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ABSTRACT

Tidal dissipation in natural satellites plays a crucial role in shaping their thermal state, internal structure, and evolution; for example,
sustaining subsurface oceans in Europa and Enceladus and driving Io’s volcanic activity. The amount of dissipation can be inferred from
secular orbital drift and gravity variations induces by tides, which can be measured through astrometric observations and spacecraft
radiometric data. We examine a discrepancy in the literature regarding the semimajor axis evolution due to tides in synchronously
rotating satellites, whereby predictions from the variation of orbital elements approach (using direct tidal accelerations) differ by
nearly a factor of three from the classical energetic method. This discrepancy may introduce systematic biases in dissipation estimates
of the same order. We identify the source of this inconsistency as the effect of tidal dissipation on the moon’s rotation, which induces
an offset of the prime meridian. In classical synchronous rotation models, the prime meridian always points to the empty focus of the
orbit, but once this offset is properly accounted for we recover an agreement with the energetic method. We then extend our analysis to
include the main physical libration at the orbital period. Additionally, we compare the time-lag and complex Love number tidal models
from an orbital evolution perspective, finding unexpected differences and proposing a formula to reconcile the two models. Finally, we
observe that a nonzero static S 2,2 gravity coefficient of a moon, considering the classical synchronous rotation as mentioned above,
produces a variation in energy and angular momentum, suggesting that it must be constrained with dissipation parameters to avoid
biases.
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1. Introduction
The orbital and rotational evolution of natural satellites is
strongly influenced by tidal dissipation processes, which play a
key role in determining their internal structure, thermal state, and
the presence of subsurface oceans, as is spectacularly observed
in Europa and Enceladus. Tidal effects arise when an exter-
nal perturbing body interacts gravitationally with an extended
body. The gradient of the external gravitational field creates a
differential gravitational attraction across the satellite, leading
to physical deformation, mass redistribution, and variations in
its gravitational field (Murray & Dermott 1999). For a satellite
in an eccentric orbit and in synchronous rotation, the changing
distance from its host planet causes the size and orientation of
this tidal bulge to constantly change. According to classical tidal
theory, these periodic deformations cause dissipation within
the satellite’s interior due to frictional damping of the equi-
librium tide (Kaula 1964). Other theories propose that, under
certain conditions, the natural frequency of the normal modes
of a subsurface ocean can approach the diurnal tidal frequency,
which could lead to a resonant amplification of tidal dissipation
(Hay et al. 2022).

One of the main methods of quantifying tidal dissipation in a
body consists in detecting the tidal variation of gravity via radio
tracking of spacecraft across multiple flybys or during an orbital
phase. For example, this has been possible for the Moon with
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the GRAIL mission (Konopliv et al. 2013; Williams & Boggs
2015), and it will likely be possible in the future for Ganymede
and Europa, due to the large quantity of high-quality data that
JUICE and Europa Clipper will provide (Cappuccio et al. 2020;
Mazarico et al. 2023; Magnanini et al. 2024).

Another method, more common in present-day literature,
quantifies the characteristic secular orbital evolution of moons
induced by tidal interactions (as detailed in the following sec-
tions) with astrometric observations from Earth or spacecraft
and spacecraft radio science data (Lainey et al. 2009; Jacobson
2022). However, the orbital evolution is governed by tides on
both the central body and the satellites, with similar signatures
on the satellites’ orbits, making it challenging to distinguish their
contributions using orbital data alone. Combining orbital track-
ing with direct gravity measurements from spacecraft flybys can
help break this correlation (Magnanini et al. 2024). Therefore, it
is important to have consistent tidal models in the dynamics of
the moons and the spacecraft.

The effects of tides on the dynamics of moons have been
widely studied. In this work, we focus on the orbital effect due
to tides raised by the central planet on moons in synchronous
rotation, as has been studied in many works such as Segatz
et al. (1988), Yoder & Peale (1981), Murray & Dermott (1999),
Boué & Efroimsky (2019) and Emelyanov (2018). Synchronous
rotation is very common among the major moons in the Solar
System, as it represents the minimum energy state resulting from
dissipative phenomena, driven by interactions with the central
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planet (Murray & Dermott 1999). An introduction to the typi-
cal modeling approaches adopted in literature will be presented
in Section 2.2. However, there are discrepancies in the litera-
ture regarding the effect of tidal dissipation on the long-term
evolution of moons in synchronous rotation.

The first predictions of the energy dissipation due to tides
within a satellite in synchronous rotation were obtained by
employing what we call an “energetic method” (Segatz et al.
1988; Yoder & Peale 1981; Murray & Dermott 1999). The
derived results have been the basis for several works on tides; for
example, Tobie et al. (2005), Lainey et al. (2012), and Downey &
Nimmo (2025). As was explained in Murray & Dermott (1999),
assuming a satellite in Keplerian orbit around the planet and
in perfectly synchronous rotation (see Section 2.2), the degree-
2 tidal potential generated by the planet on the moon can be
decomposed into two main components: the radial tide, caused
by the variation in the moon’s orbital distance along its eccentric
path, and the librational tide, which arises because the satellite
does not always point to the planet, causing the tidal bulge to
oscillate across its surface. By computing the stress and strain
induced by the tidal cycle, and assuming that the energy dissipa-
tion from radial and librational tides can be linearly summed, we
obtained the total energy dissipation in the satellite:

dE
dt
= −

21
2

k2

Q

R5GM2
pn

a6 e2, (1)

where G is the gravitational constant, Mp is the planet’s mass,
R the reference radius of the satellite, and n and a are the mean
motion and semimajor axis of the satellite’s orbit, respectively.
k2 is the degree-2 Love number, which quantifies the elastic
response of the satellite to the tidal potential, and Q is the qual-
ity factor, representing the efficiency of energy dissipation, as is
explained in Section 2.1.

Eq. (1) was derived under the assumption of no physical
librations, implying that the satellite’s spin rate is strictly equal
to its mean motion. Under this assumption the rotational energy
cannot be diminished (Yoder & Peale 1981); consequently, any
tidal energy dissipated due to a nonzero eccentricity must be
drawn solely from its orbital energy (Murray & Dermott 1999).

From the classical orbital mechanics expression of the orbital
energy (Murray & Dermott 1999),

E = −
GMpm

2a
, (2)

we can obtain a link between the variations of the orbital energy
and the semimajor axis,

dE
dt
=

GMpm
2a2

da
dt
, (3)

where m is the mass of the satellite. From orbital angular
momentum conservation, the eccentricity rate can be linked to
the semimajor axis rate. The square of the specific orbital angular
momentum is defined as

h2 = µpa(1 − e2), (4)

where µp = GMp is the gravitational parameter of the central
body. Then, imposing the derivative to be 0,

dh2

dt
= µp

da
dt

(1 − e2) − 2µpae
de
dt
= 0, (5)

which yields to

de
dt
=

(1 − e2)
2ae

da
dt
. (6)

Eqs. (1), (3), and (6) lead to the expressions for the tidal evo-
lution of the orbital parameters, which were also reported for
example in Lainey et al. (2012):〈

da
dt

〉
EN
= −21

µp

µ

(R
a

)5 k2

Q
nae2, (7)

〈
de
dt

〉
EN
= −

21
2
µp

µ

(R
a

)5 k2

Q
ne, (8)

where the subscript EN stands for energetic method. Eqs. (7)
and (8) describe how the tides exerted by the planet on the
satellite lead to orbital circularization and reduction of the semi-
major axis, until the orbit eventually becomes circular and tidal
dissipation stops.

Therefore, the amount of tidal dissipation in terms of the
parameter k2

Q can be derived from the orbital evolution. How-
ever, more recent studies employing alternative approaches have
yielded different results. In particular, methods based on the
variation in orbital elements, the Lagrange planetary equations
(Murray & Dermott 1999), as implemented independently by
Boué & Efroimsky (2019) and Emelyanov (2018), indicate a
significantly different orbital evolution coefficient for the semi-
major axis, where the coefficient 57 appears instead of 21 given
by Eq. (7). Since the semimajor axis variation is directly linked
to tidal energy dissipation, this discrepancy, by roughly a fac-
tor of three, can introduce biases of a similar magnitude when
deriving dissipation parameters from observational data.

In this work, we aim to understand the origin of this differ-
ence and provide a consistent way of estimating tidal dissipation
of satellites in synchronous rotation, from both their orbital drifts
and gravity measurements. In this context, tidal dissipation is
typically modeled using two main approaches: the time-lag (TL)
model introduced by Mignard (1979) and widely adopted in stud-
ies such as Lainey et al. (2009) and Jacobson (2022), where
dissipation is represented through a time delay in the gravita-
tional response of the satellite to the perturbing potential; and
the complex Love number (CLN) model, described by Petit &
Luzum (2010) and used in works such as Williams & Boggs
(2015) and Cappuccio et al. (2020), which models dissipation
by defining the Love number as a complex number whose phase
lag is proportional to the energy loss. A complete mathematical
description of these models is provided in Section 2.1.

Recent studies suggest that a frequency-dependent formula-
tion may provide a more realistic representation of tidal dissi-
pation, linking it to the body’s rheology (Efroimsky & Makarov
2013). In the frequency-dependent approach, the tidal perturba-
tion is decomposed into a Fourier series, where each term is
characterized by a specific lag (Efroimsky & Makarov 2013).

However, these models would require an increasingly high
number of parameters the more complex the orbital dynamics
becomes. This makes estimating dissipative parameters imprac-
tical, given that available data has so far only been sufficient to
measure dissipation at the orbital period (Lainey et al. 2009; Park
et al. 2021, 2025). Indeed, our primary interest is in tidal dissi-
pation models that can be reliably used to reconstruct spacecraft
and moon trajectories from observational data. The TL and CLN
models remain the most widely used approaches for this purpose
and can provide an estimation of the total internal dissipation in
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the bodies, even if without distinguishing between contributions
from different frequency modes for each perturbing body.

In the current literature, there exist formulas that may estab-
lish a connection between the TL model and the CLN model,
as is discussed in Section 2.1. However, to our knowledge, the
dynamical effects of these two models have never been system-
atically analyzed, making it unreliable to compare the results
obtained using different dissipation models.

This paper is organized as follows. Section 2 introduces the
two tidal dissipation models used in this study, TL and CLN,
and reviews the classical synchronous rotation model. In Sec-
tion 3, we analyze the orbital evolutions predicted by these two
approaches, comparing their results with each other and with
findings from the literature. We then investigate the source of
any resulting discrepancies. Section 4 discusses the implica-
tions of our work, and finally Section 5 summarizes our main
conclusions.

