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ABSTRACT

‘We present a novel algorithm that discriminates between bound and unbound particles by consideration of the gravitational potential
from an accelerated reference frame, also referred to as the ‘boosted potential’. Particles are considered to be bound if their energy
does not exceed the escape energy of a potential well, given by the closest saddle point that connects to a deeper potential minimum.
This approach has core benefits over previous approaches, since it does not require any ad hoc thresholds (such as overdensity criteria),
while it does include the gravitational effect of all particles in the binding criterion (improving over widely used self-potential binding
checks) and it only operates with instantaneous information (making it simpler than approaches based on dynamical histories). We
show that particles typically become bound between their first peri- and apo-centeric passage and that bound and unbound populations
show very distinct characteristics through their distribution in phase space, as well as in their density profiles, virial ratios, and redshift
evolution. Our findings suggest that it is possible to understand haloes as two-component systems, with one component being bound,
virialised, of a finite extent, and evolving slowly in quasi-equilibrium and the other component being unbound, un-virialised, and

evolving rapidly.
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1. Introduction

In the standard A cold dark matter (ACDM) cosmological
model, dark matter haloes are one of the building blocks of non-
linear structure. As such, a great deal of research is founded
upon our understanding of these structures. A non-exhaustive
list of examples includes the halo model of the non-linear
power spectrum and its extensions (e.g. Seljak 2000; Mead et al.
2020; Asgari et al. 2023; Aycoberry et al. 2025; Salazar et al.
2025), which rely on knowing how abundant haloes are
and how matter is distributed within them; galaxy cluster-
ing studies (e.g. Alam etal. 2021; Abbottetal. 2018, 2022;
Adame et al. 2025; Euclid Collaboration: Mellier et al. 2025),
which are heavily reliant on the definition and properties of
haloes in order to model the clustering properties of galax-
ies (e.g. Jing et al. 1998; Benson et al. 2000; Peacock & Smith
2000; Vale & Ostriker 2006; Conroy et al. 2006; Contreras et al.
2021; Ortega-Martinez et al. 2024); galaxy cluster number count
analyses, which are heavily dependent on the calibration of
scaling relations between observable properties and halo prop-
erties (e.g. Planck Collaboration XXVII 2016; Heymans et al.
2021; Lesci et al. 2022; Bleem et al. 2024; Bulbul et al. 2024;
Sereno et al. 2025); and dedicated ‘zoom-in’ simulation runs of
galaxy and structure formation (e.g. Hahn et al. 2017; Cui et al.
2018, 2022; Wang et al. 2020; Nadler et al. 2023; Pellissier et al.
2023; Nelson et al. 2024), which require a robust understanding
of how haloes form to accurately select the Lagrangian patch
that is re-simulated. Therefore, it is evident that it is important to
have a clear definition of haloes and their boundaries.

* Corresponding author: tamara.richardson@dipc.org

The simplest, and arguably the most widely used bound-
ary defines haloes as spherical regions, which are denser than
the cosmological background. This results in a set of char-
acteristic mass scales known as spherical overdensity masses,
typically denoted M. or Mjp, which represent the total mass
contained within a spherical region enclosing an average den-
sity that is A times the critical or background matter density
of the Universe. This definition is motivated by the theoreti-
cal description of virialised haloes within the spherical collapse
framework. This definition has many benefits that have made
it popular. First, it is intuitive and easy to implement. Second,
it is flexible, with the possibility of varying the value of A
depending on the application. For example, studies that focus
on the innermost regions of haloes, such as the study of hot
gas in the intracluster medium (e.g. Planck Collaboration XXVII
2016; Hilton et al. 2021; Bleem et al. 2024; Bulbul et al. 2024,
Sereno et al. 2025), will tend to use mass definitions correspond-
ing to these regions (e.g. Msooc, Masooc), while studies interested
in larger radii, such as weak lensing mass estimates (e.g. Sereno
2015; Bellagamba et al. 2019; Umetsu et al. 2020; Lesci et al.
2022), will tend to use masses defined at lower overdensities
(e.g. Magoc or Maogp).

Nonetheless, this halo definition has several drawbacks.
Notably, it enforces spherical symmetry, whereas haloes are
typically ellipsoidal and present many small-scale features
such as sub-haloes or caustics (e.g. Eisenstein & Loeb 1995;
Springel et al. 2004; Vera-Ciro et al. 2011; Despali et al. 2014;
Bonnet et al. 2022). Moreover, spherical overdensities are not
well suited to studying the evolution of haloes, due to the fact
that the definition itself changes depending on the cosmologi-
cal background, through an effect known as pseudo-evolution
(Diemer et al. 2013). For example, this effect makes it more
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Fig. 1. Slice of the boosted gravitational potential field centred on a
halo. Dark green contours mark the saddle point energy, ¢4, While the
bound population of particles is shown as magenta points.
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difficult to disentangle how much matter has been accreted over
a given time period, as the spherical overdensity mass will
increase over time even in the absence of accretion, simply
because the background density is decreasing. This definition is
also ill-suited to describe the abundance of haloes, as expressed
through the halo mass function (HMF). Indeed, excursion-
set theory predicts that the HMF should have no explicit
cosmology dependence when expressed in the correct units
(Press & Schechter 1974; Bond et al. 1991); in other words, the
HMEF should be universal. In practice, simulations have revealed
this to not be the case (e.g. Tinker et al. 2008; Despali et al.
2016; Castro et al. 2021; Ondaro-Mallea et al. 2022). However,
an open question remains as to the origin of the observed non-
universality: whether it is generated through a physical process
or simply emerges from the mass definition.

