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ABSTRACT

Context. Consistently modelling the effects of the tides raised on a satellite on the dynamics of the satellite itself and on those
of a nearby spacecraft (either in orbit or performing a flyby) requires accounting for the instantaneous tidal deformation of the
satellite’s gravitational potential. For synchronous satellites, the spin-orbit resonance causes perfect commensurability between the
orbital and rotational periods, and the main tidal forcing frequency. This imposes stringent consistency requirements on the modelling
of the delicate interplay between the satellite’s orbital motion, rotational dynamics, and tidal deformation. These three aspects of
satellite dynamics are typically handled separately (at least partially) in classical modelling approaches, which are therefore highly
inconsistency-prone for the specific spin-orbit resonance case.

Aims. Modelling inconsistencies can lead to the under- or overestimation of tidal parameters when dissipation signatures are extracted
simultaneously from both spacecraft and moon dynamics, a combined approach that is increasingly critical for current and upcoming
mission analyses. As a promising alternative, we propose a coupled integration of the satellite’s orbit, rotation, and tidal deformation.

Methods. Integrating the satellite’s deformation requires introducing an additional set of differential equations for its degree-two grav-
ity coefficients to complement the translational and rotational equations of motion. A concurrent integration ensures that the satellite’s
instantaneous tidal response is fully consistent with its orbit and rotation, while automatically accounting for all dynamical couplings
at play. In this paper, we present a two-dimensional implementation of this coupled propagation framework and investigate its ability to
produce realistic dynamics with expected tidal dissipation signatures. As a proof-of-concept, we validated the physical self-consistency
of the results using the Earth—-Moon and Mars—Phobos systems as conceptual test cases.

Results. Our coupled propagation naturally maintains the spin-orbit resonance while producing the expected orbital migration and
circularisation rates (including libration-induced tidal dissipation enhancement in the case of Phobos), a delicate balance that is hard to
achieve with decoupled modelling strategies. The time history of the satellite’s gravitational tidal response (obtained as a direct output
of our integration) is also in agreement with analytical predictions derived from the tidal potential theory.

Conclusions. Our coupled approach thus provides a unified and consistent way to model orbit-rotation-tide interactions. Crucially, it
is equally applicable to representing tidal effects on the satellite itself and on a nearby spacecraft. This is critical for planetary missions
such as Juice and Europa Clipper, where tidal dissipation signatures can (and will) be extracted from both the spacecraft’s and moons’

dynamics.
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1. Introduction

Tides, both those raised on the central planet and those on natural
satellites, are key drivers of the long-term evolution of planetary
systems. The amount of energy dissipated due to satellite tides'
governs the tidal heating rate of the moons’ interiors, and there-
fore plays a crucial role in their thermal evolution (e.g., Peale
& Cassen 1978; Peale et al. 1979). Additionally, the combined
effects of satellite and planet tides define the moons’ orbital
migration and circularisation rates (e.g., Kaula 1964; Goldreich
& Soter 1966), and influence the system’s rotational dynam-
ics (e.g., Goldreich & Gold 1963; MacDonald 1964; Efroimsky
& Williams 2009). The present orbit, rotational state, and
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In the rest of this work, satellite tides refer to tides raised by the
central planet on the satellite, while planet tides designate tides raised
by the satellite on the central planet. We moreover restrict ourselves to
moon-—planet tides.

1

interior properties of the satellite, on the other hand, determine
how much energy is currently dissipated due to tides (see Tobie
et al. 2025, and references therein). The system’s dynamical and
interior evolution is therefore driven by this intricate feedback
between the moons’ orbit, rotation, and tidal response.
Reconstructing the orbits of natural satellites, for instance
in ephemeris determination studies, thus requires accounting for
the effects of tides on the moons’ dynamics, but also provides us
with a natural way to quantify tidal dissipation, both within the
central planet or its synchronous satellite(s). Our present knowl-
edge of tidal dissipation parameters beyond the Earth—-Moon
system primarily comes from astrometry-based constraints on
the secular evolution of the moons’ orbits (e.g., Lainey et al.
2009; Lainey 2016; Lainey et al. 2020; Jacobson 2022). From
a dynamical modelling perspective, these studies, which inves-
tigate long timescales compared to the satellite’s orbital period,
only require the averaged long-term effects of planet and satel-
lite tides to be accurately accounted for. Critically, this does
not necessitate directly modelling the tidal deformation of the
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satellite’s gravity field, nor the instantaneous tidal effects on the
system’s dynamics. A separate tidal acceleration added to the
satellite’s equations of motion is instead sufficient to capture the
long-term signature of tidal dissipation in the moons’ dynam-
ics (e.g., Lainey et al. 2007; Lari 2018, see Section 3.4), and
therefore perfectly suitable for the determination of ephemerides
and dissipation parameters based on direct observations of the
moons’ orbits.

However, incorporating tracking data from planetary mis-
sions into such ephemeris estimations requires a shift in our
modelling paradigm. Spacecraft tracking data are sensitive to
tidal signatures both in the spacecraft’s and in the moons’
dynamics (e.g., Magnanini et al. 2024; Fayolle 2025). When-
ever in orbit or performing a flyby, the spacecraft’s trajectory
is affected by the gravitational response of the tidally deform-
ing moon, but is also influenced by the moon’s own orbit around
the central planet, and therefore by tidal effects present in the
moon’s dynamics. Accounting for the combined signatures of
these different tidal effects in the spacecraft data in a fully
consistent manner, critical for a robust estimation of tidal param-
eters, ideally requires using a single unified model (Fayolle et al.
2022).

However, as mentioned above, tidal effects on the moons’
orbits are typically modelled as an additional perturbing accel-
eration based on the averaged effect of tides, circumventing the
need to model the time-varying tidal deformation of the moon’s
gravitational potential. Nonetheless, explicit modelling of the
latter becomes necessary to incorporate tides in the spacecraft’s
dynamics. In practice, this is typically achieved by introduc-
ing gravity coefficient variations, which are defined by the
moon’s instantaneous state and orientation (Petit et al. 2010;
Iess et al. 2012; Goossens et al. 2024; Park et al. 2025). In
principle, directly accounting for satellite tides in the moon’s
(time-varying) gravity field in such a way also allows us to
model their feedback on the moon’s own dynamics, thus offer-
ing a single, coherent way to encapsulate both effects. However,
unique challenges arise when attempting to consistently model
the impact on the orbital dynamics of the deformation of a syn-
chronous satellite’s gravity field due to tides, and most critically
the effects of such gravitational deformation on the satellite’s
own orbit and rotation (Fayolle 2025).

In particular, the uniqueness of the challenges arising in
the spin-orbit resonance case stems from the leading tidal
forcing modes becoming commensurable with the orbital and
rotational frequencies (and its harmonics) (e.g., Efroimsky &
Williams 2009; Efroimsky 2012). This implies stringent consis-
tency requirements for the satellite’s orbit, rotation, and gravity
field tidal deformation, to ensure that this commensurability
is maintained at the required accuracy level. Even a small
inconsistency in the delicate interplay between translational
and rotational dynamics when modelling synchronous satellite
tides would indeed lead to unphysical dynamics, either break-
ing the spin-orbit resonance or mis-estimating the moon’s orbital
migration rate (see Magnanini et al. 2026).

Starting from Kaula’s tidal potential expansion (Kaula 1964),
numerous past analytical studies have provided a thorough
characterisation of satellite tides, including (among others) a
theoretical quantification of the amount of energy they dissi-
pate (e.g., Efroimsky & Makarov 2014; Frouard & Efroimsky
2017; Efroimsky 2018), and of their effects on the moon’s orbit
(Boué & Efroimsky 2019) and rotation (Efroimsky & Williams
2009; Efroimsky 2012; Williams & Efroimsky 2012; Makarov
& Efroimsky 2013). These analytical developments provide
us with invaluable insights into the expected manifestations,
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effects, and signatures of satellite tides. They, however, cannot
be directly incorporated in dynamical models of synchronous
satellites when fitting real ground-based and/or space-based
data. When propagating the moon’s translational dynamics (as
required in ephemeris studies and tidal parameter estimation
analyses), the exact tidal forcings are no longer known a priori.
They are instead influenced by the satellite’s integrated orbit, and
are thus an outcome of the numerical propagation. The orbit-
rotation-tides interplay then becomes sensitive to the satellite’s
(numerically integrated) dynamical response to instantaneous
perturbations and, most critically, to any inconsistency in the
modelling of that response. This directly conflicts with the strict
orbit-rotation-tidal response consistency requirement discussed
above for the spin-orbit resonance case. What is required to meet
the needs presented by (future) Earth- and space-based track-
ing data is a model for the tidal gravity field variation of a
synchronously rotating satellite that can automatically and con-
sistently adapt itself to variations in orbit and rotation during a
numerical propagation of the dynamics.

To address the aforementioned challenges when modelling
the gravitational deformation of a synchronous satellite under-
going tidal forcing, we therefore propose a coupled, concurrent
propagation of the satellite’s orbit, rotation, and gravity field
deformation. This approach follows the framework adopted,
for instance, in Correia et al. (2014) and Boué et al. (2016)
to study exo-planetary systems. The tidal deformation of the
satellite’s gravity field, represented by its spherical harmonics
coefficients, is described by an ordinary differential equation and
numerically integrated alongside the translational and rotational
equations of motion. Such a unified modelling approach auto-
matically accounts for all dynamical couplings and feedbacks at
play, while ensuring that the tidally induced gravity deforma-
tion remains consistent with the satellite’s orbit, rotation, and
assumed rheology, at any instant of the propagation.

As mentioned above, ensuring the consistency between the
orbit, tides, and rotation is extremely challenging with classi-
cal approaches where they are typically modelled separately,
in a decoupled manner. With our coupled model, on the other
hand, the self-consistency between the orbital, rotational, and
tidal dynamics is naturally maintained throughout the propaga-
tion. The ability of our model to produce realistic dynamics,
however, becomes contingent upon the determination of a suit-
able and consistent initial state (to be addressed in Section 5.2).
This is a critical challenge when adopting such a coupled mod-
elling strategy: any inconsistency upon initialisation would affect
the orbit-rotation-tide interplay and result in a self-consistent yet
physically unrealistic solution.