2. Theoretical framework

2.1. Tidal models for gas giants’ satellite ephemerides

The static gravity potential of a non-spherically symmetric body
can be expressed using a spherical harmonic expansion:

U(r, ϕ, λ)=−
µ

r

∞∑
l=0

l∑
m=0

(R
r

)l
Pl,m(sin ϕ)[Cl,m cos mλ+S l,m sin mλ],

(9)

where µ = GM is the gravitational parameter of the body, R is the
reference radius, r, ϕ , and λ are the body-fixed radial distance,
latitude, and longitude of the point where the potential is to be
evaluated, respectively, Pl,m is the fully normalized associated
Legendre function of degree l and order m, and Cl,m and S l,m are
the fully normalized spherical harmonic coefficients.

An external body, p, with gravitational parameter µp pro-
duces a tidal potential, W, on the extended body, modifying its
shape-mass distribution, and so its gravitational potential. The
tidal potential on the surface of the perturbed body is (Efroimsky
& Williams 2009)

W(R, rp) = −
µp

rp

∞∑
l=2

(
R
rp

)l

Pl(cos S ), (10)

where rp is the position of the perturber with respect to the tidal
body, R is the position vector of a point on the surface, and

S = arccos
(

R·rp
Rrp

)
is the angle between R and rp. Exploiting the

addition theorem for spherical harmonics the tidal potential can
be written in terms of body-fixed coordinates:

W(R, rp) = −
µp

rp

∞∑
l=2

(
R
rp

)l l∑
m=0

Pl,m(sin ϕ)

× Pl,m(sin ϕp)
[
cos(mλ) cos(mλp)

+ sin(mλ) sin(mλp)
]

= −
µp

rp

∞∑
l=2

(
R
rp

)l l∑
m=0

Wl,m

(
R̂, r̂p

)
.

(11)

In the equilibrium tides approximation, and assuming linear
deformations, the gravity potential variation, ∆U, on the surface

can be expressed to be linearly proportional to the tidal potential
through the so-called Love numbers, kl,m (Kaula 1964):

∆U(R, rp) = −
µp

rp

∞∑
l=2

(
R
rp

)l l∑
m=0

kl,mWl,m(R̂, r̂p). (12)

Then, the potential variation, ∆U, at a point, r, outside the
body decreases as r−(l+1):

∆U(r, rp) = −
µp

rp

∞∑
l=2

(
R
rp

)l (R
r

)l+1 l∑
m=0

kl,mWl,m(R̂, r̂p). (13)

For a non-perfectly elastic body, we can use the vector posi-
tion of the perturber, seen by the body-fixed reference frame of
the tide body, corrected for the lag of the tidal bulge r∗p:

∆U(r, r∗p) = −
µp

r∗p

∞∑
l=2

(
R
r∗p

)l (R
r

)l+1 l∑
m=0

kl,mWl,m(R̂, r̂∗p). (14)

Finally, combining Eqs. (14) and (13), the potential variation
due to tides can be written in terms of time-varying correc-
tions to the spherical harmonics coefficients of the central body.
In particular, considering only the degree-2 terms, which are
dominant:

∆C2,m − i∆S 2,m =
k2,m

5
µp

µ

(
R
r∗p

)3

P2,m

(
sin ϕ∗p

)
e−imλ∗p , (15)

where the delta-gravity coefficients are expressed normalized,
r∗p, ϕ∗p, and λ∗p, are, respectively, the radial position, latitude, and
longitude of the perturbing body seen in the body-fixed reference
frame of the tide body, corrected for the lag of the tidal bulge,
µ is the gravitation parameter of the tide body, and P2,m is the
associated normalized Legendre polynomial.

A common approach to express the tidal dissipation is to
evaluate the position of the perturber in the body-fixed refer-
ence frame of the tide body with a time delay, ∆t, i.e., r∗p(t) =
rp(t − ∆t) (Mignard 1979). ∆t effectively represents the delay
at which the body reacts to the external tidal potential. This
model is commonly referred as the TL model, as was outlined
in Section 1.

Note that usually in the literature it is implicitly assumed that
the Love numbers are the same at all the orders, i.e., k2 = k2,0 =
k2,1 = k2,2 (Mignard 1979; Lainey et al. 2009; Jacobson 2022),
and in this work we also follow this assumption. Some studies
consider several modes with different constants, k2,m (e.g., Park
et al. 2021), which, while theoretically expected to be very sim-
ilar, have been observed to differ slightly for the Earth-Moon
system due to the exceptional quality and quantity of available
data.

In most of the works, the tidal dissipation of celestial bodies
is quantified by a parameter, Q, called the “quality factor,” which
comes from an analogy to a damped oscillator, and defined as
the ratio between the energy of the system and the energy lost
per radian during the period (Murray & Dermott 1999):

Q = −2π
Epeak

∆Ediss
, (16)

where Epeak and ∆Ediss are the peak energy stored and the energy
dissipated during one period, respectively.

The quality factor has been related to the TL through the
phase-lag, ϵ, associated with the delay of the perturber, seen in
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the body-fixed frame of the tide body. For example in Efroimsky
& Makarov (2013) this relationship is

sin(ϵ) =
1
Q
. (17)

The connection between Q and ∆t is (supplementary infor-
mation of Lainey et al. 2009)

sin
(
2π
∆t
τ

)
=

1
Q
, (18)

where τ is the period of the main tidal excitation as seen in the
body-fixed frame. For the tides raised by the central planet on a
synchronous satellite:

τ =
2π
n
= T, (19)

where T and n are the orbital period and the mean motion of
the satellite, respectively. Therefore, the relationship between the
phase-lag and the TL for satellites in synchronous rotation can be
written as

ϵ = n∆t. (20)

Notably, in the literature the TL model has been implemented
following different physical assumptions. Some studies, such as
Lainey et al. (2009), adopt a constant quality factor, Q. This
results in a constant phase lag, which is not generally equiv-
alent to a constant time lag. Conversely, other works, such as
Jacobson (2022), assume a constant time lag, which in turn does
not generally imply a constant phase lag.

However, importantly, both approaches model tidal dissipa-
tion by considering the tidal bulge to point not at the perturber’s
instantaneous position, r, but toward a lagged position along
its orbit, r∗(ν − ∆ν) (where ν is the true anomaly of the satel-
lite). This orbital lag, whether defined as a time delay or a
corresponding phase angle, consequently influences all spherical
coordinates used to define the perturber’s position.

Another commonly used approach to model the tidal dissi-
pation is to use CLNs (Eanes et al. 1983; Petit & Luzum 2010;
Williams & Boggs 2015; Cappuccio et al. 2020; Mazarico et al.
2023):

∆U(r, rp) = −
µp

rp

∞∑
l=2

(
R
rp

)l (R
r

)l+1 l∑
m=0

kc
l,mWl,m(r, rp), (21)

where now r∗p(t) = rp(t) and kc
l,m is the CLN with modulus kl,m

and phase φl,m,

kc
l,m = ℜ(kc

l,m) + iℑ(kc
l,m) = kl,m

(
cosφl,m + i sinφl,m

)
. (22)

Writing in terms of gravity coefficients, Eq. (21) now
becomes

∆C2,m − i∆S 2,m =
k2,m

5
µp

µ

(
R
rp

)3

P2,m

(
sin ϕp

)
e−i(mλp−φ2,m). (23)

Effectively, the phase of the Love numbers modifies the
body-fixed longitude of the perturber, as for a rotation around the
Z-axis of the body-fixed frame by the lag angle ∆λ2,m = φ2,m/m.
In this model, the real part, ℜ(kl,m), characterizes the instan-
taneous in-phase (elastic) response, while the imaginary part,
ℑ(kl,m), characterizes the out-of-phase (dissipative) response. As

was outlined in Section 1, we refer to this model as the CLN
model.

It is important to note that the phase of the Love number,
which represents the offset of the tidal bulge, and so the dissi-
pation, modifies only the body-fixed longitude of the perturber,
while it does not affect the radial distance. In other words, the
CLN model does not consider the position of the perturber at
some point in the past along its orbit, but it only rotates the
tidal bulge around the spin axis by an angle, ∆λ, proportional
to the phase of the CLN. Moreover, the lag angle is also explic-
itly a function of the order m, so the classical assumption kc

2 =
kc

2,0 = kc
2,1 = kc

2,2 leads to different lag angles between order 1 and
order 2, i.e., ∆λ2,1 = φ2,1 and ∆λ2,2 = φ2,2/2. Hence, in the CLN
model, to have the same tidal response for all orders, both elastic
and dissipative, the following conditions must be imposed:

kl,m = kl (24)

and

φl,m = mφl. (25)

However, most of the natural satellites of the outer planets are in
spin–orbit resonance, with small obliquities, so that the inclina-
tion of the central planet in the body-fixed frame is very small,
making the tidal contribution of the (l,m) = (2, 1) coefficients
negligible with respect to the (l,m) = (2, 2) terms. Possible
exceptions may be the Moon and Triton, where the obliquity
tides may play a crucial role in present-day heat production and
internal structure.

For the CLN model, in the literature the connection between
ℑ(kc

2) and Q for satellites in synchronous rotation has been
written as (Segatz et al. 1988; Efroimsky & Makarov 2013)1

ℑ(kc
2) =

k2

Q
, (26)

where this time the phase lag of the CLN is associated with Q:

sin(φ2) =
1
Q
. (27)

Therefore, in the literature, the TL and CLN models for
satellites in synchronous rotation are commonly related through
(Efroimsky & Makarov 2013)

k2

Q
= ℑ(kc

2) = k2 sin(n∆t). (28)

However, there is a fundamental conceptual difference
between the two models in their physical approximation of the
tidal lag. The TL model considers the tidal bulge to be directed
toward a past position of the perturber along its orbit. This
method inherently incorporates the corresponding change in
radial distance. In contrast, the CLN model applies the lag as
a pure angular rotation of the tidal bulge and does not alter the
instantaneous distance to the perturber. Consequently, the phase
lag derived from the TL model and the phase of the CLN cannot
be considered physically equivalent.

1 It is important to note the positive sign in Eq. (26), which contrasts
with the negative sign required for tides raised on a central planet by the
orbiting satellite, in the typical case in which the planet spins faster than
the satellite’s mean motion (Lainey et al. 2020).
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Depending on the orbit of the body and its rotational state,
∆C2,m and ∆S 2,m, computed from the tidal models described
above may have a nonzero average over the orbital period, usu-
ally called “permanent tide,” which becomes by all means part of
the static gravity potential. Hence, to compute the effective tidal
effects, the permanent tide must be removed from the coefficient
corrections given by Eqs. (15) and (23), obtaining the purely
periodic tidal corrections:

∆C
periodic
2,m = ∆C2,m − ⟨∆C2,m⟩ (29)

and

∆S
periodic
2,m = ∆S 2,m − ⟨∆S 2,m⟩. (30)

Note that ∆C
periodic
2,m and ∆S

periodic
2,m correspond to the “zero

tide” tidal corrections, defined by the latest IERS conventions
(Petit & Luzum 2010). Instead, ⟨∆C2,m⟩ and ⟨∆S 2,m⟩ represent
the permanent parts of ∆C2,m and ∆S 2,m. The expressions and
the full derivation of the degree-2 permanent tide terms for a
satellite in spin–orbit resonance, for both the TL and the CLN
models, are provided in Appendix A.