In N-body simulations, another popular choice for the def-
inition is the mass of friends-of-friends (FoF) groups, (e.g.
Press & Davis 1982; Springel et al. 2001; Roy etal. 2014),
which depend on a linking length between individual particles
that serves as a proxy for the local matter density. This has the
advantage of removing the assumption of spherical symmetry
and it is numerically efficient to implement. Moreover, this defi-
nition provides valuable insight as to the clumpy nature of haloes
but comes at the expense of being more difficult to link to theory
and not being directly applicable to observations. In addition,
FoF has the tendency to detect chance alignment of particles,
marking the presence of a halo where there is none. For example,
in Angulo et al. (2013) and Stiicker et al. (2020, 2021), caustics
and numerical fragments were detected by the FoF approach as
haloes in warm dark matter simulations. Furthermore, because
FoF relies on the local density of particles, it may create unphys-
ically large structures by bridging haloes (see e.g. Knebe et al.
2011; Leroy et al. 2021). This particular issue stems from the
fact that haloes lack a sharp boundary in terms of density.

Nevertheless, in simulations, the physical properties of dark
matter, such as the density, velocity, and acceleration fields,
are known, allowing us to construct a more in-depth picture of
haloes by using more advanced definitions. While the edges of
haloes are difficult to define from the density field alone (see
e.g. Eisenstein & Hut 1998; Springel et al. 2001; Aubert et al.
2004; Codis et al. 2015, 2018), it is possible to do so in terms
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of dynamical properties. For instance, particles can be selected
based on their orbital status, considering only particles that have
undergone their first apocentric passage (Adhikari et al. 2014,
Diemer 2017) or that have undergone shell crossing in three
dimensions (Falck et al. 2012; Stiicker et al. 2020) as part of
the halo. Alternatively, the boundary can be defined in energy
space by introducing cuts in terms of kinetic energy (Garcia et al.
2023; Salazar et al. 2025). These approaches are, however, much
more computationally expensive, with the first methods noted
above requiring the motion of every particle to be tracked, while
the second requires an internal fitting procedure to optimise the
kinetic energy cut.

One quantity that is often overlooked when studying haloes
is the gravitational potential, ¢. As the scalar quantity sourc-
ing the motion, the gravitational potential is the natural quan-
tity defining the area of influence of a given halo. Until recently,
using the gravitational potential has been impossible in prac-
tice since it is dominated by large-scale gradients that mask
the potential wells of smaller structures. However, Stiicker et al.
(2021) showed that it is possible to use the gravitational potential
to define structures by adding a ‘boost’,

Pu(x) = ¢(x) — (X = x0) - Vi(X)|—y, = $(x) + (x = X0) - @p, (1)

which removes the locally-averaged large-scale gradient,
Vy$(x)|;—y,- This operation is equivalent to studying a halo in
a reference frame free-falling with an acceleration of a(, with
the equivalence principle implying that this type of transforma-
tion does not impact the internal dynamics of the system. In this
context, haloes can be defined as host potential wells, for which
the boundary is set by a saddle point in the field which leads to
a deeper potential well. Particles within the well that have ener-
gies below the saddle-point energy are bound to the structure,
whereas particles with higher energies could potentially escape.
This definition of boundness can be understood as a generalisa-
tion of commonly used self-binding checks, (e.g. Springel et al.
2001; Behroozi et al. 2013) since it naturally includes the grav-
itational effect of surrounding structures. This is illustrated in
Fig. 1, where we show a slice of the boosted gravitational poten-
tial field centred on a 10'3 h~! M, halo. Here, we outline the sad-
dle point energy, ¢s,q, marking the dynamical edge of the halo
with a thick green line and showing the particles that are bound
to this potential well in magenta.

In this work, we propose expanding the study of the prop-
erties of haloes as defined using the boosted potential in
Stiicker et al. (2021). As such, we have developed a particle
assignment algorithm, known as STRAWBERRY', to efficiently
find the saddle point energy and check whether particles are
bound to a given potential well. This work is structured as fol-
lows. After discussing the theoretical framework in Sect. 2, we
present our particle assignment algorithm in Sect. 3 for which
several convergence tests can be found in Appendix A. In Sect. 4,
we study the properties of particle distributions assigned to
haloes, examining how particle energies evolve and how they
are then distributed in the halo. In addition, we study their viri-
alisation state, and how their bound masses compare to the more
commonly used Mjoop. Finally, in Sect. 5, we summarise this
work and present our conclusions and future prospects.