Our paper describes this extended coupled dynamical model
and its implementation in a simplified two-dimensional case.
As a conceptual validation to motivate further developments for
ephemerides applications, we used this simplified propagation
test case to show the applicability of such a coupled approach for
planet — synchronous satellite systems. In particular, this paper
demonstrates our model’s self-consistent representation of the
tides-orbit-rotation interplay, while discussing the limitations of
currently typical decoupled approaches for the particular case of
tides in synchronous satellites. To this end, we leveraged insights
from the tidal potential theory to justify the need for our cou-
pled approach, and provided an analytical framework against
which to compare our results. We emphasise that the present
work presents a proof-of-concept implementation of this unified,
fully consistent propagation, which can be used to scrutinise its
behaviour and assess its suitability, but is not yet applicable to
real data fitting.
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Classical models (i.e., tidal effects incorporated as a perturb-
ing acceleration for the moon’s dynamics or as time variations
of the moon’s gravity field for the spacecraft’s dynamics) are
perfectly suitable when separately considering tidal signatures
either in the moon’s or in the spacecraft’s orbit, respectively.
Typical natural satellite ephemerides applications (e.g., Lainey
et al. 2009, 2012, 2020) and geodetic parameter estimations (e.g.,
Williams et al. 2014; Lemoine et al. 2013; Durante et al. 2019;
Park et al. 2025) are therefore largely unaffected by the mod-
elling complications outlined above. The latter only arise when
concurrently modelling and/or extracting the combined tidal sig-
natures in the two types of dynamics, and only for a synchronous
satellite.

However, this concurrent modelling of tidal effects (and the
associated challenges mentioned above) has become essential for
current and upcoming analyses, given the unprecedented size,
diversity, and quality of the available datasets. For the upcom-
ing Juice (Jupiter Icy Moons Explorer) (Grasset et al. 2013;
Van Hoolst et al. 2024) and Europa Clipper (Pappalardo et al.
2024) missions, tidal dissipation signatures in the moons’ own
dynamics and in the spacecraft’s orbit are expected to be both
detectable from the spacecraft tracking data, given the expected
accuracy level. Even in cases where the dissipation occurring
within the moon is too weak for its effect to be visible in space-
craft tracking data, the unified propagation model proposed in
this work can still be desirable. By naturally accounting for
all dynamical inter-dependencies, such a model prevents moon
ephemeris and spacecraft orbit determination errors from affect-
ing estimates of geodetic or rotation parameters. Decoupled anal-
ysis of past missions such as Cassini (Durante et al. 2019) have
identified possible inconsistencies between orbit, rotation, and
gravity solutions (including tidal response) as potential sources
of error or discrepancy. Adopting a fully coupled and consistent
dynamical model, on the contrary, would facilitate physically
realistic and statistically robust estimation solutions. In addi-
tion to Juice and Europa Clipper, other current and upcoming
missions such as MMX (Martian Moons eXploration) or Hera,
but also future icy moon missions (NASA’s Uranus Orbiter
and Probe (UOP) or ESA’s L4 concept mission to Enceladus)
could benefit from the coupled propagation framework proposed
here.

Progressively building the complete analytical framework
necessary for the set-up and interpretation of our coupled
dynamical model, we start by briefly describing the translational
and rotational dynamics in Section 2. Section 3 then describes
tides in a planet — synchronous satellite system, including an
overview of relevant aspects of tidal theory, expected tidal effects
on the satellite’s orbit and rotation, as well as existing modelling
strategies and their potential limitations. Section 4 proposes a
different tidal modelling strategy and introduces the deforma-
tion model used to numerically propagate the gravity coefficient
variations. Section 5 then summarises the complete formula-
tion of our coupled orbital-rotational-tidal model and describes
the propagation set-ups for both the Earth—-Moon and Mars—
Phobos systems, which we use as test cases for our model. We
concurrently propagated the satellite’s orbital dynamics, rota-
tional motion, and tidal deformation in both systems to verify the
behaviour of our coupled model, and its modelling of tidal dis-
sipation effects in particular. In Section 6, we present the results
of these coupled propagations and we investigate them in Sec-
tion 7 in light of relevant insights from the tidal theory outlined
in Section 3. Finally, the conclusions, implications, and foreseen
future developments are discussed in Section 8.
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2. Translational-rotational dynamics

As a necessary background for the tidal theory presented in
Section 3 and its application in the present context, we first
provide an overview of the well-known equations of motion
governing the translational and rotational dynamics of a planet—
satellite system. We restrict our models to the gravitational
interactions between the planet and satellite. Since our work
focusses on modelling the effects of satellite tides on the sys-
tem’s dynamics, perturbations due to third-body interactions and
non-conservative forces are not considered here.

2.1. Translational dynamics

Following Lainey et al. (2004), the inertial (i.e., non-rotating
frame origin) acceleration of body i with respect to body j
due to its gravitational interaction with j, noted ’r‘%_”), can be
decomposed into point mass and extended body interactions:
.(J—=1) (1) (j—0) .(j—0) (j—0)

FARES FARE D FAAE D FAAE D SN (1)
where k and k respectively designate the point mass and extended
body components of the gravitational potential of body k. The
final term corresponds to figure-figure interactions, and can
typically be safely neglected in planet—satellite dynamics (e.g.,
Lainey et al. 2004; Dirkx et al. 2016). We continue to do so in
this paper, but high-accuracy applications for (for instance) Pho-
bos may require their reintroduction (Dirkx et al. 2019). Using
Newton’s third law, Eq. (1) can be rewritten as

";(]—”) — r(j—ﬁ) +

(G- My i)
i y PV - — T )

ji m; i
where the last term accounts for the effect of body i’s extended
gravitational potential on body j’s point mass.

The acceleration exerted on a point-mass body i by body j in
an inertial frame is given by
P70 = Ry VU (i), (©)
where r;; is the position of body i with respect to j, and R;);
the rotation matrix from the body j-fixed reference frame to the
inertial frame /. The gravitational potential of j in the body-fixed
frame can be expressed as the following spherical harmonics
expansion:

0 I+1

M My R;

U =U.rnN+Uir)= —+ — —
) = U + U =+ ;(r)

!
D Pin(sing) (C}, cosma + §7, sinma). )

m=0

Here r, A, ¢ are the spherical coordinates of the point at which
the potential is evaluated expressed in the body j-fixed reference
frame. Cljm and S l’m are body j’s spherical harmonics gravity field
coefficients at degree / and order m. The values of the spherical
harmonics coefficients Cl]m and S l]m are tied to the body-fixed
frame definition. In other words, one can freely modify the ori-
entation of the body-fixed frame without affecting the physical
modelling of the dynamical model at hand, provided that the
spherical harmonics coefficients are rotated accordingly’. We

2 The rotation of the spherical harmonics coefficients is performed
using Wigner D-matrices (Wigner 1959), following the transformation
scheme detailed for example in Boué (2017) and Dirkx et al. (2019).
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later exploit this freedom in the choice of body-fixed frame and
gravity coefficients definition to ensure that our propagation set-
up follows typical body-fixed frame conventions for synchronous
satellites (see Section 5).

In (most of) the rest of this work, we limit ourselves to the
two-dimensional case (¢ = 0), and truncate the potential U, at
degree two. The former assumption implies perfect alignment
between the equatorial planes of both the perturbing and per-
turbed bodies and their mutual orbital plane. This is a reasonable
simplification for our analysis, especially given the (very) small
inclination and obliquity of natural satellites’ orbits, as it does
not hinder our investigation of the coupled model’s behaviour
and in particular its ability to reproduce key tidal dissipation fea-
tures in the system’s dynamics (see Section 5). Focussing on the
degree-two terms, on the other hand, is motivated by the fact that
tidal effects are strongly dominated by the body’s degree-two
response to gravitational forcing. Under these two assumptions,
combining Egs. (3) and (4) leads to

. R2
.(J=D) Hj IR i
I‘j{ ! —R[/j —r—zrji+§r—4C£0rj,- (5)
ji ji
2
HiR% ) .
-9 J4J(Cézcos2/1+Sézsin2/l)i'ﬁ
rt
Jji
2
MiR; ; .
~6—L (CJ, sin24 - 84, c0s22) 2|

Jt
where #; and ;; designate the radial and tangential unit vectors
of body i’s position in the body j-fixed reference frame.
Finally, as the propagation takes place in a non-inertial body
Jj-centred frame (inertial orientation, but non-inertial origin), the

acceleration of body i in that frame, noted i‘g"_”), should also
include the inertial acceleration of body j due to body i, as
follows:

# = rﬁ:{.*” - rﬁ;"”. (6)
The two inertial acceleration terms on the right-hand side can be
obtained by combining Egs. (2), (3), and (5).

The presence of the rotation matrix Rj;; and body-fixed
longitude A in Eq. (5) highlights the need to model the bod-
ies’ rotations even when focussing on translational dynamics. In
practice, typical orbital studies of planet—-moon systems numer-
ically integrate the translational equations of motion only, and
rely on kinematic rotation models. The latter describe the per-
turber and/or perturbed bodies’ rotations either as a function of
time or via an analytical representation of the body’s orientation
based on its current translational state.

In such analytical models, the long-axis of the satellite
is typically considered as pointing towards the orbit’s empty
focus. For convenience of implementation in orbital dynamics-
focussed studies, the determination of the empty focus’ location
a with respect to the perturber commonly relies on the following
approximation (e.g., Lainey et al. 2019)

r-r

+ 0(?). (7

a=—2e -
|r X 7

The limitations of this particular approximation and of kine-
matic rotation models in general in terms of orbit-rotation
consistency when modelling tides will be elaborated upon in
Section 3.6. As a first step towards a more consistent modelling
alternative, the next section presents the rotational equations of
motion necessary to the concurrent numerical integration of the
orbital-rotational dynamics.
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2.2. Rotational dynamics

The orientation of a body i, in this work described using the
quaternion ¢; representation, obeys the following (for detail on
quaternion definition, see Fukushima 2008):

qi = 0(q)w;. ()

Here w; is body i’s angular velocity vector in the body-fixed
frame of body i and Q is defined as

| —q1 —92 —q3

90 —493 q2

= — . 9

@ 21 93 90 —q ©)
—q2 41 qo

The evolution of the rotational rate is, in turn, given by the Euler

equation:

d(;w;)
dr

r o x (o) = Y T, (10)
k

the right-hand side being the sum of all external torques I act-
ing on body i. I; is its inertia matrix, which relates to the gravity
field coefficients as

G i i i
% - 2C22 Ci_zs 22 _C21 _
I = mR? -25%, 2+ 2C%, =S5 |+ [i13y3, (11)
i i 2G,
-y =52 -5

where I; and 13,3 respectively represent the body’s mean
moment of inertia and the three-by-three identity matrix.