The gravitational interaction between an external point-mass
and the figure of an extended body, represented by the nonzero
degree terms of its potential given by Eq. (9), produces an accel-
eration on the body itself, which we call “self-figure,” given by
(Park et al. 2021)

f =
(
µp

µ

)
∇U. (31)

Then, regardless of the dissipation model considered, the
tides exerted by the external point-mass perturber on the central
body cause a variation of its gravity potential, and so a variation
of the self-figure acceleration:

∆f =
(
µp

µ

)
∇ (∆U) . (32)

The gradient must be evaluated in the body-fixed frame of the
central body; thus, the gravitational acceleration must be rotated
into the inertial frame to perform the integration. Hence, partic-
ular care must be taken in the modeling of the rotational state.
In this work we neglect the torque coming from the figure-to-
figure interaction, which, for natural satellites around gas giants,
would have an effect beyond the fourth order in eccentricity, and
so it can be considered negligible with respect to the self-figure
induced acceleration.

2.2. Rotational model

Most of the natural satellites of the Solar System are assumed
to be in synchronous rotation, also called spin–orbit resonance,
meaning that the orbital and rotational periods are the same
and the spin axis is perpendicular to the orbital plane (the so-
called spin–orbit resonance, see e.g., Murray & Dermott 1999).
In this state, the permanent bulge would ideally always point
to the empty focus of the orbit, to the first order in eccentric-
ity, oscillating around the direction of the central planet (optical
libration). Furthermore, the misalignment between the perma-
nent bulge and the central planet induces a periodic gravitational
torque that produces an additional oscillation around the mean
rotation (forced physical librations) (Van Hoolst et al. 2020).

Because of other minor effects, such as third-body perturba-
tions and internal dissipation, the forced librations are expected
to be the combination of multiple oscillations at different fre-
quencies, and resonances at frequencies of internal modes may
occur (Rambaux et al. 2011).

Moreover, the spin axis is characterized by its tilt relative
to the orbital plane (obliquity) and by its precise orientation in
space. Determining these rotational parameters, alongside phys-
ical librations, offers crucial insights into a satellite’s interior
(Hemingway & Nimmo 2024). For instance, the departure of the
spin axis from its expected equilibrium state (the Cassini plane
offset) was used to infer the tidal dissipation of Titan by Downey
& Nimmo (2025).

The rotational and orbital dynamics are strongly coupled, as
the self-figure acceleration of a satellite influences its orbit, and,
at the same time, its rotational modes are forced by the dynami-
cal interactions with the other bodies. Therefore, in principle, the
set of equations governing translational and rotational dynamics
should be coherently integrated, as was performed for the Moon
in the planetary ephemerides (Folkner et al. 2014). This would
ensure that the two dynamics are consistent. However, in numer-
ous studies analyzing astrometric and radio tracking data from
missions such as Cassini, Galileo, and Juno, a common approach
has been to estimate the moons’ gravity fields under the assump-
tion of synchronous rotation, occasionally including the libration
at the orbital period (e.g., Lainey et al. 2019; Park et al. 2025).
This assumption arises primarily because of the limited preci-
sion of available data and the lack of detailed direct observations
of the moons’ rotational states.

Following Lainey et al. (2019), a possible approach to model
the orientation of the satellites is the following: each time the
spin axis, ẑ, is oriented as the instantaneous orbital angular
momentum vector, i.e.,

ẑ =
r × v
|r × v|

, (33)

where r and v are the position and velocity of the satellite with
respect to the planet, respectively. Then, the prime meridian, x̂,
is computed from the direction of the central planet through a
rotation around ẑ by an angle, λ:

λ = −2e sin M −
5
4

e2sin(2M) + A sin M, (34)

where e and M are the instantaneous eccentricity and mean
anomaly, respectively, and A is the amplitude of the main
physical forced libration.

In this way, the rotational dynamics is imposed from the
orbital motion. With this model, when A = 0 the prime merid-
ian always points to the empty focus of the orbit, at the first
order in eccentricity (Murray & Dermott 1999). When A , 0,
the prime meridian oscillates periodically such that it consis-
tently points farther from Jupiter than the direction of the empty
focus, as is explained in Van Hoolst et al. (2020). Therefore, in
Eq. (34) the libration amplitude should always be negative. Other
physical libration terms at frequencies different from the orbital
period are not expected to have a significant effect on the orbit
(Rambaux et al. 2011), considering the sensitivity of past, cur-
rent, and near-future data, and have been commonly neglected
during data analysis.

This study assumes the rotational model defined by Eqs. (33)
and (34), which is the standard reference for the data analyses
and analytical works discussed in subsequent sections. In this
work we refer to it as the “classical synchronous rotation” model.
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Our primary aim is to resolve a discrepancy in the literature con-
cerning eccentricity effects, considering also the libration at the
orbital period. To this end, the orbital influence of obliquity is
neglected, with its contribution deferred to a future work.

3. Tidal orbital evolution of synchronous satellites

3.1. Gauss planetary equations

To study the effect of tidal dissipation on the eccentricity and
semimajor axis, and therefore on the orbital energy, a more prac-
tical approach with respect to the energetic method, described
in Sect. 1, is to apply the Gauss planetary equations (Battin
1999) that directly connect the tidal and rotational models to
the variation of the orbital parameters. In this section only a
brief summary of the procedure and the main results are pro-
vided, while the complete mathematical derivation is reported in
Appendix A.

Following the same assumptions as in Segatz et al. (1988),
Boué & Efroimsky (2019), and Emelyanov (2018), namely Kep-
lerian orbit, synchronous rotation, zero libration amplitude, and
zero obliquity, the spherical coordinates of the planet in the satel-
lite’s body-fixed frame are computed at each point of the orbit, as
a function of the mean anomaly. Then, the tidal variation in the
gravity potential coefficients can be computed from Eqs. (15)
and (23) for the CLN model and the TL model, respectively.
The permanent tide can be computed averaging over the orbital
period, and removed to obtain the purely periodic part of the tidal
variations. Then, the corresponding acceleration in the body-
fixed frame is computed from Eq. (A.29), and rotated in the RTN
orbital frame, so that the time derivative of the orbital parameters
can be computed directly through the Gauss planetary equations.
Finally, the secular orbital effects are computed averaging these
derivatives over the orbital period. All the computations in this
work use a second-order approximation in eccentricity.

To validate this analytical procedure, the resulting expres-
sions were compared with numerical integrations of the full
equations of motion using MONTE software (Evans et al. 2018).
This comparison showed full agreement in the secular variation
of the orbital elements.

In the following sections, the results are reported for both the
tidal models. Note that, because of their importance, only the
semimajor axis and eccentricity are reported in this work, but
the same process can be applied for all the orbital elements.

3.1.1. Complex Love number model

As is derived in Appendix A.4, the secular variations of the
semimajor axis and the eccentricity for the CLN model result
in〈

da
dt

〉
CLN
= −55.5

µp

µ

(R
a

)5

ℑ(kc
2,2)nae2 (35)

and〈
de
dt

〉
CLN
= −9

µp

µ

(R
a

)5

ℑ(kc
2,2)ne. (36)

However, as was outlined in Section 1, neither Eq. (35) nor
Eq. (36) agrees with the expressions resulting from the energetic
methods of Segatz et al. (1988) and Yoder & Peale (1981).

In particular, for the semimajor axis, the energetic method
obtains a coefficient 21, while the direct approach obtains 55.5,

almost a factor of 3 larger. As the semimajor axis evolution
is directly related to energy dissipation, this means that we
find tidal dissipation a factor of ≈ 3 larger, under the same
assumptions for the orbit and rotation. For the eccentricity,
the difference is smaller: a coefficient of 10.5 appears in the
results of the energetic method, against 9 derived from the Gauss
planetary equations.

3.1.2. Time-lag model

Following the same methodology as in the previous section,
reported in detail in Appendix A.5, the secular trends of the
semimajor axis and eccentricity for the TL model are found:〈

da
dt

〉
T L
= −57

µp

µ

(R
a

)5

k2 sin(n∆t)nae2 (37)

and〈
de
dt

〉
T L
= −

21
2
µp

µ

(R
a

)5

k2 sin(n∆t)ne. (38)

Looking at the numerical coefficients, considering 1
Q =

sin(n∆t), the eccentricity rate is characterized by the coefficient
10.5, which matches the energetic method, while the semimajor
axis has the coefficient 57, larger than the 21 of the energetic
approach by almost a factor of 3.

However, our results 37 and 38 are in accordance with
Eqs. (150) and (159) in Boué & Efroimsky (2019). In their work,
an approach similar to the one described above was followed,
as the Lagrange planetary equations were exploited to retrieve
orbital element evolution from the tidal potential of the satellite
and the central body, under the same assumptions. They con-
sidered a frequency-dependent Kaula model (Kaula 1964), but
found that, in the case of a synchronous satellite, the expres-
sion for the secular change in the semimajor axis simplifies to
depend on only one tidal mode, the mean motion, n. As a result,
the expression becomes frequency-independent and equivalent
to both constant phase-lag and constant TL assumptions Boué &
Efroimsky (2019).

In summary, we find that both the TL and the CLN models
produce an orbital evolution that does not match the results of
the energetic method, with an energy dissipation increased by
almost a factor of 3. In addition, TL and CLN do not produce
the same orbital evolution, considering the relations between ∆t
and ℑ(kc

2,2) available in current literature (Efroimsky & Makarov
2013, 2014).

3.2. Conservation of angular momentum

In Boué & Efroimsky (2019), in view of the result found, the
−21 coefficient of the energy approach (used in Lainey et al.
2012) was considered to be a mistake. However, an important
aspect is missing to compute with the current assumptions: the
conservation of angular momentum.

In the purely elastic case, as was said before, the tidal bulge is
always aligned toward the perturbing body and, because of sym-
metry, the resulting gravity torque is null. Consequently, there
is no transfer of angular momentum between the two bodies. In
the inelastic case, the bulge is offset with respect to the direction
of the perturbing body by a certain lag, and the resulting tidal
torque drives an exchange of angular momentum.

Assuming a point-mass planet and a non-spherical satellite
in synchronous rotation without physical librations – implying
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that the satellite’s spin rate is strictly equal to the mean motion –
the total angular momentum vector with respect to the planet is
given by Murray & Dermott (1999)

L = r × p + C̃MR2nẑ, (39)

where p = Mv is the linear momentum of the satellite, C̃ is the
normalized polar moment of inertia, and M, R and n are the
mass, radius, and mean motion of the satellite, respectively. The
first term of the equation represents the orbital angular momen-
tum, while the second represents the spin angular momentum.
For a satellite in synchronous rotation, both terms are along the
normal to the orbital plane, so we can only study the modulus of
the angular momentum.