2. Theory

The goal of the STRAWBERRY algorithm is to find bound
structures in the gravitational potential. However, notions of
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boundedness and the potential energy depend on the choice of a
coordinate frame. Here, we discuss our notion of boundedness,
along with notions of how it operates in the idealised case of
a static potential landscape, how the expansion of the universe
can be accounted for, and how to choose an optimal frame of
reference.

2.1. Notion of boundedness

It is difficult to give a clear definition of what ‘boundedness’
signifies in the case of cosmological simulations. For isolated
systems, binding notions tend to reference the gravitational
energy normalised to ¢(— oo) = 0 and performing checks on
whether a given particle’s energy is sufficient to escape to infin-
ity. However, this assumption shows weakness when the addi-
tional potential of other structures is considered. For example,
considering the gravitational potential of the Earth, in principle,
it would be possible to bind particles at arbitrary large distances
if they were to have low enough relative velocities. However, due
to the gravitational field of the Sun, any particles at a distance
greater than the Lagrangian point L1 will orbit around the Sun,
rather than the Earth. While the self-potential binding check is a
powerful heuristic in many situations, we probably do not want
to use it as a baseline of what it means to be ‘bound’.

Intuitively, what we understand by particles being ‘bound’
to a structure is that they are restricted to orbiting around it.
Approximately, we might say that a particle, i, is bound to a
given set of particles at a time, ¢, if for all future times it will not
leave a certain area of influence. However, his notion of bound-
edness is not very precise, as it has several ambiguities: (1) the
coordinate frame that we have used to define distances needs to
be specified. For example, in cosmology, under this definition,
a structure may be bound in comoving space, but unbound in
physical space; (2) it is not clear what reference sets of parti-
cles and area of influence should be considered; and (3) it is also
a somewhat impractical notion overall, as it requires predicting
the full future of the particle. For instance, if a particle orbits in
the vicinity of a structure for a long time, but then gets expelled
(e.g. through some event that strongly changes its energy), it is
not obvious whether or not it should be called ‘bound’ prior to
the ejection event.

Despite these ambiguities, we argue that the goal of any
physical definition of boundness is to approximate statements of
this form. In other words, heuristics based on energy arguments
that could be used to make approximate predictions about the
future of particles. For a given heuristic, a particle then becomes
bound when it becomes clear that it is restricted in this sense
for all future times. Our goal is to define a heuristic based on
the ‘full’ gravitational potential that allows us to detect bound
structures in this regard.

Before we go on to discuss the full cosmological scenario, it
is insightful to consider a simplified thought experiment. Let us
assume that we have a Hamiltonian of the form,

1,
H = ¢(x) + 50", @)
with a complicated (non-monotonic), but static potential, ¢. As
energy is conserved in this scenario, it is easy to find bound
regions: if a particle has an energy level E = H, then it may
only orbit in the space restricted by ¢(x) < E. Furthermore,
it is restricted to the connected space (that contains its start-
ing position) that fulfils this criterion. We can associate a con-
nected region ¢(x) < E with the deepest minimum, @y;,, inside
of it. The maximal extent of space that may be associated with

Outer Saddle Point
—

ol
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Ay,

Sub-minimum

Local Minimum

Deeper Valley

Fig. 2. Illustration of our binding notion for a fixed potential landscape.
The region where particles may be bound to the minimum extends up
to the first saddle point connecting to a deeper minimum.

a given minimum is then limited by the first saddle point, ¢,
which connects to a deeper minimum. The difference in energy
AP = Psag — Pmin 1s called the ‘persistence’. Therefore, in the
described scenario, we may say that a particle is bound to the
deepest minimum in the connected space ¢(x) < E. This is illus-
trated in Figure 2.

While in the former scenario, we can provide a very clear
notion of boundedness, the cosmological scenario is consid-
erably more complicated. This is because the potential notion
depends on the adopted reference frame and is generally highly
time-dependent. However, it is possible to recover a scenario that
is close to the one described above by transforming it into an
appropriate reference frame that accounts for the expansion of
the universe and for large-scale accelerations.

2.2. Potential energy

In physical space, it is common to define the potential through
the Poisson equation,
V29, = 4nGp(r), 3)

where V, denotes a derivative with respect to physical coordi-
nates r and p(r) is the physical density. The physical energy is
given by

1 1
E =¢.(r) + 502 - 8Aczrz,

1 1
= ¢, (r) + Euz - EHZQA(a)rz,

“
&)

where A is the cosmological constant. The dark energy term is
often omitted, as it is usually sufficiently small at the small dis-
tances that are of interest in physical space. However, since it has
an effect on larger scales, it is included for consistency.