In the simple two-dimensional case that we here consider, the
rotation axis and principal axis of inertia are aligned, resulting in
Ch, = 8%, = 0. When considering tidal deformation, the gravity
coefficients and thus the inertia matrix are no longer constant but
time-dependent (see more details in Section 4). The evolution of
the body’s angular velocity is thus given by

Liis; + Fiw; + w; x () = ) T (12)
k

We moreover restrict our dynamical model to the mutual
gravitational interaction between body i and the central body
Jj (again ignoring figure-figure interactions), such that the only
torque acting on body i is the one exerted by j on body i’s
extended gravity field:

Ly =-mjrji X VUi(-rj), (13)
which after plugging in the expression for body i’s degree-two
gravitational potential eventually becomes

6 iMi Ri ~
r =M( (14)

3
g R r_) <C£2 sin24 — Séz cos 21) h,
i ji

with & the orbit normal unit vector.

3. Tides in a planet — synchronous satellite system

This section provides an overview of the modelling of tides
in planetary system’s dynamics, with a specific focus on their
effects on synchronous satellites’ orbits and rotations. Sec-
tion 3.1 first describes where tidal deformation comes into
play in the orbital and rotational dynamics. Section 3.2 then
presents Kaula’s formulation for the tidal potential, including
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its expansion as a superimposition of different forcing modes.
Derived expressions for the tidal torque in the specific spin-
orbit resonance case are presented in Section 3.3. Section 3.4
finally introduces a simplified force formulation typically used
to model the effects of tides on the (synchronous) orbits of nat-
ural satellites (Section 3.5). Having provided the necessary tidal
modelling theory, Section 3.5 describes the effects of tides on
the satellite’s dynamics, which Section 3.6 builds upon to discuss
the physical implications of different modelling strategies. This
is critical to (i) identify the complications that arise in the 1:1
spin-orbit resonance case; (ii) understand the need for a coupled
integration of tides, orbits, and rotations. The analytical results
and insights derived in the following section will moreover be
key to the validation of our numerical propagation (see details in
Section 5.4).

3.1. Incorporation of tides in the translational-rotational
dynamics

The forcing exerted by the tide-raising body causes the gravi-
tational potential of the perturbed body to deform over time.
This time variation can be directly incorporated in the coeffi-
cients of the spherical harmonics expansion of the deforming
body’s gravitational potential (Eq. (4)). In the rest of this work,
we use AC, S, (%) to represent the (time-dependent) variations of
the gravity coefficients due to tides (to be added to the body’s
static gravity field, see details in Section 5.2.2). The influence
of tidal deformation on the system’s translational and rotational
dynamics then naturally follows from the time-varying gravity
coefficients entering the expressions for the gravity acceleration
and torque, respectively given by Eqgs. (5) and (14). The iner-
tia matrix I also varies along with the perturbed body’s gravity
coefficients (Eq. (11)), and this time dependency (and subse-
quent non-zero time derivative I) should also be accounted for
in the Euler equations (Eq. (10)).

Introducing time variations in the coefficients defining the
gravitational potential’s spherical harmonics expansion is a com-
mon way to incorporate tidal effects in translational and/or
rotational dynamics. Basic expressions for these time dependent
coefficients are usually limited to a single (dominating) fre-
quency (e.g., Petit et al. 2010). The tidal potential theory devel-
oped in the following subsection includes a rigorous derivation
of more complete, multi-frequency expressions for the tidally
driven variations of the perturbed body’s gravity coefficients
(see Section 3.2.2).

3.2. Tidal potential and mode decomposition

In the following, we describe the tides raised by a perturbing
body (represented by the asterisk superscript * following the
convention introduced by Kaula 1964) at a surface point on a
perturbed body (i.e., body subject to tidal deformation). The
coordinates of this surface point R = (R, $, 1) are expressed
as spherical coordinates in the perturbed body-fixed reference
frame. Unless otherwise indicated, all quantities with no asterisk
superscript implicitly refer to the perturbed body.

3.2.1. Tidal perturbing potential

At a surface point R, the perturber raises the following tidal
potential (e.g. Kaula 1964):

R)l l (l_m)!(Z—(so )

Wi(R,r*) = s ) (_
r* = r* m=0(1+m)!

Py, (sin @) Py, (sin ¢*) cos m(A — A*). (15)
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Here R is the radius of the perturbed body and u* the gravi-
tational parameter of the perturber. r* = (r*, ¢*, A*) represents
the position of the perturber with respect to the perturbed body,
expressed using spherical coordinates in the perturbed body-
fixed frame. P, are the associated Legendre polynomials of
degree [/ and order m.

Exploiting Kaula’s potential expansion of spherical coordi-
nates to orbital elements (Kaula 1961), the tide-inducing poten-
tial given by Eq. (15) can be decomposed as follows (e.g., Kaula
1964):

*

TSR\ G (- m))!
Wir.r) = _F;(a_*) Z T my 2 oo

~

Z (&9
Pin(sing) > Fiup(*) > Gipgl€*) cos (B}, —mA).  (16)
p=0 g=—co
a*, e*, and i* respectively designate the averaged semi-major
axis, eccentricity, and inclination of the perturbing body, and
Fip and Gy, are known as inclination and eccentricity func-
tions (see Table C.1). For planet—satellite tides (which this study
focusses on), these orbital elements describe the mutual orbit of
the central planet and its satellite irrespective of which object is
the perturbing or the perturbed body. For the sake of notation
conciseness, we can therefore drop the asterisk superscript for
the orbital elements. The combinations are here noted S}, (as
in Frouard & Efroimsky 2017) and are defined as follows (Kaula
1964)°:
Bimpg = U =2p)0 + (I =2p + q)M + mQ — mé, (17)
where @, Q, and M are the averaged argument of periapsis, right
ascension, and mean anomaly of the perturber. 6 designates the
rotation angle of the perturber around its principal axis of iner-
tia. These combinations are associated with the following forcing
modes:

Wimpqg = ﬂlmpq

=(-2p)vo+(-2p+qM+mQ — mh. (18)
As addressed in detail in Frouard & Efroimsky (2017), wypq
can only be considered as forcing modes if they are secular
(i.e., their own time variations happen at much slower rates,
[Wimpg ! Wimpgl < |Wimpgl). While fulfilled for most bodies, the
aforementioned condition presents an additional complication in
the case of tides raised on a natural satellite in 1:1 spin-orbit
resonance (as will be discussed below).

The rotation angle of a synchronous satellite can be
expressed as
O=M+ao+Q+vy+mn, (19)
where y represents the satellite’s instantaneous (longitudinal)
physical libration, i.e., the deviation of the satellite’s orientation
from exact synchronicity due to perturbations (caused by non-
zero eccentricity and/or inclination, or third body perturbations).
The orientation of the satellite-fixed frame here follows classical
conventions for synchronous satellites (i.e., long axis pointing
towards the central planet at apo- and periapsis), as illustrated

3 For notation convenience, we choose to directly include the —m6
component into the S, definition, as done for example in Lambeck
(1980), but unlike the convention followed in Kaula (1964) or Efroimsky
& Williams (2009).
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at apoapsis at periapsis
M=x M=0
b=v=0 f=v=0
reference
" direction

Fig. 1. Schematic representation of the pointing direction of the satel-
lite’s long axis € and thus of the orientation of the satellite-fixed frame,
including the contribution of the longitudinal physical libration y. The
satellite is represented at periapsis (M = 0), at apoapsis (M = x), and at
a arbitrarily chosen location along its orbit. In this work, we define the
satellite-fixed reference frame such that the satellite’s long axis points
towards the planet at apo- and periapsis.

in Figure 1, and will be further discussed in Section 5.2.2. In
our simplified, two-dimensional planet—-moon dynamical system,
the libration spectrum is limited to harmonics of the orbital fre-
quency. The physical longitudinal libration is then dominated by
a one-per-orbit variation of amplitude A and can therefore be
expressed as
v~ —Asin M. 20)
Other harmonics would appear when considering third body
and out-of-plane perturbations. However, the commensurabil-
ity between the tidal forcing modes, and the librational modes
corresponding to harmonics of the orbital frequency makes this
particular subset of librational forcings especially relevant for
tidal modelling. For a rigid and solid body, the once-per-orbit
libration amplitude is given by (e.g., Willner et al. 2010)

(o

= 6e—0,
A=bez

(21)
where o is function of the principal moments of inertia (diagonal
elements of I):

Il _Ixx
o= = (22)
I

Z

The minus sign in front of Eq. (20) is purely a convention choice,
and the opposite libration definition is also often found in the
literature (e.g., Frouard & Efroimsky 2017; Efroimsky 2018).
Introducing Egs. (19) and (20) into (18), the quantities w,,, then
become

(I-m=2p)o+(-m=-2p+qM
+mnAcos M,

(1:1) Wipg =
(23)

where the last libration-driven term is no longer secular and
instead varies at a once-per-orbit rate.

Resolving this requires expanding Eq. (16) to generalise
its applicability to librating bodies, by exploiting Bessel func-
tions to decompose the librational variation(s) onto secular
components, using the expansion

oot 1 + mnsin )
= 2o {3 =),

§=—00
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(24)

where J (—mA) are Bessel functions of order s. Applying the
above to Eq. (16), an augmented potential formulation account-
ing for libration(s) can be obtained, as first derived in Frouard &
Efroimsky (2017):

*

= 50

=2

Piy(sin ¢) Z Fip(i) Z Gipg(e)
p=0

g=—00

T ),(2 Som)

Z Js(—mA) cos (ﬁ;mpqs - m/l) .

§=—00

(25)

The expanded combinations B;,,pes and related quantities wyypys
(which are now secular and therefore valid forcing modes) are
given by

Bimpgs = (U —m=2p)o+(-m—=2p+q— )M (26)
(’-)lmpqsE(l_m_zp)d)+(l_m_2p+q_s)M
~(l-m=-2p+q- M (27)

In the absence of librations (i.e., A = 0) and outside the specific
spin-orbit resonance case, Egs. (25)—(27) only contain the s = 0
term and simplify back to the initial expansion (Eqgs. (16)—(18)).

