
A&A 627, A130 (2019)
https://doi.org/10.1051/0004-6361/201935490
c© ESO 2019

Astronomy
&Astrophysics

Observational signatures of microlensing in gravitational waves
at LIGO/Virgo frequencies

J. M. Diego1, O. A. Hannuksela2, P. L. Kelly3, G. Pagano4,5, T. Broadhurst6,7,8, K. Kim2,9,
T. G. F. Li2, and G. F. Smoot10

1 Instituto de Física de Cantabria (CSIC-UC), Avda. Los Castros s/n, 39005 Santander, Spain
e-mail: jdiego@ifca.unican.es

2 Department of Physics, Chinese University of Hong Kong, Shatin, New Territories, Hong Kong
3 School of Physics and Astronomy, University of Minnesota, 116 Church Street SE, Minneapolis, MN 55455, USA
4 Dipartimento di Fisica “Enrico Fermi”, Università di Pisa, Pisa 56127, Italy
5 INFN sezione di Pisa, Pisa 56127, Italy
6 Department of Theoretical Physics, University of the Basque Country UPV/EHU, 48080 Bilbao, Spain
7 Donostia International Physics Center (DIPC), 20018 Donostia, Spain
8 Ikerbasque, Basque Foundation for Science, 48011 Bilbao, Spain
9 Korea Astronomy and Space Science Institute, 776 Daedeokdae-ro, Yuseong-gu, Daejeon 34055, Republic of Korea

10 Institute for Advanced Study, The Hong Kong University of Science and Technology, Clear Water Bay, Kowloon, Hong Kong

Received 18 March 2019 / Accepted 10 June 2019

ABSTRACT

Microlenses with typical stellar masses (a few M�) have traditionally been disregarded as potential sources of gravitational lens-
ing effects at LIGO/Virgo frequencies, since the time delays are often much smaller than the inverse of the frequencies probed by
LIGO/Virgo, resulting in negligible interference effects at LIGO/Virgo frequencies. While this is true for isolated microlenses in this
mass regime, we show how, under certain circumstances and for realistic scenarios, a population of microlenses (for instance stars and
remnants from a galaxy halo or from the intracluster medium) embedded in a macromodel potential (galaxy or cluster) can conspire
together to produce time delays of order one millisecond, which would produce significant interference distortions in the observed
strains. At sufficiently large magnification factors (of several hundred), microlensing effects should be common in gravitationally
lensed gravitational waves. We explored the regime where the predicted signal falls in the frequency range probed by LIGO/Virgo.
We find that stellar mass microlenses, permeating the lens plane, and near critical curves, can introduce interference distortions in
strongly lensed gravitational waves. Lensed events with negative parity, or saddle points (which have never before been studied in the
context of gravitational waves), and that take place near caustics of macromodels, are more likely to produce measurable interference
effects at LIGO/Virgo frequencies. This is the first study that explores the effect of a realistic population of microlenses, including a
macromodel, on strongly lensed gravitational waves.
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1. Introduction

Gravitational-wave astronomy has recently become a reality
with the first detection of gravitational waves (GW hereafter)
by the Laser Interferometer Gravitational-Wave Observatory
(LIGO) and Virgo ground-based interferemeters. To date, eleven
events have been reported by the LIGO and Virgo detectors
(Abbott 2018), and this number will quickly increase to tens of
events in the coming years. Some of these events may corre-
spond to gravitationally lensed events with magnification factors
ranging from a few tens to a few hundreds (Dai et al. 2017; Ng
et al. 2018; Li et al. 2018a; Smith et al. 2018a,b; Broadhurst
et al. 2019). Recent works have studied lensing effects in the
existing LIGO/Virgo O1 and O2 events (Hannuksela et al. 2019;
Broadhurst et al. 2019), while Smith et al. (2018c) searched for
candidate galaxy cluster lenses for the GW170814 event. The
most likely lenses for such events would be massive galaxies
or galaxy clusters (Ng et al. 2018; Dai et al. 2017; Smith et al.
2018b; Broadhurst et al. 2019). On the other extreme of the lens
mass regime, compact objects with masses of a few hundreds to a
few tens M� can also act as lenses (Lai et al. 2018). In this case,

the geometric optics limit is not valid since the Schwarszchild
radius of the lens is comparable to the wavelength of the wave.
For these relatively low masses, the lensing effect has a modest
impact on the average magnification, but it can introduce a fre-
quency dependence on the magnification (see for instance, Jung
& Shin 2019; Lai et al. 2018). An even smaller mass regime was
considered in Christian et al. (2018) where the authors find that
lenses with a mass as low as 30 M� could be detected with cur-
rent experiments. They also consider future, higher-sensitivity
experiments and show how they can push the limit to even
smaller masses of order 1 M�. These conclusions are, however,
obtained assuming isolated microlenses and without accounting
for the effect of the macromodel, or other nearby microlenses. In
the small mass regime, microlenses such as neutron stars have
been also considered as scattering sources of GWs, and it is
found that a GW can be focussed at a focal point near the neutron
star surface (Halder et al. 2019; Stratton & Dolan 2019).

The signal-to-noise (S/N) of and observed GW that is
being lensed with magnification µ scales (to first order) as
S/N ∼

√
µ/Dl(z), where Dl(z) is the luminosity distance to the

GW source at redshift z. If we denote by Dm as the maximum
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luminosity distance at which a GW with a given chirp mass
can be observed (that is, with S/N equal to the minimum S/N
for detections, S/Nmin), then the S/N of a wave that originates
at this maximum distance (or equivalenty at the maximum red-
shift zm) and that is magnified by a factor µ would be equal to
S/Nmin

√
µDm/Dl(z). It then follows that an event with magnifi-

cation µ can be observed up to a maximum luminosity distance
Dl(z) =

√
µDm. Even for a modest value of µ ≈ 4, the volume

from which GWs can be observed would increase by almost one
order of magnitude.

For low redshifts of the GW, the probability of lensing is low.
This probability is often referred to as the optical depth of lens-
ing, τ, and to first order it can be interpreted as the integrated
(over the mass function of lenses) cross-section of all gravita-
tional lenses from redshift 0 to the redshift of the source. In the
simplest calculations, the cross-section of an individual lens is
given simply by its Einstein radius. A more detailed calculation
of the optical depth incorporates the profiles of the lenses as well
as their ellipticity and computes the probability of lensing in the
source plane by inverse ray shooting techniques (see for instance
Diego 2019).

Independently of the models assumed for the lenses, the opti-
cal depth is found to increase quickly between source redshift
0 and source redshift 1. Beyond redshift 1, the optical depth
keeps increasing but at a slower pace, and beyond redshift ≈3
the increase in optical depth is only at the percent level compared
with the optical depth for a source at z = 3. Hence, one would
expect gravitational lensing of GW to be more much common
for sources beyond z = 1 than for sources below z = 1. As an
example, the optical depth for magnification factors µ > 4 and
for sources at redshift z = 2 is found to be around 10−4 (see
for instance Turner et al. 1984; Fukugita et al. 1992; Kochanek
1996; Hilbert et al. 2008; Takahashi et al. 2011; Diego 2019),
meaning that approximately 1 in 10 000 GWs at z = 2 would
be magnified by a factor µ > 4. If one considers a spherical
shell of thickness δz = 0.2 around z = 2, one finds a volume
of ≈100 Gpc3. If one considers the local rate of binary vlack
holes (BBH) inferred by LIGO (≈200 Gpc−3 yr−1) and extrapo-
lates this rate to z = 2 assuming an evolution model that follows
the star formation rate (that is, a rate of factor ≈4 times larger at
z = 2 than at z = 0, Madau & Dickinson 2014), one finds that,
in the shell volume considered above, there is approximately 105

events per year, out of which around 10 events would be ampli-
fied by a factor µ > 4 (some of these events will be observed
several times, thus increasing the number of detections). Ng
et al. (2018) finds estimates for the number of detectable lensed
events, arriving at a total of ∼1−100 lensed events per year at
the LIGO design sensitivity limit. An experiment that has the
sensitivity to detect unlensed events up to z = 1, could poten-
tially detect these lensed events at z > 2. Future studies will be
able to estimate the number of these types of lensed events more
accurately.

The next observing runs will see further sensitivity upgrades
to both LIGO and Virgo, as well as the prospects of a fourth
detector called KAGRA (Somiya 2012; Aso et al. 2013; Akutsu
et al. 2018) joining the network. Simultaneously, another detec-
tor is being built in India (Iyer et al. 2011). As the sensitivities
of these ground-based detectors improve in the near future, GW
experiments will reach the z = 1 frontier, opening the door to
study lensed GW events. These lensed events will be interesting
for multiple reasons. The most obvious one is that they will allow
to extend the range of redshift at which GWs can be detected and
set strong constraints on the evolution of events as a function of
redshift (the number of observed lensed events is proportional to

the unknown rate at high redshift times the known optical depth
of lensing). As interesting as this might be, this paper focuses on
a different aspect. GWs that are lensed by factors larger than a
few, will inevitably travel through areas near the critical curves
of the lenses. The size of these critical curves normally trace the
distribution of matter of the lenses in regions where the conver-
gence is ≈0.5−0.8. At these convergence values, the presence of
numerous microlenses along the path of the GW is not only pos-
sible but unavoidable (see for instance Diego et al. 2018). These
microlenses can be stars and remnants from the galaxy or intr-
acluster medium but also more exotic microlenses such as the
hypothesized primordial black holes (PBH). Although numer-
ous studies show that PBH can not account for all dark matter,
in the mass regime of a few tens of solar masses, PBH can still
account for a few percent of the total mass budget. Even a small
fraction of dark matter in the form of PBH could account for
the rate of binary black hole merger observed by LIGO/Virgo
(see for instance Carr et al. 2017; Liu et al. 2018, 2019; Chen
& Huang 2018; Raidal et al. 2019). Whether or not LIGO/Virgo
is observing a population of PBH with masses around 30 M� is
still an open question. Microlensing can severely constrain the
fraction of PBH in the universe (see for instance Diego et al.
2018; Oguri et al. 2018). Microlenses can introduce a mod-
ulation in the magnification of the GW as a function of fre-
quency (Deguchi & Watson 1986; Nakamura 1998; Takahashi
& Nakamura 2003). Earlier work has suggested that microlenses
with masses below 100 M� can not produce observable effects
in GWs observed by LIGO/Virgo (see however Christian et al.
2018, where the authors claim LIGO/Virgo could detect masses
as small as 30 M� if the signal to noise ratio is at least a factor
30). One of the reasons for this is due to the very small time delay
between images produced by microlenses in this mass range.
Such time delays are much smaller than the inverse of the fre-
quency of the GWs observed by LIGO/Virgo, so no observable
interference is produced at frequencies below 500 Hz. We argue
that this is not necessarily the case and that in certain configura-
tions, GWs can be significantly affected by microlenses down to
≈1 M�.

