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ABSTRACT

Context. Various simplified models have been investigated to understand the complex dynamical environment near irregular asteroids.
Aims. We propose a generalized dipole-segment model (GDSM) to describe the gravitational fields of elongated bodies. The proposed
model extends the dipole-segment model (DSM) by including variable pole masses and a connecting rod while also accounting for the
spheroidal shape of the poles instead of assuming point masses.

Methods. A nonlinear optimization method was employed to determine the model parameters, which minimizes the errors between
the equilibrium points predicted by the GDSM and those obtained using a more realistic approach, such as the polyhedron model,
which is assumed to provide the accurate values of the system. The model was applied to three real irregular bodies: the Kuiper belt
objects Arrokoth, Kleopatra, and comet 103P/Hartley.

Results. The results show that the GDSM represents the gravitational field more accurately than the DSM and significantly reduces
computational time and effort when compared with the polyhedron model. This reduction in computational complexity does not
come at the cost of efficiency. This makes the GDSM a valuable tool for practical applications. The model was further employed to
compute heteroclinic orbits that connect the unstable triangular equilibrium points of the system. These trajectories, obtained from the
intersections of the stable and unstable manifolds, represent natural pathways that enable transfers between equilibrium regions without
continuous propulsion. The results for Arrokoth, Kleopatra, and 103P/Hartley are consistent and validate the GDSM as an accurate and
computationally efficient framework for studying the dynamical environment and transfer mechanisms around irregular small bodies.

Key words. methods: numerical — space vehicles — celestial mechanics — comets: general — minor planets, asteroids: general

1. Introduction

Over the past few decades, space agencies have increasingly
directed their efforts toward exploring the small bodies that
populate our Solar System by dispatching spacecraft to study
asteroids and comets, with further missions planned for the
future. The shapes of asteroids and comets are often irregular.
This poses challenges in gravitational modeling. When space
missions are designed to explore these celestial bodies, a critical
question is how the gravitational field of these small irregu-
larly shaped objects can be represented accurately (Elipe &
Lara 2003; Bartczak & Breiter 2003). To address this challenge,
numerous mathematical models have been proposed that each
offer potential solutions to better understand and characterize the
gravitational effect of these bodies.

Spherical harmonic expansion is commonly employed to
model planetary bodies because these objects typically exhibit
a nearly spherical shape (Elipe & Lara 2003). This method
becomes less effective when it is applied to objects with irregular
geometries, however, because the harmonic expansion might no

* Corresponding authors: allan. junior@ua.pt;
alessandra. ferraz@unesp.br; leonardo. torres@upe.br

longer be suitable and convergence issues might arise (Riaguas
et al. 1999; Jiang & Baoyin 2018; Lan et al. 2017). Traditionally,
the gravitational fields of irregular or non-homogeneous mass
distributions are modeled using spherical harmonic expansions.
However, these series often suffer from high computational costs
and poor convergence. These limitations have created a signif-
icant bottleneck in current modeling techniques, necessitating
the exploration of alternative solutions to the Laplace equa-
tion, through the development of closed-form expressions for the
potential function (Broucke 1999).

A widely used alternative for representing the gravitational
field of irregularly shaped bodies is the polyhedron method
(Werner 1994; Werner & Scheeres 1996; Werner 1997; Scheeres
et al. 2000; Tsoulis & Petrovi 2001; Tsoulis 2012). This model is
regarded as highly accurate and does not present convergence
challenges (Scheeres et al. 2000). The polyhedron model has
been extensively used in real mission projects to study space-
craft dynamics near asteroids because it is precise. A significant
drawback of the polyhedron model is the need for thousands
of parameters (vertices and facets) to maintain its high level of
accuracy, however. This in turn results in substantial computa-
tional demands and extended simulation times. Additionally, the
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analysis of the general dynamics of spacecraft with respect to
the model parameters becomes increasingly complex because the
parameters are interrelated and exert a combined effect on the
effective gravitational field of irregular bodies.

In light of these limitations, simplified models provide an
appealing alternative for studying particle dynamics around
complex bodies. They offer a more computationally efficient
approach than more elaborate models such as the polyhedron
model (Werner 1994) or the mascon model (Geissler et al. 1996;
Werner & Scheeres 1996; Amarante et al. 2021). By reducing
computational complexity while maintaining reasonable accu-
racy, simplified models are valuable tools for investigating the
gravitational environment around irregularly shaped celestial
bodies. Simplified models provide an effective approach for
approximating the gravitational potential of irregular celestial
bodies. These models are particularly useful in celestial mechan-
ics because they help us to overcome significant challenges
related to calculating gravitational fields for bodies with nonuni-
form mass distributions or irregular shapes, such as decreasing
time-step numerical integration costs and/or simplifying analyt-
ical analyses. Simplified models can often provide a straightfor-
ward analytical expression for calculating the gravitational field
of irregular bodies (Yang et al. 2018). An additional advantage of
using these models is the ease with which the effects of specific
parameters on the dynamics around asteroids can be analyzed.
This includes, for example, the stability of equilibrium points
(Zeng et al. 2015; Barbosa Torres dos Santos et al. 2017), the
distribution of stable periodic orbits (Lan et al. 2017), and the
identification of possible hovering regions (Yang et al. 2015;
Zeng et al. 2016c). Moreover, simplified models are beneficial
in orbit design (Wang et al. 2017; Barbosa Torres dos Santos
et al. 2017) and feedback control strategies (Yang et al. 2017).
While specific trajectories can be more accurately analyzed with
refined models during the final stages of a mission, a general
understanding of the gravitational field through a limited set of
parameters proves to be invaluable in the early phases of mission
planning.

Several simplified models have been introduced to repre-
sent irregular asteroids, as discussed by Riaguas et al. (1999,
2001); Bartczak & Breiter (2003); Elipe & Lara (2003), where
the dynamics of a particle under the gravitational effect of an
asteroid, modeled as a straight segment, were explored. Other
studies investigated the motion of a particle around small celes-
tial bodies using simplified models through a simple planar plate
(Blesa 2006), a homogeneous cube (Liu et al. 2011b), a triaxial
ellipsoid (Gabern et al. 2006), a rotating homogeneous cube (Liu
et al. 2011a), double and finite straight segments Jain & Sinha
(2014), and a rotating-mass dipole (Kirpichnikov & Kokoriev
1988; Kokoriev & Kirpichnikov 1988). A method for adapting
the rotating-mass dipole model to a real asteroid was proposed
for the first time by Zeng et al. (2015). This model was sub-
sequently refined by considering the oblateness of the primary
bodies (Zeng et al. 2016a,b, 2017) and incorporating the dipole-
segment model (Zeng et al. 2018). From then on, studies for the
dipole-segment model were presented by Elipe et al. (2021a);
Abad et al. (2024) with the aim of analyzing the dynamics
around irregular asteroids. In the context of elongated asteroid
binary systems, Barbosa Torres dos Santos et al. (2017) applied
the restricted synchronous three-body problem model.