3.2.2. Mode decomposition of the tidal response

According to the linear theory of tides, the perturbed body’s
response to a given tidal forcing mode is independent to forc-
ings at other frequencies (provided that the body does not have
lateral heterogeneities, see Rovira-Navarro et al. 2024), and can
be described by a phase-lagged linear deformation. A purely lin-
ear deformation describes the body’s response to the static tide,
while the phase lag accounts for the dynamical tide (i.e., not
purely elastic response, see for example Efroimsky & Lainey
2007). Both the amplitude and phase of the deformation are
frequency-dependent, as the body’s response to forcing (in terms
of both how large the resulting deformation is, and how long it
takes for the body to deform) depends on the frequency at which
the forcing occurs, a behaviour described by the body’s rheology
(see Section 4). The perturbed body’s response to the perturbing
potential given by Eq. (25) therefore raises the following tide-
induced potential, here evaluated at an external point r = (r, ¢, 1)
with r > R:

* & + 1 ! B
oo S O S

(2 = Som)Pin(sin 9) Z Finp() " Gipg(©)

p=0 g=—

Z ]s(_mﬂ)kl(wlmpqs) Cos (ﬁlmpqs — €lmpgs — m/l) .

§=—00

(28)

Here the subscript ¢ indicates that U, is the tide-induced per-
turbation of the gravitational potential, and not the total gravi-
tational potential U as in Eq. (28). The (frequency-dependent)
static Love numbers k;(wjy,45) and phase lags €45 describe the
perturbed body’s gravity field deformation caused by the static
and dynamical tides, respectively. The phase lags €, are often
found alternatively parametrised by (frequency-dependent) tidal
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quality factors Q(Wpmpgs), defined as follows (e.g., Efroimsky
2012):
1/Q(wlmpqs) = sin |Elmpqs|~ (29)

In the simplified two-dimensional, degree-two response
framework, the above expression can be further simplified as

Upi=2(r,r*) = _l% (]_:)3 (g)

|
(2 - 6Om)
nm).

§=—00

2 o0 o0
Pon(0) D Famp(0) D" Gapgle) Y. Jy(-mA)
p=0 K

g=—00

kZ(mepqs) COos (:82mpqs — @mpgs — i’)’l/l) . (30)
In the following and for the sake of conciseness, we drop the
subscript / = 2. The above formulation and all subsequent devel-
opments can however be easily expanded to higher degrees if
required.

All inclination functions F7,,,(7) are O(i) except for Fo1 (i) =
% + O(i) and Fao(i) = 3 + O(0) (e.g., Efroimsky & Williams
2009; Boué & Efroimsky 2019). This allows us to further sim-
plify the above expression by only keeping the terms Impgs =
201gs (order zero response U, ,—=9) and Impgs = 220qs (order
two response U ,=»):

Ut(r’ r*) = Um=0(ra r*) + Um=2(r7 r*)7 (31)
1 /J* R 3 R 3 >
* —_— e — — p— —
Ut == (2) (3) q;m Gaigle) (32)
Z J5(0)kz(wao14s) cOS (ﬁzolqs - EZOlqs)
§=—00
3u* (R} (RY <
* —_— e — —_— p— —
Ut = =32 (2) (3) q;w Gaogle) (33)
Z J(=2A)ka(wr2045) COS (ﬁzzoqs — €205 — 2/1)-
§=—00
The dominant forcing modes are defined as (Eq. (18))
w0140 = gM — 20, (34)
W220q0 = (2 + q)M - 29 (35)

or, in the specific spin-orbit resonance case (i.e., for tides raised
on a synchronous satellite) (Eq. (27)) as
W19 = W05 = (¢ = HM = (q = ). (36)
The corresponding eccentricity functions G,14(e) and G, (e) are
provided in Table C.1. The forcing mode wy;qgo is the only term
in O(e") and therefore typically dominates the body’s response.
If the perturber is in a 1:1 spin-orbit resonance, however, this
leading mode vanishes (g = s = 0 leading to wyp = O in
Eq. (36), while wygg = 2M — 20 # 0 outside of the spin-orbit
resonance). This is at the core of the complications arising when
modelling the tides raised on a synchronous satellite, as will be
discussed in Section 3.5.

Considering Eqs. (31)—(33) and the expression for the per-
turbed body’s static gravitational potential (Section 2.1, Eq. (4)),
the tide-induced potential can alternatively be expressed as time-
dependent variations to be added to the perturbed body’s static

gravity field coefficients. For the degree-two response and in
the two-dimensional case, the expected variations of the (unnor-
malised) cosine and sine coefficients AC»,, and AS,,, are given
by

*
ACy = LK (’5) (37)
2 u\a

(e

Z Js(O)kZ(U)Z()lq.Y) COos (ﬁZOlq‘v - EZOlqA‘) >

B 1[.1* R 3 X
ACn = 35 (5) q;m Gaogle) (38)

Z Jo(=2A)kz(w22045) COS (ﬂzzoqs - Ezzoqs),

B 1#* R 3 X
asn = 35 (5) q;m Gaogle) (39)

Z Jo(=2A)kz(w22045) SiN (,8220qs - ézzoqs),

§=—00

(see Section 3.1 on how to introduce these coefficient variations
into the translational and rotational equations of motion).

The potential expansion leading to the above expressions
for the deforming body’s gravity coefficients still relies on a
number of simplifying assumptions which are important to keep
in mind. First, Kaula’s expansion assumes that the semi-major
axis a, eccentricity e, and inclination i of the perturber are
constant (for expansion to time-varying eccentricity, see e.g.,
Walker & Rhoden 2022). Moreover, as highlighted above for
the spin-orbit resonance case in the presence of librations, the
quantities wyy,qs, defined by the orbital elements and rotation
rates @, Q, M, and @ (Eq. (18)), can only be considered as forc-
ing modes if they are secular (i.e., exhibit very slow variations).
The two aforementioned conditions can be problematic for satel-
lites trapped in mean motion resonances (MMRs) (e.g., Jupiter’s
Galilean moons) because of the (rapid) periodic orbital element
variations that the resonances induce. Finally, our present libra-
tion model only includes a single harmonic at the satellite’s
orbital frequency (Eq. (20)). Further expansion of Eq. (25) to
account for additional harmonics in the satellite’s librational
response are discussed in Section 7.1 and Appendix D, but would
come at the cost of increased complexity and computational load
upon evaluation of the tidal potential.

3.3. Tidal torque

In this section, we focus on the tidal torque caused by tides
raised on a synchronous satellite. This specific case requires
more attention due to the vanishing of the leading tidal mode
wnooo and contribution of the physical libration(s), as high-
lighted in Section 3.2. The torque induced by satellite tides is
moreover essential to our understanding of the effect of satel-
lite tides on the satellite’s own orbit (see Section 3.5). Similar
derivations would provide equivalent expressions for the simpler
case of planet tides where the leading tidal mode w5009 does not
vanish.

Starting from the libration-compatible expansion of the tidal
potential given by Eq. (30), one obtains the following expres-
sion for the tidal torque, as done in Frouard & Efroimsky (2017).
Because the torque only acts along the orbit normal, we directly
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provide its out-of-plane component:

T = -m* (rx VU(r,r*)) - h (40)
Gm*? (R\® & @-m!
- a (2) ; Q2+m)! ZFZ’"”('),]ZOO
Gapg(©) Z Fapyy (i) Z Gapry (€) Z Z J(=mA)
q'=—c0 §=—00 §'=—00
JS'(_mﬂ)kZ((UZmpqx) Sln(BZmpqS _IBZmp’q’x’ - EZmpqs)v (41)

with m > 1 as the order zero response does not induce a torque.
Keeping only the leading terms Imp = 220 (see Section 3.2.2
and eccentricity functions listed in Table C.1) with p’ = p = 0,
the above eventually becomes

( ) Z Gaog(e) Z Gaog(€)

=
Z Z Jy(=2A)J o (=2.A)

§=—00 §'=—00

ko (w2204s) SIN(B2204s

3G *2
n=->2-

— B220g's — €2204s)- (42)
The secular component of the tidal torque T, can be recovered
by only retaining the terms that fulfil the following condition:
B220¢s = Ba2ogs # 0. (43)
Other terms are periodic and cancel out over one orbital period.
The second part of the above condition follows from the forcing
mode wygs vanishing if Byoes = 0. Recalling the tidal forcing
modes definition in the specific spin-orbit resonance case (Eq.
(36)), this translates to*
g-s=q —s #0. (44)
Summing all the terms fulfilling the above condition and
simplifying the resulting expression eventually leads to

Gm*2R?
a6

I,=18 ky [ez sin €, + % sing, |, (45)

with ¢, the tidal phase lag evaluated at the once-per-orbit forc-
ing frequency wyypgs = n. The first term of the secular torque T
corresponds to the zero-libration case, and the total tidal torque
including the libration’s contribution can thus be re-written as

_ AN -
P, = (1 . z_e)ry_o, (46)

where l_",,y:o is the tidal torque in the absence of libration.

3.4. Alternative force formulation

When including tidal effects in the orbital dynamics of a planet—
satellite system, a commonly used approach is to translate the
tidal potential (Eq. (28)) into a tidal force acting as an additional
perturbation on the satellite, both for planet and satellite tides

4 This condition differs from the one proposed in Frouard & Efroimsky
(2017), where only ¢ = ¢’ and s = s’ terms were reported to have a
secular contribution. However, secular terms arise for all identical ratios

qls=4q]s"
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(e.g., Lainey et al. 2007; Lari 2018) (see discussion in Section
3.6 for more details on why such an alternative is necessary).
The expression for this tidal force, evaluated at a point r from
the perturbed body is the following (see derivation in Section
2.3.2 in Fayolle 2025):

F(r,r*) =-m*VU,(r,r")

o]
[(1 -5(r ~r)2)i'+ 2(r ~r)i].

To model the effect of tides on the mutual orbit of the
perturbed and perturbing bodies, I must be evaluated at the per-
turber’s position: for planet tides, the tidal force represents the
additional acceleration acting on the satellite due to the tides it
raises on its central planet; for satellite tides, it is the reaction to
the force acting on the planet due to planet-raised tides on the
satellite. To account for the dynamic tide (i.e., not purely elastic
response of the perturbed body), an important step in the typical
derivation of the tidal force lies in the following relation between
the perturber’s position when the tidal potential is raised r, and
at the moment of the forcing r* (Mignard 1980):

¥ =r—At(iF — o X r) + O(AP).