Although microlenses have been considered in the context of
GW, they are often considered as isolated point sources. This is
certainly not the case when dealing with microlenses at cosmo-
logical distances and near critical curves1. Instead, microlenses
are always embedded in the potential of the macrolens (galaxy
or cluster) they belong to. The effect of the macromodel can not
be ignored as it can have a significant impact on the observed
lensing signal. For instance, a point lens with no external shear
will reduce its caustic to a single point and will produce only
two counterimages. On the contrary, a microlens with an exter-
nal shear will have a diamond shape caustic and typically pro-
duces 3 images. In the context of GWs, having two or three
images can make a significant difference since the interference
pattern can change substantially (two time delays instead of
one). Moreover, when approaching the critical curve of a lens
(that is, at larger magnification factors µ), a fixed unit of area in
the image plane gets compressed in the source plane by a fac-
tor µ. This has important implications for the lensing of GWs.
A large compression factor (i.e.,a large µ) can result in overlap-
ping microcaustics in the source plane (see for instance Kayser
et al. 1986; Paczynski 1986; Wambsganss et al. 1990; Wyithe &
Turner 2001; Kochanek 2004; Diego et al. 2018; Diego 2019).
These overlapping microcaustics can produce images that are

1 The approximation would be valid, however, for microlenses in our
own Galaxy.
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separated by relatively large distances in the image plane, or in
other words, can produce images with relative geometric time
delays which are larger than the time delays they would produce
without overlap. If the time delay between two lensed waves is
of the order of the inverse of the frequency of the GW, both
waves interfere and the observed signal could show this inter-
ference. In this paper we explore the regime of GWs magni-
fied by a macromodel in the presence of microlenses with stellar
masses.

The structure of this paper is as follows. In Sect. 2 we present
the basic lensing formalism that is relevant for this paper (geo-
metric optics limit). Section 3 discusses the magnification when
the geometric optics limit is not valid and one needs to consider
wave optics. In Sect. 4 we discuss the algorithm used to compute
the magnification in the wave optics regime and tests the algo-
rithm performance with a simple example for which an exact
analytical solution exists in Sect. 5. In Sects. 6–8 we present
examples of magnifications as a function of GW frequency for
a range of examples. Each section increases the degree of com-
plexity of the microlens model. Section 6 starts with the simple
case of a single microlens embedded in a macromodel poten-
tial. Section 7 considers the particular case of two microlenses
(with overlapping caustics), and with masses comparable to the
massive black holes of the primaries that are being found by
LIGO/Virgo. Section 8 considers the realistic case of a popula-
tion of microlenses with stellar masses but that are near a critical
curve region, that is, it addresses the question of what is the role
of microlenses in GW lensed events at large magnification fac-
tors. Finally, we discuss our results and conclude in Sect. 10.
In all cases, and without loss of generality, we assume a stan-
dard cosmological model with Ωm = 0.3, Λ = 0.7 and h = 0.7
consistent with the latest constraints on the cosmological model
from Planck. We also assume that the GWs originate at z = 2
and that the microlenses (and macrolens) are at z = 0.5. Our
results depend weakly on these assumptions provided the lens
is at cosmological distances and the GWs are at least twice that
distance.

2. Deflection field for microlenses in macromodel
potentials

In this section we briefly review the lensing formalism for
microlenses embedded in a macromodel potential (a host galaxy
or galaxy cluster). This topic has been widely covered in the
literature (Chang & Refsdal 1979, 1984; Kayser et al. 1986;
Paczynski 1986). For simplicity, we define the macromodel with
just two parameters, the macromodel magnification factors in the
radial and tangential direction, or µr and µt respectively. This
simple choice for the macromodel is sufficient for our purpose
since we are dealing with very small regions of the sky where the
changes in the macromodel properties are insignificant. Without
loss of generality, we assume that µt � µr and that the main
direction of the shear, γ, is oriented in the horizontal direction,

that is γ2 = 0 and γ =

√
γ2

1 + γ2
2 = γ1. Given µt and µr, the

corresponding values of κ (convergence) and γ (shear) can be
found easily from the relation between κ, γ, µr and µt. For a
given choice of κ, and γ, the lens equation (β = θ − α(θ)) of the
macromodel can be expressed as

β = θ − α(θ) =

(
1 − κ − γ1 −γ2
−γ2 1 − κ + γ1

)
θ, (1)

where the positions in the source plane are given by the coordi-
nates β = (βx, βy) and the positions in the image plane are given
by the coordinates θ = (θx, θy).

The lensing potential of the macromodel, ψ, is given by

ψ =
κ

2
(θ2

x +θ2
y )+

γ1

2
(θ2

x−θ
2
y )−γ2θxθy =

κ

2
(θ2

x +θ2
y )+

γ

2
(θ2

x−θ
2
y ) (2)

where we remind the reader that we adopt a reference system
where γ2 = 0, θx and θy are given in radians, and we ignore a
constant additive term (i.e., the potential is identically zero at
the origin of coordinates of θ).

Since both the deflection field and lensing potential are lin-
ear with the addition of new masses, if a population of N point
masses are present, the deflection, αPS (θ), and potential, ψPS (θ),
from the distribution of point masses can be simply added to the
above equations with;

αPS (θ) =

N∑
i

4GMiDi(zl, zs)
c2

δθi

|δθi|
2 , (3)

and,

ψPS (θ) =

N∑
i

4GMiDi(zl, zs)
c2 ln(|δθi|), (4)

where δθi = θ − θi is the distance to the point mass i at θi
and with mass Mi, Di(zl, zs) is the geometric factor Di(zl, zs) =
Dls(zl, zs)/(Dl(zl)Ds(zs)) with Dls(zl, zs), Dl(zl) and Ds(zs) the
angular diameter distances between the lens and the source,
between the observer and the lens, and between the observer and
the source respectively.

A quantity of interest, that will be relevant in Sect. 8, is the
effective optical depth, τeff introduced by Diego et al. (2018),

τeff = (4.2 × 10−4)Σ
µ

µr
(5)

where the total magnification (µ) is the product of the tangential
and radial magnifications (i.e., µ = µt × µr), and Σ (expressed
in units of M� pc−2 in the expression above) is the microlens
surface mass density. When τeff ≈ 1, the saturation regime is
reached. In this regime, caustics constantly overlap in the source
plane, and any source moving across a field with τeff > 1 will
always be experiencing microlensing (Diego et al. 2018; Diego
2019). Since typical values for Σ(M� pc−2) range between a few
to a few tens, and assuming a typical value for µr ∼ 1, it is
clear from the expression above, that the saturation regime is
reached when the macromodel magnification is in the range of
a few hundred to a few thousand. Similar values for the macro-
model magnification have been observed already at the position
of the microlensing events of the Icarus and Warhol high red-
shift stars (Kelly et al. 2018; Chen et al. 2019). Given the fact
that GW experiments have access to the entire sky at any given
moment (as opposed to the aforementioned examples of Icarus
and Warhol where a significant luck-factor had to be involved)
events with similar, or even more extreme, macromodel magni-
fications are expected (see Diego 2019, for a detailed estimation
of the probability of these events). In those scenarios, we expect
microlensing to play a significant role.

Finally, the time delay is given by

∆T =
1 + zl

cD(zl, zs)

[
1
2
|θ − β|2 − ψ

]
= ∆Tgeom + ∆Tgrav (6)

where we have assumed that all point masses are at the same red-
shift in the lens plane so the factors Di(zl, zs) are the same for all
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Fig. 1. Time delay in one dimension with two and three microlenses.
The microlenses are at positions A, B, and C. The dashed lines show
the time delay when only one of the three microlenses is consid-
ered. The solid lines corresponds to the time delay when two or three
microlenses are considered. Microimages form around the positions
where the derivative of the time delay equals zero. The magnification
of each microimage is inversely proportional to the curvature (i.e., sec-
ond derivatives) of the time delay around these positions.

of them. The term ∆Tgeom is known as the geometric time delay
and the term ∆Tgrav is known as the gravitational time delay.

Equation (6) is useful to understand how the superposition
of microlenses affect the time delays. From Eq. (2) and Eq. (4),
the addition of several microlenses at positions θi results into
multiple locations in the vicinity of each θi where the derivative
of Eq. (6) vanishes (i.e., where microimages form). Understand-
ing the effect of the superposition of microlenses over the time
delay is not trivial, since different competing effects are at play.
To illustrate the different effects, we show in Fig. 1 a simple
one-dimensional example involving three microlenses at posi-
tions (θi), A, B and C. The source is placed in position 5 and,
for easier comparison, all time delay curves have the minimum
time subtracted. The dashed lines show the time delays if only
one of the microlenses is considered at a a time. Microimages
appear at the positions where the derivative of the time delay is
zero. The magnification of the microimages is inversely propor-
tional to the curvature of the time delay curve. From the figure, it
is clear that the image that arrives first (see dashed lines at time
T = 0 and position P ≈ 4) is also the microimage with the largest
magnification. Since C is the farthest from the source position,
it results in the largest time delay (red dashed line) with a max-
imum time delay of T ≈ 8 at position P ≈ 8. If we compare
the time delays of A (or B) and A+B, we observe how the max-
imum time delay is ≈3 times larger in the A+B case (compare
the maximum time delay for the yellow dashed line at T ≈ 3
and P ≈ 7 with the maximum time delay for the solid yellow
line at T ≈ 10 and P ≈ 6). However, the magnification of the
macroimage with the largest time delay in the case of A+B (at
P ≈ 5.75) is relatively small. The two dominant microimages in
the case A+B, and at positions P ≈ 3.5 and P ≈ 7.5, have a rel-
ative time delay which is also larger than the time delay in cases
A or B, but the increase in time delay is in this case more mod-
est. The two dominant microimages in case A+B can be reinter-
preted as the two counterimages of a single and larger microlens
at an intermediate position between A and B, but with the total
mass of A and B. The microimages are separated by a larger
angular distance (i.e., the system A+B behaves as a microlens
having a larger mass) and the time delay would be larger (due
to the increased combined mass of the microlens). The situa-
tion is different if one considers microlenses that are separated

by larger distances. Let us now consider the case A+C (solid
red curve). Here we observe that the maximum time delay is
now smaller than the maximum time delay of case C (dashed
red curve). In this case, the addition of the microlens A to C
does not help to increase the time delay, but it does increase the
complexity of the time delay structure due to appearance of a
third new microimage (with substantial magnification) at posi-
tion P ≈ 6.5 and different time delay. If one finally considers the
case A+B+C (solid blue curve), a large time delay of T ≈ 12
is present in the small microimage at position P ≈ 5.75. The
second largest time delay at P ≈ 6.75 is also larger than the
maximum time delay that would have been observed in cases
A, B or C. It is difficult to generalize since the distribution of
time delays depends on too many factors (macromodel magni-
fication, number of microlenses, mass of microlenses, relative
separations of the microlenses, and source position at the very
least) but as a general rule, it should be clear that microlenses
that are close enough to each other can work together to mimic
the effect of a larger microlens (hence introducing larger time
delays) and also overlapping microcaustics increase the number
of multiple microimages and consequently the number of time
delays.