Inspired by Zeng et al. (2015), Lan et al. (2017) intro-
duced the rotating-mass tripole model with symmetrical rota-
tion. The authors proposed that small convex bodies are effec-
tively modeled using the mass-tripole model. They demonstrated
that by using five parameters (determined with the aid of the
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polyhedron model), the geometric configuration can be defined,
the physical characteristics of a real asteroid can be derived,
and its gravitational field can be computed. To extend the work
of Lan et al. (2017), Barbosa Torres dos Santos et al. (2020)
conducted a semi-analytical investigation into the qualitative
dynamics around an asteroid with a convex shape and employed
the rotating-tripole model. Santos et al. (2021) proposed a sim-
plified model that considered the spatial distribution of the irreg-
ular body instead of a distribution in the xy-plane to describe the
gravitational fields of elongated asteroids. This model provided
results with a better accuracy than existing axisymmetric models
and the mass-point model at low computational cost. Also for
a tripolar system, Boaventura et al. (2023) analyzed the dynam-
ics around a simplified tripolar-system model with a segment,
based on the study of symmetric periodic orbits, applied to aster-
oid Holiday. These studies and others demonstrated the value of
using simplified models to identify the key parameters that affect
the motion of particles in specific asteroid systems.

Numerous models have been proposed to study the grav-
itational environment around irregular asteroids, with a focus
on simplifying the complex dynamics while maintaining a rea-
sonable degree of accuracy. Among these, the dipole-segment
model is a commonly used approach for approximating the grav-
itational field of elongated bodies (e.g., Zhang et al. 2018; Zeng
et al. 2018; Elipe et al. 2021b).

To address the challenges associated with the gravitational
modeling of elongated irregular bodies, we propose the gener-
alized dipole-segment model (GDSM). This model significantly
extends the traditional dipole-segment approach by incorporat-
ing five key parameters: the force ratio (k), the pole masses (u),
the connecting rod mass (i), and the flattening coefficients of
the poles (A; and A;). To identify these parameters for our pro-
posed model, we employed nonlinear optimization techniques,
which are detailed below. The advantages of the model are
outlined below.

By advancing beyond traditional dipole-segment models,
which simplify the poles as point masses, the proposed approach
introduces distinct pole masses and a massive connecting rod and
considers the spheroidal shape of the poles. These refinements
represent a meaningful step toward a more realistic representa-
tion of the gravitational field of elongated bodies.

This paper is structured as follows. Section 2 presents the
normalized equation of motion for a particle in the vicinity
of elongated asteroids, which are modeled using the Gener-
alized Dipole-Segment model. Section 3 outlines the method
we employed to determine the parameters of the simplified
model through a nonlinear optimization approach. In Sect. 4,
the proposed method and model are applied to two irregular
asteroids, Arrokoth and Kleopatra, and to comet 103P/Hartley.
Section 5 compares the Generalized Dipole-Segment model with
the Dipole-Segment model by evaluating them against the poly-
hedron model. This comparison highlights the advantages of the
newly proposed model. Section 6 presents the numerical simula-
tions, in which the equilibrium points computed from the GDSM
are used as reference to construct the heteroclinic orbits around
asteroids Arrokoth, Kleopatra, and 103P/Hartley. Finally, Sect. 7
summarizes our conclusions.

2. Dynamical equations of the generalized dipole
segment

We considered an inertial reference frame denoted as Oxyz. The
body was composed of two masses with a spheroid format m;
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Fig. 1. Geometric configuration of the rotating coordinate system for
the generalized dipole-segment model, where m; and m;, represent the
masses at the poles, and mj3 corresponds to the mass of the central
segment.

and m,, connected by a segment with a mass m3 and length /,
with a constant linear mass density p. The total mass of the sys-
tem is M = my + mp + m3. The masses m; and m, are assumed
to be oblate bodies, meaning that they exhibit a flattened shape.
Depending on the value of the oblateness coefficient (A), these
bodies can either be oblate (flattened at the poles when the coef-
ficient is positive) or prolate (elongated at the poles when the
coefficient is negative). The parameter A; represents the oblate-
ness coefficient of the body with a mass m;, and A, denotes the
oblateness coefficient of the body with a mass m;.

This body rotates uniformly in the xy-plane with a constant
angular velocity w around its center of mass, denoted by O. We
refer to this configuration as the Generalized Dipole-Segment
(GDS).

The GDS system rotates, and we therefore introduced a syn-
odic reference frame Oxyz such that the axes OZ and Oz were
aligned and the body continuously rotated about the Ox-axis.

We introduced two mass ratios,

my ns

M= Ms = - (D

m1+m2’ m1+m2+m3’

which assumed values within the intervals u € [0, 1] and y; €
[0, 1], respectively.

Let (-4, 0, 0) and (L», 0, 0), where [ = [;+I, = 1 in canonical
units (c.u.) represent the positions of the masses m; and m;, in
the Oxyz reference frame, respectively. /; and [, are defined as
presented in Egs. (2) and (3),

hZMU—ﬂQ+%w )

b=u—maﬂm+%. 3)

When the mass ratio y; is precisely zero, the system simplifies
to two basic scenarios: either a single-point mass, or a conven-
tional dipole configuration. Conversely, when i, equals one, the
model corresponds to the standard segment configuration. In the
canonical unit system, the masses of bodies m,, m;, and ms are
my = (1 - )1 - py), my = u(l - ), and m3 = u;, respectively.

We considered the Generalized Dipole-Segment model to
rotate with a constant angular velocity. The vector equations gov-
erning the motion of a test particle affected by the gravitational
field of the Generalized Dipole-Segment model are expressed in
Eq. (4),

f+20wxiE=-VV, )

in the body-fixed frame Oxyz, as depicted in Fig. 1. The effective
potential V is defined in Eq. (5),

1
V== + +w2k[
2( y) r 2r‘11

a—nXme(l+Adﬁ—3fn

I%

- Ay (13 -322
+,u(l ;13)(14r 2(1’2 Z)]+ﬂslog( l+r+n )], )
2

r 24 —1+r1+r2

where r| and r, are given by

ri= A+ L) +y?+ 22, 6)
Py = AJ(x = bR 4y + 2 )

A; (i =1, 2) represent the oblateness coefficients of the primary
bodies, which are defined in Eq. (8),

Rl

A
52

®

where the parameter p denotes the radius of the primary
spheroids. The subscript e corresponds to the equatorial radius
of the primary body, and the subscript p refers to its polar radius
(Santos et al. 2017; Abozaid et al. 2024). The dimensionless
scalar parameter k is known as the force ratio, which represents
the proportion between gravitational acceleration and centrifugal
acceleration, given by Eq. (9) (Santos et al. 2021),

GM

k= Q23°

©))
where Q and [ are the angular velocity and length of the aster-
oid, respectively, in the international system of units. The system
in Eq. (9) for k = 1 corresponds to the restricted three-body
problem. When k < 1, the segment rotates rapidly, whereas
k > 1 indicates a slower rotation. As noted by Prieto-Llanos &
Gomez-Tierno (1994), cohesive forces are required in cases of
rapid rotation to prevent the body from disintegrating as a result
of inertial forces that are not counterbalanced by self-gravitation.
This suggests that scenarios with £ << 1 are not particularly
realistic (Abad et al. 2024).