In the comoving frame, we can write

x=1, ©)
v = ¥d* = a(i - rH), (7
V2¢ = 4nGa’[p(r) — pm] = %a—lgm,ng(s, 8)
v=-V,¢, )

where x is the comoving coordinate, a is the scale factor, v is
the canonical momentum which relates to peculiar velocities as
Upec = U/a, pm is the mean matter density of the universe, Hy the
Hubble parameter at a = 1, ¢ the relative matter overdensity, ¢ is
the peculiar potential, and the dot marks derivatives with respect
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to the proper time for a comoving observer. We note that conven-
tions on the definition of the peculiar potential may differ by a
factor, a, for example the cosmological simulation code Gadget
(Springel et al. 2021) outputs @gadeer = @ - ¢ in snapshots. Impor-
tantly, the physical potential and the peculiar potential differ by
a quadratic term,
1

¢=¢, - ZHerQm, (10)
which accounts for the effect of the mean density. We can express
the physical energy from the comoving frame,

[y 7
E = ZH r[Qm(a) —2Qp(a)] + ¢ + bR

1 2
= —H2 P2+ Qu(a) = 2Qn(@)] + Ho - x + ¢ + —,
4 2a?

2

= f—leaZxZQm(a) +Ho-x+¢+ #,
where the third line is assuming a flat universe without radia-
tion, so Qp = 1 — Q. We can calculate E from the two different
frames and get consistent results for the same particle. However,
the split between which part of the energy is considered as poten-
tial energy and kinetic energy is frame-dependent. For a bind-
ing check, this implies that we may define a procedure which
is consistent between resting and expanding reference frames
by requiring E < E, where E, is the reference energy above
which a particle may escape the potential well. The motivation
of using the physical energy, E, is that it is closest to a conserved
quantity for static physical systems that have decoupled from the
expansion of the Universe.

The remaining challenge is to define E,. In the scenario con-
sidered in Section 2.1, it appeared natural to consider saddle-
points of the potential as the largest energies and furthest points
where particles may be bound. However, due to the quadratic
term in Eq. (10), we have different saddle-points in the comov-
ing and the physical frame. In the absence of dark energy, saddle
points of the physical potential signify points that would stay at
a fixed physical distance if 7 = 0, whereas saddle-points of the
peculiar potential signify points that stay at a fixed comoving
distance if v = 0. This ambiguity is similar to the ambiguity in
the notion of boundedness, as pointed out above.

A further necessary consideration is that it is easy to find
examples where (for both the comoving and physical potential)
there is no saddle point. For instance, we can take an overden-
sity 6(r) for which the spherical average within a radius, r, is

Elonotonically decreasing and positive, (_S(V) > 0, for all r, and
o(r = o0) — 0. If we compute the physical potential,

4 _
8,9, = ”TGrpm[l + 3,

an

12)

we find that it is monotonically increasing (d,¢, > 0), and, as
such, it has no saddle point. In contrast, for the peculiar potential,
itis

0,6 = = rpmd(r), (13)

4nG
3
which reaches d,¢ — 0 only at infinity. In practice, neither case
is convenient.

Pragmatically, we must therefore refine our definition and
ask what is the furthest point that we may want to consider in
a binding check. To answer this question, we can call upon the
spherical collapse formalism. In this context, we may propose
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that we do not want to consider in our binding check any points
beyond the turn-around radius, ri,, where spherically collapsing
shells are characterised by 7 = 0. Within this formalism, this
radius corresponds to an average enclosed density &, with 6 =~
4.55 for an Einstein-de-Sitter (EdS) Universe (see e.g. Mo et al.
2010). From these ingredients, we can construct a potential of

47Gpm
’
3

0r¢. = [6(r) - 5], (14)

explicitly forcing the existence of a saddle point at 6(r) = 8.
We refer to this potential as the turn-around potential, which can
further be expressed as

1 -

¢ = - Zstzmrza, (15)
4rG -

=¢- Tpmrza. (16)

While this potential only guarantees, for a spherically symmetric
system, that the saddle will be located at the turn-around radius,
it does guarantee that at sufficiently large radii, a saddle-point
and a deeper minimum exist even for rare pathological cases. In
terms of this potential, the physical energy is given by

1 ~ 2
E = ZHP[Qn(@)(1 +5) = 200@] + 6. + =,
and we define the reference energy, E., as the energy level of a
particle that is physically at rest i = 0 (therefore, v = —a?Hx) at
the saddle-point, X, .,

a7

1 ~

Ew = JH @350 [Qu@(1 +8) = 200@)] + ¢.(xa). (18)

We note that the choice of the potential that is used to define
the saddle-point energy level leaves a degree of freedom that
may seem somewhat arbitrary. However, in practice the differ-
ence between the different potential notions is almost always
negligible, since they only tend to differ at much larger radii than
the location of the saddle-point. We will show this in more detail
in Appendix A.3.