It is sometimes useful to express the time delay in dimen-
sionless units. Usually this is done by re-scaling both the
angular positions and potential by the Einstein radius, θ2

E =

(4GM/c2)D(zl, zs). This redefinition of the time delay expression
makes most sense when one is dealing with a single microlens
since in this case the Einstein radius can be defined without
ambiguity, but in general one can still set the Einstein radius
to any arbitrary mass, or scale, and still redefine the time delay
equation.

∆T =
4GM(1 + zl)

c3

[
1
2
|x − y|2 − ψ̃

]
=

2Rs(zl)
c

[
1
2
|x − y|2 − ψ̃

]
, (7)

where x = θ/θE , y = β/θE , ψ̃ = ψ/θ2
E , and Rs(zl) is the

redshifted Schwarzschild radius of the lens. The first term sets
the scale of the time delay for a given lens mass, 4GM/c3 =
1.97 × 10−5 (M/M�) seconds. This simple scaling, shows that
for GW with frequencies ν ∼ 100 Hz, interference and diffrac-
tion effects are expected for isolated microlenses with masses
>500/(1 + zl) M�. Below this mass, the Schwarzschild radius
of the lens is smaller than the wavelength of the GW (with
ν ∼ 100 Hz) and diffraction effects are not important resulting
in the GW not seeing the microlens. However, as discussed in
the sections below, this minimum mass can be lowered substan-
tially under certain conditions that can increase the time delay
between multiple images.

3. Lensing of gravitational waves at large
macromodel magnifications

Lensing of GW has been studied in detail in the past (Wang et al.
1996; Nakamura 1998; Sereno et al. 2010) and more recently in
Dai et al. (2017, 2018), Jung & Shin (2019), Broadhurst et al.
(2018), Lai et al. (2018), Christian et al. (2018), Oguri (2018),
Smith et al. (2018a). In a broader sense, extensive work has been
done in the context of wave optics, which is the appropriate
regime for studying the lensing of GWs when the Schwarschild
radius of the lens is comparable to the wavelength of the GW
(Nakamura 1998; Nakamura & Deguchi 1999; Takahashi &
Nakamura 2003). Also, in the context of astrophysics, fem-
tolensing is formally identical to lensing of GWs but at
much higher frequency, and hence, involving much smaller
microlenses (Ulmer & Goodman 1995). Finally, the wave optics
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3.19 ms
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5

29

Time delay

Magnification = 5x3  = 20x3

Fig. 2. Microlensing by a 100 M� star at two different macromodel magnifications of 15 (µt = 5 and µr = 3, left) and 60 (µt = 20 and µr = 3, right).
The field of view is the same in both cases. In each case, the larger panel shows the magnification in the lens plane (critical curve) while the small
panel in the bottom-right corner shows the corresponding magnification in the source plane (caustic). The small white dot inside the caustic marks
the position of the source. The numbers in the larger panels indicate the magnification of each microimage and the corresponding time delays
(in milliseconds) relative to the image that arrives first (marked with 0 ms). The separation between the source and the projected position of the
microlens is the same in both cases. We note how at larger macromodel magnifications, both the time delays and the area enclosed by the caustic
(i.e.,the probability of microlensing) are larger.

regime is covered also in traditional textbooks like for instance
Schneider et al. (1992). This section presents only a brief
description of the formalism that is relevant for this paper. The
reader is directed to the above literature for more details.

When a GW is amplified by a factor µ, the observed S/N
increases by a factor

√
µ. If the Schwarzschild radius of the

lens is much larger than the wavelength of the GW, geometric
optics can be applied and the observed strain gets amplified by
the same factor

√
µ independently of the varying GW frequency.

However, when the wavelength of the GW is comparable to the
Schwarzschild radius of the lens, interference between multiply
lensed GWs can take place, since in this case the time delay
between GWs is comparable to the inverse of the frequency of
the GW. (Strictly speaking, in the linear optics regime two waves
can still interfere but with a phase difference between the two
waves that is stationary. The result would be a wave with differ-
ent amplitude but the same frequency, i.e., without an obvious
sign of interference.) In this regime, one needs to consider wave
optics and the magnification factor may be significantly differ-
ent several cycles before the merging event and right before the
merger event (e.g., Takahashi & Nakamura 2003). This would
introduce a modulation in the observed strain as a function of
time that can be measured and used to infer the masses of the
intervening lens (Cao et al. 2014; Lai et al. 2018). Interference
produced by multiply lensed images has been studied in detail
in the literature. In the context of LIGO/Virgo observations,
the mass of the lenses considered in earlier work is typically
above 100 M� (see however Christian et al. 2018). At smaller
masses, isolated microlenses can produce time delays that are
very small (much smaller than the inverse of the frequency of
the GW) so interference does not take place. Also, much of
the earlier work has studied the case of isolated microlenses
(i.e.,with circular critical curves and point-like caustics), or at
most microlenses with an external shear of moderate strength

(Lai et al. 2018). To the best of our knowledge, no work has con-
sidered the case of multiple microlenses nor the regime where
the potential from the macromodel can produce large magnifica-
tion factors. Both scenarios can produce interesting effects that
can be observed at LIGO frequencies. Large magnification fac-
tors are expected for observed GWs originating at redshift z> 1.
As discussed in Broadhurst et al. (2018), observed lensed GW
events are expected at large magnification factors (tens to few
hundreds) for some models. A distribution of microlenses with
stellar masses (mass ∼1 M�) can produce overlapping caustics in
the source plane. An event taking place inside one of these over-
lapping regions would appear in the image plane at separations
similar to the separation between the microlenses. For instance,
if two overlapping microcaustics originate from two microlenses
with stellar masses but separated by several microarcsec, they
could mimic the separation between microimages produced by
a much larger microlens. Also, even for isolated microlenses, a
large macromodel magnification can introduce a large geomet-
ric time delay, so even moderate masses can produce measurable
interference effects. More precisely, a microlens with mass M
embedded in a macromodel with magnification µ behaves like a
microlens with an effective mass Mµ (Diego et al. 2018; Diego
2019).

In the context of lensing of GWs, this effect was first dis-
cussed in Lai et al. (2018). This issue was discussed later in more
detail in Diego (2019), which showed how for a fixed source
position, the time delay increases with the macromodel mag-
nification. In Fig. 2 we illustrate this behavior with a 100 M�
microlens at two different macromodel magnifications, and for a
fixed source position. For the same source position (relative to
the projected position of the microlens) the time delay between
the two dominant microimages is larger by a factor ≈

√
4. We

note how the factor 4 is the ratio of the two macromodel mag-
nifications. This scaling was first noted by Diego et al. (2018),
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Fig. 3. Function F(t) for an isolated point mass with 100 M� and at a
distance from the singular caustic Y = β/ΘE = 0.05 (blue solid line)
and Y = 0.1 (red solid line). Both curves are normalized to 1 at large
time delays.

where it is discussed how a microlens with mass M embedded
in a macromodel potential with magnifcation µ behaves as a
microlens with effective mass, Meff = µM. Then, the time delay
scales also with the effective mass of the microlens.

The increase in relative time delay (between two microim-
ages) with the macromodel magnification can be understood if
we look at Eqs. (2) and (6). For simplicity, we consider the time
delay along the line connecting the two microimages (around a
microlens with lensing potential ∝ M log(|θ−θo|) where M is the
mass and θo the position of the microlens). For convenience we
adopt a reference system where this line contains the microlens,
it is horizontal (θy = 0), and we consider a macroimage with
positive parity, i.e.,(κ + γ) < 1. From Eq. (2), the potential is
(κ + γ)θ2/2 after taking the one dimensional potential along the
direction θy = 0. The change in potential is very smooth and, in
the vicinity of the counterimages, it can be approximated by a
gradient with slope (κ + γ). Then, from Eq. (6), the time delay
between the two counterimages will be larger as one approaches
the critical curve, since the slope of the gradient, (κ + γ) will
be larger, thus increasing the relative difference between the two
local minima in the time delay curve. Also, the larger gradient
results in a greater angular separation between the microimages
and a time delay surface with smaller curvature around the min-
ima of the time delay (i.e., with a larger magnification). This is
similar to the effect described in earlier work, where the effect
of the macromodel with magnification µ over a microlens can be
interpreted as an increase in the effective mass of the microlens
by a factor µ, thus increasing the typical angular separation, and
relative time delay, between microimages (Diego et al. 2018).

The magnification factor in wave optics is given by the
diffraction integral (see for instance Schneider et al. 1992).

F(w, β) = Ao
ν

2πi

∫
d2θ ei2πν∆T (θ,β) (8)

where ν is the frequency of the GW in Hz and the normaliza-
tion Ao guarantees that at very high frequencies one recovers the
geometric optics magnification when averaged over a frequency
range. ∆T is the time delay between lensed images expressed in
seconds. The total magnification, µ, and phase shift, φ, are given
by (see for instance Takahashi & Nakamura 2003)

µ = |F(w, β)|2, (9)

φ = −i ln
(

F(w, β)
|F(w, β)|

)
. (10)

Fig. 4. Predicted magnification for an isolated point mass with 100 M�
and at a distance from the singular caustic Y = β/ΘE = 0.05 (blue
lines) and Y = 0.1 (red lines). The dashed lines show the analytical
(exact) prediction. The dotted lines show the result obtained with the
numerical algorithm.