C)

(48)

Here w is the rotation vector of the perturbed body and At the
so-called tidal time lag, i.e., the amount of time required for that
body to deform due to the tidal forcing. Ar relates to the tidal
phase lag as
Tle|
Ar= 2n’
with € the phase lag at the main forcing frequency and T the
period of this forcing. An important underlying simplification of
this tidal force formulation is that it assumes a single frequency
forcing and response, as well as a constant time lag, therefore
neglecting the influence of the satellite’s eccentricity (so-called
constant time lag model). Circling back to the general defini-
tion of the forcing modes (Eq. (18)), the nominal leading forcing
mode is wax00 = 2n — 26, resulting in the following tidal period:

2 2m
lwaoool  [2M = 26|
This for instance corresponds the forcing period for the tides
raised on the planet. For the specific case of the spin-orbit reso-

nance (Eq. (27)), the leading forcing modes become wxp19 = n
and w0 -1,0 = —n, such that the tidal period is

2w 2w 2w

lwazotol  lwxno-10l 1’

(49)

(50)

(5D

Using Eq. (48) to expand (1/r*)® as a O(Ar?) expression
eventually leads to the following expression for the tidal force,
after decomposing the above into radial and tangential com-
ponents and assuming the orbit’s normal and rotation pole are
coplanar (for a complete derivation, see Mignard 1980),

1 3i , A
= —3Gm*2R5k2—7 Pt AT p - A6 - V)t), (52)
r r
with v the time derivative of the true anomaly (i.e., the orbital
velocity).

The typical formulation for the tidal force as given in Eq.
(52) relies on a few important simplications:
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1. a truncation at O(Ar?) (Eq. (48)), which might not be valid
for large eccentricities;

2. asingle-frequency forcing and response, as evidenced by the
definition of the tidal time lag in Eq. (49) (equivalent to
assuming a frequency-independent response to the leading
term(s) in Eq. (30)).

While a more rigorous, frequency-dependent expression for
the tidal force could be derived from Eq. (30), Eq. (52) has
been widely and successfully used to model the effects of both
planet and satellite tides in natural ephemerides applications, and
proven suitable to reproduce the main features of tidally driven
orbital evolution (Lainey et al. 2007, 2009, 2012, 2019, 2020).
The effects of planet and satellite tides on their mutual dynam-
ics, and the limitations of this tidal force formulation to model
these effects in the specific spin-orbit resonance case will be
elaborated upon in Section 3.5.

From the tidal force expression in Eq. (52), one can moreover
recover the tidal torque derived from the tidal potential in Eq.
(45), including the additional contribution of the physical libra-
tion. Recalling that the rotation rate of a synchronous satellite in
the presence of one main once-per-orbit longitudinal libration is

O0=n+ ﬁ(n—i/), (53)
2e

the tangential component of the tidal force (from which the tidal
torque originates) can be re-written as

1 N
Fi, = 3Gm*2R5k2—At 1+ 5 n—v)t 54)
r’ 2e

A
= (1 + Z) Ftan|y=0 s

with Fiyl,— the tangential component of the tidal force in the
absence of physical librations. This matches the librational con-
tribution obtained with the tidal potential approach (Eq. (46)).

(55)

3.5. Effects of planet and satellite tides on the satellite’s orbit

The loss of energy through tidal dissipation drives the evolution
of a natural satellite’s orbit, and more specifically the changing
rate of its semi-major axis and eccentricity. The literature pro-
vides well-known approximations for the secular evolution of a
and e, with an important distinction between planet and satellite
tides (e.g., Kaula 1964; Goldreich & Soter 1966; Peale & Cassen
1978; Peale 1999; Malhotra 1991; Lainey et al. 2009; Lari 2018;
Emelyanov 2018; Boué & Efroimsky 2019). For the former, i.e.,
raised on the planet by the satellite, the resulting change in the
satsellite’s semi-major axis and eccentricity can be approximated
by

da _m*k (R)5 (56)
d " m Q\a ’

de 57m* ky (RY

w5 mola) )

For the case of tides raised by the planet on a synchronous satel-
lite, however, two conflicting secular variations of the moon’s
semi-major axis can be found (e.g., Goldreich & Soter 1966;

5 For planet tides, k, and Q here refer to the planet’s tidal parameters,
and the asterisk superscript designates the tide-raising satellite.
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Lainey et al. 2009 vs Emelyanov 2018; Boué & Efroimsky 2019),
as reported below®,

d *ky (R

) d—j - —21’%5 (;) nae?, (58a)
d *ky (RY

) d—j’ - _57%5 (a—) nae?, (58b)

whereas they are consistent for the eccentricity changing rate:

de 21 m* ky (R’
i~ 2m Q(a) ne (59)
This apparent discrepancy for the effects of satellite tides finds
its origin in the commensurability between the moon’s orbital
and rotational periods, combined with the need to conserve rota-
tional energy for the spin-orbit resonance to be maintained. A
detailed explanation can be found in Magnanini et al. (2026),
but the reasoning will be briefly reconstructed here, as it brings
insights into the modelling challenges associated with satellite
tides.

Evaluating the orbital energy dissipated through satellite
tides in the case of exact synchronicity leads to the semi-major
axis evolution given in Eq. (58b), a result that is equiva-
lently obtained starting from the simplified force formulation in
Eq. (52) or from the complete tidal potential expansion (Eq. (30))
(for a rigorous derivation of the orbital elements evolution from
Kaula’s tidal potential expansion, see Boué & Efroimsky 2019;
Magnanini et al. 2026). As shown in Section 3.3, however, exact
1:1 spin-orbit synchronicity implies a non-zero secular tidal
torque (Eq. (45)). A slightly super-synchronous rotation rate can
be computed for which the tidal torque cancels out over one orbit
(Levrard 2008; Wisdom 2008),
0= (1+6eHn, (60)
which can thus seem a more stable rotational state (no residual
tidal torque spinning up the satellite’s rotation). For this pseudo-
synchronicity case, the amount of tidal energy dissipation is no
longer consistent with Eq. (58b), but one instead recovers the
more commonly used approximation given by Eq. (58a) (see
Section 2.3.4 in Fayolle 2025)’.

However, the exactly synchronous rotation of the Solar Sys-
tem’s natural satellites contradicts Eq. (60), and the physical
realism of such a pseudo-synchronous equilibrium for terrestrial
bodies was indeed refuted (e.g., Makarov & Efroimsky 2013).
For natural satellites to maintain exact spin-orbit resonance,
the secular tidal torque must nonetheless be compensated, as it
would otherwise progressively speed up the satellite’s rotation
out of spin-orbit synchronicity.

In practice, this torque balance is maintained via a slight
re-orientation of the satellite (e.g. as theorised in Yoder &
Peale 1981; Murray & Dermott 1999; Williams & Efroimsky
2012; Makarov & Efroimsky 2013): the body’s triaxiality causes
a non-zero secular torque if the principal axis of inertia and
the direction of the planet at periapsis are slightly misaligned

6 Conversely, for satellite tides, the * superscript designates the planet,
and the tidal quantities k, and Q in Egs. (58a)-(59) refer to the
satellite’s.

7 When performing this derivation starting from the tidal poten-
tial expansion (Eq. (30)), one should be mindful that the forcing
mode w0 no longer vanishes in the case of pseudo-synchronous
equilibrium.
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(see Eq. (14) and Figure 1). To conserve spin-orbit resonance,
the averaged torque exerted by the central planet on the non-
spherical satellite fg due to this misalignment (Eq. (14)) and
the secular torque caused by satellite tides T, (Eq. (45)) should
therefore cancel out,

I,+T, =0 (61)
6m* mR> Gm*?R’ A
%522 - 18ma—6k2e2 sin 6,1(1 + Z_e) (62)

thus leading to the following equilibrium S,, value (e.g.,
Magnanini et al. 2026):

(63)

* 3
Sy =3 (5) ks sinene2(1 + E).
u \a 2e

This non-zero Sy, ensures constant rotational energy, but
also causes a secular drift of the satellite’s semi-major axis,
which exactly compensates for the discrepancy between Egs.
(58b) and (58a). This counterbalancing re-orientation of the
satellite here translates into a non-zero S,, because we choose
to keep our body-fixed convention unchanged (i.e., satellite’s
x-axis pointing towards the planet at apo- and periapsis, see Fig-
ure 1 and details in Section 5.2.2). As discussed in Section 2.1,
it could equivalently be represented by a small rotation of the
satellite-fixed frame®. Nevertheless, the counteracting triaxial
torque caused by the satellite’s re-orientation and its subsequent
effects on the dynamics are invariant upon different body-fixed
frame conventions. Evaluating Eq. (63) for Io (the only Moon for
which we have an estimate for k,/Q = k; sin |€,| = 0.015, Lainey
et al. 2009), the conservation of rotational energy requires a bal-
ancing S, = 1.30 - 107, equivalent to an orientation offset of
6.67 - 107 rad.

The total semi-major axis rate of the satellite is therefore
in agreement with Eq. (58a), irrespective of any assumption on
exact or pseudo-synchronicity. The sole difference is that in the
physically realistic case of fully synchronous satellites, only part
of the total secular change in a directly results from the effect
of tides on the orbit, while the other part is an indirect effect of
the conservation of rotational energy and the resulting non-zero
S, (and is thus oftentimes overlooked when focussing on orbital
evolution).

Finally, it should be noted that Egs. (58a) and (59) approx-
imate the secular change in the satellite’s semi-major axis and
eccentricity caused by satellite tides in the absence of librations.
The amount of orbital energy dissipated when accounting for the
influence of the main once-per-orbit longitudinal libration is

4 1 A%
AE, = (1 + 2 + —ﬂ;)AEyzo,

4
Te 7Teé2 (64)

with AE, and AE,_, representing the energy dissipation with
and without libration, respectively (see detailed derivation in
Efroimsky 2018). This eventually leads to

da da
Eiy =11 1 ‘?{2 E‘y:()
de| (= + to 2 de |
T e
dr Yy dr y=0
for the secular evolution of a and e caused by tides raised on a

librating synchronous satellite, with i—ﬂyzo and %L/:O given by
Egs. (58a) and (59), respectively.

4A

75 (65)

8 A similar derivation with different body-fixed frame convention can
for instance be found in Murray & Dermott (1999).
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3.6. Implications for satellite tides modelling

As demonstrated in Section 3.5, accurately representing the
effect of satellite tides on the dynamical evolution of a syn-
chronous satellite requires the consistent modelling of its orbit
and rotation for (i) the main tidal forcing mode wssppp to van-
ish (Eq. (36)); (ii) the spin-orbit resonance to be maintained
(Egs. (61)—(63)). These two conditions are inter-dependent, and
breaking one of them would eventually lead to breaching the
other. Maintaining both above conditions is, however, very diffi-
cult to achieve in practice when relying on classical kinematic
rotation models (i.e., analytical representations of the satel-
lite’s rotation, with the possible incorporation of multi-frequency
perturbations, see Section 2.1), as will be discussed in the
following.