2.83. The boosted potential

Definitions of energy depend on the adopted reference frame.
For example, a Galilean transformation changes the kinetic
energy term and it modifies the time-dependence of the poten-
tial. Furthermore, a transformation into an accelerated reference
system with an arbitrary time-dependent offset, x(?),

x' =x—x0(0), (19)

v =v-uvy(0), (20)

with vy = a2k, introduces an additional fictitious force in the
transformed coordinates,
v =0 —ay), (21)

with ay(f) = do(r). With the equation of motion & = -V ¢, we
can interpret this as a modification of the potential,

Po(x', 1) = p(x(x’, 1), 1) + x" - ao(1),

which we call a ‘boosted potential’ (Stiicker etal. 2021).
According to the equivalence principle, transformations of this
type do not affect the internal dynamics of systems, but they do

(22)
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change the energies that we would define for particles. There-
fore, we need to choose a unique reference frame to define ener-
gies. Here, we argue that the preferred reference frame is the one
that minimises the explicit time dependence of the potential in a
region of interest. In such a frame, the conservation of energies
is the least violated and a binding check is the most meaningful.

Since the potential arises from the mass distribution, the
explicit time-dependence of the mass distribution, p(x’,?), is
expected to be small in an optimal reference frame. As such,
given a set of particles {x;,v;} (e.g. all particles in a region of
interest), we chose our reference frame so that the centre of mass,
the centre of mass velocity, and the centre of mass acceleration
are fixed at O:

(xX')(1) =0, (23)
@Hn =0, (24)
(a’)(n) =0, (25)

where the expectation values go over all considered particles.
We can then evaluate the transformations in terms of our original
coordinates:

X' =x—x(t) = x — {x)0), (26)
v =0v-vp(t) = v—(0)Q), (27)
a' =a-ayt) = a+(Vep(x))2). (28)

Combining the definition of the boosted potential with that

of the turn around potential, we define
| T

Gos = ¢ — (Vo) - x - ZH Qnro, (29)
in the accelerated reference frame. This potential is the field that
will be used in the following section to define the dynamical
boundary of haloes, and energies of particles by replacing ¢.
with ¢y, in Egs. (17) and (18). Indeed, this definition grants
us all of the benefits discussed above by both minimising the
explicit time dependence of the potential, while also guarantee-
ing that there will always exist a saddle point to which we can
define the boundary of the potential well.

3. Algorithm

In the previous section, we lay down the theoretical framework
upon which we constructed our particle assignment scheme. In
this section, we go over more specifically how this framework is
adapted to sets of particles and how it is implemented to produce
groups of particles bound to potential wells. To summarise this
section, the STRAWBERRY halo assignment algorithm (hereafter
simply referred to as the algorithm or STRAWBERRY) proceeds
in four main steps:

1. Propose a region of interest;

2. Apply the transformation to an accelerated frame;

3. Find the saddle-point contour of the boosted turn-around
potential, @y .;

Perform the binding check by evaluating whether £ < E
for all particles within the saddlepoint contour.

4.

3.1. Moving about the simulation

Before getting into the core of the algorithm, one crucial step
is required; namely, to translate the theoretical framework of
Sect. 2 (expressed in terms of continuous fields) into a form
applicable to a discrete set of particles. In practice, this step is
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important because we rely on features of these fields to define
structures, namely minima, gradients, and saddle points, mak-
ing them an integral part of the numerical scheme. As discussed
further in Sect. 3.3, we constructed structures by iteratively
adding neighbouring particles until we fill the potential well.
This requires two elements: a means of computing the boosted
potential at the location of each visited particle and then a defi-
nition of neighbouring particles.

As such, STRAWBERRY begins by establishing a connectiv-
ity between particles. In this context, connectivity can be seen as
a set of edges which connect particles to each other, assigning
to each one a set of neighbours. There are many ways that one
could define this connectivity. For instance, a common choice
is to use a Delaunay tessellation (Forman 1998, 2002; Sousbie
2011; Tierny et al. 2018; Stiicker et al. 2021), which has many
desirable properties, such as guaranteeing that any particle is
accessible from any other particle in the simulation, while using
a minimal number of edges. This kind of connectivity is compu-
tationally expensive, making cheaper alternatives more desirable
given the large number of particles used in modern cosmological
simulations.

Here, we have instead opted for a simpler connectivity def-
inition. For each particle, the algorithm saves a list of the Ny
nearest neighbours, with STRAWBERRY tracking the ten nearest
neighbours of each particle by default. This choice is both sim-
ple to implement, given the fixed size of the list of neighbours,
and is efficient to compute, through the use of the k-d tree algo-
rithm (Bentley 1975) for example. Because this particular con-
nectivity does not have the guarantees of more advanced choices,
it can be prone to forming clumps and islands, prohibiting the
exploration of certain parts of the simulation. However this can
be easily avoided if the number of saved neighbours is suffi-
ciently high. This is explained in Appendix A.2, where we show
that for the number of neighbours used by default, the recov-
ered physical properties of haloes are converged. Alternatively,
additional information about the field that is being explored can
be provided; for example, SUBFIND (Springel et al. 2001), which
establishes an effective connectivity based on the density field
by connecting each particle to its two neighbours with highest
density within a preselected list of nearest neighbours. While
this may seem more efficient, in the case at hand, this would
mean recomputing the connectivity each time we switch refer-
ence frame, resulting in a significantly increased computational
cost.