The gradients of the effective potential in three-dimensional
space (x, y, z) are given by Egs. (10), (11), and (12),

i—2wi =V, (10)
j+2wi=V,, (11)
=V, (12)

where V,, V,, and V, denote the partial derivatives of the
effective potential V with respect to x, y, and z, respectively.

Equation (13) possesses the well-known Jacobi integral,
v =2V -C, (13)
which establishes the permissible region for possible motions.
Equation (13) indicates that for a given value of C, the velocity v
depends on the position of the body within the plane of motion
(Barbosa Torres dos Santos et al. 2017). The integration con-
stant C is determined by the initial position and velocity of the
particle, as stated by McCuskey (1963). Furthermore, Eq. (13)
establishes a connection between the squared velocity and the
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coordinates of the body with negligible mass in the rotating ref-
erence frame, as mentioned by Moulton (1970). Consequently,
when the integration constant C is numerically obtained from
the initial conditions, Eq. (13) allows us to compute the veloc-
ity of the body at any point in space. Conversely, for a given
velocity, Eq. (13) defines the geometric regions of permissi-
ble positions for the body. Notably, when the velocity is set to
zero in Eq. (13), the resulting region corresponds to locations
in which the velocity of the particle is also zero, as discussed by
Szebehely (1967). Mathematically, this boundary is described by
the equation 2V — C = 0, as presented by McCuskey (1963).

3. Determining the parameters for the generalized
dipole-segment model

The Generalized Dipole-Segment model was presented in the
previous section. This model has unknown parameters that need
to be determined to provide a complete set of equations for the
system. In the simplified model we considered, the total mass and
angular velocity of the asteroids are equivalent to the actual val-
ues of these asteroids. The Generalized Dipole-Segment model
therefore has five unknown parameters, which are the mass ratio
(u), the mass of the segment (u;), the spheroidal shape of the
poles (A; and A;), and the force ratio (k).

The unknown parameters were obtained using the locations
of the external equilibrium points calculated through the polyhe-
dral approach, following a method similar to that used by Zeng
et al. (2015, 2016¢); Yang et al. (2018). The primary objective
was to identify the parameters that produce equilibrium points
as close as possible to those derived from the polyhedron model.
This approach is suitable for asteroids with external equilibrium
points. Certain asteroids lack external equilibrium points, how-
ever, such as asteroid 1998 KY26. In these cases, an alternative
method that minimizes the errors of the effective potential or its
gradient can be applied, as suggested by Zeng et al. (2018). The
coordinates of the equilibrium points [Xg, §g, 2] were calculated
as indicated in Eq. (14),

V(e JE,28) = V,(RE, §E,28) = V.(RE, JE. 2E) = 0. (14)

The objective was to identify the parameters of the Gener-
alized Dipole-Segment model that minimize the discrepancies
between the external equilibrium points of the simplified model
and those of the polyhedron model. The procedure we used to
determine the parameters for the Generalized Dipole-Segment
model is outlined below.

The optimization variables for this model were X =
[, ps, Ay, Az, k]. Before we performed the optimization, con-
straints were set for each variable using the lower bounds [,,,;,,,
Hsmin> Almin’ AZmin’ kinin] and the upper bounds [:umax’ HMsmax>
Alpaxs A2mins kmax] for these parameters. For the nonlinear
optimization problem, the performance index is defined as

J(ﬂ,,us» k’Al’AZ) =

N G d — 0 + God —yp P + Cod 2. (15)
i=1

where [X¢,, Jg,,2c,] denotes the positions of the equilibrium
points obtained from the simplified models (Generalized Dipole-
Segment), expressed in canonical units. It is important to note
that / can be calculated using Eq. (9). [xp,, yp,, zp,] represent the
coordinates of the equilibrium points (measured in meters) as
determined by the polyhedron model. The index i corresponds
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to the ith equilibrium point, and n denotes the total number of
external equilibrium points.

The equality constraints (c,;, = 0) for the Generalized
Dipole-Segment model are presented in Eqs. (16) and (17),

Ceq = [m1 +my +m3 — 1], (16)

Cog =i+ —1]. a7

Mathematically, the performance index can be expressed as
a constrained minimization, as illustrated in Eq. (18),
min J(u, s, k, Ay, Az) such that ¢4 = 0, (18)
where J(u,uy, k,Aj,Ay) is a function that produces a scalar
output, and ¢, represents functions that yield vector outputs.
Nonlinear optimization routines implemented in Matlab were
used to obtain the optimal solutions that minimize J (Santos et al.
2022). The optimization problem was formulated and solved
using a nonlinear programming approach (NLP).

4. Applications to realistic elongated asteroids

In this section, we apply the Generalized Dipole-Segment
(GDS) model to two realistic elongated asteroids, KBO 486958
Arrokoth and Kleopatra, and to comet 103P/Hartley (commonly
known as Hartley 2). Using an optimization method, we deter-
mine the parameters of the GDS for each body. The main dis-
tinction between the dipole-segment (DS) and the Generalized
Dipole-Segment (GDS) models lies in the flattening coefficients
Aj and A,. When A; = A, = 0, the model reduces to the clas-
sical dipole-segment formulation. Conversely, when A; and A,
are nonzero, the Generalized Dipole-Segment model is obtained,
which allows us to represent more elongated and asymmetric
mass distributions. We demonstrate the improved performance
of the Generalized Dipole-Segment model compared to the
dipole-segment model below.

4.1. Parameters of the elongated asteroids

The physical and orbital characteristics of asteroids KBO
Arrokoth and Kleopatra and of comet 103P/Hartley were
obtained from relevant literature sources and are summarized
in Table 1. We also employed the polyhedron model to accu-
rately characterize the gravitational fields of these bodies (for
further details of this method, we refer to Werner 1994; Werner
& Scheeres 1996; Tsoulis & Petrovi 2001; Tsoulis 2012).

4.2. Equilibrium points

We employed the polyhedron model as described by Werner
(1994); Werner & Scheeres (1996); Tsoulis & Petrovi (2001);
Tsoulis (2012). Using this approach, we determined the positions
of the equilibrium points numerically by solving the condition

VvV =0. (19)
Using the gravitational potential from polyhedron model
(Eq. (22)) together with the MINOR-EQUILIBRIA package'
(Amarante & Winter 2020; Amarante 2020a), we computed

the equilibrium points by solving the force balance defined by
Eq. (19).

