϕ, y =
r sinϕ, z = z) it reads

Br = 0, (1)
Bϕ = B0J1(αr), (2)
Bz = B0J0(αr), (3)

where B0 is the magnetic field magnitude at the axis (maximum)
and J0 and J1 are the Bessel functions of the first kind, and zero
and first orders, respectively. In recent years magnetic clouds
started to be modeled by a uniform-twist force-free magnetic
field in a cylinder (Wang et al. 2016, 2018), the so-called Gold-
Hoyle tube (Gold & Hoyle 1960; Farrugia et al. 1999):

Br = 0, (4)

Bϕ =
B0br

1 + b2r2 , (5)

Bz =
B0

1 + b2r2 , (6)

where B0 again is the magnetic field magnitude at the axis (max-
imum) and b is a constant.

These two field configurations represent to some extent two
extremes for magnetic-field-line twists. Twist per unit length is
defined as an angle that a field line makes around the magnetic

axis within one unit length along it. Here both fields have Br
zero, so each r = const. is a magnetic surface (i.e., these sur-
faces are concentric cylinders), and the magnetic field compo-
nents depend on r alone, so the twist per unit length is given
by

τ =
dϕ
dz

=
Bϕ(r)
rBz(r)

· (7)

The twist for the Lundquist field increases without limit
when r approaches the boundary of the flux rope, which is com-
monly defined as a place where Bz = 0; this immediately follows
from Eq. (7). This fact and observations that interplanetary flux
ropes have a rather flat twist distribution (Hu et al. 2015) lead to
the modeling of magnetic clouds via the Gold-Hoyle tube, whose
twist is exactly uniform, τ = b.

A uniform twist is an approximation because the twist will
vary in real flux ropes (Hu et al. 2015; Wang et al. 2018; Yong
et al. 2018; Zhao et al. 2018). We wondered if it is possible to
construct a cylindrical flux rope with a given twist distribution.
This task is solved in the next section.

2. Cylindrical flux rope with a prescribed twist

Similarly to the two field configurations mentioned, we assumed
an axial symmetry, and

Br = 0. (8)

The component Bϕ follows from Eq. (7)

Bϕ = rτ(r)Bz(r), (9)

where τ(r) is the prescribed profile of the twist. We note that the
field is solenoidal for an arbitrary function Bz(r).
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If field components are required to have a form similar to
those of the Gold-Hoyle tube, then b is replaced by τ(r) in
Eq. (6),

Bz =
B0

1 + τ2(r)r2 · (10)

This field configuration is a Gold-Hoyle tube when τ =
const., but it is a non-force-free field for other τ.

If we require the field to be force-free, then the force-free
condition, rot B = α(r)B, yields for a general τ(r) an equation
for Bz,

τ(r)
[
r2τ(r)Bz(r)

]′
+ B′z(r) = 0, (11)

where the prime is the derivative by r. The solution is

Bz = B0 exp

−
r∫

0

τ(ρ)[ρ2τ(ρ)]′

1 + ρ2τ2(ρ)
dρ


=

B0

1 + r2τ2(r)
exp


r∫

0

ρ2τ(ρ)τ′(ρ)
1 + ρ2τ2(ρ)

dρ

 , (12)

where the prime is the derivative by ρ. We get for α

α = −
B′z
Bϕ

=
2τ(r) + rτ′(r)

1 + r2τ2(r)
, (13)

where the prime is the derivative by r. When τ(r) = b, Eq. (12)
immediately yields Eq. (6). And for τ(r) = J1(αr)/[rJ0(αr)],
which is the twist per unit length for the Lundquist field (cf.
Dasso et al. 2003, Eq. (4)) the integral in Eq. (12) can also be
analytically evaluated, and we get Eq. (3).

We note that the solution for a cylindrical flux rope, given by
Eqs. (8), (9), and (12), can be generalized for a toroidal flux rope.
Using the same approach as by Vandas & Romashets (2017), we
obtain in toroidally curved cylindrical coordinates [x = (R0 +
r cos θ) cosϕ, y = (R0 + r cos θ) sinϕ, z = r sin θ]

Br = 0, (14)
Bϕ = B0G(r), (15)

Bθ = −
B0R0rτ(r)G(r)

R0 + r cos θ
· (16)

Here R0 is the toroid’s major radius, and the function
G(r) is Bz/B0 from Eq. (12), where r is now interpreted
as a coordinate of toroidally curved cylindrical system. The
field is exactly solenoidal and approximately force-free (for
large R0).

The helicity of this toroidal flux rope is

H = 8π2B2
0R0

r0∫
0

rτ(r)G(r)

r∫
0

r′G(r′) dr′ dr, (17)

where r0 is the toroid’s minor radius. Helicity per unit length
is

Hl =
H

2πR0
= 4πB2

0

r0∫
0

rτ(r)G(r)

r∫
0

r′G(r′) dr′ dr· (18)

To obtain relative helicity per unit length for our cylindri-
cal flux rope, we make a limit R0 → ∞. Because Hl from
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Fig. 1. Profiles of the twist given by Eq. (19) for two sets of parameters:
a/b = 3, δ = 0.2, and γ = 20 (in blue), and a/b = 3, δ = 0, and γ = 10
(in red). Solid lines indicate the profiles as a function of r, the dashed
line as a function of magnetic surfaces A.

Eq. (18) does not depend on R0, the relative helicity is just this
value of Hl. It is essentially a triple integral. For τ(r) = b we
have G(r) = (1 + b2r2)−1, Eq. (18) can be analytically evalu-
ated, and we obtain the formula for the relative helicity per unit
length of the Gold-Hoyle tube, presented by Dasso et al. (2003,
Eq. (9)).