3.2.1. Time-lag model

Considering the TL tidal model, the secular variation of the
orbital angular momentum, to the second order in eccentricity,
can be derived as (for the detailed procedure, see Appendix B)〈

dLorb

dt

〉
T L
= −18

µ2
p

Rµ

(R
a

)6

Mk2 sin(n∆t)e2. (40)

Instead, for the spin angular momentum we find:〈
dLspin

dt

〉
T L
=

171
2

C̃
µ2

p

Rµ

(R
a

)6

Mk2 sin(n∆t)e2
(R

a

)2

=

〈
dLorb

dt

〉
T L

4.75C̃
(R

a

)2
. (41)

For the natural satellites of the outer planets, C̃ ≈ 0.3–0.4
(for example, Io’s C̃ ≈ 0.37–0.38 (Schubert et al. 2004)), while(

R
a

)
≪ 1, so the secular variation of the spin angular momentum

is negligible with respect to the orbital one, obtaining〈
dL
dt

〉
T L
≈

〈
dLorb

dt

〉
T L
= −18

µ2
p

Rµ

(R
a

)6

Mk2 sin(n∆t)e2. (42)

Therefore, it is evident that the angular momentum is not
conserved, highlighting the presence of mistakes in the assump-
tions.

Hence, we searched for conditions that may be able to con-
serve the total angular momentum. In particular, because of the
tidal effects, all the satellites in synchronous rotation possess
a relatively large static (secular) degree-2 gravity field. Using
the same approach described above, we can compute the corre-
sponding secular orbital evolution and the variation of the orbital
angular momentum, obtaining (the full derivation is available in
Appendices A.3 and B.3)〈

da
dt

〉
S T
= 12

√
µp

a

(R
a

)2

S 2,2

(
1 −

5
2

e2
)

(43)

and〈
dLorb

dt

〉
S T
= 6
µp

R

(R
a

)3

S 2,2

(
1 −

5
2

e2
)
. (44)

Among the static degree-2 terms, S 2,2 is the only static
parameter that has a secular effect on the semimajor axis (and
so on the orbital energy) and on the angular momentum.

Therefore, for an extended satellite in synchronous rotation,
the total secular variation of the angular momentum is given by
both the static gravity field and the tidal dissipation:〈

dL
dt

〉
T L
≈

〈
dLorb

dt

〉
T L
+

〈
dLorb

dt

〉
S T
. (45)

Imposing ⟨ dL
dt ⟩ = 0, we can find the value of S 2,2 that allows

the conservation of the angular momentum:

(S ∗2,2)T L = 3
µp

µ

(R
a

)3

k2 sin(n∆t)e2. (46)

In a principal axis frame, S 2,2 = 0 by definition (Bertotti et al.
2012). A nonzero S 2,2 represents a (constant) offset, ∆λ, between
the body-fixed frame and the principal axis frame around the ẑ
axis. In particular, assuming small rotations with respect to the
principal axis frame, it holds (Bertotti et al. 2012):

S 2,2 = −2C2,2∆λ. (47)

Therefore, the offset angle, ∆λ∗, that conserves the angular
momentum is given by

(∆λ∗)T L = −
3
2
µp

µ

(R
a

)3 1
C2,2

k2 sin(n∆t)e2. (48)

As a result, in the presence of tidal dissipation, a constant off-
set of the prime meridian of the principal axis body-fixed refer-
ence frame from the classical synchronous rotation is necessary
to conserve the angular momentum.

Note that, [even in presence of this offset], the satellite
is still in synchronous rotation, as the rotation period remains
equal to the orbital period. The same rotation offset was found
by Williams et al. (2001) in Eq. (34a) and Noyelles (2017) in
Eq. (93), which provided an analytical solution for the rotational
dynamics of a satellite in synchronous rotation considering
tidal dissipation. This effect was first predicted by Greenberg
& Weidenschilling (1984) and was discussed in more detail in
Murray & Dermott (1999) and Ferraz-Mello et al. (2008). In
Ferraz-Mello et al. (2008) the analysis was also expanded con-
sidering a fully liquid body, without a permanent figure. In this
scenario, an offset of the reference frame would not produce
any torque, and to conserve the angular momentum a super-
synchronous rotation is needed, so that the torque due to tidal
dissipation averages out to zero over the orbital period. In this
study we focus on a solid body scenario, which could be consid-
ered the case for the majority of the moons, where the relaxation
time scale is much larger than the spin period of the body. How-
ever, considering a body with a subsurface liquid layer, such
as the liquid water oceans inside Europa and Ganymede, or a
magma ocean inside Io, there could be a decoupling between
the internal layers and the shell, possibly leading to different
configurations to conserve angular momentum. Due to its high
complexity, this scenario is not addressed in this work.

Interestingly, by implementing the static S ∗2,2 given by
Eq. (46) or, equivalently, the angular offset ∆λ∗ given by
Eq. (48), not only is the angular momentum conserved, but also
the secular variation of the semimajor axis and eccentricity now
perfectly match the expressions found with the energy approach:

〈
da
dt

〉∗
T L
= −21

µp

µ

(R
a

)5

k2 sin(n∆t)nae2 (49)
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and〈
de
dt

〉∗
T L
= −

21
2
µp

µ

(R
a

)5

k2 sin(n∆t)ne. (50)

This shows how simply imposing synchronous rotation as
considered by Boué & Efroimsky (2019) is not enough when
integrating the satellite ephemerides in presence of dissipation
to obtain a consistent orbital evolution, and therefore the energy
tidal dissipation, Ė. Instead, it must be taken into account that
rotation of a satellite is not negligibly influenced by tidal dissi-
pation, imposing an angular offset of the minimum inertia axis
as given by Eq. (48) or, equivalently, an S 2,2 as given by Eq. (46).

3.2.2. Complex Love number model

The same procedure outlined in the previous section can also be
applied to the CLN model, obtaining similar results in terms of
S ∗2,2 or ∆λ∗ necessary to conserve the angular momentum:

(S ∗2,2)CLN =
25
8
µp

µ

(R
a

)3

ℑ(kc
2,2)e2 (51)

and

(∆λ∗)CLN = −
25
16
µp

µ

(R
a

)3 1
C2,2
ℑ(kc

2,2)e2. (52)

Also in Eq. (51), the S 2,2 result to be positive definite as
ℑ(kc

2,2) due to tidal dissipation must be positive.
However, implementing the static S ∗2,2 (or the angular off-

set ∆λ∗) allows one to conserve the angular momentum, but the
secular evolution of the semimajor axis and eccentricity do not
match the TL model results:〈

da
dt

〉∗
CLN
= −18

µp

µ

(R
a

)5

ℑ(kc
2,2)nae2 (53)

and〈
de
dt

〉∗
CLN
= −9

µp

µ

(R
a

)5

ℑ(kc
2,2)ne. (54)

The TL model results would be replicated considering the
relation

ℑ(kc
2,2) =

7
6

k2 sin(n∆t), (55)

unlike the relation proposed in the literature reported in Eq. (28)
(Segatz et al. 1988; Efroimsky & Makarov 2013, 2014).

The quality factor, Q, is related to the energy dissipation
by definition. In Eqs. (53) and (49), we found that the TL and
CLN models yield different orbital evolutions and, consequently,
different energy dissipation rates. This implies that the phase
lags of the two models – which are conceptually distinct (see
Section 2.1) – cannot both be related to a single, universal Q
through the same simple relationship. In other words, the phase
lag of the two models cannot be associated with the same Q by
the relations in Eqs. (17), (27) and (28), as is done in the current
literature.

3.3. Effect of the libration at the orbital period

The libration at the orbital period produces an additional dis-
sipative effect, contributing to the secular orbital effect caused
by the eccentricity. The same approach described in Section 3.2
and further detailed in Appendices A.3, A.4, and A.5 can be
followed, considering Eq. (34) with a nonzero libration ampli-
tude, A. Then, the static value of S 2,2 that conserves the angular
momentum (see Appendix B), and the corresponding secular
orbital evolution, can be found.

3.3.1. Time-lag model

For the TL model the following results are obtained:

(S ∗2,2)T L =

(
3e2 −

3
2

Ae
)
µp

µ

(R
a

)3

k2 sin(n∆t). (56)

Implementing the static S ∗2,2 (or the angular offset ∆λ∗), the
secular evolution of the semimajor axis and eccentricity become

〈
da
dt

〉∗
T L
=

(
−21e2 + 6Ae

) µp

µ

(R
a

)5

k2 sin(n∆t)na (57)

and〈
de
dt

〉∗
T L
=

(
−

21
2

e + 3A
)
µp

µ

(R
a

)5

k2 sin(n∆t)n. (58)

This time, we do not find the same result as an energetic
method. In particular, the tidal dissipation provided by Eq. (96)
of Efroimsky (2018), converted to da

dt , and assuming zero obliq-
uity, would correspond to coefficients (−21e2 + 12Ae − 3A2).
We notice a factor 2 difference for the coefficient multiplying
Ae and an additional term, −3A2, independent of eccentricity,
absent in our Eq. (57). This discrepancy possibly arises because
the energetic method calculates the total power dissipated (the
sum of rotational and orbital energy rates of change). In con-
trast, our computation isolates the work done on the orbit, which
is the sole driver of the semimajor axis evolution. As is shown in
Eq. (49), our approach aligns with the energetic method only in
the absence of the physical libration, where the rate of change in
the total energy is identical to that of the orbital energy.

3.3.2. Complex Love number model

For the CLN model, the following results are obtained:

(S ∗2,2)CLN =

(
25
8

e2 − 16Ae + 4A2
)
µp

µ

(R
a

)3

ℑ(kc
2,2). (59)

The semimajor axis and eccentricity secular variations, hav-
ing implemented the correction offset, are〈

da
dt

〉∗
CLN
=

(
−18e2 +

9
2

Ae
)
µp

µ

(R
a

)5

ℑ(kc
2,2)na (60)

and〈
de
dt

〉∗
CLN
=

(
−9e +

9
4

A
)
µp

µ

(R
a

)5

ℑ(kc
2,2)n. (61)
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To reconcile the orbital effect of the CLN and TL tidal
models, the following relation must be satisfied:

ℑ(kc
2,2) =

7e − 2A
6e − 3

2 A
k2 sin(n∆t). (62)

When the libration amplitude is zero, the coefficient in
Eq. (62) reduces to 7

6 , consistent with Eq. (55). This shows a
different orbital response of the two tidal models to the rotation.

4. Discussion

Due to the triaxiality of the moons, their rotational and trans-
lational dynamics are coupled, meaning that, in principle, they
should be integrated together as is explained in Section 2.2. This
would ensure consistency of the dynamical model and the con-
servation of angular momentum. However, due to the limited
precision of available data and the lack of detailed observa-
tions of the moons’ rotational states, simplified rotational models
derived from the orbital state are usually employed. A common
choice is to assume synchronous rotation, with the x axis point-
ing to the empty focus of the orbit [at the first order], with the
possible addition of the physical libration [at the orbital period]
(Eq. (34)).