I https://github.com/a-amarante/minor-equilibria-nr
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Table 1. Physical and polyhedral parameters of Arrokoth, Kleopatra, and 103P/Hartley.

Asteroid Bulk density  Rotational period Mass Vertices & Facets
(gem™) (hours) (kg)
Arrokoth 0.235 15.938 1.58 x 10> 53755 & 107 506
Kleopatra 4.9 5.385 4.68 x 108 1148 & 2292
103P/Hartley 0.3 18.0 243 x 10" 16022 & 32040
Table 2. Positions of equilibrium points for Arrokoth, Kleopatra, and 103P/Hartley.
Asteroid Model E; (km) E; (km) E5 (km) E4 (km)
Polyhedron (19.52, 0.180, -0.061)  (-2.677, 14.13,0.036)  (-21.29, -0.068, -0.113) (-2.756, —14.05, —0.001)
Arrokoth GDSM (19.5332, 0, 0) (-2.75476, 14.0577,0)  (-21.3064, 0, 0) (-2.75476, —14.057, 0)
DSM (19.51, 0, 0) (-1.5152, 13.8118, 0)  (-21.3029, 0, 0) (-1.5152,-13.8118, 0)
Polyhedron (175.3, 0.593, 0.617) (-0.211, 129.0, 0.238)  (-175.4,0.898, -0.686)  (-0.034, -129.0, 0.184)
Kleopatra GDSM (175.341, 0, 0) (-0.1116, 129.041,0)  (-175.419, 0, 0) (-0.1116, —129.041, 0)
DSM (175.313, 0, 0) (-0.10585, 129.042, 0) (-175.455, 0, 0) (-0.105857, —129.042, 0)
Polyhedron (1.511, -0.005, -0.004) (0.141, 1.074, -0.003)  (-1.409, -0.037, 0.011)  (0.137,-1.073, —0.003)
103P/Hartley GDSM (1.5113, 0, 0) (0.1389, 1.0741, 0) (-1.4096, 0, 0) (0.1389, —1.0741, 0)
DSM (1.51094, 0, 0) (0.1381, 1.0721, 0) (-1.3781, 0, 0) (0.1381, -1.0721, 0)

The results are presented in Table 2. We emphasize that
only the external equilibrium points were considered because the
internal points have no physical significance.

To perform the simulations, it was essential to establish the
boundary constraints for each asteroid we studied using the gen-
eralized dipole-segment model. These constraints are defined
below.

1. Generalized dipole-segment model

For each asteroid, [tmin, Umax] Were set to [0.001, 0.999] kg,

[£es, min> Ms, max] were set to [0.001, 0.999], [kuin, kmnax] Were

set to [0.1, 91, [kmin, kmax] Were set to [0, 91, [A1min, Almax]

were set to [—4, 4], and [A2, jin, A2, max] Were set to [4, 4].

2. Dipole-segment model

For each asteroid, [, tmax] Were set to [0.001, 0.999] kg,

[£es, mins Ms, max] were set to [0.001, 0.999], [kuin, kmax] Were

set to [0.1, 9], [kmin, kmax] were set to [0, 91, [A1 min> Almax]

were set to [0, 0], and [A2, min, A2, max] Were set to [0, O].
The boundary constraints for the geometric parameters u and g
were determined based on the classical canonical unit system
definition, where the mass ratios cannot exceed unity because
their sum must satisfy the condition y + u; = 1.

The parameter k was initially defined within the range
[0.1,9]. When the optimal solution obtained from the simula-
tions approached the upper limit of this range, the interval was
adjusted to [5, 15], and the optimization was performed again.
This process was repeated iteratively until the optimal value of k
was well centered within the defined range.

A similar approach was applied to the flattening coefficients
A; and A, which were initially constrained within the interval
[—4,4]. When the optimization results indicated values close to
the boundaries, the range was adjusted accordingly. This adap-
tive procedure ensured that the final parameter values remained
well within the specified limits.

The initial guesses for the GDSM and DSM models were
chosen as described below.

1. GDSM
For Arrokoth, we used [u, us, k, A1, A2] =[0.1, 0.8, 5, 0.1,

0.1], for Kleopatra, we used [u, us, k, A1, A2] =[0.3, 0.3, 5,

0.1, 0.1], and for 103P/Hartley, we used [y, s, k, A, Az] =

[0.6, 0.54, 0.5, 0.1, 0.1].

2. DSM

For Arrokoth, we used [u, us, k, A1, A2] =10.8,0.54, 8, 0, 0],

for Kleopatra, we used [y, u;, k, A1, A2] =10.3,0.3, 5, 0, 0],

and for 103P/Hartley, we used [, uy, k, A1, A2] =[0.6, 0.54,

0.5, 0, 0].

The optimal values of the parameters u, ug, k, Ay, and Aj,
determined using the optimization method described above, are
presented in Tables 3 and 4. These tables also display the per-
formance indices Jmax and Jin. The performance indices were
computed after we determined the optimal parameters, denoted
J. Specifically, the indices Jy,x and Ji, represent the maximum
and minimum relative errors for a single equilibrium point and
were defined as follows.

Jmax refers to the maximum relative error between the equi-
librium points calculated using the simplified model and the
actual equilibrium points located within the high-fidelity model
(the polyhedron model). For four equilibrium points, the error in
the location of each equilibrium point was computed for the four
external equilibrium points. The largest of these relative errors
was designated Jp.x, and the smallest was identified as Jyy-
The parameter Jyax and Jyi, depends on the optimization vari-
ables (u, us, k, A1, Az), and it was defined as shown in Egs. (20)
and (21),

L
x 100%,

Jmax = max( VG d* = xp)? + (fg,d* = yp)* + Ged* - ZPi)z]
max —

i=1,2,3,4, (20)

Jmin = min( VG d* = xp ) + (fg,d* = yp)* + Ggd” - ZP,-)z)

L
x 100%,

i=1,2,3,4. (2l)
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Table 3. Optimization results for the GDSM.
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Asteroid u s k Ay Ay J Jmax Jimin
(c.u) (cu.) (cu) (c.u.) (km) % %
Arrokoth 0.9587 0.5712 0.2754 -0.022627 0.0300 0.4414 0.7705 0.0148
Kleopatra 0.5008 0.4603 1.0420 0.0444 0.0445 2.4495 0.4741 0.0844
103P/Hartley 0.3513  0.1944  0.8747 0.0379 0.0364 0.0539 3.0792 0.2970
Table 4. Optimization results for the DSM.
Asteroid u s k A A J Jnax Jonin
(c.u) (c.u.) (cu) (cu) (km) % Y%
Arrokoth 0.7324  0.5230 0.3491 0 0 21811  7.9551 0.0296
Kleopatra 0.5065 0.7723 0.3694 0 0 2.4507 0.4274 0.0993
103P/Hartley  0.1551 0.5424  0.5000 0 0 0.0662 3.2995 0.3336

The results show that the values of J are consistently lower
when the GDSM is used, which indicates a more accurate rep-
resentation of the system. For highly elongated bodies with
relatively uniform extremities, that is, without significant vari-
ations in shape at their poles, the minimized J values yielded
comparable results for both models, however. This is particu-
larly evident for asteroid Kleopatra, where the mass parameter
U5 is comparable to the mass at the extremities.