3. Core-envelope model of a cylindrical flux rope

Hu et al. (2015) presented profiles of twist in magnetic clouds.
There is a small core with a relatively high twist and an enve-
lope with a fairly flat twist profile, slightly increasing towards
the boundary (e.g., Hu et al. 2015, Fig. 8). We modeled this pro-
file with a function

τ = b
(
1 + δ

r
r0

)
+ (a − b) e

−γ
(

r
r0

)2

· (19)

It has a Gaussian core with the twist a at the axis, b is a
level of twist in the envelope, δ defines its slight increase towards
the boundary. The parameter γ determines a compactness of the
core. Figure 1 shows plots of this function for two sets of param-
eters, the first with γ = 10 (in red) and the second with γ = 20 (in
blue). The second case is supplemented by a dependence on the
magnetic surfaces A (dashed line) in order to have a direct com-
parison with Fig. 8 in Hu et al. (2015). The magnetic surfaces A

are given in our case by the formula A = −
r∫

0
Bϕ(r′) dr′.

Figure 2a shows profiles of the magnetic field components
and field magnitude for the treated model (in blue), which we
call the core-envelope model. The field components were cal-
culated from Eqs. (8), (9), and (12). Integration with τ from
Eq. (19) was done numerically. With current computers it is a
fast task. The profiles are supplemented for comparison by that
of the uniform-twist model (Gold-Hoyle tube, in red), whose
twist is characteristic of the envelope (i.e., equal to b). We see
that the profiles are quite different.

We note that we adopted the terms core and envelope used
by Hu et al. (2015). There is also another core-envelope model
of magnetic clouds that is not related to the present one. It was
introduced by R. P. Lepping (Lepping et al. 2006); it concerns
the Lundquist flux rope, where the core is the central part with
one Bz polarity and the envelope has the opposite polarity. The
twist is infinite on the core-envelope boundary in this model.
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Fig. 2. Magnetic field profiles along the
x-axis for the core-envelope model (blue
lines). They are supplemented (panel a)
by the profiles of the Gold-Hoyle tube
with the twist bGH = b, which is charac-
teristic of the envelope, or (panel b) by
the profiles of the Gold-Hoyle tube with
the twist doubled, bGH = 2b. Bx = 0 for
all cases, so it is not shown. The mag-
netic values are scaled by Bmax, which is
the maximum field magnitude (the value
at the flux-rope axis).

Wang et al. (2016) made fits of many magnetic clouds by the
Gold-Hoyle tube and determined their twists bGH. They com-
pared them with twists following from other methods (like the
Grad-Shafranov reconstruction or the analysis of energetic elec-
tron motions). They concluded that the twists bGH are 1.5–2.5×
larger than follow from other methods. We examined this prob-
lem in frame of the core-envelope model. Magnetic field profiles
of this model in Fig. 2a are overlayed by profiles of the Gold-
Hoyle tube with the same level of twist as it is in the envelope.
Considering the red profiles as a fit to the blue profiles, that is, a
fit of the core-envelope field by the uniform-twist field, we con-
clude that it is a very bad fit. Interestingly, when we increase the
uniform twist twice, i.e., bGH = 2b, we get a fairly good fit, as is
shown in Fig. 2b.

We use this value of bGH as an example; it is possible to do
it more rigorously and search for a minimum of the expression

∆B =

√√√
1
N

N∑
i=1

[BGH,i − Bi]2, (20)

that is similar to the case when observations are fit. Here N is
the number of points at the x-axis for comparison. The mini-
mum exists and is well expressed, as can be seen in Fig. 3a. For
reasonable parameters the minima for bGH/b are around 2–3.

The presented comparison is made for a central crossing
where this effect is the most pronounced. Here a spacecraft scans
a higher-twist core in the whole. For non-central crossings this
effect is weakened depending on how far from the magnetic axis
a spacecraft passes. Figure 3b is for a passage 0.2 r0 from the
axis. The cases are the same as for the central crossing shown in
the panel a. We see that the minima are again well expressed, but
the twist ratios are shifted toward lower values. Supposing that
a majority of magnetic cloud events are passages not far from
the magnetic axis (in which case magnetic clouds are well iden-
tified), the discussed effect can contribute to the disagreement
found by Wang et al. (2016).
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Fig. 3. Value of ∆ as a function of bGH of the Gold-Hoyle tube which fits
a core-envelope flux rope, the parameters of which are kept constant. ∆
characterizes deviations of the two field profiles scaled by their field-
magnitude maxima, and it corresponds to the quantity χ used when real
observations of magnetic clouds are compared to models (e.g., Lepping
et al. 2006). Results for three sets of parameters of the core-envelope
model, shown at the top, are plotted and indicated by color. Panel a is
for a central crossing, while panel b is for a crossing in a distance of
0.2 r0 from the magnetic axis.
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4. Conclusions

A model of a force-free field with varying prescribed twist in a
cylinder was derived. Based on an observationally determined
twist distribution, a core-envelope force-free model of a cylin-
drical flux rope was presented. This model may contribute to
an explanation of why a fit with a constant twist yields a twist
that is about two times higher than it actually is (as reported by
Wang et al. 2016). The presented model is not limited to core-
envelope twist distributions, but may describe other twist distri-
butions revealed by recent studies (Wang et al. 2018; Zhao et al.
2018) or forthcoming studies.
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