In this work, we found that, when internal dissipation occurs
within the satellite, this simplified rotational model cannot be
used to integrate the ephemerides of the moon, because it leads
to an orbital propagation that does not conserve the total angu-
lar momentum. Moreover, the secular evolution does not match
the theoretical predictions obtained by the energy approach,
resulting in a tidal dissipation rate almost three times higher.
Consequently, if the tidal dissipation of a satellite is estimated
based on its orbital evolution, the moon’s dissipative tidal param-
eters (either ℑ(k2) or ∆t) could be underestimated by the same
factor. To correct this, a constant angular offset of the perma-
nent bulge is necessary to create a restoring torque, conserving
the angular momentum and maintaining synchronous rotation
(Greenberg & Weidenschilling 1984).

This rotational frame offset can be introduced also by
considering the classical synchronous frame, adding a positive
S 2,2 in the gravity field of the moon. In fact, S 2,2 is the only
static degree-2 gravity parameter that induces a secular effect
on the satellite’s orbit, as is shown by Eq. (43) and derived in
Appendix A.3.

Therefore, for moons that reached spin–orbit resonance and
in the absence of dissipation, considering the classical syn-
chronous rotation model, a nonzero S 2,2 would lead to changes
in the system’s orbital energy and angular momentum without
any corresponding physical phenomena (e.g., stress and strain
induced by varying tidal potential). In this case, it is critical
to constrain S 2,2 to zero, to ensure that the orbital and angular
momentum variations are physically meaningful.

Note that the prime meridian can be chosen arbitrarily. The
common choice for a synchronous satellite is to define the frame
from the orbit; for example, pointing the x-axis to the empty
focus, as is considered in this work. Another possibility could
be to define the longitude of a specific feature on the surface
(Park et al. 2024).

In this case, the values of the static gravity or the rota-
tion offset that ensure the conservation of angular momentum
must be recomputed. For example, they can be directly trans-
formed from the S ∗2,2 and ∆λ∗ in the classical synchronous frame
(Eqs. (46), (48), (51), (52)) into the new reference frame know-
ing the rotation matrix between the two systems. Importantly,

the tidal orbital evolution is invariant to this choice, and the final
variation of the orbital elements will be the same as the ones
reported in our Sect. 3.2.

Returning to our original assumption about the reference
frame (Eq. (34)), the value of S 2,2 associated with dissipation
is relatively small, compared to the expected sensitivity of the
current and near-future space mission. For example, considering
Europa and Ganymede, even assuming the same dissipation as Io
found in Lainey et al. (2009), the corresponding S ∗2,2 would be
approximately one order of magnitude smaller than the expected
uncertainties of the JUICE and Europa Clipper radio science
analysis (Magnanini et al. 2024; Mazarico et al. 2023; Cappuccio
et al. 2020).

However, even a small value of S 2,2 can have significant
effects on the satellite’s orbit. For example, Gomez Casajus et al.
(2021) estimated the quadrupole of Europa using Galileo radio
tracking data, without globally integrating the ephemerides,
instead allowing for a local correction of Europa’s orbit during
each spacecraft flyby. They estimated an S 2,2 of (−6.21± 2.90)×
10−6 (1-sigma), which is compatible with zero within 2.1 sigma.
However, despite the value being relatively small with respect
to the data’s sensitivity, if Europa’s orbit were integrated using
a perfectly synchronous frame, this S 2,2 value would result in
an orbital expansion of approximately 175 m/year, a rate much
larger than the orbital expansion of 0.01 m/year measured by
Lainey et al. (2009).

Similarly, Durante et al. (2019) estimated Titan’s gravity field
using Cassini radio tracking data and correcting the ephemerides
locally, obtaining an S 2,2 of (−0.064 ± 0.066) × 10−6 (1-sigma),
which is compatible with zero within 1-sigma. This value would
cause an orbital contraction of approximately 0.60 m/year, while
Lainey et al. (2020) found that Titan’s orbit is actually expanding
at a rate of 0.11 m/year.

It is important to underline that the estimated values of S 2,2
mentioned above are fully consistent because they were obtained
in the context of a local analysis, where the long-term evolution
of the satellite is not considered. In fact, when estimating the
gravity field from flybys, two primary approaches are employed:
the local approach and the global approach.

In the local approach, followed by Gomez Casajus et al.
(2021) and Durante et al. (2019), the ephemerides of the moon
are treated as local parameters. A localized update is performed
only for the region around the closest approach of the flyby, start-
ing from a priori ephemerides. In this approach, S 2,2 is derived
purely from the spacecraft trajectory. A nonzero S 2,2 could result
from local offsets in the frame (e.g., libration) or from other
effects, such as nongravitational accelerations or contributions
from higher-degree gravitational harmonics. The uncertainties
in these analyses tend to be relatively large, but the results are
independent of the satellite’s dynamical model.

In the global approach, followed by method 1 in Lainey et al.
(2020), a coherent trajectory for the moons is estimated by fitting
all available data. In this context, gravity is primarily derived
from flybys, but it also influences the ephemerides. Hence, the
accuracy and coherence of the dynamical model are critical.
Estimating a nonzero S 2,2, even if it is statistically compati-
ble with zero, while assuming synchronous rotation, would alter
the orbital energy without conserving the angular momentum.
Based on our work, in the absence of dissipation S 2,2 should be
constrained to zero. However, in the presence of dissipation S 2,2
becomes nonzero and must be directly linked to the dissipation
parameters to avoid estimation biases.

Moreover, in Section 3.2.2, we found different orbital evo-
lutions between the TL and CLN tidal models. Assuming
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synchronous rotation for the moon, to reconcile the two models
orbital evolution and conserve the angular momentum, in addi-
tion to an angular offset, we determined that the relation between
k2 sin(n∆t) and the imaginary part of the tidal Love number in
the CLN model should include a factor of 7

6 , with ℑ(kc
2,2) =

7
6 k2 sin(n∆t) being obtained. This implies that the phase lags of
the two models, which are conceptually distinct (see Section 2.1),
cannot be related to Q through the same simple relationship pro-
posed in the literature (Eq. (28)). We also explored the impact
of physical libration at the orbital period on orbital evolution in
the presence of tidal dissipation for both the TL and CLN mod-
els. For the TL model, our results differ from those of Efroimsky
(2018).

The relation between ℑ(kc
2,2) and k2 sin(n∆t) to reconcile the

TL and the CLN models has to be adjusted from the simple 7/6
coefficient, suggesting that the two models react differently to
rotational states of the moons. Overall, these findings highlight
the importance of accurately modeling rotational dynamics and
their coupling with orbital motion, especially when estimating
the tidal dissipation from orbital evolution.

5. Conclusions

This work analyzes the two tidal models most commonly used
for reconstructing satellite gravity and ephemerides from radio
science and astrometry data, the TL and CLN models, with a
focus on the orbital evolution of moons in synchronous rotation
and zero obliquity. Our study assumes that bodies maintain a
permanent triaxial figure for a time longer than their spin period,
thus excluding liquid bodies, and uses equilibrium tides theory.
Under these assumptions, in the presence of dissipation within
the moon, neither tidal model conserves the angular momentum,
if a classical synchronous frame is assumed. Instead, an angular
offset around the spin axis is required, as was found in previ-
ous works (Ferraz-Mello et al. 2008; Murray & Dermott 1999;
Noyelles 2017). In addition, we found that the offset is critical
to accurately estimate the dissipation from the orbital evolution:
if neglected, the estimation of the dissipation parameters can be
biased by about a factor of three.

Although integrating the moon’s reference frame by solving
the full equations of motion does account for this offset, most
models assumed classical synchronous rotation for simplicity
and because of the lack of rotation data. In such cases, a proper
angular offset around the spin axis must be added, or an equiva-
lent S 2,2 gravity harmonic coefficient must be introduced in the
gravity field of the moons.

For the TL model, simply implementing the angular offset
or the proper S 2,2 leads to a secular orbital evolution consistent
with the expressions derived from energetic method. Moreover,
we highlighted the differences between the orbital effects of the
TL and CLN tidal models. To reconcile both models to produce
the energetic approach orbital evolution, under the assumption of
synchronous rotation, in addition to the angular offset, the imag-
inary component of the tidal Love number should be ℑ(kc

2,2) =
7
6 k2 sin(n∆t), which differs from the relation traditionally pro-
posed in the literature ( k2

Q = ℑ(kc
2) = k2 sin(n∆t)). This highlights

that, due to their physical difference, the phase lags from the
two models cannot be linked by the same quality factor, Q, as is
proposed in the current literature.

We also explored the impact of physical libration at the
orbital period on the orbital evolution, in the presence of tidal
dissipation, for both the TL and CLN models. For the TL model,

our results differ from Efroimsky (2018). For the CLN model,
a new relation between ℑ(kc

2,2) and k2 sin(n∆t) is required, indi-
cating that the two models respond differently to the rotational
states of the moons.

Finally, we highlighted that a nonzero static S 2,2, for a moon
in classical synchronous rotation, should only occur in the pres-
ence of dissipation, and is expected to be positive. When jointly
estimating gravity and ephemerides of satellites without coher-
ently integrating the moon’s reference, constraining S 2,2 (or the
angular offset of the prime meridian) to tidal dissipation is essen-
tial to reconstruct their orbital evolution, as it has a strong effect
on its dynamics. Neglecting this connection could introduce
significant biases into the dissipation parameters.
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Appendix A: Derivation of orbital evolution
equations

In this section we show the computations needed to obtain the
orbital effects due to static and periodic gravity field, considering
the TL and the CLN models. All computations are performed up
to the second order in eccentricity, i.e., retaining only terms of
order e and e2.

A.1. Self-figure acceleration

The gravitational acceleration of the point-mass body i due to
the extended body j is obtained as the gradient of its potential
U j. In spherical coordinates (ûr, ûϕ, ûλ):

fi(pm(i)−ext( j)) = −∇U j(r ji)

= −

(∂U j

∂r
ûr +

1
r
∂U j

∂ϕ
ûϕ +

1
r cos ϕ

∂U j

∂λ
ûλ

) (A.1)

where r, ϕ and λ are the radial position, latitude and longitude of
the body i in the body-fixed reference frame of the body j.