For simple models, like for instance an isolated point-
like microlens, simple expressions for ∆T can be found and
Eq. (8) can be evaluated analytically, yielding (Nakamura 1998;
Takahashi & Nakamura 2003):

F(w, y) = eh(w,y) Γ

(
1 − i

w
2

)
1F1

(
i
w
2
, 1; i

wy2

2

)
(11)

where we remind the reader that y = β/θE and w = (8πGM(1 +

zl)/c3)ν. The function Γ is the standard gamma function and
1F1(a, b; z) is the Kummer’s confluent hypergeometric function
of the first kind. The term in the exponential part is given by:

h(w, y) =
πw
4

+ i
w
2

ln (w
2

)
−

(√
Y2 + 4 − Y

)2

4
+ ln

 √Y2 + 4 + Y
2



(12)

where y = βθE .
When multiple microlenses are present, the time delay

between multiple images can adopt a complex form. However,
the integral can still be solved numerically as described in the
next section.

4. Numerical evaluation of the observed
magnifications

To evaluate Eq. (8) in a general situation, we follow Ulmer
& Goodman (1995). The basic idea is to divide the integral
in Eq. (8) in areas of equal time delay. Then it is easy to see
that Eq. (8) is equivalent to computing the Fourier transform of
F(∆T ), where F(∆T ) accounts for the area with a given time
delay, ∆T . For simplicity, we rename F(∆T ) = F(t). In Ulmer &
Goodman (1995), the authors propose an algorithm where F(t)
is computed as contour integrals. While that is a valid approach,
we use the simpler, and faster, method of computing directly the
area in constant intervals of ∆T .

F(t) =

∫
dxdyδ(∆T (x, y) − t). (13)

This method avoids also the divergence of the contour inte-
grals at the local minima and maxima of the time delay function.
Finally, the direct computation of the area from the time delay
maps is equally time consuming for one, or many, microlenses,
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something that is not true for the countour integral method which
first needs to identify contours around each microlens and later
perform the contour integral along each contour.

5. Testing the performance of the numerical method
with isolated point masses

To test the validity of the numerical approximation, we compute
the lensing magnification as a function of the GW frequency
for the particular case of an isolated microlens. For this case,
an exact solution exists and it is given by Eq. (11). We simu-
late the deflection field around a microlens with mass 100 M� at
redshift z = 0.5. We place a source at redshift z = 2 and at dis-
tances 0.05 and 0.1 times the Einstein radius of the lens (that is,
Y = β/θ = 0.05 and Y = 0.1 in Eq. (11)). For each configuration,
we compute the time delay and derive the function F(t).

These are shown in Fig. 3. The blue curve is for the case
where Y = 0.05 while the red curve is for Y = 0.1. In both
cases, the curves are normalized to 1 at large time delays. This
is equivalent to dividing by the not-lensed signal, for which the
corresponding F(t) would be a constant. The F(t) curves con-
verge to the no-microlensing case at large time delays (that is,
F(t) = Cte) and exhibit a logarithmic pulse at the correspond-
ing time delay between the two counterimages (the logarithmic
shape is discussed in more detail in Ulmer & Goodman 1995).

The amplitude of the logarithmic pulse is related with the
magnification. As expected, the case with Y = 0.05 has larger
magnification but smaller time delay between the images than
the case with Y = 0.1. Fourier transforming back the F(t)
curves, and multiplying by the frequency one obtains the corre-
sponding F(w) (Ulmer & Goodman 1995; Nakamura & Deguchi
1999). In order to correct for the limited time span covered
by F(t), we apply an apodization (in real space) at large time
delays to the curve F(t). Without this apodization, the magnifi-
cation at low frequencies (ν < 100 Hz) tends to zero. We find
that a standard cosine apodization function works remarkably
well. The result is shown in Fig. 4. The dashed lines show the
results derived with the exact calculation. Again, the case with
Y = 0.05 attains larger magnifications than the case with 0.1.
In both cases, the average (over a wide range of frequencies)
of the magnification converges to the magnification predicted
by geometric optics. At low frequencies, both curves converge
to 1 as expected since the corresponding wavelengths become
smaller than the Schwarzschild radius of the lens. The dotted
lines show the numerical approximation. The numerical approx-
imation reproduces very well the exact solution with deviations
at the sub-percent level. At low frequencies, the GW does not
see the microlens and the magnification tends to one.

6. Microlens embedded in a macromodel potential

In the previous section we showed the result for an isolated lens
and compared it with the analytical exact solution. That situation
is unrealistic in the sense that most microlenses will be forming
part of a halo (galaxy, group of galaxies or cluster). This halo,
or macromodel, imprints a magnification in the GW which is
generally insensitive to the frequency of the GW. That is, the
effect of the macromodel over the GW can be treated in the geo-
metric optics limit since the Schwarzschild radius of the halo is
orders of magnitude larger than the wavelength of the GW. For
simplicity, we assume that the macromodel forms two counter-
images. Although in most situations, a macromodel will form
more than two images, usually two of them carry the bulk of

the magnification and will be the most likely to be observed if
the merger occurs at large redshift. However, our results can be
applied to any of the counterimages. As mentioned above, these
two macroimages can be treated in the geometric optics limit.
We neglect here the very particular (and extremely rare) case
where the final moments of the inspiral phase takes place very
close (thousands of km) to one of the caustics of the macro-
model. In this case, diffraction effects from the macromodel
become also important and the geometric optics limit is no
longer valid. This case is studied in the literature (see for instance
Schneider et al. 1992, and references therein). Usually, the two
counterimages with the largest magnification have opposite par-
ity. From now on, we refer to the counterimages produced by
the macromodel as macroimages and we distinguish between the
macroimage with positive parity and the macroimage with neg-
ative parity. The images produced by the microlens are referred
to as microimages. If a macroimage intersects a microlens, the
macroimage will, in general, break into multiple microimages.
A macroimage with positive parity will break into microimages
with both positive and negative parity. The situation is similar
for macroimages with negative parity.

6.1. Magnification

Before studying the interference pattern produced by the mul-
tiple microimages, it is illustrative to visualize the configura-
tion of microimages in the geometric optics limit. To simulate
microlenses in an external shear we follow Diego et al. (2018).
For the macromodel, we adopt the values µt = 10 and µr = 3,
which results in a net magnification of µ = 30. In general,
the macromodel can impact substantially how the magnifica-
tion behaves around a microlens. The only case where the effect
of the macromodel on the microlenses can be safely ignored is
for microlenses in the Milky Way but we do not treat this case
here. Our focus is instead for microlenses in galaxies, groups
or clusters at cosmological distances and GWs produced at red-
shifts of 1 or above. The caustic of a point-like microlens in
the presence of an external shear (from the macromodel) is no
longer a point but it adopts the familiar diamond shape typical
of elliptical lenses if the microlens is on the side of the macro-
model where images have positive parity (i.e., in a macromin-
ima or macromaxima of the time delay). An example is shown
in the left panel of Fig. 5. The critical curves adopt the typi-
cal elongated shape of elliptical potentials. The small inset in
the bottom-right corner shows the corresponding caustic in the
source plane. The location of two sources are marked with a
white dot inside the caustic region and a yellow dot outside the
caustic region. The number next to each source indicates the
magnification in the source plane. The corresponding counter-
images for each source are shown in the image plane (larger
plot). For each microimage, we indicate the magnification in the
image plane and the time delay (in milliseconds) with respect
to the minimum of the time delay. The yellow microimages
are shown with their approximate size and orientation. In the
absence of microlens, the macromodel magnification would be
30. When the microlens is introduced, the white source is mag-
nified by almost a factor two times larger. The yellow source,
on the other hand, has a magnification comparable to that of the
macromodel. In the wave optics regime, the time delay between
microimages plays an important role and can leave an observa-
tional imprints, even for groups of microimages that are unre-
solved. At time delays of order few millisecond, GW as those
observed by LIGO/Virgo would interfere. As expected, the rel-
ative time delay between microimages near a critical curve is
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Fig. 5. Example of a source at z = 2 lensed by a microlens with 100 M� embedded in a macromodel at z = 0.5 with magnifications µt = 10 and
µr = 3. Left panel: the large image shows the magnification around the microlens in the image plane (with the critical curve) and the microimages.
The small image on the bottom-right shows the magnification in the source plane with two sources in white and yellow. The surface brightness
of the source is assumed to follow a Gaussian distribution (in white). Without the microlens, there would be a single lensed microimage with
magnification 30. The microlens boosts the magnification by a factor ≈2 and breaks the macroimage into four microimages introducing time
delays between them of up to 3.87 ms, i.e.,in LIGO’s range. Right panel: similar to the left panel but for a microlens in the side with macromodel
negative parity. We note how the high magnification region is now smaller but the maximum magnification can be higher. In contrast, areas of
small relative magnification (and larger time delays) are more common.

relatively short (0.24 ms between the microimages with magni-
fications 23.2 and 11.8 respectively), but the time delay between
the microimage at the minima (i.e.,at time delay 0) and the other
microimages is in the regime where, at LIGO/Virgo frequencies,
there could be observable effects. Even for the yellow source,
one should expect a change in the magnification as a function
of frequency at even lower frequencies, since the time delay is
larger. In wave optics regime, the effect of microlenses extend
farther away past the realm of the caustic region, increasing the
probability of detecting a lensing event.

On the side with negative parity (or saddle points of the time
delay), the critical curves and the caustics split into two regions
as shown in the right panel of Fig. 5. The critical curves remain
circular but the region of low magnification is now between
the two critical curves. The region of low magnification is sig-
nificantly larger than the region of high magnification, which
results in a higher probability of a GW being demagnified by
the microlens than magnified by it (see Diego et al. 2018; Diego
2019, for a more specific quantification of this difference). The
caustics break into two separate triangular regions of higher
magnification (relative to the macromodel magnification), with
a large area in between them of lower magnification (relative to
the macromodel magnification). As mentioned above, the area
containing the lower magnification region is significantly larger
than the area of higher magnifications. This fact has direct con-
sequences on the probability of observing lensed events of com-
pact sources (in the geometric optics limit) which are less likely

on regions where the macromodel parity is negative. A good
example is the Icarus event (a highly magnified star at z = 1.49,
Kelly et al. 2018) which has been consistently observed on the
side with positive parity but remains demagnified most of the
time on the side with negative parity. In wave optics, as we
noted earlier, at very low frequencies the waves are unaffected by
the microlenses. Hence, traditionally the probability of detect-
ing or not detecting an event has been considered to be inde-
pendent of the macroimage parity. However, at sufficiently high
frequencies, we show below how the waves interfere and cre-
ate constructive and destructive patterns at frequencies in the
LIGO/Virgo window. This results in a modulation of the strain as
a function of the frequency. If this modulation is not accounted
for in the templates used in the matched filtering searches for
GW, they could go unnoticed.