On the other hand, when the body had a noticeable bulge
at one of its extremities and deviated from a nearly uniform
elongated shape, the GDSM proved to be significantly more
effective than the DSM. In these cases, the values of the flatten-
ing coefficients A; and A, are substantial, which reinforces the
insight that the Generalized Dynamical Shape Model captures
the asymmetry of the system better.

The accuracy of the GDSM becomes even more evident
for the mass distribution within the system. When the body
presents a pronounced protrusion at its poles, most of the mass
is concentrated at these extremities, which are typically asym-
metric and not perfectly spherical. This structural characteristic
enhances the performance of the GDSM because it captures the
gravitational effects arising from these irregularities better.

Conversely, for bodies with a more uniform shape, where the
poles do not exhibit significant protrusions, the mass distribu-
tion along the central structure and at the extremities tends to
be on the same order of magnitude. In other words, the mass
of the elongated central region is comparable to the mass that
is concentrated at the poles. As a result, the system behaves in
a nearly homogeneous manner, which leads to comparable opti-
mized values of J for both models, with J remaining below unity.
The DSM then also provides satisfactory results, although the
GDSM still proves to be the more precise approach.

A clear example is the case of KBO Arrokoth and comet
103P/Hartley, where the mass parameter u; is small, which leads
to a mass distribution that is concentrated at the poles. Because
these poles are not spherical, the GDSM significantly outper-
forms the DSM in accurately modeling the gravitational field of
the system.

5. Comparison between the simplified and the
polyhedron models

The polyhedron approach represents an irregularly shaped body
with a uniform density (p) as a collection of tetrahedra bounded
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by triangular facets. Based on this geometric description, the
gravitational potential and the gradient of gravitational potential
can be expressed as (Tsoulis & Petrovi 2001: Tsoulis & Petrovi
2001)

G n m
U(xi, X2, x3) = _7p Z Uphp[z T pghpgLn,,

p=1 gq=1

m (22)
iy Y e, + sm(gA,,)],
g=1
oU X0, n m
—M =-Gp Z cos(N,, e,-)[z a'pthqLNM
Xi p=1 g=1
m (23)
+hy ) Tpghn,, + sin(gAp)],
g=1
(i=1,2,3).
Auxiliary functions are given by
Spg + 1
Ly, = m(u), (24)
Sipg + lipg
h,s h,s
Ay, = arctan (p—zw) — arctan (p—lpq), (25)
hpq 2pq hpglipg

where the parameters of Egs. (22)—(25) were defined by Tsoulis
& Petrovi (2001) in Sect. 5.

The results indicate that the equilibrium points computed
using the GDSM agree better with those derived from the
polyhedron model than the points obtained with the DSM, as
shown in Table 2. This constitutes the first evidence that sup-
ports that the GDSM approximates the reference model better.
Next, we analyzed the classifications of the equilibrium points
for the three asteroids we studied. Our analysis is consistent
with the analysis conducted using the polyhedron model. We
then compared the relative errors between the gradients of the
pseudo-potential computed with the GDSM and those obtained
from the polyhedron model in order to assess the validity of
the simplified formulation. Because the gradient of the pseudo-
potential is a vector quantity, with components associated with
the partial derivatives in x, y, and z, the comparison was per-
formed using the magnitude of this vector at each sampled
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Fig. 2. Relative error of the gradient of the pseudo-potential for KBO
Arrokoth.

spatial location. The relative error was then calculated as shown
in Eq. (26),

VyGDSM _ vaoly
&g = [; (26)

] x 100%,
VVPO]y

where VVEPSM angd VVip(’ly denote the gradients of the pseudo-
potential evaluated at the same spatial position in the rotating
reference frame using the GDSM and the polyhedron model,
respectively. The mean and maximum values of &; over all sam-
pled points were then analyzed to assess the accuracy of the sim-
plified model. The gradient of the gravitational potential from
the polyhedron model was computed with the package MINOR-
GRAVITY ? (Amarante & Winter 2020; Amarante 2020b) using
Eqgs. (23)-(25).

Figures 2—4 show the relative errors of the gradients of the
pseudo-potential between the simplified models and the polyhe-
dron model for asteroid KBO Arrokoth, asteroid Kleopatra, and
comet 103P/Hartley, respectively. The plots display the relative
error obtained when modeling the body as a point mass (red),
with the DSM (blue), and with the GDSM (green).

As illustrated in Fig. 2, when the spacecraft approaches KBO
Arrokoth, particularly at distances shorter than 20 km from
its center, the point-mass approximation becomes inadequate
because it produces significant relative errors in the computed
gradient of the pseudo-potential. When the body is represented
by either the DSM or the GDSM formulation, however, the
resulting gradient of the pseudo-potential is strong consistent
with the reference model. In regions far from the surface of the
asteroid, the relative error obtained using the point-mass model,
the DSM and the GDSM becomes comparable, indicating that
the irregular shape of the body has little effect at large distances.
In regions close to the surface of KBO Arrokoth, the relative
error in the gradient of the pseudo-potential computed using
the GDSM remains at about 7%. In contrast, the DSM presents
errors of almost 15% under the same conditions. This significant
difference highlights the superiority of the GDSM in accurately
representing the dynamical environment near the asteroid. Con-
sequently, for spacecraft dynamics analyses in the vicinity of
KBO Arrokoth, the GDSM provides a more realistic and reliable
approximation.

2 https://github.com/a-amarante/minor-gravity
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Fig. 3. Relative error of the gradient of the pseudo-potential for comet
103P/Hartley.
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Fig. 4. Relative error of the gradient of the pseudo-potential for asteroid
Kleopatra.

Figure 3 illustrates the relative error in the magnitude of the
gradient of the pseudo-potential for three different gravitational
representations of comet Harltey2 when compared to the poly-
hedron model. The point-mass approximation (red) differs most,
particularly near the surface, where its simplified structure fails
to capture the highly irregular mass distribution of the body.
The dipole-segment model (DSM), shown in blue, reduces these
errors, but still deviates noticeably between 0 and 2 km from the
comet surface. In contrast, the errors of the generalized dipole-
segment model (GDSM), shown in green, remain nearly zero at
distances greater than 0.5 km from the surface. The GDSM curve
remains tightly concentrated around the reference line and agrees
excellently with the polyhedron model. This behavior highlights
the improved capacity of the GDSM to reproduce the true gravi-
tational environment of elongated bodies while retaining the low
computational cost of simplified models.