3.2. Initialisation and reference frame

As stated earlier in this work, the definition of the boosted poten-
tial relies on local averages in order to pass into the acceler-
ated reference frame of the structure. Without an initial esti-
mate of the positions and sizes of structures, it is difficult
to define these quantities (see e.g. Stiicker et al. 2021). As a
first guess, our algorithm uses an initial catalogue of particles
split into FoF groups. It is from these groups that we com-
pute mean acceleration, {(a), along with the mean position of
particles, {x), which provides an initial guess as to the loca-
tion of the minimum of the potential well. We note that these
FoF groups only serve as a selection of the zones of inter-
est that the STRAWBERRY algorithm will visit, and are not
used during the assignment and binding procedures described in
Sect. 3.3.

Using this initial guess we compute the boosted potential
for all particles within the FoF group and select the particle
which has the lowest potential value. In the majority of cases,
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Fig. 3. Illustration of main particle assignment scheme implemented in
STRAWBERRY. We start by defining the turn around boosted potential,
¢y, shown as a thick black line, and assigning the connectivity, thin
grey lines, between the particles, drawn as circles. We then place our-
selves at the bottom of the potential well and defining the group within
the well, pink particle, and tracking particles adjacent to this group, in
green, also known as surface particles. In the second panel, we grow
the pink group by including surface particles if all of their neighbours
with lower potentials are also part of the group. In the third panel, we
stop growing the group as we have found a surface particle, to the
right, which is connected to particles, in blue, which lead to a deeper
potential valley. This final particle sets the persistence of the group,
Ay .

over 99 percent, the resulting particle has no neighbours with
lower potential values, meaning that it resides at the bottom of
a potential well. In the remaining cases, which are primarily
highly perturbed haloes or numerical artefacts, the selected par-
ticle does not fulfil this condition, typically residing on a slope
in the potential at the boundary of the FoF group. In these cases,
we performed an approximate gradient descent starting from the
mean position of particles in the FoF group, which finds the min-
imum of the well. In the rare cases where this second procedure
did not find a minimum and instead led to particles that were not
within the FoF group (i.e. in fewer than 0.01 percent of haloes),
then the FoF halo was discarded.
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3.3. Filling the potential well

With all of this in hand, we can go on to fill the boosted potential
well and locate the saddle point. We achieve this by defining a
connected group of ‘internal particles’ and continuously keeping
track of a set of ‘surface particles’, which are all the neighbours
of the internal group that are not marked as internal particles.
We initialised these two groups, respectively, as containing only
the potential minimum and all of its neighbours. To grow the
group and fill the potential well, the assignment procedure trans-
fers surface particles to the internal group until the saddle point
is found, after which the binding procedure is performed on the
internal particles. We illustrate this process in Fig. 3, where we
take a simple one-dimensional example for ease of comprehen-
sion.

In the second phase (see panel 2), we grow the internal group
by iteratively including surface particles. To do so, we select the
surface particle which has the lowest potential value and include
it in the group if all its neighbours with lower potential values
are also part of the internal group. If the particle is added to the
growing structure, all of its unassigned neighbours are then con-
sidered surface particles.

We repeat this step until we find a surface particle that does
not satisfy this condition; namely, which has neighbours with
lower potentials which are not part of the internal group. This
configuration can occur in two cases: either we have found the
saddle point that leads to a deeper potential valley, or we have
found a sub-structure, as is illustrated in Fig. 2. To check whether
we have found the saddle point leading to a deeper potential val-
ley, we create a new exploratory sub-group (see the blue particles
in Fig. 3). We explore this region by repeatedly connecting the
lowest potential exploration-group-adjacent unvisited particle to
this sub-group. This procedure continues until we either reach a
particle that has a boosted potential value lower than the mini-
mum or we run out of particles with potential values lower than
the candidate saddle point. If we encounter a particle that has a
lower potential than the minimum of our well, then we consider
that we have found the desired saddle point and, thus, filled the
well. In this case, we can define the persistence, Agy ., as the dif-
ference in the potential between this saddle point and the lowest
point in the well. If not, we are dealing with a sub-minimum. All
the selected particles are then included into the internal group
and all of their unassigned neighbours tracked as surface parti-
cles. We note that we keep track of these sub-groups of particles
as they require special attention during the binding check.