The properties of caustics in regions of the macromodel with
positive and negative parity have been studied in detail in the
literature (see for instance Kayser et al. 1986; Paczynski 1986;
Wambsganss et al. 1990; Wyithe & Turner 2001; Kochanek
2004; Diego et al. 2018; Diego 2019). In the case of wave optics,
this is not true (to the best of our knowledge) for microlensing
of macroimages in regions with macromodel negative parity. The
literature has focused so far only on microlensing of macroim-
ages forming in macromodel regions with positive parity only,
neglecting the impact that microlenses play on the macroimages
forming in the regions with negative macromodel parity. In this
work we study the two cases (parities) separately.
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Fig. 6. F(t) for the white source shown in the left panel of Fig. 5. The
zoom-in shows an enlarged version of the curve around the maxima.
We note how the positions of the discontinuities and the logarithmic
divergences correspond with the times shown in Fig. 5.

Fig. 7. Observed magnification of the GW as a function of GW fre-
quency for the two sources shown in the left panel of Fig. 5. The red
curve is for the white source while the blue curve is for the yellow
source.

6.2. Microlensing of macroimages with positive parity

This case has been studied in detail in previous work (Ulmer &
Goodman 1995; Nakamura 1998; Nakamura & Deguchi 1999;
Takahashi & Nakamura 2003). Here we consider the particular
case of a microlens with 100 M� near a microimage that is being
magnified by a macromodel by a factor 30. At this magnifica-
tion, the signal to noise of the GW would be boosted by a factor
√

30 ≈ 5.5. With this magnification, an event at z ≈ 1.9 with
a chirp mass Mc ≈ 17 M� would have been detected with the
same significance as GW170729 (at z = 0.48 and with almost
twice the chirp mass). At magnifications µ > 30 one expects
≈0.2 events per year between z = 1.9 and z = 2.1 (or ∼1 events
per year in the redshift interval 2 < z < 3) if one naively assumes
a model for the rate evolution of GW events that traces the star
formation rate history and it is normalized to 200 events per year
and Gpc3 at z = 0 (consistent with current limits from LIGO)
(see for instance Diego 2019, for an estimation of the probabil-
ity of lensing at z ≈ 2 and for µ > 30).

To compute the magnification as a function of frequency, we
consider two GWs at the positions indicated by the white and
yellow dots in the left panel of Fig. 5. In Fig. 6 we show, in
blue, the F(t) extracted from the time delay for the white source
(the F(t) for the yellow source resembles that of the isolated
microlens studied earlier with a single logarithmic peak at the
time delay between the two yellow microimages). The inset on
the top-right corner shows a zoom-in around the peak of F(t).

Fig. 8. (Blue curve) F(t) curve for the white source shown in the right
panel of Fig. 5. The zoom-in shows an enlarged version of the curve
around the maxima. The red curve is the corresponding F(t) when the
mass of the microlens is set to zero.

The curve F(t) has three scales shown in the zoom-in inset plot,
each one corresponding to a different time delay, 2.77 3.01 or
3.87 ms. The relative height of each feature is dictated by the
magnification of each microimage, as originally shown by Ulmer
& Goodman (1995). The first feature (at 2.77 ms) is a discontinu-
ity corresponding to a microminima or micromaxima. The other
two features are logarithmic divergences for each one of the two
saddle points.

Using the curves F(t), one can easily compute the magnifica-
tion as a function of frequency. The result is shown in Fig. 7. The
red curve shows the magnification for the source inside the caus-
tic region (white source in left panel of Fig. 5). The blue curve
is for the source outside the caustic region (yellow source in left
panel of Fig. 5). In both cases, the magnification is relative to
the macromodel magnification, so magnification ≈1 in this plot
is to be understood as total observed magnification ≈30. In the
frequency range of LIGO (∼50−500 Hz), both curves exhibit
features in the magnification that can be measured in future
observations allowing for the unambiguous identification of
lensed events (which would be otherwise difficult to recognize).
At high frequencies, the red curve converges to the geometric
optics limit prediction, that is to a mean value ≈2 times the mag-
nification of the macromodel. However, at LIGO frequencies, the
magnification can be up to six times larger than the magnification
from the macromodel, boosting the detectability of the GW in a
given frequency range. This is a consequence of the constructive
interference that takes place at certain frequencies. In the case of
the blue curve, an undulatory behavior is observed even at lower
frequencies (consequence of the larger time delay of 8.7 ms).
Since one counterimage is magnified by a factor 25.2 and the
other by a factor ≈3 times smaller, a complete cancellation of
the signal can not take place but the interference is large enough
to be detected with the proper template. A classic search of GWs
using standard templates may miss these events if this type of
interference pattern is not accounted for. However, candidates to
lensed events could be identified based on their unusually high
chirp mass and/or low redshift (Dai et al. 2017; Broadhurst et al.
2018, 2019; Hannuksela et al. 2019). Also, multiple image anal-
ysis can be performed by following the methods proposed by
Haris et al. (2018).

Finally, it is important to note that the frequencies shown
in the x-axis of the previous figures, scale as the inverse of
the mass of the microlens (this follows from the scaling of
∆T with the mass of the microlens). A mass 5 times smaller
(i.e.,20 M�) would still show significant fluctuations in the
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Fig. 9. Observed magnification of the GW as a function of GW fre-
quency for the two sources shown in the right panel of Fig. 5. The red
curve is for the white source (magnified with respect to the macromodel
magnification) while the blue curve is for the yellow source (demagni-
fied with respect to the macromodel magnification). We note how the
blue curve converges to the smaller magnification value predicted in
the geometric optics limit but it oscillates multiple times within the fre-
quency range covered by LIGO.

observed magnification within the frequency range covered by
LIGO/Virgo. This result is in apparent disagreement with ear-
lier work that concluded that only isolated microlenses above
100 M� could produce observable effects. However, that earlier
work ignored the effect of the macromodel that helps boost the
signal from the microlens. One should expect that at even larger
magnifications, increasingly small masses may produce observ-
able effects, similar to what happens in the geometric optics limit
(see Diego et al. 2018, for a detailed discussion of this effect).

6.3. Microlensing of macroimages with negative parity

In the absence of microlenses (or substructure, in general),
macroimages with negative parity behave similarly to macroim-
ages with positive parity in the geometric optics limit. How-
ever, when microlenses are present, the behavior can change
substantially depending on the parity of the macroimage. When
a macroimage intersects a microlens, the macroimage breaks
into smaller microimages. The net magnification of the group
of microimages may be comparable, larger or smaller than the
macromodel magnification depending on where the GW is tak-
ing place, in relation to the microcaustics from the microlens.
Contrary to the behavior of macroimages, microimages can look
very different depending on whether the microlens is on the side
with positive or negative macromodel parity. In the particular
case of microlenses on the side with macromodel negative parity,
two microcaustics form with a gap of low magnification between
them. The region of high magnification contained within the
microcaustics can be much smaller than the area of low mag-
nification in the gap. This results in a larger probability for
microimages from a compact source to be demagnified if the
corresponding macroimage is in a saddle point (or has nega-
tive parity) of the macromodel. We consider again a microlens
with mass 100 M� embedded in a macromodel with magnifica-
tion −30. This would correspond approximately to the conjugate
position of the macroimage considered in the previous subsec-
tion. The critical curves, and caustics are shown in the right panel
of Fig. 5. We note how the low magnification region between
the two caustics is significantly larger than the large magnifi-
cation region inside the two caustics. In the geometric optics
limit, the larger probability of demagnification is compensated

by a larger magnification inside the caustics region, so a moving
source traveling across a microcaustic region would have similar
integrated flux independently of whether the microlens is on the
side with positive macromodel parity or the side with negative
macromodel parity. The periods of maximum flux are shorter
but more intense when the microlens is on the side with negative
macromodel parity than when the same microlens is on the side
with positive macromodel parity. On the other hand, the periods
of low relative magnification (relative to the macromodel magni-
fication) are more prolonged and at lower magnifications on the
side with negative macromodel parity (see more examples for
varying magnifications in Diego et al. 2018; Diego 2019).

As in the previous subsection, we consider two sources that
are shown in the inset small panel of the right side of Fig. 5. The
white source is inside the small caustic region and is highly mag-
nified as shown in the source plane. The yellow source is in the
more extended low magnification region and has a much smaller
magnification. The configuration of the microimages, together
with their corresponding magnifications and relative time delays,
are also shown in Fig. 5. For the white source, the relative time
delays are significantly smaller than in the analogous case dis-
cussed in the previous section (≈5 times smaller). On the con-
trary, for the yellow source, the time delay is significant (≈8 ms)
and well within LIGO/Virgo frequency window. The curve F(t)
for the white source is shown as a blue curve in Fig. 8 (for the
yellow source is again a simple logarithmic pulse). The blue
curve shows one discontinuity corresponding to the microim-
age that arrives first and three logarithmic pulses for each one
of the other microimages. The red curve in the same plot is the
F(t) curve for the macromodel-only case, that is, without the
microlens. In this case, the curve resembles the divergent loga-
rithmic pulse typical of shallow points instead of a constant (like
in the previous subsection).