Due to the vanishing of the main tidal forcing mode w;;¢go in
Eq. (33), the secular evolution of the satellite’s orbital elements
caused by satellite tides is dominated by linear functions of ¢?
(Eqgs. (58a) and (59)). This implies that any model simplification
that incurs an error in O(e?) is no longer acceptable and would
violate the two aforementioned conditions (i.e., w000 = 0 while
maintaining the resonance). This O(e?) consistency requirement
is well illustrated by the conservation of rotational energy issue
exposed in Section 3.5 and its implications to both maintain the
spin-orbit resonance and predict the right secular evolution of
the satellite’s semi-major axis (discrepancy between Egs. (58a)
and (58b)). The equilibrium between the secular tidal torque (Eq.
(45)) and the restoring triaxial torque (Eq. (61)), and its conse-
quences (additional contribution to the semi-major axis change
rate and conservation of exact- rather than pseudo-synchronicity,
Eq. (60)) are indeed all O(e?) effects, whose delicate balance is
contingent upon the coherent modelling of the intricate coupling
between orbit and rotation.

In practice, this level of orbit-rotation consistency is
extremely difficult to achieve with a kinematic representation of
the satellite’s rotation. Such analytical rotation models typically
assume that the satellite’s long axis points towards the empty
focus (Section 2.1). This assumption is actually a O(e*) approxi-
mation in itself (e.g., Murray & Dermott 1999), whose practical
implementation oftentimes relies on an additional O(e?) simplifi-
cation (see Eq. (7)). This demonstrates that relying on the orbit’s
empty focus to define the satellite’s rotation is not compatible
with the O(e?) modelling consistency requirement necessary to
accurately model satellite tides, with the important implications
for the predicted orbital migration rate evidenced in Section 3.5.
In addition to the inadequacy of such an implementation short-
cut, a more fundamental flaw in adopting an analytical rotation
model stems from the satellite’s rotational inertia, which pre-
vents its orientation from instantly matching the osculating orbit.
The satellite’s rotation indeed follows the long-term evolution of
the orbit, rather than adapting to immediate perturbations (see
in-depth discussion in Martinez et al. 2025). This is critical to
maintain spin-orbit resonance, but makes it extremely challeng-
ing to define a suitable time-dependent rotation model while
concurrently propagating the (perturbed) orbital dynamics of the
satellite.

When modelling the effect of satellite tides on the satellite’s
own orbit using the tidal force formulation given in Eq. (52), a
commonly used approach allows to circumvent this orbit-rotation
consistency issue. It exploits the fact that the energy dissipated
by librational tides over one orbit amounts to 4/3 of that dis-
sipated by radial tides (Murray & Dermott 1999). This allows
us to translate Eq. (52) into a scaled tidal force acting in the
radial direction only, while getting rid of the # — v librational



Fayolle, S., et al

term where the dependency on the satellite’s rotation comes into
play (e.g., Lari 2018):

1 Ti
F = -36m*’Rky— (f + At—ri‘) :
r r

(66)

This approach is a very efficient and robust workaround to
accurately represent satellite tides in an orbital propagation with-
out the need for a fully consistent rotation, which is precisely
what makes the tidal force formulation so appealing for orbital
dynamics propagation (see detailed discussion in Fayolle 2025).

By design, this force formulation is, however, only suitable
to model and/or estimate the averaged effects of satellite tides on
the satellite’s own orbit (over one orbital period). It is, by con-
trast, inapplicable to represent their influence on the dynamics
of a neighbouring spacecraft (whether in orbit, or perform-
ing a flyby), or for highly accurate propagations of the moon’s
instantaneous dynamics. The latter is typically accounted for by
modelling tides as additional time-variations of the deformed
body’s gravitational potential, as described in Section 3.2 (e.g.,
Petit et al. 2010; Iess et al. 2012; Goossens et al. 2024; Park
et al. 2025), a modelling approach that is extremely rotation-
sensitive when applied to tidal effects on the satellite’s dynamics
(Magnanini et al. 2026). Using different models to include tides
in the moons’ and spacecraft’s dynamics would nevertheless be
prone to discrepancies, especially since satellite tides affect the
spacecraft in two ways: via the direct effect of the satellite’s
deformed gravitational potential, and via the indirect contribu-
tion of the moon’s tidally perturbed orbit on the spacecraft’s
motion. For planetary missions relying on a series of moons’
flybys (e.g., Cassini, Juice, Europa Clipper), addressing such a
modelling challenge is therefore particularly critical, not only
to ensure the consistent propagation of the satellites and space-
craft, but also to ultimately allow for the consistent estimation of
tidal (and rotational) parameters from their combined effects on
the moons’ and spacecraft’s orbits. This is especially important
to avoid mismodelling the satellite’s expected orbital migration
rate and therefore under- and over-evaluating the tidal dissi-
pation because of any translational-rotation inconsistency (see
Section 3.5).

The unique complications arising in the spin-orbit resonance
case, combined with the need to consistently model tidal effects
on both the satellite’s and spacecraft’s dynamics, call for a
unified way to model the complex interplay between the satel-
lite’s orbit, rotation, and tidal deformation. In particular, this
requires accounting for the instantaneous tidal deformation of
the satellite’s gravitational potential, in a manner that ensures full
consistency between the tidal forcing and subsequent response.

4. Deformation model

Adopting the approach followed by Correia et al. (2014) and
Boué et al. (2016) for exoplanetary systems, we propose to
concurrently propagate the perturbed body’s translational and
rotational dynamics, along with the instantaneous deformation
of its gravitational potential caused by tidal effects. Such a
three-level dynamical model (orbit, rotation, deformation), by
automatically accounting for all couplings at play, ensures the
full consistency of the propagation results while reproducing the
main dissipation-driven dynamical evolution features (Sections
3.3 and 3.5).

While the complete set of equations (including the transla-
tional and rotational dynamics from Section 2) will be re-iterated
in Section 5.1, the following section focusses on the missing
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component: i.e., the deformation model adopted for the satellite’s
deformation to dynamical forcing. Section 4.1 first introduces the
general deformation modelling framework necessary to describe
the tidal deformation of the perturbed body as a differential equa-
tion. Section 4.2 then provides the exact formulation for the
Maxwell rheology used in the rest of this work.

4.1. General formulation

This section presents the model used to describe the perturbed
body’s gravity field deformation induced by a perturbing poten-
tial W. Following Correia et al. (2014), the total perturbing
potential evaluated at a surface point R is here defined as the
sum of the tide-raising potential W; and centrifugal potential W,
as

W(R, 1) = Wi(R) + Wc(R) (67)

1
= Wi(R) + 5 (0 R, (68)
with W;(R) being given by Eq. (15) and w the perturbed body’s
rotational rate vector. The gravitational potential U’ induced by
the body’s deformation under the above perturbing potential is
given by the convolution (e.g., Boué et al. 2016)

3
U'R.1) = (I;) k() = W(R. 1), 69)
where k,(f) is the complex degree-two Love number distribu-
tion. The total gravitational potential U’ differs from the tidally
induced potential U, as our coupled model also accounts for
the centrifugal deformation. We here restrict ourselves to the
degree-two (I = 2) perturbation and response, but the above
could be expanded to higher degrees (see e.g., Boué et al.
2016). It is moreover important to keep in mind that the tidally
induced potential resulting from Eq. (69) is actually equivalent
to the expression already derived in Section 3.2.2 (Eq. (30)),
but presents the critical advantage of not relying on a mode
decomposition.

Eq. (69) is generally applicable when modelling gravitational
deformation under a perturbing potential, the body’s specific
response to different forcings based on its interior properties
(i.e., rheology) being described by its Love number distribution
ky(¢). It remains valid for all eccentricities (thus circumventing
the possible O(e?) inconsistencies mentioned in Section 3.6),
and does not rely on a Fourier-like series similar to the one used
by Kaula (1964), implying that the dynamical problem at hand
needs not be decomposable into such an expansion, which might
indeed not be the case for satellites in MMRs (see Section 3.2.2).

4.2. Maxwell rheology

A viscoelastic response is typically assumed for natural bod-
ies, with the Maxwell rheology (equivalent to a viscous damper
mounted in series with an elastic spring) being widely used
among possible rheological models. This model presents the
combined advantages of offering a very simple mathematical
formulation, while still adequately representing the main fea-
tures of tidal dissipation (Boué et al. 2016). In the rest of this
work, we therefore assume that both the planets and satellites
under consideration behave as Maxwell bodies. The implications
of such a modelling assumption will be discussed in Section 8.
For a Maxwell body, the Fourier transform of the complex Love
number distribution is (e.g., Henning et al. 2009)

o 1+it.w

ka(w) =y l+itw’

(70)
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with k; the body’s fluid Love number of degree two, and 7 and 7,
the global and elastic (or Maxwell) relaxation times, respectively.