3.4. Binding check

The final step of this assignment pipeline is the binding check.
The energy of every selected particle is computed using Eq. (17)
and then compared to the energy at the saddle point given by
Eq. (18), after recentring the reference frame around the mini-
mum of the potential well. Particles that have an energy lower
than the saddle point energy are considered bound, while those
above are considered unbound, thereby creating two populations
of particles (bound and unbound) inhabiting the potential well.
From this selection, we define the bound mass, Mygung, of the
halo as the total mass of particles assigned to the bound group.
In most dark matter models, haloes present a certain amount
of sub-structure in the form of sub-haloes. These objects, just as
their hosts, are gravitationally bound, and influence the potential
landscape by creating local minima, which are in motion within
the potential of the host halo. When it comes to the binding pro-
cedure, these local minima are problematic because if we do
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not account for their motion, they allow certain particles to pass
the binding check that would otherwise have failed. An intuitive
example of this is a sub-structure that is being accreted onto the
central halo. Let us consider a particle within the sub-structure
which is, by chance, moving in exactly the opposite direction
to the bulk motion of the sub-structure. In the reference frame
of the central halo, its peculiar velocity is then v = 0. In this
case, the energy of the particle is simply given by the sum of
the potential of the central halo and infalling halo, along with
the Hubble term. Given this configuration and provided that the
infalling structure is sufficiently close to the potential minimum,
the lack of apparent motion will allow the particle to easily pass
the binding check. To avoid this issue, we introduce a secondary
bulk binding check which is applied to sub-structures.

Before doing so, we must first decide which particles should
be considered part of a sub-group. In practice, this equates to
simply analysing the local potential minimum in the same man-
ner as the main group. We recall that during the group assign-
ment procedure, we assigned certain particles to candidate sub-
groups for being in the vicinity of a local dip in the boosted
potential. In the case where the sub-group is sufficiently large?,
it is likely that the local minimum in the potential is generated
by the presence of a sub-structure.

After the central halo’s binding energy is found, each sub-
group is re-analysed, in the same way we analysed the main
group and using each candidate sub-group as a seed for a sub-
structure in the same way we used a FoF group for the main halo.
Using these sub-group particles, regardless of whether they are
bound to the main structure or not, we measure the local average
acceleration, finding the particle that has the lowest potential in
this sub-well and repeating the assignment and binding proce-
dures. From this, we obtain a new sub-group of particles that are
gravitationally bound to the local minimum.

We treat the binding of the whole sub-group to the host halo
as a single object, with its kinetic energy being defined by the
bulk velocity of the structure and using its maximum potential,
in the reference frame of the main structure, to estimate its poten-
tial energy. Given these quantities, we either bind or discard the
entire structure, in the same fashion as individual particles in the
main group.

4. The bound population of haloes

The STRAWBERRY algorithm presented in the previous sections
allows us to study large quantities of haloes through the rapid
analysis of simulation snapshots, and producing catalogues of
halo properties. In this section, we analyse the resulting particle
distributions to better understand the bound population. Specifi-
cally, we first focus on where and when particles become bound
to their host, how these particles are then distributed within the
halo in terms of energies, and how this selection translates to
positions and velocities. Here, we focus on halo dynamics in a
single ACDM cosmology and leave a larger analysis of any pos-
sible cosmological dependence for future work.

To perform our study, we used a gravity-only N-body ACDM
simulation, for which the cosmological parameters were set to
the values of the Illustris TNG300 simulation (Springel et al.
2018); namely, Qno = 0.3089, Qrp = 0.6911, Qpp = 0.045,
ng = 0.9667, and h = 0.6774. The simulation was run using the
GADGET 4 (Springel et al. 2021) code and represents a comov-
ing periodic box of side length, Lyo, = 205 4~! Mpc, sampled by
N = 6253 particles, leading to a particle mass of 3 - 10° h~' M.

2 By default 20 particles.
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Fig. 4. Median energy histories of three sets of particles from a sample
of 100 haloes with masses Myoung € [0.5-10% 171 My, 1.5-10% i~ M ],
selected according to their respective time of binding. The individual
energy histories of particles from different haloes are normalised by
the persistence A¢yp(a = 1) of the host halo before the median is com-
puted. The median persistence history of the sample of haloes is shown
in black.

The initial conditions are generated at z;,; = 99 using second-
order Lagrangian perturbation theory as implemented in the
built-in initial condition generator, NGENIC (Springel 2015),
using the Eisenstein & Hu (1998) approximation for the linear
power spectrum.

4.1. When and where particles become bound to a halo

The question of when and where particles become bound to
haloes echoes dynamical halo boundary definitions, where the
boundary of haloes is set not in terms of density but the dynam-
ics of particles such as particle orbits or energies (Diemer 2017;
Garcia et al. 2023; Salazar et al. 2025). To answer this question,
we selected a sample of 100 haloes with bound masses between
5-108 1 "My and 1.5 - 10'* A~! Mg, for which we tracked the
assembly history from a = 0.5 to a = 1, and simultaneously
tracked all particles which enter within a spherical region of
radius R < 1.5V3 =~ 2.6 4" Mpc centred on the position of
the main progenitors. During the tracking procedure, we trav-
elled backwards in time, defining the main progenitor group as
the FoF halo within the tracked region that contains the most
particles that will be bound to the main descendant halo in the
following snapshot. Once the main progenitor was detected, we
recentred the region on its location before proceeding with the
particle assignment procedure described in Sect. 3. Within each
region we tracked the individual positions, velocities, boosted
potential values, and energies of all particles.