For the case of asteroid Kleopatra (Fig. 4), a similar trend
is observed. At large distances from the surface, all three for-
mulations, the mass-point, the DSM, and the GDSM, provide
comparable results, with relative errors that rapidly diminish
with increasing distance. As the evaluation points approach the
surface of the elongated body, however, the differences between
the models become more pronounced. In this regime, the GDSM
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Table 5. Stability of the triangular equilibrium points for Arrokoth,
103P/Hartley, and Kleopatra.

Table 6. Initial conditions (x, C) of the heteroclinic orbits of Arrokot,
Kleopatra, and 103P/Hartley.

Body Point Eigenvalues Stability Arrokoth Kleopatra 103P/Hartley
Arrokoth E, +0.659974 +0932612i Unstable U, (-0.81449,2.0622) (~0.75641,2.8831) (—0.62442,2.5735)
E,  +0.659974 +0.932612i Unstable U, (1.68709,2.0622)  (1.9274,2.8831)  (1.79235,2.5735)
Kleopatra E, +0.652388 +0.933019; Unstable g (51661153)793)8’2260662222) (‘01&952469568’2%888331“ %gfgﬁ;gzg?
E, +0.652388 +0.933019; Unstable p (0.61573,20622)  (0.75496,2.8831)  (0.82165,2.5735)
103P/Hartley  E,  +0.619332 +0.917642i Unstable
E, +0.619332 +0.917642i Unstable

formulation is a clear improvement over the mass-point and the
DSM representations because it maintains significantly lower
errors and is markedly superior in capturing the local gravita-
tional environment near the surface.

The results demonstrate that the DSM already performs well
near the surfaces of irregular bodies overall. It is a clear improve-
ment over the point-mass model, whose errors become large
under strong geometric asymmetries. The GDSM consistently
achieves a noticeably higher level of accuracy, however, particu-
larly in the regions in which the gravitational field varies sharply
due to complex shape features. The GDSM preserves low errors
across a wider range of distances and represents surface-driven
irregularities with significantly better fidelity.

6. Heteroclinic orbits

Heteroclinic orbits are trajectories in phase space that connect
two different equilibrium points of a dynamical system. In the
case of the Restricted Three-Body Problem (RTBP; Gomez et al.
1988), the dipole-segment model (Elipe et al. 2021a; Abad et al.
2024), and similarly for the GDSM, heteroclinic orbits connect
the triangular equilibrium points E, and E4 when these points
are unstable.

The heteroclinic orbits represent a natural path allowed by
the system dynamics in conservative problems to change from
one configuration to the next without the need for continuous
propulsion. They are important for planning low-fuel missions
because they exploit only the natural dynamics of the system.

In the GDSM, the dynamical system is described by the
equations of motion, Egs. (10), (11), and (12), and the equilib-
rium points are determined according to Eq. (14) and Table 2.
We therefore observe that the triangular points are unstable, as
indicated in Table 5.

If p is an equilibrium point of a vector field X defined on
a certain manifold M, knowing that the stable manifolds (W*)
are the set of states that eventually approach the point and the
unstable manifolds (W") are the set of states that came from the
point before, then we have

Wip) = {xe M| lim gt = p} @7)
Wi(p) = {xe M| Tim g(t,%) = p}, (28)

where ¢; is the flux of the dynamical system. Now, we have the
mathematical conditions for the heteroclinic orbit, in the GDSM,
for p=E; and p = Ey,

WH(Ey) N WH(Ey) or WH(Ep) N WH(Ey),
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Fig. 5. Stable manifold (W*(E,)) at the first crossing for Arrokoth.

that is, a heteroclinic orbit is characterized by the intersection of
the two manifolds, and any intersection point corresponds to an
initial condition that generates a trajectory.

According to Gémez et al. (1988), the intersections between
the manifolds on the x-axis, which provide the initial condition
of the orbit, can be obtained in the (x, X) plane because y = 0
and y(x, C), with C being the Jacobi constant at the triangular
equilibrium point. The graphs define the manifolds at the first
crossing with the x-axis.

Next, we present the (x, x) plane for each body we studied
for stable and unstable manifolds (see the vertical dashed red
lines that limit the size of the body), following by the respective
heteroclinic orbits. Table 6 presents the initial conditions (x, C)
of each orbit for each body.

Fig. 5 shows for the stable manifold and Fig. 6 for the unsta-
ble manifold that they have two initial conditions of heteroclinic
orbits for Arrokoth at X = O because the region between the
vertical dashed red lines lies within the body. The conditions
allocated there are physically impossible.

Four heteroclinic orbits were found: U, and U, are the unsta-
ble manifolds that leave E, and arrive at E4, and S, and S, are
their respective stable manifolds, which leave E; and arrive at
E,, as shown in Fig. 7.

In the sequence, we searched the results for asteroid Kleopa-
tra. The stable and unstable manifolds are presented in Figs. 8
and 9.

Figure 10 shows the four heteroclinic orbits that were found.
The result is consistent with Abad et al. (2024) for the dipole-
segment model (DSM). The variation in the shape of the extreme
poles of the body from circular (DSM) to ellipsoidal (GDSM)
caused small variations in the initial conditions of the orbits 6
and their magnitudes.
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Fig. 6. Unstable manifold (W*(E,)) at the first crossing for Arrokoth.
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Fig. 10. Four heteroclinic orbits of Kleopatra: U,, U,, S ,, ands p,.

According to Abad et al. (2024), the Kleopatra heteroclinic
orbits combined in stable-unstable pairs form symmetric peri-
odic orbits of the families (see Abad et al. (2024) for the shape
of the families),

S,—U, — Familyl
S,—U, — Fanmilyb
Sp,—-U, — Familya
S,—-U, — Familyk.

Finally, we have the stable and unstable manifolds at the first
crossing with the x-axis for 103P/Hartley (see Figs. 11 and 12)
and their respective heteroclinic orbits (Fig. 13).