Representing the potential as a spherical harmonic expansion
(Eq. 9), the acceleration due to the degree-2 gravity field is:

fi(pm(i)−ext2( j)) = −
µ j

r2
ji

(
R j

r ji

)2 2∑
m=0

3P2,m(sin ϕ ji)

×
[
(C2,m) j cos mλ ji + (S 2,m) j sin mλ ji

]
ûr

+
µ j

r2
ji

(
R j

r ji

)2 2∑
m=0

∂P2,m(sin ϕ ji)
∂ϕ

×
[
(C2,m) j cos mλ ji + (S 2,m) j sin mλ ji

]
ûϕ

+
µ j

r2
ji

(
R j

r ji

)2 2∑
m=1

mP2,m(sin ϕ ji)
cos ϕ ji

×
[
−(C2,m) j sin mλ ji + (S 2,m) j cos mλ ji

]
ûλ

(A.2)

where P2,m are the associated Legendre function of degree 2
and order m:

P2,0(sin(ϕ)) =
1
2

(
3 sin2(ϕ) − 1

)
(A.3)

P2,1(sin(ϕ)) = 3 sin(ϕ)
√

1 − sin2(ϕ) (A.4)

P2,2(sin(ϕ)) = 3
(
1 − sin2(ϕ)

)
(A.5)

∂

∂ϕ
P2,0(sin(ϕ)) = 3 sin(ϕ) cos(ϕ) (A.6)

∂

∂ϕ
P2,1(sin(ϕ)) = 3 cos(2ϕ) (A.7)

∂

∂ϕ
P2,2(sin(ϕ)) = −6 sin(ϕ) cos(ϕ) (A.8)

where C2,m and S 2,m, are the un-normalized spherical harmonic
coefficients. For the Newton’s third law of motion, the force
exerted by the extended body j on the point mass i is equal in
magnitude and opposite in direction to the force exerted by the
point mass i back onto the extended body j:

mifi(pm(i)−ext( j)) = −m jfj(pm(i)−ext( j)) (A.9)

Therefore, the "self-figure" acceleration acting on body j can
be computed as:

fj(pm(i)−ext( j)) = −
mi

m j
fi(pm(i)−ext( j)) = −

µi

µ j
fi(pm(i)−ext( j)) (A.10)

As also shown in Eq. 31. For a simpler notation, we drop
the j index to indicate the satellite of which we are studying the
motion, use p instead of i to denote the planetary terms, and we
express the self-figure acceleration acting on the satellite simply
as f. The acceleration due to each term of the degree-2 potential
can be expressed as:

f(C2,0) =
µp

r2 C2,0

(R
r

)2


3
2

(
3 sin2 ϕ − 1

)
0

− 3
2 sin(2ϕ)


ûr
ûλ
ûϕ

 (A.11)

f(C2,1) =
µp

r2 C2,1

(R
r

)2
9 sin(ϕ) cos(ϕ) cos(λ)

3 sin(ϕ) sin(λ)
−3 cos(2ϕ) cos(λ)


ûr
ûλ
ûϕ

 (A.12)

f(S 2,1) =
µp

r2 S 2,1

(R
r

)2
9 sin(ϕ) cos(ϕ) sin(λ)
−3 sin(ϕ) cos(λ)
−3 cos(2ϕ) sin(λ)


ûr
ûλ
ûϕ

 (A.13)

f(C2,2) =
µp

r2 C2,2

(R
r

)2
9 cos2(ϕ) cos(2λ)

6 cos(ϕ) sin(2λ)
3 sin(2ϕ) cos(2λ)


ûr
ûλ
ûϕ

 (A.14)

f(S 2,2) =
µp

r2 S 2,2

(R
r

)2
 9 cos2(ϕ) sin(2λ)
−6 cos(ϕ) cos(2λ)
3 sin(2ϕ) sin(2λ)


ûr
ûλ
ûϕ

 (A.15)

A.2. Gauss Planetary equations

Gauss planetary equations (Gauss 1906; Battin 1999) provide the
time derivative of the Keplerian orbital elements under the influ-
ence of perturbative accelerations expressed in a local orbital
reference frame, also called RTN (Radial, Transverse, Normal).

In our work, for the sake of comparison between the results
obtained using the energetic method (Segatz et al. 1988; Yoder
& Peale 1981) and those derived from differential equations for
orbital element variations (Boué & Efroimsky 2019; Emelyanov
2018), we will focus only on the variations in the semimajor axis
and eccentricity. The Gauss planetary equation for the semimajor
axis and eccentricity can be written as (Battin 1999):

da
dt
=

2a2

h
[
fRe sin ν + fT (1 + e cos ν)

]
(A.16)

de
dt
=

r
h

[
fR(1 + e cos ν) sin ν + fT

(
e + 2e cos ν + e cos2(ν)

)]
(A.17)
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where fR, fT , fN are the RTN components of the perturba-
tive acceleration (fRT N), ν is the true anomaly, h is the angular
momentum.

We can write the equations as function of the mean anomaly
M exploiting the following relations Murray & Dermott (1999):

h =
√

pµp =

√
µpa(1 − e2) (A.18)

where p is the semilatus rectum;√
a3

µp
=

1
n

(A.19)

ν ≈ M + 2e sin M +
5
4

e2 sin(2M) (A.20)

sin(ν) ≈ sin M + e sin(2M) + e2
(

9
8

sin(3M) −
7
8

sin(M)
)

(A.21)

cos(ν) ≈ cos M + e(cos(2M) − 1) +
9
8

e2(cos(3M) − cos(M))

(A.22)

r ≈ a(1 − e cos(M) +
e2

2
(1 − cos(2M))) (A.23)

cos2(ν) ≈ cos2(M) − 4e cos(M) sin2(M) (A.24)

Then Eqns. A.16 and A.17 can be rewritten as:

da
dt
≈

2
n

[
fRe

(
sin M + e sin(2M)

)
+ fT

(
1 + e

(
cos M + e(cos(2M) − 1)

))] (A.25)

de
dt
≈

√
a
µp

[
fR(1 + 2e cos M) sin M

+ fT
(
2 cos(M) + 3e sin2 M

)] (A.26)

Then, to compute the secular effect on a generic orbital
element q it is necessary to integrate over one orbit:

∆q2π =

∫ 2π

0

dq
dM

dM =
∫ 2π

0

dq
dt

dt
dM

dM =
∫ 2π

0

dq
dt

1
n

dM

(A.27)

Finally, the general secular slope formula results in:

〈
dq
dt

(fRT N)
〉
=
∆q2π

T
=

1
2π

∫ 2π

0

dq
dt

dM (A.28)

where in the integral we consider constant the slow orbital ele-
ments a, e and n, assuming their variation is much smaller than
their nominal value, as for all the main Solar System moons.

Hence, to compute the secular variations of the orbital ele-
ments through the Gauss planetary equations we have to write
the accelerations in A.11-A.15 in terms of orbital elements.

Fig. A.1: Relation between spherical and RTN coordinate systems,
assuming zero obliquity.

Following Segatz et al. (1988) we assume a classical syn-
chronous rotation frame (ûr′ , ûϕ′ , ûλ′ ), with zero obliquity, spin-
orbit resonance, and zero forced libration. Under these assump-
tions, we obtain the self-figure acceleration on the body due to
its degree-2 gravity:

f =
µp

R2

(R
a

)4 (
r′

a

)−4
−

3
2 C2,0 + 9C2,2 cos(2λ′) + 9S 2,2 sin(2λ′)

6C2,2 sin(2λ′) − 6S 2,2 cos(2λ′)
0


ûr′

ûλ′
ûϕ′


(A.29)

where, to the second order in eccentricity e (Murray & Dermott
1999):

(
r′

a

)−4

≈ 1 + 4e cos(M) + e2(3 + 7 cos(2M)) (A.30)

sin(2λ′) ≈ 4e sin(M) + 2e2 sin(2M) (A.31)

cos(2λ′) ≈ 1 + e2(4 cos(2M) − 4) (A.32)

where M is the mean anomaly and a is the semimajor axis. Then,
the relations in Figure A.1 are applied to obtain the RTN frame.
In particular, because of the assumption of zero obliquity we
have R̂ = −r̂′; T̂ = −λ̂′; N̂ = ϕ̂′ (see Figure A.1), resulting in:

fRT N = −
µp

R2

(R
a

)4 (
r′

a

)−4
−

3
2 C2,0 + 9C2,2 cos(2λ′) + 9S 2,2 sin(2λ′)

6C2,2 sin(2λ′) − 6S 2,2 cos(2λ′)
0


ûR

ûT

ûN


(A.33)

A.3. Static gravity

In this section we will evaluate the orbital effect due to the static
degree-2 gravity field of a moon in classical synchronous rota-
tion. Substituting Eqns. A.30, A.31, A.32 in Eq. A.33 results in
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the following R,T,N components:

fS TR ≈ −
µ

R2

(R
a

)4 [
−

3
2

C2,0
(
1 + 4e cos M

+ e2(3 + 7 cos 2M)
)

+ 9C2,2
(
1 + 4e cos M + e2(11 cos 2M − 1)

)
+ 18S 2,2

(
2e sin M + 5e2 sin 2M

)]
(A.34)

fS TT ≈ −
µ

R2

(R
a

)4 [
12C2,2(2e sin M + 5e2 sin 2M)

− 6S 2,2
(
1 + 4e cos M + e2(11 cos 2M − 1)

)] (A.35)

fS TN = 0 (A.36)

Were subscript S T stands for static gravity. Substituting the
above expressions into Eq. A.25 yields the instantaneous rate of
change of the semimajor axis due to the degree-2 static gravity
field, to the second order in eccentricity:(

da
dt

)
S T
≈ −

(R
a

)2
√
µp

a

(
e sin M + 3e2 sin 2M

)
(−3C2,0 + 66C2,2)

− 12S 2,2

(
1 −

5
2

e2 + 5e cos M + 17e2 cos 2M
)

(A.37)

Then, taking the average as explained in Eqns. A.28 we get the
secular rate of change:〈

da
dt

〉
S T
= 12

√
µp

a

(R
a

)2

S 2,2

(
1 −

5
2

e2
)

(A.38)

As shown in Eq. 43 in Section 3.2.1. Note that, importantly,
under the assumption of classical synchronous rotation, S 2,2 is
the only degree-2 coefficient affecting the semimajor axis, and
thus the orbital energy (to the second order in eccentricity).

Analogously, substituting Eqns. A.34, A.35, and A.36 into
Eq. A.26 yields the instantaneous rate of change of the orbital
eccentricity:(

de
dt

)
S T
≈ −

(R
a

)2
√
µp

a3

[
−

3
2

C2,0

(
sin M + 3e sin 2M

+ e2
(

1
8

sin M +
53
8

sin 3M
))

+ 9C2,2

(
sin M +

17
3

e sin 2M

+ e2
(
−

125
24

sin M +
415
24

sin 3M
))]

− 12S 2,2

[
cos M + e

(
−

1
4
+

17
4

cos 2M
)

+ e2
(
−

7
2

cos M + 13 cos 3M
)]

(A.39)

And averaging we get the secular variation:〈
de
dt

〉
S T
≈ −3

√
µp

a3

(R
a

)2

S 2,2e (A.40)

Again, only the coefficient S 2,2 influences the secular rate of
change of eccentricity, under the assumption of classical syn-
chronous rotation.