The magnifications are shown in Fig. 9. The red curve is for
the white source that is being magnified by the microlens and
the blue curve is for the yellow source that is being demagnified
by the microlens. The small scale fluctuations in these curves
are artifacts in the numerical method. The red curve is almost
featureless in the frequency range covered by LIGO/Virgo but it
exhibits a continuously growing magnification up to ∼1000 Hz
that could be possible to be detected with future GW obser-
vations. On the contrary, the more likely event of the yellow
source shows remarkable features that could be identified in
future observations. At low frequencies, the magnification tends
to the macromodel magnification but it falls sharply at around
100 Hz to then raise again and oscillate around a relative magni-
fication of ≈0.25 relative to the macromodel magnification. The
fact that at low frequencies GWs are unaffected by microlenses
could be used to identify GW in the sense that these waves
could appear in matched filtering searches at lower frequencies
but then disappear when including higher frequencies. Mean-
while, unmodeled searches may be able to identify these events
even at higher frequencies (e.g., Abbott et al. 2016, 2017a). A
dedicated search could be made after a highly magnified GW
is detected since its corresponding counterimage (macroimage)
should closely follow (or precede) the observed lensed GW. For
highly magnified events, the time delay between macroimages
should range between ∼1 h to days or months (Ng et al. 2018;
Smith et al. 2018a; Broadhurst et al. 2018) which should be
useful to narrow the search for counterimages. As discussed
in the earlier subsection, the time frequency scales with the
inverse of the microlens mass so a microlens with mass as
low as 20 M� would still be detectable through the interference
signature.
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Fig. 10. Like in Fig. 5 but for two microlenses with 25 M� and 30 M�. Left panel: case where the two microlenses are on a region of the macromodel
with positive parity while the right panel is for when the same microlenses are in a region of the macromodel with similar magnification but negative
parity. In both cases, the small figure in the bottom-right corner shows the source plane with the caustics and the location of the sources. Only the
microimages produced by the white sources are shown in the bigger figures.

7. Pair of microlenses at large macromodel
magnification

The examples studied above are of interest for situations where
a massive microlens intersects the path of a GW. In this section
we study an alternative scenario where two smaller microlenses
overlap their caustics in the source plane. This situation is inter-
esting for large macromodel magnifications. As discussed ear-
lier, a distant GW can be lensed by factors of a few tens with
a non-negligible probability. Overlapping of caustics is not only
possible, but unavoidable at large macromodel magnifications.
The overlapping effect becomes increasingly more important as
one approaches one of the critical curves of the macromodel.
As the radial or tangential magnification approaches its diverg-
ing value (at the critical curve), a given number density of
microlenses in the image plane (with their associated microcrit-
ical curves) results in a larger number density of microcaustics
in the source plane. At some value of the macromodel magnifi-
cation, regularly spaced microcritical curves in the image plane
start to produce overlapping caustics in the source plane. A GW
that intersects one of these overlapping regions will have its
counterimages spread over the wider region covered by the cor-
responding microcritical curves, with the consequent increase in
the number of time delays. As discussed in Sect. 2, relatively
small microlenses embedded in a macromodel with large mag-
nification can mimic the effect of a much larger microlens (in
terms of time delays), and hence produce effects at LIGO/Virgo
frequencies.

The number of possible combinations of microlens mass,
distance between microlenses, and macromodel magnification
is too large to be studied in detail. Here we present a simple
example. We consider the special case where microlenses are
primordial black holes (or PBH) with masses of a few tens of M�
(although our example is valid also for regular black holes, like
those being found by LIGO/Virgo). PBHs are a viable candidate
to explain a fraction of the dark matter. Even though observations
rule out the possibility of PBH explaining all the dark matter in
a wide range of masses, there are some windows where fractions
of the order of 10% of the dark matter could still be in the form
of compact objects, such as PBHs. One of these windows is for
PBH masses of a few tens of M� (Carr et al. 2017). Interestingly,
the latest results on gravitational waves from BBH mergers could
suggest a higher than expected abundance of black holes with
masses of a few tens of M� (Abbott 2018).

As above, we consider the two possibilities; macroimages
forming on the side with positive parity and macroimages form-
ing on the side with negative parity.

7.1. Macroimages with positive parity

We place two point masses with 25 M� and 30 M� in a macro-
model with magnification ≈150 (or 50×3). The two microlenses
are separated by a distance of 320 µas. At this separation, the
macromodel projects the critical curves into two overlapping
caustics as shown in the small panel of the left Fig. 10. The
magnification of the macromodel is larger than in the previ-
ous sections by a factor 5. This translates into a probability
25 times smaller of having these events but the accessible vol-
ume increases by a factor ∼5 (compared with the volume up to
z = 2) compensating partially the reduction in lensing prob-
ability. At large magnifications, the probability of microcaus-
tics overlapping increases as discussed in detail in Diego et al.
(2018), Diego (2019). An event in the source plane that takes
place in the caustic overlapping region will produce multiple
images around both critical curves. Figure 10 shows an exam-
ple (in the geometric optics limit) of multiple images produced
by a Gaussian source (depicted as a white round source in the
small panel in the bottom right) that is placed in the overlapping
caustic region. The total magnification in the geometric optics
limit is ≈200, that is ≈33% times higher than the magnification
that would be observed without the microlens. The microimage
with the largest magnification is the one that arrives first and it
appears in between the two critical curves. Smaller microimages
form around each one of the critical curves. The time delays
between the largest microimage and the other ones is of the
order of a few milliseconds, sufficient to produce effects in the
frequency range of LIGO/Virgo. Two of the smaller microim-
ages are micro-minima or micro-maxima and the remaining four
microimages are all saddle points. The F(t) curve for this case
is shown in Fig. 11 as a dark blue curve. The zoom-in shows the
two discontinuities and the four logarithmic impulses for the two
micro-minima or micro-maxima and the four saddle points. Two
other curves are shown in this plot for two alternative locations
of the source. These two sources are marked with a red and yel-
low dots in the bottom-right part of the left panel in Fig. 10. The
light-blue F(t) curve corresponds to the yellow dot and the red
F(t) curve corresponds to the red dot. We note how in the light-
blue curve, a saddle point microimage forms at relatively large
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Fig. 11. F(t) curves for the three sources shown in the left panel of
Fig. 10. The dark blue curve is for the white source, the light-blue curve
is for the yellow source and the red curve is for the red source.

Fig. 12. Magnification for the three sources shown in the left panel of
Fig. 10 as a function of frequency. The color coding is the same as in
Fig. 11. The rapid oscillations in the light-blue curve are real and due to
the peak at large time delays (≈25 ms) shown in the light-blue curve of
Fig. 11.

Fig. 13. Magnification for the two sources shown in the right panel of
Fig. 10 as a function of frequency. The dark blue curve is for the white
source and the red curve is for the yellow source.

time delays (dt ≈ 25 ms). The microimages for these alternative
locations are not shown in Fig. 10 for simplicity purposes.

The corresponding magnification is shown in Fig. 12. The
color coding is the same as in Fig. 11. For the white source in
Fig. 10 (dark-blue curve), a significant fluctuation is observed
at ≈200 Hz. Above this frequency, the magnification increases
quickly up to factor ≈4 with respect to the macromodel magni-
fication at ≈300 Hz to later decline again. At large frequencies,

the magnification converges to the geometric optics limit, that is
≈1.5 times the macromodel value. The red curve shows a sim-
ilar, but milder, variability at LIGO/Virgo frequencies. In the
light blue curve, the larger time delay imprints fluctuations in the
magnification at even lower frequencies but these fluctuations
are smaller in magnitude. It is important to note that, in the last
two examples, even though at high frequencies the magnification
converges to the geometric optics limit (below the macromodel
value), and at very low frequencies the magnification converges
to the macromodel value, in the intermediate (∼100 Hz) fre-
quency range (the one best probed by LIGO/Virgo) the magni-
fication can exceed that of the macromodel value improving the
detectability of these events.

It is important to note that, although the geometric time delay
(i.e., the separation between microimages) is significantly larger
in the case shown in Fig. 10 than the corresponding case shown
in the left panel of Fig. 5, the time delays are still compara-
ble. This is because the gravitational time delay is smaller when
the macromodel potential is shallower (i.e.,at larger macromodel
magnifications), but also the potential of the microlenses is
smaller.

7.2. Macroimages with negative parity

We place the same two sources at the same separation as in
the previous subsection but the macromodel magnification is
changed to its opposite value, that is µmacro = −150. When the
microlens is on the side with macromodel negative parity, we
find again the usual gap of low magnification between caustics
(see small figure in the right panel of Fig. 10). In the configu-
ration of the example shown in the figure, the caustic regions
overlap, so a source placed in that overlapping region produces
multiple images around the critical curves of both microlenses
as shown in the figure. If the caustics do not overlap, but instead
one of the microcaustics falls inside the low magnification region
of the other microlens, and a source is placed within that caus-
tic region, images with large amplification factors would form
only around one of the microlenses while the other microlens
would form only microimages with relatively small magnifica-
tion factors. Sources placed in the low magnification regions
would form two microimages if the source is placed in only one
of the two low magnification regions or four microimages if the
source is placed in the overlapping low magnification region. In
Fig. 10 we show two sources, one white and one red. The white
one is placed in the overlapping region of two caustics while
the red one is placed in the low magnification region of one of
the microlenses. The white source produces microimages with
relatively moderate time delays (≈1.5 ms) between the microim-
ages with the largest magnification. Longer time delays are only
observed at the microimages with the smallest magnification.
The red source (for which we do not show the counterimages)
produces two small microimages near one of the microlenses.

The observed magnification of the GW of these two sources
are shown in Fig. 13. The blue curve is for the white source
and the red curve is for the red source. In the blue curve, we
observe that, at low frequencies, the GW is insensitive to the
microlens doublet as expected. However, within the frequency
range proved by LIGO, the magnification increases by almost
an order of magnitude that should imprint a modulation in the
observed strain of a factor ≈3 between the early and late periods
of the GW signal. The red curve shows the case of the source
in the low magnification region. Between 100 Hz and 200 Hz the
GW is demagnified by as much as a factor 5. Between 100 Hz
and 300 Hz, it is re-amplified by a factor almost 3 and above

627, page 12 of 18

https://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201935490&pdf_id=11
https://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201935490&pdf_id=12
https://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201935490&pdf_id=13


J. M. Diego et al.: Observational signatures of microlensing in gravitational waves at LIGO/Virgo frequencies

  

18

37

6.6

7.5

2.6

1.7

6.1

48

39

23

81

8 
μ

as

2.01 ms

0.7 μs

1.92 ms

1.93 ms 3 μs

0 s

1.6 μs
28 μs

25 μs

86 μs

100 μs

Magnification
Relative time delay

20 μas

Fig. 14. Zoom-in the region around a pair of microlenses with 11.3 M� and 2.2 M� in our simulated map. The entire simulated region is shown
in the bottom right corner with the zoomed region marked with a rectangle. The arcs formed by a background source are shown in white. Small
microimages are marked with a white circle. The magnifications and relative time delays are shown for each microimage.

300 Hz is demagnified again up to 400 Hz and so on. This very
distinctive behavior could be used to identify these events. Ironi-
cally, the GW that is less magnified may be easier to detect, since
at low frequencies it is still being magnified by the macromodel,
but at higher frequencies the GW would fade and oscillate.