This Fourier transform turns the convolution in Eq. (69) into
the following differential equation for the deformation-induced
potential U(R) (adapted from Correia et al. 2014; Boué et al.
2016)

) R\? )
U'R)+7U'(R) = k) (;) (W(R) + 7.W(R))

Ueq(R) + 7. Ueq(R)»

with U, the equilibrium deformation-induced potential (i.e.,
gravitational potential due to the body’s fluid response), defined
as

(71)

U'(R) + tU'(R) = (72)

3
Uey(R) = K] (5;) W(R). (73)
The dependency on ¢ is made implicit in Egs. (71)—~(73) com-
pared to Eq. (69).

Recalling the spherical harmonics expansion of the gravita-
tional potential (Eq. (4)), the deformation-induced potential can
be represented by time-dependent increments of the perturbed
body’s gravity field coefficients. Owing to the orthogonality of
spherical harmonic basis functions, the coefficient increments
follow the differential equation for the deformation-potential
(Eq. (72)):

ACa + TAC 2 = ACY + T,ACE
AS o, + TAS2m = ASZq + TeASeq

(74)
(75)
with ACy, AS 2, and AC;!  AS5? the instantaneous and equilib-

rium coefficients, respectlvely The latter can be directly derived
from the equilibrium potential U,, (Correia et al. 2014):

. PR 1 R 3
ACE = —ky Y ( ) , (76)
3;1 2 u
k * R 3
acy = () cos2ar (77)
4 pu \r*
. k * R 3 )
ASS = Z%(r_*) sin24* (78)
Here 6 corresponds to the rotational rate, as the rotational

velocity vector w = (O 0 G)T is perfectly aligned with the
orbit’s normal in our simplified two-dimensional case. These
equilibrium coefficients act as a forcing in the differential equa-
tions driving the time evolution of the gravity deformation
(Egs. (74)—(75)). From Eqgs. (77)—(78), their time derivatives can
be computed as follows:

. 20R; 3u* (RY i
R 7
0= [ 3u 2u r* "
] kf * /'R 3
ACY = : H ( ) [3— cos22* +21* sin 2/1*} (80)
u
. K] ;
A = -4 K ( ) [3— sin 2A4* — 22* cos 2/1*]. (81)
u

Using the Darwin-Radau approximation, the fluid Love num-
ber and relaxation times are all related to the body’s interior
properties (Correia et al. 2014):

-1
5 151\

f_

k2—5(1+(§—4m£12)) —1,
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Te =

, (83)

_TIx

9

S (84)
2gpR

where p is the mean density, u the shear modulus (i.e., rigidity),

and 7 the viscosity. For a spherical body of constant density, the

global relaxation time 7 becomes

387R*n

=l (85)

It should be noted that the above definitions for the fluid Love
number and relaxation times assume a homogeneous and incom-
pressible body, and can therefore only describe the effective or
averaged response of a body’s (stratified) interior. The implica-
tions and limitations of such an assumption will be discussed in
Section 8. We nonetheless emphasise that they only affect the
specific formulation of the differential equations for the grav-
ity coefficients, and not the general framework of our coupled
model. From Eq. (70), the (frequency-dependent) modulus and
argument of a Maxwell body’s complex Love number can more-
over be linked to the quantities k,(w) and €(w) typically used in
tidal potential expansions (Section 3.2) as follows:

o1+ 720?
ka(w) = ky T+ 202"
T - Te)a))

(
= t .
€(w) = arc an( =y

(86)
87)

This allows us to evaluate the body’s Maxwell response to tidal
forcings at the different modes wyypqs, €nabling a direct com-
parison between the results of our numerical propagation and
the analytical formalism presented in Section 3.2. The incorpo-
ration of the deformational Equations (74)—(75) in the rest of our
dynamical model will be discussed in Section 5.1.

It should be stressed that Egs. (76)—(81), once inserted back
in Eqs. (74)—(75), provide a specific formulation of the first
order differential equation governing the gravity deformation,
valid in our two-dimensional, zero obliquity case with limited
perturbations. For high-accuracy applications, this simplified
framework could however easily be expanded to more com-
plex configurations. More specifically, generalising the above
to three-dimensional problems would require foregoing the zero
latitude assumption in the tidal potential formulation (Eq. (28))
and subsequently including order 1 coefficients AC5;, AS,; in
the propagation (AC51, AS5T # 0 if ¢* # 0). Eq. (72) can more-
over easily be adapted to 1ncorp0rate extra perturbations (e.g.,
third-body effects) in the gravitational deformation forcing in
addition to the tidal and centrifugal potentials (thus modifying
the equilibrium coefficients definition) and can be expanded to
higher degrees.

5. Complete coupled model formulation and set-up

This section provides a detailed description of the propagation
set-ups used to implement and test our coupled model, as well as
an overview of the dynamical features and quantities to compare
to classical models. Section 5.1 first provides the complete set of
equations of motion to be integrated in our coupled model frame-
work and highlights their interdependencies. Section 5.2 then
presents the strategy required to identify a consistent, physically
realistic initial state for our coupled dynamics.
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To investigate the behaviour of our coupled translational-
rotational-tidal approach, we use both the Earth-Moon and
Mars—Phobos systems as test cases, paying special attention to
the model’s ability to reproduce the dynamical evolution of a
planet — synchronous satellite system caused by satellite tides.
Section 5.3 describes the specific dynamical environment and
propagation settings used for the two planet—satellite systems.
We underline that our analyses do not aim to provide a complete
and fully realistic dynamical descriptions of the systems under
consideration, but rather to analyse the dynamical properties
that naturally emerge from our coupled propagation, with special
attention paid to tidal dissipation features. The main dynamical
features that we expect our unified model to reproduce, outlining
the scope of our model validation, are listed in Section 5.4.

All our simulations have been performed using the TU Delft
Astrodynamics Toolbox (Dirkx et al. 2022, 2025). For this work,
Tudat has been extended with the numerical integration of the
gravity field in Eq. (93), building upon the existing functional-
ity for coupled orbital-rotational dynamics of natural satellites
(Martinez et al. 2025). Tudat has previously been applied to var-
ious studies in the modelling and estimation of natural satellite
dynamics (e.g. Dirkx et al. 2016; Fayolle 2025).

5.1. Complete set of equations of motion

We here combine the orbit, rotation, and gravitational defor-
mation models (separately presented in Sections 2.1, 2.2, and
4, respectively) into the complete set of equations forming our
coupled model. The complete propagated state is defined as:

) T
x:(r Foq w z), (88)
where r, g, and z respectively represent the body’s translational,
rotational, and gravitational states, the latter combining the prop-

agated degree-two coefficients’ z = (ACgo ACy» AS ZQ)T (see
Section 5.2.2 for the coefficients decomposition into static and
time-varying components). Under the gravitational influence of
a perturber %, the time derivative of this extended state (in the
perturber-centred frame) obeys the following set of equations of
motion:

;= (89)
= K +'uR1/(q)VU(r, q.2)

+£ *ﬂf“ Riu(qHV U (r); (90)

q = 0(gw; 1)

=I" (-m*r x VU(r. q.2) - fo - 0 x ({w)): 92)

£= 1@z, (93)

Following the notations introduced in Section 2.1, VU and V, U;
represent the gradients of the perturbed and perturbing bodies’
gravitational potentials'® in their respective body-fixed frames
(linked to the inertial frame via the rotation matrices R;; and
R;,,). Both gravitational potentials U and Uj can be expressed

° This definition of the so-called gravitational state is specific to our
simplified two-dimensional case but could easily be expanded and
generalised to describe a three dimensional problem.

10 U; contains the extended component of the perturber’s gravitational
potential only.
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using the formulation given by Eq. (4) (expanded to degree two
in this work), but the gravity field coefficients of the deform-
ing body are now time-varying, and are actually described by
the gravitational state z. Finally, z°/ designates the equilibrium
coefficients vector (Egs. (76)—(78)).

The coupling between the translational, rotational, and tidal
dynamics is immediately apparent from the above set of equa-
tions, which all depend on the perturber’s body-fixed position
and on the gravity coefficients of the deforming body. In partic-
ular, the perturbed gravitational potential of the body undergoing
tides U(r, g, z) automatically accounts for the contribution of
tidal deformation to the translational and rotational dynamics
of the system. The orbital elements’ evolution and emergence
of a secular tidal torque therefore naturally follow from the
propagation of the tidally perturbed equations of motion (assum-
ing a suitable initial condition of the dynamical system, see
Section 5.2.1). This is a crucial distinction with respect to Sec-
tions 3.3 and 3.5 where they are separately computed from an
additional tidal potential.

It is furthermore important to remark that I depends on the
time derivative z of the gravity coefficients, by definition of the
inertia matrix (Eq. (11)). Conversely, the time derivative of the
equilibrium coefficients z°¢ depends on the time derivative of
the perturber’s body-fixed longitude A* (Egs. (79)—(81)), which
in turn is a function of the time derivative of the angular velocity
vector @. These interdependencies between the time derivatives
of the rotational and gravitational states should be carefully
considered when implementing the above equations, and again
highlight the need for a concurrent integration.

As a brief summary of the advantages and implications of
the unified modelling approach described above with respect to
classical decoupled models:

— our concurrent propagation provides the body’s instanta-
neous gravitational deformation under the perturbing poten-
tial(s) (here tidal and centrifugal), that deformation being
inherently consistent with the translational and rotational
dynamics of the system. This allows tides to be consis-
tently incorporated in the dynamics of both the satellite and
a nearby spacecraft, while automatically accounting for the
effects of any variation in the satellite’s rotation;

— all instantaneous forcings (at all frequencies) are automati-
cally incorporated in the equilibrium potential U,, induced
by the deformation (Eq. (73));

— this approach does not involve any series expansion of the
tidal potential, and therefore does not introduce any assump-
tion regarding the secular rates of the satellite’ orbital ele-
ments, or any series truncation error (especially truncations
in eccentricity).

5.2. Obtaining a realistic initial state

While our coupled model automatically ensures that the trans-
lational, rotational, and tidal dynamics remain fully consistent
during the propagation, its ability of produce realistic dynamics
for a given known planet—satellite system depends on the def-
inition of a suitable initial state. This is especially critical in a
propagation framework such as the one presented in this paper.
As opposed to real data fitting, in a propagation-only set-up,
there is no observation constraint forcing the system to follow
its present dynamical state. In particular, two important points of
attention arise which are specific to our fully coupled approach:
— the propagated dynamics should not be corrupted by
the artificial introduction of rotational normal modes
(Section 5.2.1);
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— the mean gravity coefficients that the coupled model con-
verges to should match our present knowledge of the satel-
lite’s gravity field (Section 5.2.2).

The initialisation process adopted in this work (see detail in Sec-
tion 5.2.3) relies on a long relaxation phase until the system’s
dynamics reach a converged, physically consistent steady state
(ensuring that the two above conditions are fulfilled, among oth-
ers). The numerical integration of the tidal deformation makes
this relaxation phase crucial: the propagation first undergoes a
transient phase during which the gravity coefficients progres-
sively converge to their mean equilibrium values.

5.2.1. Normal modes damping

Integrating the equations of motion for the rotational dynam-
ics gives rise to resonant oscillations of the body-fixed principal
axes, referred to as normal modes (e.g., Borderies & Yoder 1990;
Rambaux et al. 2010). The frequency at which these normal
modes occur is directly linked to the body’s interior proper-
ties. Specifically focussing on the orientation of the body’s long
axis in our two dimensional case, the longitudinal normal mode
frequency is given by (e.g., Rambaux et al. 2012)

B I, —1
Wion = N ( Y XX)»
I,

with Iy, I, I, the diagonal elements of the inertia matrix
(which are function of the degree-two gravity coefficients, see
Eq. (11)) and n the orbit’s mean motion.