A.3.1. Libration at the orbital period

The analysis is now extended to include physical libration at the
orbital period, which is governed by Eq. 34. The approximation
o(A) ≈ o(e) is adopted, reflecting the typical orders of magnitude
of libration amplitude and eccentricity for synchronous satellites.
This oscillation alters the self-acceleration term, thereby requir-
ing a re-evaluation of the orbital effects induced by the static
gravity field. Following the same procedure as described above,
we get the secular variations of semimajor axis and eccentricity:

〈
da
dt

〉
S T
= 12

√
µp

a

(R
a

)2

S 2,2

(
1 −

5
2

e2 − A2 +
11
2

Ae
)

(A.41)

〈
de
dt

〉
S T
≈ −3

√
µp

a3

(R
a

)2

S 2,2 (e − 3A) (A.42)

As for the case without libration, S 2,2 remains the only
gravity coefficient that influences the semimajor axis and the
eccentricity.

A.4. Complex Love number model

The correction to the normalized degree-2 coefficients due to
gravitational tides with the CLN assumption for dissipation can
be written as (Petit & Luzum 2010):

(
∆C2,m − i∆S 2,m

)
CLN
=

kc
2,m

5
µp

µ

( R
r′

)3

P2,m
(
sin(ϕ′)

)
e−imλ′

(A.43)

where:

kc
2,m = ℜ(kc

2,m)+ iℑ(kc
2,m) = k2,m

(
cos(φ2,m) + i sin(φ2,m)

)
= k2,meiφ2,m

(A.44)

where now k2,m and φ2,m are the modulus and phase of the CLN,
respectively. Substituting in Eq. A.43 :

(∆C2,m − i∆S 2,m)CLN =
k2,m

5
µp

µ

( R
r′

)3

P2,m(sin ϕ′)e−i(mλ′−φ2,m)

=
k2,m

5
µp

µ

( R
r′

)3

P2,m(sin ϕ′)

×
(
cos(mλ′ − φ2,m) − i sin(mλ′ − φ2,m)

)
(A.45)

For consistency we use the unnormalized coefficients using
the following relations:

Cl,m = Nl,mCl,mPl,m = Nl,mPl,mNl,m =

√
(2 − δm0)(2l + 1)

(l − m)!
(l + m)!

(A.46)
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For degree-2 coefficients N2,0 =
√

5, N2,1 =

√
5
3 , N2,2 =

√
5
12 ),

obtaining:

(
∆C2,0

)
CLN =

1
2

k2,0
µp

µs

( R
r′

)3 (
3 sin2(ϕ′) − 1

)
cos(−φ20) (A.47)

(
∆C2,1
∆S 2,1

)
CLN
= k2,1

µp

µs

( R
r′

)3

sin(ϕ′) cos(ϕ′)
(
cos(λ′ − φ2,1)
sin(λ′ − φ2,1)

)
(A.48)

(
∆C2,2
∆S 2,2

)
CLN
=

1
4

k2,2
µp

µs

( R
r′

)3

cos2(ϕ′)
(
cos(2λ′ − φ2,2)
sin(2λ′ − φ2,2)

)
(A.49)

To write in terms of orbital elements it is written:( R
r′

)3

=

(R
a

)3 (
r′

a

)−3

(A.50)

where:(
r′

a

)−3

≈ 1 + 3e cos(M) + e2
(

3
2
+

9
2

cos(2M)
)

(A.51)

Importantly, in Eq. A.51 it is possible to divide between a
constant and a periodic component. Indeed, the total tide raised
by the perturber on the body produces a variation of the gravity
coefficients with a mean that can be different than 0, the so-
called "permanent tide", which becomes by all means part of the
static gravity potential. Since we are interested only in the purely
periodic component, the permanent tide must be removed. Sub-
stituing Eq. A.51 in Eq. A.47, considering ϕ′ = 0 and Eq. A.44,
the permanent part results in:

⟨∆C2,0⟩CLN = −
1
2
ℜ(kc

2,0)
µp

µs

(R
a

)3 (
1 +

3
2

e2
)

(A.52)

and the purely periodic part:

(
∆C2,0

)periodic
CLN = −

1
2
ℜ(kc

2,0)
µp

µs

(R
a

)3 (
3e cos(M) + e2 9

2
cos(2M)

)
(A.53)

For ϕ′ = 0, ∆C21 and ∆S 21 are always zero.
Continuing for the (2, 2) terms:

(∆C2,2)CLN = −
1
4

(R
a

)3 µp

µs

×

[
ℜ(kc

2,2)
(
(1 − 5

2 e2) + 3e cos(M) + 17
2 e2 cos(2M)

)
+ ℑ(kc

2,2)
(
4e sin(M) + 8e2 sin(2M)

)]
(A.54)

where the following relation was used:

cos(2λ′ − φ2,2) = cos(2λ′) cos(φ2,2) + sin(2λ′) sin(φ2,2)

≈ cos(φ2,2)
[
1 + e2(4 cos(2M) − 4)

]
+ sin(φ2,2)

(
4e sin(M) + 2e2 sin(2M)

) (A.55)

The permanent part assumes the value:

⟨∆C2,2⟩CLN =
1
4
ℜ(kc

2,2)
µp

µs

(R
a

)3 (
1 −

5
2

e2
)

(A.56)

The purely periodic part results in:

(
∆C2,2

)periodic
CLN = −

1
4

(R
a

)3 µp

µs

[
ℜ(kc

2,2) (3e cos(M)

+
17
2

e2 cos(2M)
)
+ ℑ(kc

2,2)
(
4e sin(M) + 8e2 sin(2M)

) ]
(A.57)

Finally:

(
∆S 2,2

)
CLN = −

1
4

(R
a

)3 µp

µs

[
ℜ(kc

2,2)
(
4e sin(M) + 8e2 sin(2M)

)
− ℑ(kc

2,2)
(
(1 −

5
2

e2) + 3e cos(M) +
17
2

e2 cos(2M)
) ]
(A.58)

where:

sin(2λ′ − φ2,2) = sin(2λ′) cos(φ2,2) − cos(2λ′) sin(φ2,2)

≈ cos(φ2,2)
(
4e sin(M) + 2e2 sin(2M)

)
− sin(φ2,2)

(
1 + 4e2 cos(2M) − 4e2) (A.59)

Which has a permanent part of:

⟨∆S 2,2⟩CLN = −
1
4
ℑ(kc

2,2)
µp

µs

(R
a

)3 (
1 −

5
2

e2
)

(A.60)

Therefore, the purely periodic part results in:

(
∆S 2,2

)periodic
CLN = −

1
4

(R
a

)3 µp

µs

[
ℜ(kc

2,2)
(
4e sin(M) + 8e2 sin(2M)

)
− ℑ(kc

2,2)
(
3e cos(M) +

17
2

e2 cos(2M)
) ]

(A.61)

By substituting A.53, A.57, A.61 into the expression for the
self-figure acceleration A.33 we obtain the tidal acceleration due
to purely periodic part of degree-2 gravity field.

Applying the Gauss planetary equations (Eqs. A.25 and
A.26) and averaging over one orbit (Eq. A.28) yield the secu-
lar variations of the semimajor axis and eccentricity. Notably,
only the dissipative part of the potential, which is characterized
by the imaginary component of the Love number, generates a
secular effect. The resulting expressions for the secular rates of
change are:〈

da
dt

〉
CLN
= −55.5

µp

µ

(R
a

)5

ℑ(kc
2,2)nae2 (A.62)

〈
de
dt

〉
CLN
= −9

µp

µ

(R
a

)5

ℑ(kc
2,2)ne (A.63)

As shown in Eq. 35 and 36 of Section 3.1.1.
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A.4.1. Libration at the orbital period

When accounting for physical libration, the satellite’s rotational
dynamics interact with the tidal response. Applying the same
simplifying approximation as before, this interaction within the
CLN framework alters the self-acceleration term. The resulting
changes to the degree-2 tide coefficients are as follows:

(
∆C2,2

)periodic
CLN = −

1
4

(R
a

)3 µp

µs

[
ℜ(kc

2,2)
(
3e cos(M) +

17
2

e2 cos(2M)

+(A2 − 4Ae) cos(2M)
)

+ ℑ(kc
2,2)

(
4e sin(M) + 8e2 sin(2M)

−2A sin(M) − 3Ae sin(2M))
]

(A.64)

And a permanent part of:

〈
∆C2,2

〉
CLN =

(
1
4
−

5
8

e2 + Ae −
1
4

A2
)
µp

µ

(R
a

)3

ℜ(kc
2,2) (A.65)

(
∆S 2,2

)periodic
CLN = −

1
4

(R
a

)3 µp

µs

[
ℜ(kc

2,2)
(
4e sin(M) + 8e2 sin(2M)

−2A sin(M) − 3Ae sin(2M))

− ℑ(kc
2,2)

(
3e cos(M) +

17
2

e2 cos(2M)

+(A2 − 4Ae) cos(2M)
) ]

(A.66)

With a permanent part of:

〈
∆S 2,2

〉
CLN =

(
−

1
4
+

5
8

e2 − Ae +
1
4

A2
)
µp

µ

(R
a

)3

ℑ(kc
2,2) (A.67)

While ∆C2,0 remains unchanged with respect both Eq. A.52
and Eq. A.53.

The secular change in semimajor axis and eccentricity of the
purely periodic part of the potential results in:〈

da
dt

〉
CLN
=

(
−55.5e2 + 28.5Ae − 6A2

)
ℑ(kc

2,2)
µp

µ
n

R5

n4 (A.68)

〈
de
dt

〉
CLN
=

(
−9e +

9
4

A
)
ℑ(kc

2,2)
µp

µ
n
(R

n

)5

(A.69)

Note that Eq. A.69 is unchanged with respect Eq. 61, where also
the angular offset of the prime meridian is considered.

A.5. Time-lag model

The correction to the normalized degree-2 coefficients due to
gravitational tides with the TL model for dissipation can be
written as:(
∆C2,m − i∆S 2,m

)
T L
=

k2

5
µp

µ

( R
r∗

)3

P2,m (sin(ϕ∗)) e− jmλ∗ (A.70)

where:

r∗(t) = r′(t − ∆t) = r′(M − n∆t) (A.71)

λ∗(t) = λ′(t − ∆t) = λ′(M − n∆t) (A.72)

Note that TL model we are considering (Mignard 1979)
implicitly assumed k2=k2,0=k2,1=k2,2, the same applies for the
time lags at every order and degree.