8. Field with stellar masses

In the previous sections we studied simple, but pedagogical and
useful models with one massive microlens (100 M�) or a pair of
intermediate mass microlenses (≈30 M�) in macromodel poten-
tials with magnifications of ≈30 and ≈150 respectively. These
previous examples are useful to understand the effect from single
sources, or pairs of sources such as PBHs, but may not represent
the most likely scenario. Instead, in real observations, most of
the microlenses will be of stellar origin. Their abundance can be
estimated based on the observed surface brightness that can be
modeled with SEDs and a given IMF. In this section we address
the question of the type of signal that can be produced when the
GW travels through a field populated with stellar microlenses,
and near a region of high magnification.

For typical situations near critical curves, one finds that the
surface mass density of microlenses contributing to the intraclus-
ter medium, or in the outskirts of galactic lenses, is in the range
of a few to a few tens of solar masses per parsec2. When fitting
the observed flux, depending on whether one assumes a bottom
heavy IMF such as a Salpeter IMF or a shallower IMF in the low-
mass end such as a Chabrier IMF, the difference in the estimated
surface mass density of microlenses can be typically a factor ≈2
(Morishita et al. 2017).

When a GW is observed with large magnification (due to the
a macromodel), two macroimages are usually produced by the
macromodel (galaxy or cluster) near one of the critical curves

  
2 μas

4 
μ

as

a

b

Fig. 15. Caustic region on the side with positive parity. This region
shows approximately half the simulated region. The largest microcaus-
tic corresponds to the largest microlens of 11.3 M�. The red dot marks
the position of the background source for which the microimages are
shown in Fig. 14.

of the galaxy or cluster. At short distances from the critical
curve, the role of microlenses from the galaxy halo, or intraclus-
ter medium, becomes important when the background source is
small. This regime has been studied in detail in earlier work in
the context of lensing of distant luminous stars (Kelly et al. 2018;
Diego et al. 2018; Venumadhav et al. 2017). For GWs there is no
previous study (to the best of our knowledge) on the effect of a
population of microlenses on a GW that is magnified by a large
factor.
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Fig. 16. F(t) for the red source shown in Fig. 15 (and with the corre-
sponding microimages shown in Fig. 14). Below 1 µs there is another
peak not shown in this plot. The vertical dashed line marks the time
delay of 1.8 ms.

We simulate an area in the image plane 1.2 mas × 1.2 mas =
1.44 mas2 with a surface mass density of microlenses of ≈12 M�
per parsec2. This is a typical value found in real situations near
critical curves of macromodels where the magnifications can be
large (this is for instance one of the values used to interpret the
Icarus event Kelly et al. 2018). In general terms, we follow the
procedure described in Diego (2019). The full simulation box
has a size of 1.44 mas2 = 37.3 pc2 (at zs = 2), but we compute
the deflection field and potential only in the central rectangu-
lar region of 1.2 × 0.2 mas2) (or target region) with a resolution
of 20 nanoarcsec per pixel. In the original 1.442 arcmin2 area,
we distribute randomly 2558 microlenses drawn from the stel-
lar and remnant mass distribution computed for a Chabrier IMF
to 0.01 M� and the Fryer et al. (2012) initial-final mass func-
tion (with z = 0.5). The oldest living star has an initial mass
of 1.5 M�, and we use the mass-dependent binary fraction from
Duchêne & Kraus (2013). The total stellar mass in the simulated
region is 430 M�, which results in 11.7 M� pc−2. The most mas-
sive microlens (star or remnant) in our simulation has a mass
of 19.3 M�, although it falls outside the target region. Within the
target region, the most massive microlens has a mass of 11.3 M�.
Our target region is large enough to be considered representative
of the underlying distribution of microlenses. The parameters of
the macromodel are given by the two values of the magnification,
µr and µt. These values determine the magnitude of the conver-
gence, κ, and shear, γ. From κ, and γ we derive the deflection
field and potential of the macromodel following the procedure
described in Sect. 2.

8.1. Positive parity

As before, we consider the scenarios of positive and negative
macromodel parities separately. For a macromodel with µr = 50
and µt = 3 the resulting magnification in the lens plane is
shown in Fig. 14 (on the side of the lens with positive parity).
The critical regions correspond to the white curves. The smaller
picture on the bottom-right side is for the entire target region,
while the enlarged picture is a zoom of the rectangular region
highlighted in the small picture. The large microlens on the left
side has 11.3 M�. The caustics in the source plane are shown in
Fig. 15. The large microcaustic near the center corresponds to
the 11.3 M� microlens.

For the models considered in this work, the number of
microlenses (stars and remnants) above ≈10 M� is scarce. The
time delays between microimages are typically ∼0.1 ms pro-

Fig. 17. F(w) for the two lensed sources shown in Fig. 15 (a and b). The
red and dark blue curves are for source a. The dark blue curve is the
corresponding amplification that it is obtained if only the peaks below
1.8 ms are considered. The light blue curve is for the source b in Fig. 15.

ducing little noticeable effects at LIGO/Virgo frequencies. A
few exceptions, where two microcaustics overlap, may result in
larger time delays but usually still below 1 ms because small
microlenses still need to be physically close to each other, in order
for their small microcaustics to overlap. The probability of over-
lapping caustics is largest around the caustics of the most massive
microlenses (black holes with >5 M�) since these caustics cover
a relatively wide area in the source plane. For instance, in Fig. 15,
a source is placed inside the caustic of the largest microlens in
our target region (with 11.3 M�). The source is also simultane-
ously inside the microcaustics of other smaller microlenses. The
resulting microimages are shown in Fig. 14 in white. Next to
each microimage we indicate their individual magnifications and
time delay relative to the microimage that arrives first. Since the
time delays between microimages with high magnification can be
several ms, we expect the signature of interference to manifest
itself at LIGO/Virgo frequencies. Note, however, how the group
of microimages on the right side has relative times delays smaller
than 0.1 ms. If the large microlens on the left were not present,
these microimages would not result in significant distortions to
the magnification at LIGO/Virgo frequencies.

The corresponding F(t) curve, for the configuration shown
in Fig. 14 is shown in Fig. 16. The small time delays between
microimages produced by the smaller microlenses are respon-
sible for the multiple peaks below 0.1 ms (below 1 microarcsec
there is another small peak not shown in the figure). The three
microimages around the large microlens of 11.3 M� produce the
discontinuity at around 2 ms, and two small, almost overlapping
logarithmic peaks.

In order to show what would have been the effect, should the
large 11.3 M� microlens not be present, we consider also the F(t)
up to 1.8 ms (marked with a vertical dashed line in the figure) and
compute the amplification in both scenarios. Figure 17 shows
the relative magnification when considering the full spectrum
(tmax = 8 ms, red solid curve) and when considering only the
spectrum up to 1.8 ms (blue curve). In general, the red curve
traces the blue curve, but has the additional harmonic produced
by the peak in F(t) at ≈2 ms. The overlap of caustics from the
large microlens and the smaller ones results in a modulation
of the magnification at LIGO frequencies, where at frequencies
≈300 Hz the magnification is a factor ≈2 times smaller than at
frequencies <100 Hz (red curve). If the large microlens was not
present, the overlapping of the two smaller caustics is not be suf-
ficient to produce significant effects at LIGO/Virgo frequencies
(blue curve).
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Fig. 18. Caustic region on the side with negative parity. Four source
positions are labled with a, b, c and d.

Fig. 19. F(w) for the lensed sources shown in Fig. 18. The color of the
curves is the same as the color of the sources in Fig. 18.

8.2. Negative parity

When the parity of the macromodel is negative, we have seen
in previous sections that microcaustics contain a relatively large
area of low magnification in between the regions of high magni-
fication. Figure 18 shows the caustics in a fraction of the simu-
lated source plane. The distribution of microlenses is the same as
the one discussed in the previous subsection. The large microlens
in the image is also the same 11.3 M� microlens discussed above.
We place sources in three positions marked with (a), (b) and (c).
The magnifications as a function of GW frequency are shown in
Fig. 19. Sources (b) and (c) show the smallest departure from
unity in the relative magnification at LIGO frequencies. Source
(a) shows a deviation from unity, only at the largest LIGO fre-
quencies that could be observed. We note how source (a) is not
placed in the largest microlens but on a more moderate (and com-
mon) one with mass ≈2 M�. On the side with negative parity, low
magnification is more likely than high magnification so it is more
likely than a macroimage on the side with negative parity suffers
a larger distortion than a macroimage on the side with positive
parity. If microlenses with masses as low a 2 M� can produce
interference patterns at LIGO/Virgo frequencies, this may affect
the detectability of counterimages with negative parity as tem-
plated searches without lensing considerations could miss these
patterns.

9. Effect over the GW strain

The results in the previous section show the effect of microlens-
ing over the magnification of GWs. A more direct visualization
of the real effect can be appreciated when the magnification fac-
tor is applied over a simulated strain, h:

h→ hlensed = F(w, β)h, (14)

which accounts for both, the effect of the magnification, µ, and
the phase shift, φ, due to lensing. In order to do this, we assume
a merging event of a BBH at z = 2 with m1 = m2 = 10 M�
amplified by some larger macromodel magnification, µ ≈ 150
(as in the previous section). The unperturbed strain from the last
orbits of the merging event is shown in Fig. 20 as a black solid
line. The units in the y-axis are arbitrary and incorporate already
the large magnification factor from the macromodel (as well as
the phase, both encoded in F(w, β)). The dotted and dashed lines
show the distorted strain as a consequence of the interference
effect and the change in magnification and phase as a function of
frequency. The cases considered in this plot are the same shown
in Figs. 15 and 17 above. In particular, dotted lines are for the
sources a and b in the side with positive macromdoel parity while
dashed lines are for the sources a, b, c, and d in the side with neg-
ative macromdoel parity. In general, for microlenses with stel-
lar masses as those considered in the previous section the effect
is small and it is concentrated in the last cycles of the merger.
Unsurprisingly, the case imposing the largest effect is the orange
dashed line which corresponds to orange source d in Fig. 16
(orange curve in Fig. 17). The microlens that causes this distor-
tions is the most massive in our simulation (11.3 M�). However,
even sources placed in the caustic region of a smaller microlens,
like source b in Fig. 15 (in the caustic region of a microlens with
a mass of 2.2 M�) still show significant departures in the ampli-
tude of the last cycle.