The heteroclinic orbits for the three bodies modeled by
GDSM are similar, with differences in magnitudes and initial
conditions. Orbits with smaller amplitudes are found for bod-
ies whose distance from the origin to the extremity of the body
is greater, and smaller amplitudes for the opposite (Arrokoth
and 103P/Hartley). For Kleopatra, whose distance is more bal-
anced and ranges from (-0.4778, 0.4762), the orbits tend to have
a balanced amplitude as well.
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7. Conclusions

We developed the GDSM to represent the gravitational field of
elongated and irregular bodies. The main improvement in the
GDSM lies in the representation of the flattened shape of the
poles, which differs from the DSM and allows us to approxi-
mate the mass distribution of the body better. This improvement
leads to a greater reliability, particularly in regions close to
the surface. We applied the model to the KBOs Arrokoth and
Kleopatra and to comet 103P/Hartley, and the results showed that
the GDSM outperforms the point-mass modeling and the dipole-
segment modeling. The GDSM provides more accuracy while
preserving the advantage of low computational cost. It becomes
a powerful and efficient tool for studying the gravitational envi-
ronment around small celestial bodies and takes a step toward a
more realistic scenario while still allowing for a computationally
unburdened code in comparison with the expensive polyhedral
model. This can be useful for early stages of a mission design
for a visit to this type of asteroid. Furthermore, the GDSM can
also be adopted in particular for real-time orbital corrections.
This needs to be evaluated onboard with the few computational
resources.

From the GDSM, we calculated the initial conditions and
integrated the heteroclinic orbits that connect the unstable tri-
angular points for Arrokoth, Kleopatra, and comet 103P/Hartley.
For each case, four heteroclinic orbits were found, two stable
and two unstable orbits. The orbits with smaller amplitudes
(Arrokoth and 103P/Hartley) are around bodies whose distance
from the origin to the extremity of the body is greater, and
smaller amplitudes for the opposite. For Kleopatra, whose dis-
tance from the extremities is more balanced, the orbits tend to
have balanced amplitudes as well. The combination of each pair
of heteroclinic orbits forms a symmetrical planar periodic orbit
around the body.

Acknowledgements. The authors wish to express their appreciation for the
support provided by grant #309089/2021-2, #443116/2023-7, and #201718/2025-
1 from the National Council for Scientific and Technological Development
(CNPq), grant #2022/11783-5 from Sao Paulo Research Foundation (FAPESP).
A. Amarante and A. Ferreira thank the financial support of the Sdo Paulo
Research Foundation (FAPESP) [grants #2023/11781-5 & #2025/15438-9]. Addi-
tionally, Santos, L.B.T. would like to thank the support of the Polytechnic
School of the University of Pernambuco (POLI-UPE) and the PostGrad Pro-
gram in Systems Engineering (PPGES). The authors also acknowledge the
financial support of the Coordination for the Improvement of Higher Educa-
tion Personnel (CAPES) — Brazil (finance code 001). This research was also
supported by computational resources supplied by the Center for Scientific Com-
puting (NCC/GridUNESP) of the Sao Paulo State University (UNESP) and the
Center for Mathematical Sciences Applied to Industry (CeMEAI), funded by
FAPESP [grant #2013/07375-0]. F.M. thanks the fellowship granted by FAPESP
(#2024/16260-6). E. Tresaco thanks Grant PID2024-156002NB-100 funded by
MICIU/AEI/10.13039/501100011033/FEDER, UE.

References

Abad, A., Elipe, A., & Ferreira, A. F. S. 2024, Adv. Space Res., 74, 5687

Abozaid, A. A., Radwan, M., Ibrahim, A. H., & Bakry, A. 2024, Sci. Rep., 14,
11764

Amarante, A. 2020a, Minor-Equilibria-NR Package, https://doi.org/10.
5281/zenodo.4043461

Amarante, A. 2020b, Minor-Gravity Package, https://doi.org/10.5281/
zenodo.4043553

Amarante, A., & Winter, O. 2020, MNRAS, 496, 4154

Amarante, A., Winter, O. C., & Sfair, R. 2021, J. Geophys. Res.: Planets, 126,
¢2019JE006272

Barbosa Torres dos Santos, L., Bertachini de Almeida Prado, A. F., & Merguizo
Sanchez, D. 2017, Ap&SS, 362, 61

Barbosa Torres dos Santos, L., Marchi, L., Sousa-Silva, P. A, et al. 2020, Rev.
Mex. Astron. Astrofis., 56, 269


http://linker.aanda.org/10.1051/0004-6361/202557978/1
http://linker.aanda.org/10.1051/0004-6361/202557978/2
http://linker.aanda.org/10.1051/0004-6361/202557978/2
https://doi.org/10.5281/zenodo.4043461
https://doi.org/10.5281/zenodo.4043461
https://doi.org/10.5281/zenodo.4043553
https://doi.org/10.5281/zenodo.4043553
http://linker.aanda.org/10.1051/0004-6361/202557978/5
http://linker.aanda.org/10.1051/0004-6361/202557978/6
http://linker.aanda.org/10.1051/0004-6361/202557978/6
http://linker.aanda.org/10.1051/0004-6361/202557978/7
http://linker.aanda.org/10.1051/0004-6361/202557978/8
http://linker.aanda.org/10.1051/0004-6361/202557978/8

de Almeida Jr., A. K., et al.: A&A, 706, A355 (2026)

Bartczak, P., & Breiter, S. 2003, Celest. Mech. Dyn. Astron., 86, 131

Blesa, F. 2006, Monogr. Semin. Mat. Garcia Galdeano, 33, 67

Boaventura, G. A. S., Ferreira, A. F. S., Giuliatti, S. M., & Winter, O. C. 2023,
EPJ-Special Top., 232, 2997

Broucke, R. A. 1999, in NATO Advanced Study Institute (ASI) Series C, 522,
The Dynamics of Small Bodies in the Solar System, A Major Key to Solar
System Studies, eds. B. A. Steves, & A. E. Roy, 321

Elipe, A., & Lara, M. A. 2003, J. Astronaut. Sci., 51, 391

Elipe, A., Abad, A., Arribas, M., Ferreira, A. F., & de Moraes, R. V. 2021a, AJ,
161, 274

Elipe, A., Abad, A., & Ferreira, A. F. S. 2021b, Dynamics of the Dipole-
Segment with Equal Masses and Arbitrary Rotation (World Scientific Series
on Nonlinear Science Series), 79

Gabern, F., Koon, W. S., Marsden, J. E., & Scheeres, D. J. 2006, SIADS, 5, 252

Geissler, P., Petit, J.-M., Durda, D. D., et al. 1996, Icarus, 120, 140

Goémez, G., Llibre, J., & Masdemont, J. 1988, Celest. Mech. Dyn. Astron., 44,
239

Jain, R., & Sinha, D. 2014, Ap&SS, 351, 87

Jiang, Y., & Baoyin, H. 2018, Adv. Space Res., 62, 3199

Kirpichnikov, S. N., & Kokoriev, A. A. 1988, Vest. Leningrad Univ., 3, 73

Kokoriev, A. A., & Kirpichnikov, S. N. 1988, Vest. Leningrad Univ., 1, 75

Lan, L., Yang, H., Baoyin, H., & Li, J. 2017, Ap&SS, 362, 169

Liu, X., Baoyin, H., & Ma, X. 2011a, Ap&SS, 333, 409

Liu, X., Baoyin, H., & Ma, X. 2011b, Ap&SS, 334, 357

McCuskey, S. W. 1963, Introduction to Celestial Mechanics

Moulton, F. R. 1970, An Introduction to Celestial Mechanics

Prieto-Llanos, T., & Gomez-Tierno, M. A. 1994, JGCD, 17, 787

Riaguas, A., Elipe, A., & Lara, M. 1999, in Impact of Modern Dynamics in
Astronomy, eds. J. Henrard & S. Ferraz-Mello, 169