Unnormalizing as for Eqs. A.47, A.48, A.49 and dividing
every element:

(
∆C2,0

)
T L =

1
2

k2
µp

µs

( R
r∗

)3 (
3 sin2(ϕ∗) − 1

)
(A.73)

(
∆C2,1
∆S 2,1

)
T L
= k2
µp

µs

( R
r∗

)3

sin(ϕ∗) cos(ϕ∗)
(
cos(λ∗)
sin(λ∗)

)
(A.74)

(
∆C2,2
∆S 2,2

)
T L
=

1
4

k2
µp

µs

( R
r∗

)3

cos2(ϕ∗)
(
cos(2λ∗)
sin(2λ∗)

)
(A.75)

where:

λ∗ = 2e sin(M − n∆t) + e2 sin(2(M − n∆t))
= 2e sin(M) cos(n∆t) − 2e cos(M) sin(n∆t)

+ e2 sin(2M) cos(2n∆t) − e2 cos(2M) sin(2n∆t) (A.76)

sin(2λ∗) ≈ 4e sin(M − n∆t) + 2e2 sin(2(M − n∆t))
= 4e sin(M) cos(n∆t) − 4e cos(M) sin(n∆t)

+ 2e2 sin(2M) cos(2n∆t) − 2e2 cos(2M) sin(2n∆t)
(A.77)

cos(2λ∗) ≈ 1 + e2(4 cos(2M − 2n∆t))

= 1 + e2(4 cos(2M) cos(2n∆t) + 4 sin(2M) sin(2n∆t) − 4)
(A.78)

Simplifying and re-writing in terms of orbital elements:

(
∆C2,0

)
T L = −

1
2

k2
µp

µs

(R
a

)3 (
r∗

a

)−3

(A.79)

where:(
r∗

a

)−3

≈ 1 + 3e cos(M − n∆t) + e2
(

3
2
+

9
2

cos(2M − 2n∆t)
)

= 1 + 3e(cos M cos(n∆t) + sin M sin(n∆t))

+ e2
(

3
2
+

9
2

(cos 2M cos 2n∆t + sin 2M sin 2n∆t)
)
(A.80)

As for Eq. A.52 we can isolate a permanent part:

⟨∆C2,0⟩T L = −
1
2

k2
µp

µs

(R
a

)3 (
1 +

3
2

e2
)

(A.81)

Which differs from the CLN model (Eq. A.52) only for
ℜ(k2,0) instead of k2.
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The purely periodic part results in:

(
∆C2,0

)periodic
T L = −

1
2

k2
µp

µs

(R
a

)3 [
3e

(
cos M cos(n∆t)

+ sin M sin(n∆t)
)
+

9
2

e2(cos 2M cos 2n∆t

+ sin 2M sin 2n∆t
)]

(A.82)

where:
For ϕ∗ = 0, both ∆C21 and ∆S 21 are zero.
Continuing for degree and order 2:

(∆C2,2)TL = −
1
4

k2
µp

µs

(R
a

)3 [
1 + 3e cos(n∆t) cos(M)

+ 3e sin(n∆t) sin(M)

+ e2
(5
2
+

17
2

cos(2n∆t) cos(2M)

+
17
2

sin(2n∆t) sin(2M)
)]

(A.83)

With permanent part of value:

⟨∆C2,2⟩T L =
1
4

k2
µp

µs

(R
a

)3 (
1 −

5
2

e2
)

(A.84)

Which again differs from the CLN model (Eq. A.56) only for
ℜ(k2,2) instead of k2.

The purely periodic component is written as:

(∆C2,2)periodic
TL = −

1
4

k2
µp

µs

(R
a

)3 [
3e cos(n∆t) cos(M)

+ 3e sin(n∆t) sin(M) + e2
(17

2
cos(2n∆t) cos(2M)

+
17
2

sin(2n∆t) sin(2M)
)]

(A.85)

(∆S 2,2)TL = −
1
4

k2
µp

µs

(R
a

)3 [
4e cos(n∆t) sin(M)

− 4e sin(n∆t) cos(M) + e2
(
8 cos(2n∆t) sin(2M)

− 8 sin(2n∆t) cos(2M)
)]

(A.86)

Which interestingly have a permanent tide of zero,

⟨∆S 2,2⟩T L = 0 (A.87)

differently from the CLN model (Eq.A.60).
Therefore, in this case the purely periodic component is

simply:
(
∆S 2,2

)periodic
T L = (∆S 2,2)T L.

The same methodology described in previous Sections A.2,
A.4 can be applied for the TL model accelerations to find the
secular semimajor axis and eccentricity variations:

〈
da
dt

〉
T L
= −57

µp

µ

(R
a

)5

k2 sin(n∆t)nae2 (A.88)

〈
de
dt

〉
T L
= −

21
2
µp

µ

(R
a

)5

k2 sin(n∆t)ne (A.89)

As shown in Eqs. 37, 38 in Section 3.1.2.

A.5.1. Libration at the orbital period

Analogously to the previous Sections A.3.1 and A.4.1, the TL
model is now evaluated considering libration at the orbital period
(Eq. 34). Under the same assumptions, incorporating this oscil-
lation perturbs the self-acceleration term, thereby modifying the
results obtained when the prime meridian was assumed to point
toward the orbit’s empty focus. Regarding the changes in the
degree-2 tidal coefficients:

(
∆C2,2

)periodic
T L = −

1
4

k2

[
3e

(
cos M cos(n∆t) + sin M sin(n∆t)

)
+

(
A2 − 4Ae +

17
2

e2
)

×
(
cos(2M) cos(2n∆t) + sin(2M) sin(2n∆t)

)]
(A.90)

And a permanent part of:

⟨∆C2,2⟩T L =

(
1
4
−

5
8

e2 + Ae −
1
4

A2
)
µp

µ

(R
a

)3

k2 (A.91)

(∆S 2,2)T L =
(
∆S 2,2

)periodic
T L

= −
1
4

k2

[
4e

(
sin M cos(n∆t) − cos M sin(n∆t)

)
+ e2(8 sin 2M cos(2n∆t) − 8 cos 2M sin(2n∆t)

)
− 2A

(
sin M cos(n∆t) − cos M sin(n∆t)

)
− 3Ae

(
sin 2M cos(2n∆t) − cos 2M sin(2n∆t)

)]
(A.92)

Where the
〈
∆S 2,2

〉
remains zero as in the previous section.

Finally the ∆C2,0 remains unchanged with respect to Eqs. A.81
and A.82.

The secular change in semimajor axis and eccentricity of the
purely periodic part of the potential results in:

⟨
da
dt
⟩T L =

µp

µ

(R
a

)5

k2 sin(n∆t)na
(
−57e2 + 24Ae

)
(A.93)

⟨
de
dt
⟩T L =

µp

µ

(R
a

)5

k2 sin(n∆t)n
(
−

21
2

e + 3A
)

(A.94)

Note that Eq. A.94 is unchanged with respect Eq. 58, where
also the angular offset is considered.
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Appendix B: Angular momentum

To find equations in Section 3.2, we start from taking the
derivative of Eq. 39:

dL
dt
= Mr∆ fT + C̃MR2 dn

dt
= 0 (B.1)

where the time derivative of C̃ has been neglected, and
∆ fT is the tangential component of the tidal acceleration in an
RTN reference frame. The first term of the equation represents
the "orbital" angular momentum, while the second the "spin"
angular momentum.

For the spin angular momentum rate of change we find:

dLspin

dt
= C̃MsR2 dn

dt
= −3/2C̃MsR2 n

a
da
dt

(B.2)

where the time derivative of C̃ has been neglected. Eq. B.2
shows that under the hypothesis of synchronous rotation, the
variation in the spin angular momentum is directly tied to the
semimajor axis evolution.

B.1. Time-lag model

The secular variation of the spin angular momentum for the TL
model can be written as:

〈
dLspin

dt

〉
T L
= −

3
2

C̃MsR2 n
a

〈
da
dt

〉
≈

171
2

C̃
µp

R

(R
a

)6 µp

µ
k2 sin(n∆t)Ms

(R
a

)2

e2 (B.3)

Assuming C̃ to be the one measured for Io in Schubert et al.
(2004), approximately 0.37, and being

(
R
a

)2
∼ e2 the left hand

side of Eq. 41 is found.
For the orbital angular momentum, considering zero physical

libration at the orbital period, the acceleration ∆ fT can be found
substituting (∆C22)periodic

T L Eq. A.85 and (∆S 22)periodic
T L Eq.A.86 in

Eq. A.33 tangential component, resulting in:(
dLorb

dt

)
T L
= Msr∆ fT = Ms∆ fT

r
a

a

≈ −
µp

R

(R
a

)6 µp

µs
6k2Ms

×

[
e sin(M − n∆t)

+ e2
(
2 sin(2M − 2n∆t) − 3 sin(n∆t)

)]
(B.4)

Taking the mean over one period results in:

〈
dLorb

dt

〉
T L
= −18

µp

R
µp

µ

(R
a

)6

Mk2 sin(n∆t)e2 (B.5)

As shown in Eq. 42 in Section 3.2.1.

B.2. Complex Love number model

As for the TL model, considering zero physical libration at the
orbital period, the acceleration ∆ fT can be found substituting
(∆C22)periodic

CLN Eq. A.64 and (∆S 22)periodic
CLN Eq.A.66 in Eq. A.33

tangential component, resulting in:

(
dLorb

dt

)
CLN
≈

3
4

[
ℜ(kc

2,2)
(
8e sin(M) + 32e2 cos(M) sin(M)

)
− ℑ(kc

2,2)
(
15e2 + 6e cos(M) + 20e2 cos2(M)

)]
(B.6)

Taking the mean over one period results in:

〈
dLorb

dt

〉
CLN
= −

75
4
µp

R
µp

µ

(R
a

)6

Mk2ℑ(kc
2,2)e2 (B.7)

B.3. Static gravity

Computing ∆ fT considering only the static part of the potential
(Eq. A.29) the orbital angular momentum results in:

(
dLorb

dt

)
S T
≈
µp

R

(R
a

)3 [
12C2,2(2e sin(M) + 5e2 sin(2M))

− 6S 2,2(1 + 4e cos(M) + e2(11 cos(2M) − 1))
]

(
1 − e cos(M) + e2

(
1
2
−

1
2

cos(2M)
))

(B.8)

which computing the mean over one period results in:

〈
dLorb

dt

〉
S T
= 6
µp

R

(R
a

)3

S 2,2

(
1 −

5
2

e2
)

(B.9)

As shown in Eq. 44 in Section 3.2.1.

B.4. Libration at orbital period

For the cases including libration at the orbital period, the pro-
cedure is repeated by incorporating libration effects into the
tangential acceleration ∆ fT for the TL and CLN models and the
static gravity, again assuming o(A) ≈ o(e), finding:〈

dLorb

dt

〉
T L
= −18

µp

R
µp

µ

(R
a

)6

Mk2e2 sin(n∆t)
(
1 −

A
2e

)
(B.10)

〈
dLorb

dt

〉
CLN
= −

3
4
µp

R
µp

µ

(R
a

)6

Mk2ℑ(kc
2,2)

(
4A2 − 16Ae + 25e2

)
(B.11)

〈
dLorb

dt

〉
S T
= 6
µp

R

(R
a

)3

S 2,2

(
1 −

5
2

e2 − A2 + 4Ae
)

(B.12)

These equations allow for the retrieval of the conservation
conditions ((S ∗2,2)T L and (S ∗2,2)CLN) and the orbital evolutions
shown in Section 3.3.
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