Usually, one would quantify the detectability of these lensed
events by Bayesian hypothesis testing using templated searches
as in Lai et al. (2018). However, as no generic waveform tem-
plates exist for these microlensed waveforms, quantifying the
detectability of these events in this way is difficult.

We instead quantify the correction to the waveform
introduced by lensing by comparing the waveform match
m(hlensed, hunlensed) (the normalized inner product (e.g., Maggiore
2008)) between the lensed and unlensed versions, weighted with
the Advanced LIGO power spectral density at design sensitivity.
Corrections of a few ∼3%, which are roughly equivalent to cor-
rections introduced by spin effects, could have hope of leaving
discernible patterns in the LIGO/Virgo strains. We generate two
representative examples of lensed waveforms for the lens setting
shown in Figs. 17 (red curve) and 19 (orange curve), and com-
pute the match between their unlensed counterparts. Interesting
modulation, or “beating patterns”, are present in the waveforms
(Fig. 21, right panel) in comparison to the unlensed waveform,
that may be discernible in the future. We note that in the orange
curve, the small scale fluctuations are artifacts due to the noise
in the computation of the relative magnification. The reason why
the strain amplitude is larger at lower frequency is due to the
binary spending longer time at these frequencies. Alternatively,
the y-axis in the right panel of Fig. 21 can be also interpreted
as the power spectrum of the strain as a function of time. How-
ever, the correction introduced by lensing in the waveforms is at
around % level (Fig. 21, left panel), which could be difficult to
detect at current sensitivities within LIGO/Virgo due to parame-
ter degeneracies, noise, and the Occam’s razor (which at similar
performance, favours models with fewer parameters).
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Fig. 20. Simulated strain with no-lensing of the coalescence of a BBH
with 10 and 12 M� at z = 2 (solid black line). We note that in order to
zoom in the highest frequencies, we plot the strain as a function of |t−t0|

where the time, t0, corresponds to zero in the x-axis. The dashed lines
show the distortion of the strain for the different microlensing scenarios
(by stellar bodies) discussed in Figs. 15 and 17.

One difficulty in detecting these small modulations induced
by microlensing is that they mainly introduce amplitude modu-
lations in the waveforms that are hard to discern with matched
filtering schemes, and only small phase modulations. This is in
contrast to phase modulations which could be more suitable for
the current search methods. Another difficulty is that the most
interesting lensing features range fall just slightly off the target
frequency band of the LIGO/Virgo detectors.

While the few microlensing examples we have shown intro-
duced relatively small corrections to the waveform, certain
microlensing effects could perhaps be visible at design sensi-
tivities. For example, we have verified that time delays of order
∼3 ms from two micro-images could introduce waveform cor-
rections at the 10% level, assuming relative magnifications of
1:2. As the next generation of gravitational wave detectors are
being built, the improved sensitivities they offer could open the
observational window for these events. Improvements especially
above 500 Hz, where the representative lens configurations here
have shown interesting modulations in the amplification factors,
would improve our odds of detecting these events. These detec-
tions could then be used to investigate and constrain populations
of microlenses (including an alleged population of PBHs for
which constraints could be imposed on their abundance through
this technique), similarly to the studies in Diego et al. (2018).

Although not discussed in this paper, it may be important to
consider the effect that undetected microlensing can have in the
derivation of parameters. This is particularly iportant for those
constraints that depend more on the last cycles, or the ringdown
phase of the strain (highest frequencies), such as the spin.

10. Discussion and conclusions

GWs that are magnified (by a macromodel) by large factors can
also be affected by the microlenses inside the macromodel. If the
macromodel magnification is large enough (i.e., when the satu-
ration regime mentioned in Sect. 2 is reached), microlensing is
not only possible, but unavoidable. These microlenses imprint
an interference pattern in the lensed GW, leaving a characteristic
signature that can be used to unequivocally classify the event as a
strongly lensed event. Hence, most if not all, GWs that are mag-
nified by extreme factors are expected to exhibit some distortion
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Fig. 21. Left panel: waveform match between the microlensed and
lensed waveform as a function of the total mass of the binary Mtot.
Right panel: strain amplitude as a function of frequency for the lensed
and unlensed waveform with Mtot = 20 M�. The red and orange
curves utilize the lens configurations and magnification factors shown
in Figs. 17 and 19, respectively, while the black line (right panel) shows
the unlensed waveform. The waveform corrections are at percent level.

in their strains as a consequence of the modulation of the mag-
nification and phase as a function of frequency.

Microlenses near a macromodel critical curve behave as
microlenses with a larger effective Einstein radius, and conse-
quently the geometric time delay increases accordingly. In addi-
tion, when two microlenses are close in the source plane, they
can work together acting as a single more massive microlens,
and produce a larger time delay between the microimages.

Time delays between two microimages of the GW of order
1 ms result in interference patterns of the GW that affect
the strain at LIGO/Virgo frequencies. We have shown how
microlenses with masses of order 100 M� in regions of the lens
plane where the macromodel magnification is of order a few
tens imprint very distinctive patterns in the magnification at
LIGO/Virgo frequencies. For macroimages of negative parity,
the role of microlenses becomes more important. In this case,
the likelihood of a source falling in a region of low magnifica-
tion is significantly higher than it is for high magnification when
macroimages have positive parity. Morever, the more likely low
magnification regions in the source plane imprint larger time
delays in the observer plane, making interference of macroim-
ages with negative parity, not only more likely, but also more
pronounced at LIGO/Virgo frequencies.

Another important consequence of large macromodel mag-
nifications is that the probability of microcaustic overlapping
grows with the macromodel magnification. Overlapping caustics
increase the number of microimages, and consequently the num-
ber of time delays. When the number of microimages is larger
than 2, complex patterns can emerge in the magnification fac-
tor as a function of frequency. Two relatively small microlenses
can also conspire together to produce a larger time delay if
microlenses are sufficiently close. We demonstrate the combined
effect of macromodel magnification and multiple microlenses
with microlenses having a few tens of M�, but also with realis-
tic distributions of stellar bodies and their remnants. In the later
case, we find that microlenses with masses less than a few M�
are less likely to produce significant distortions in the magnifica-
tion pattern at LIGO/Virgo frequencies, even if their microcaus-
tics are overlapping. However, overlapping microlenses with
masses of a few solar masses, and close to the critical curve
of the macromodel can result in time delays of order one mil-
lisecond, or larger, hence producing significant distortions in
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the magnification at LIGO/Virgo frequencies. For macroimages
with negative parity, even a modest mass of ≈2 M� can pro-
duce deviations at the 20% level in the highest frequency range
probed by LIGO/Virgo (≈500 Hz) which could have an impact
in the detectability of the signal, or at the parameter estima-
tion level. Macroimages with negative parity are more likely to
produce pronounced effects within LIGO/Virgo than macroim-
ages with positive parity. However, the larger probability of
de-magnification (relative to the magnification of the macro-
model), specially at frequencies above 100 Hz, may represent
a greater challenge to identify them in the noisy data. Con-
sequently, strongly lensed GWs with negative parity are more
likely to be missed than their counterimages with positive parity.

As already pointed out by earlier work, in the regime where
wave optics is important, the effect of microlenses over a GW
extend farther away from the caustic region. This increases the
probability (or effective optical depth) of detecting a microlens-
ing event through its distortion in the magnification. We have
shown how interference can take place even at low magnifica-
tions (which would pass unrecognized as a lensed event). An
appropriate optimal filter could perhaps unveil GW that present
such interferences in certain lensing configurations. Detecting
the interference signature in present data will be challenging
given the relatively high noise level, parameter degeneracies, and
Occam’s razor argument.

We have quantified this effect by estimating the percentage
of correction introduced to the waveform by these lensing inter-
ference patterns. Since most of the effect is produced at fre-
quencies above 100 Hz (for normal stellar mass microlenses), the
most intriguing range falls just slightly off the optimal frequency
range of the LIGO/Virgo detectors. However, when future detec-
tors such as the Einstein Telescope and Cosmic Explorer (see
Punturo et al. 2010; Abbott et al. 2017b; Dwyer et al. 2015;
Abernathy et al. 2011) become operational with much better sen-
sitivities, detecting these events will become significantly more
likely.

An interesting application of lensing of GWs is using
the time delay in the context of multimessenger astrophysics.
As suggested by Baker & Trodden (2017), these time delays
induced by gravitational lensing of gravitational waves in unison
with their electromagnetic counterpart could be used to constrain
the cosmological models (for instance by setting bounds on the
total neutrino mass). The time delay induced by microlenses can
be inferred from the modulation of the observed strain. This time
delay will normally be in the range of a millisecond to a few
milliseconds. Although Baker & Trodden (2017) considers neu-
trinos and GWs, EM counterparts can be used as well to derive
cosmological information (Wei & Wu 2017; Liao et al. 2017;
Yang et al. 2018; Li et al. 2018b). Fast Radio Bursts (FRBs)
would make ideal electromagnetic (EM) counterparts since their
duration is also comparable to the time delay (and time delays
of order a ms can be measured from them). However, the ori-
gin of FRBs is still unclear and probably not linked to BBH
mergers. The ideal EM pulse must be associated with the merger
event (in order for the pulse to follow the exact same path as
the GW) leaving the coalescence of binary neutron stars as the
optimal candidates. Future GW detectors, with sufficient sensi-
tivity to observe lensed binary neutron star mergers, such as the
Einstein telescope, may be able to study them. Also, in BNS
or BNBH mergers, the chirp mass is smaller, and consequently
the frequency larger. For these type or mergers, microlensing
events from stellar masses will be more relevant due to the
higher frequency of the GW. Observing a BNS through lensing
requires large magnification factors since the chirp mass (and

consequently the signal-to-nose ratio) for these type of events is
smaller, and the optical depth for events at redshift below ≈0.3 is
also very small. In order to compensate for the increased lumi-
nosity distance (required to increase the optical depth of lensing
and see a lensed BNS), the magnifcation factors need to be large
(hundreds or thousands). If BNS mergers are more common than
BBH mergers, strongly magnified BNS with magnifications fac-
tors of several hundreds could be soon observed, and microlens-
ing events affecting these GWs could be studied in more detail.

Although not discussed in this paper (and with little
prospects of being a viable type of observations in the near
future), our results are relevant also for radio astronomy in the
range of the kHz and operating from space. In this regime, radio
pulses like those emitted by pulsars or FRB (assuming they still
have sufficient power at these very low frequencies) could be
lensed by microlenses of stellar, or substellar masses, and result
in interference patters similar to those presented in this work.
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