From the resulting dataset, we estimated the energy histories
of all particles that enter theses 100 regions. Among these energy
tracks, we selected three sub-samples of particles that become
bound to their host haloes at scale factors of a € [0.6,0.7],
a € [0.7,0.8], and a € [0.8,0.9]. To stack energy histories orig-
inating from different haloes, we normalised the individual his-
tories by the persistence of their host halo at ¢ = 1. In Fig. 4,
we show the evolution of the median energies of all three sub-
samples along with the evolution of the median persistence, nor-
malised at @ = 1. Over time, the energy of particles continu-
ously grows slowly by about 20% to 30% between a = 0.5 and
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a = 1.0 up to the time when they are accreted, after which their
energy stays constant. On the other hand, the persistence grows
at a significantly faster rate, almost doubling since a = 0.5. Since
particles become bound when they cross the persistence thresh-
old, the core reason that particles become bound here is that the
persistence grows — primarily by additional mass being accreted
outside of the orbital radius of the particles of interest.

We note that this is a quite different picture to what would
be observed if the self-potential was used to define energies. A
notable difference is that the self-potential is normalised to zero
at infinity, whereas our potential notion is normalised to be zero
at the minimum. In the self-potential, particles become bound
because they decrease their self-energy and cross the zero-
energy level. For instance, if material is accreted at far larger
radii than the orbital radius of a particle of interest, then the
self-energy decreases, whereas the energy defined here would
be unaffected (while the persistence of the potential increases).
This can be seen in Fig. 4, where the energy history of parti-
cles flattens out after they become bound. We argue that this
is a desirable property and suggest that normalising energies to
zero at the minimum may make comparisons of energy levels
across time more meaningful. Indeed, we can see that the ener-
gies remain clearly separated and maintain their ordering after
accretion, indicating that once the halo is virialised it maintains a
memory of the accretion process. We note that such a perspective
also simplifies understanding other processes, such as tidal strip-
ping (e.g. Drakos et al. 2020; Errani et al. 2022; Stiicker et al.
2023).

To gauge at what point of their orbit particles become
bound, in Fig. 5, we compute the fraction of bound particles
after a given number of dynamical times (Jiang & van den Bosch
2016), expressed as

V2 1 [P
Ndyn(alaperi) = - ﬁda,
T Aperi a Pc

since the first pericentric passage, with p, the characteristic den-
sity of haloes which we choose to be 200 times the mean cosmo-
logical density, p., the critical density, a, the scale factor, and,
peri» the scale factor at first pericentric passage. The pericentre
is chosen as the first minimum radius with respect to the posi-
tion of the potential minimum, and maximum velocity norm with
respect to the average velocity of the bound population. This spe-
cific choice of variable allows us to stack the binding histories of
all particles, regardless of the time of their first pericentric pas-
sage.

We find that the fraction of bound particles begins to increase
as soon as particles enter the saddle point contour of the halo, we
mark this moment with a green circle, with the error bars around
this point marking the standard deviation of Ngy, between the
particle entering the halo and its first pericentric passage. Most
particles that become bound at this stage are particles that are
accreted with lower-than-average energies. As we approach the
pericentre, the fraction of bound particles increases rapidly, with
50% of particles being bound to the structure at the first peri-
centric passage, marked by an orange star®. At the first apoc-
entre, marked by a red square, we find that 75% of particles
are considered bound to the structure. Finally, we observe that
after two dynamical times, 90% of the particles are considered
bound. From these considerations, we confirm that gravitational
binding occurs on a relatively short timescale, typically only a

(30)

3 This point is by definition at Ngy, = 0 and hence does not have any

dispersion.
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Fig. 5. Fraction of bound particles as a function of the number of
dynamical times since the first pericentric passage, shown as the
median, (solid black line) and 1-o- region (shaded area) as estimated
over 100 haloes. The coloured points represent different events in a par-
ticle’s history, green, the particle enters the potential well, orange, the
particle passes the pericentre of its orbit for the first time, and red, the
particle reaches its first apocentre.
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Fig. 6. Stacked radial phase space density distribution of 100 massive
haloes in the simulation. In magenta, we show the bound population
and in green the infalling population. From darkest to brightest, both
contours jointly encompass, 50%, 84%, and 95% of all particles. We
note that the splashback contour only displays one shade.

few dynamical times. These observations support the motiva-
tions behind particle selection criteria based on orbital status.
For instance, a particle may be selected based on whether it has
passed its first pericentre or apocentre (e.g. Adhikari et al. 2014,
Diemer 2017), meaning parallels can be drawn between these
types of mass definition and the one presented in this work.

The binding of particles can further be explored in phase
space. Indeed, it is generally accepted that in phase space, CDM
haloes can be represented as ravelled three-dimensional mani-
folds (Shandarin & Zeldovich 1989). When projected in terms
of radius, r, and radial velocity, v;, haloes appear as a spiral pat-
tern, with the most recently accreted material being deposited on
the outskirts of the halo and older m