Riaguas, A., Elipe, A., & Lopez-Moratalla, T. 2001, Celest. Mech. Dyn. Astron.,
81, 235

Santos, L. B. T., Prado, A. F. B. A., & Sanchez, D. M. 2017, in JPCS, 911, JPCS
(I0P), 012023

Santos, L. B. T., Marchi, L. O., Aljbaae, S., et al. 2021, MNRAS, 502, 4277

Santos, L. B. T., Sousa-Silva, P. A., Terra, M. O., et al. 2022, Adv. Space Res.,
70, 3362

Scheeres, D. J., Williams, B. G., & Miller, J. K. 2000, JGCD, 23, 466

Szebehely, V. 1967, Theory of Orbits. The Restricted Problem of Three Bodies

Tsoulis, D. 2012, Geophysics, 77, F1

Tsoulis, D., & Petrovi, S. 2001, Geophysics, 66, 535

Wang, W., Yang, H., Zhang, W., & Ma, G. 2017, Ap&SS, 362, 229

Werner, R. A. 1994, Celest. Mech. Dyn. Astron., 59, 253

Werner, R. A. 1997, Comput. Geosci., 23, 1071

Werner, R. A., & Scheeres, D. J. 1996, Celest. Mech. Dyn. Astron., 65, 313

Yang, H.-W., Zeng, X.-Y., & Baoyin, H. 2015, RAA, 15, 1571

Yang, H., Baoyin, H., Bai, X., & Li, J. 2017, Ap&SS, 362, 27

Yang, H.-W,, Li, S., & Xu, C. 2018, RAA, 18, 084

Zeng, X., Jiang, F., Li, J., & Baoyin, H. 2015, Ap&SS, 356, 29

Zeng, X., Baoyin, H., & Li, J. 2016a, Ap&SS, 361, 14

Zeng, X., Baoyin, H., & Li, J. 2016b, Ap&SS, 361, 15

Zeng, X., Gong, S., Li, J., & Alfriend, K. T. 2016¢, JGCD, 39, 1223

Zeng, X.-Y., Liu, X.-D., & Li, J.-F. 2017, RAA, 17,2

Zeng, X., Zhang, Y., Yu, Y., & Liu, X. 2018, AJ, 155, 85

Zhang, Y., Zeng, X., & Liu, X. 2018, Sci. China Technol. Sci., 61, 819

A355, page 11 of 11


http://linker.aanda.org/10.1051/0004-6361/202557978/9
http://linker.aanda.org/10.1051/0004-6361/202557978/10
http://linker.aanda.org/10.1051/0004-6361/202557978/11
http://linker.aanda.org/10.1051/0004-6361/202557978/12
http://linker.aanda.org/10.1051/0004-6361/202557978/13
http://linker.aanda.org/10.1051/0004-6361/202557978/14
http://linker.aanda.org/10.1051/0004-6361/202557978/14
http://linker.aanda.org/10.1051/0004-6361/202557978/15
http://linker.aanda.org/10.1051/0004-6361/202557978/15
http://linker.aanda.org/10.1051/0004-6361/202557978/16
http://linker.aanda.org/10.1051/0004-6361/202557978/17
http://linker.aanda.org/10.1051/0004-6361/202557978/18
http://linker.aanda.org/10.1051/0004-6361/202557978/18
http://linker.aanda.org/10.1051/0004-6361/202557978/19
http://linker.aanda.org/10.1051/0004-6361/202557978/20
http://linker.aanda.org/10.1051/0004-6361/202557978/21
http://linker.aanda.org/10.1051/0004-6361/202557978/22
http://linker.aanda.org/10.1051/0004-6361/202557978/23
http://linker.aanda.org/10.1051/0004-6361/202557978/24
http://linker.aanda.org/10.1051/0004-6361/202557978/25
http://linker.aanda.org/10.1051/0004-6361/202557978/26
http://linker.aanda.org/10.1051/0004-6361/202557978/27
http://linker.aanda.org/10.1051/0004-6361/202557978/28
http://linker.aanda.org/10.1051/0004-6361/202557978/29
http://linker.aanda.org/10.1051/0004-6361/202557978/29
http://linker.aanda.org/10.1051/0004-6361/202557978/30
http://linker.aanda.org/10.1051/0004-6361/202557978/30
http://linker.aanda.org/10.1051/0004-6361/202557978/31
http://linker.aanda.org/10.1051/0004-6361/202557978/32
http://linker.aanda.org/10.1051/0004-6361/202557978/33
http://linker.aanda.org/10.1051/0004-6361/202557978/33
http://linker.aanda.org/10.1051/0004-6361/202557978/34
http://linker.aanda.org/10.1051/0004-6361/202557978/35
http://linker.aanda.org/10.1051/0004-6361/202557978/36
http://linker.aanda.org/10.1051/0004-6361/202557978/37
http://linker.aanda.org/10.1051/0004-6361/202557978/38
http://linker.aanda.org/10.1051/0004-6361/202557978/39
http://linker.aanda.org/10.1051/0004-6361/202557978/40
http://linker.aanda.org/10.1051/0004-6361/202557978/41
http://linker.aanda.org/10.1051/0004-6361/202557978/42
http://linker.aanda.org/10.1051/0004-6361/202557978/43
http://linker.aanda.org/10.1051/0004-6361/202557978/44
http://linker.aanda.org/10.1051/0004-6361/202557978/45
http://linker.aanda.org/10.1051/0004-6361/202557978/46
http://linker.aanda.org/10.1051/0004-6361/202557978/47
http://linker.aanda.org/10.1051/0004-6361/202557978/48
http://linker.aanda.org/10.1051/0004-6361/202557978/49
http://linker.aanda.org/10.1051/0004-6361/202557978/50
http://linker.aanda.org/10.1051/0004-6361/202557978/51

	A generalized dipole-segment model for the gravitational field of elongated bodies
	1 Introduction
	2 Dynamical equations of the generalized dipole segment
	3 Determining the parameters for the generalized dipole-segment model
	4 Applications to realistic elongated asteroids
	4.1 Parameters of the elongated asteroids
	4.2 Equilibrium points

	5 Comparison between the simplified and the polyhedron models
	6 Heteroclinic orbits
	7 Conclusions
	Acknowledgements
	References