These resonant oscillations are typically damped over plan-
etary system evolution timescales, and no longer affect the rota-
tional dynamics of the Earth—-Moon and Mars—Phobos systems
under consideration. Numerically propagating the rotational
equations of motion from an insufficiently judiciously defined,
undamped initial state will, however, automatically introduce
the normal modes in the resulting numerical solution of the
equations of motion (Martinez et al. 2025). The interdepen-
dency between the normal mode’s frequency (Eq. (94)) and the
gravity coefficient values makes the obtention of a damped ini-
tial state particularly critical when concurrently propagating a
body’s rotation and gravitational deformation.

To make ensure that the non-physical oscillations originating
from the normal modes are absent from our integrated rotational
solution, we applied a similar damping algorithm as done in
Rambaux et al. (2012) or Martinez et al. (2025) (among others).
This algorithm relies on the addition of an artificial damping
torque to Eq. (10),

(94)

Laanping = ——1 (@ - @0). 95)
Td

with 7; a damping timescale. This torque forces the body to
maintain its (known) mean rotation w while damping other
rotational responses (for more details, see e.g. Rambaux et al.
2012; Martinez et al. 2025). Once a damped initial state (i.e., no
longer affected by normal modes) has been obtained, I jamping 15
removed, and the coupled translational-rotational-tidal dynamics
are re-propagated from this damped initialisation.

5.2.2. Gravity deformation conventions and set-up

An important aspect of our model set-up relates to the distinc-
tion between the static and varying parts of the perturbed body’s
gravity field. The fluid number of a uniform body in hydrostatic

A224, page 14 of 27

L A&A, 707, A224 (2026)

should theoretically be equal to 3/2. However, both the Moon
and Phobos are known to depart from this exact uniform hydro-
static state. We chose to define the fluid number k; such that it
matches our current knowledge of these moons’ Cy values using
Eq. (82). Despite this particular set-up choice, the equilibrium
deformation described by Egs. (76)—(78) cannot exactly repro-
duce our present estimates of the satellite’s degree-two gravity
coefficients. Egs. (76)—(78) indeed cannot (entirely) account for
the non-hydrostatic part of the satellite’s gravity field, even with
a scaled k¢ value. It should nonetheless be noted that, provided
that one can find an appropriate Maxwell rheology law (Eq. (70))
to describe the body’s response to forcing, this limitation does
not hinder the ability of our coupled model to produce a realistic
deformation response and consistently account for the dynamical
signatures of said deformation.

However, to ensure that the deforming body’s gravitational
potential is in agreement with its known gravity coefficients
once the equilibrium deformation (Eq. (73)) is reached, we
defined a base static gravity field to which the deformation prop-
agated with Eqgs. (74)—(75) is added. The instantaneous gravity
coefficients are thus given by

C2m(t) = C%m + ACZm(t)s
Som(t) =83, + AS 2 (2).

(96)
C0)

Here AC,,,(¢) and AS,,,(t) are the coefficient variations numer-
ically integrated with Eqs. (74)—(75), their equilibrium values
being given by Egs. (76)—(78). C5 and S3 , on the other
hand, describe the static part of the gravity field (including the
non-hydrostatic component). When initialising our model, these
static coefficients were computed by subtracting the equilibrium
deformation (Egs. (76)—(78), evaluated at initialisation) from the

body’s known coefficients (noted C,,, and S5,,), as follows:

Cém =Cop — Acgqm (98)
§3, = Som — ASY (99)

It is important to keep in mind that this set-up choice was only
intended to keep our physical representation of the deformed
body (either the Moon or Phobos) aligned with our present
knowledge of that body’s gravity field, but does not affect our
modelling of the tidal response.

In our coupled model, the tidal deformation is tied to the
definition of the body’s rheology. The Maxwell model used in
our coupled framework is parametrised by three quantities (Sec-
tion 4.2): the fluid Love number k, and the two relaxation times
7 and 7, (see Eq. (70)). As mentioned in Section 3, classical
models assume a single-frequency forcing and response, such
that current estimates of tidal parameters for natural satellites
(if available) are therefore also quantified at a single-frequency,
the Moon being a notable exception (e.g., Williams & Boggs
2015). To define appropriate relaxation times, we assumed that
the values available (if any) for the body’s k, and Q parameters
correspond to the leading forcing frequency (i.e., |waoi0l = 7
for a synchronous satellite, see Section 3). Using Eqgs. (86) and
(87) evaluated at that leading forcing mode, one can determine
the corresponding 7 and 7, quantities. Specific values for the
tidal parameters and relaxation times of the Earth-Moon and
Mars—Phobos systems are provided in Section 5.3.

Finally, the definition of a common convention for the
satellite-fixed reference frame is critical to ensure the consis-
tent analysis and interpretation of our results, especially since
we concurrently propagate both the moon’s rotation and its grav-
ity field (defined in the body-fixed frame). Theoretically, the
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Table 1. Nominal Earth—-Moon and Mars—Phobos system parameters and integration settings.

Parameter Symbol Unit Earth Moon Mars Phobos
Gravitational parameter 7 m*kg's2  3.986-10" 4.903-10'2 4283-10°  7.112-10°
Unnormalised coefficients Cao - -4.84-107* -9.09-102 -8.75-10* -2.92.1072
Cxn - 2.44-1076 3.47-10° -8.46-107° 1.57-1072
S»n - 0.0 0.0 0.0 0.0
Radius R km 6378.1 1737.4 3389.5 12.22
Relaxation times T s 182 664 81729100 1778 080 12485500
T, s 58050 13692502 222 641 162229
Equivalent tidal parameters ky - 0.3 0.024059 0.152 1.3-107*
0 - 12 375 79.91 375
Expected libration amplitude A deg - 49-1073 - 0.43
Libration - eccentricity ratio Ale - - 1.4-1073 - 0.51
Integrator type - - Dormand-Prince integrator of order 8
Integration time step - s 5400 5400 60 60
Propagation time - days 10000 120000 3200 3200

body-fixed reference frame can be arbitrarily chosen without any
impact on the results (see Section 2.1). However, for ease of
interpretation and to make our model and results consistent with
classical tidal theory conventions, we defined it in such a way
that the longitude of the central planet in the satellite-fixed frame
is equal to zero once averaged over an integer number of orbits,
following the conventional definition of a synchronous orbit (see
Figure 1). In the following sections, all our results are provided in
this particular moon-fixed frame. The choice of a specific refer-
ence frame would not be as critical in the simpler case of planet
tides, in the absence of the 1:1 commensurability between the
tidal and rotational frequencies.

5.2.8. Initialisation procedure overview

The three constituents of the coupled model’s propagated state
(translational, rotational, and gravitational, see Eq. (88) in Sec-
tion 5.1) were initialised as follows:

— translational state at initial epoch taken from the satellite’s
ephemeris;

— rotational state defined by initially assuming a simple syn-
chronous rotation model (here with the long axis of the
satellite exactly pointing towards the empty focus), with
zero obliquity (thus directly constrained by the translational
state);

— gravitational state set to the coefficients’ equilibrium values
AC, 5%

The exact equilibrium state to which the coupled model will
converge is, by definition, not known prior to the propagation.
Nevertheless, an initial estimate can be obtained by inserting the
chosen initial translational-rotational state into Eqs. (76)—(78).
We note that initialising the propagated gravity coefficients close
to their expected converged values is not an absolute require-
ment for a realistic initialisation, but speeds up the process by
shortening the transient phase necessary for the coupled model
to reach a converged gravitational state. The static gravity coeffi-
cients and Maxwell model parameters were defined as described
in Section 5.2.2, ensuring that this converged state is consistent
with our present estimates of the satellite’s gravity field.
Starting from the initial state defined above, we first pro-
ceeded with the removal of the rotational normal modes

by propagating the planet—satellite system with an additional
damping torque, as detailed in Section 5.2.1. For both the
Earth-Moon and Mars—Phobos test cases, this initial damping
phase was conducted over five times the nominal propagation
durations reported in Table 1. Following this damping pro-
cess and still as part of the initialisation procedure, we further
extended the relaxation phase to ensure that:

— removing the artificial damping torque did not re-introduce
normal modes’ signatures;

— the dynamical system reached convergence (evaluated by
monitoring variations in the gravity coefficients’ mean
values).

The initialisation process described above is specific to the
propagation-only scope of this study. If eventually extended to
an estimation framework allowing for fitting either to real data
or to a reference ephemeris solution, a physically realistic ini-
tialisation of the coupled model would be naturally informed
by the observational constraints. These constraints would guide
the determination of initial conditions that, upon propaga-
tion, lead the model to reproduce the dynamical system under
consideration.

5.3. The Earth—-Moon and Mars—Phobos systems as test
cases

All relevant quantities describing our dynamical environments
for the Earth—-Moon and Mars—Phobos systems are reported in
Table 1. They correspond to a simplified representation of the
actual systems (e.g., two-dimensional, gravitational potential and
deformation expanded to degree two only). For the Earth—-Moon
system in particular, such a simplified set-up is well below the
level of fidelity necessary to support millimeter-accuracy LLR
(Lunar Laser Ranging) ephemerides applications. While per-
fectly suited to the scope of our modelling consistency analysis,
turning our propagation set-up into an operational ephemeris
model would require including three-dimensional effects and
relevant perturbations such as third-body and figure-figure inter-
actions. The necessary extensions to our current implementation
of the gravity deformation differential equations were briefly
sketched in Section 4.2.
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Finding a suitable initialisation for our coupled propagation
proved more challenging for the Mars—Phobos system. This is a
result of Phobos’ strong triaxiality and small distance to Mars,
combined to its longitudinal normal mode being close to the
leading forcing frequency, which together make this system more
dynamical complex. A more detailed discussion of our model
set-up for the Mars—Phobos case and its (absence of) impli-
cations regarding tidal modelling, which this paper primarily
focusses on, can be found in Appendix A.

Regarding the rheological model, the nominal relaxation
times for the Moon were chosen to match the k, and Q values
as given in Lainey (2016). For Phobos, no estimate for k, and
Q is currently available (see e.g., wide range of k,/Q values
used in Bagheri et al. 2021). As an alternative, we considered
the range of possible k, values (k, € [2- 1077:5-107%]) provided
in Le Maistre et al. (2013) based on realistic interior models. We
arbitrarily chose k; = 1.3 - 107 and Q = 37.5, (the latter match-
ing the Moon’s value). For both the Moon and Phobos, we also
tested the behaviour of our coupled model for different relax-
ation times, varying the ratio between the global and Maxwell
relaxation times from 7/7, = 1 to 200.

For the Moon, the expected amplitude of the physical libra-
tion as calculated from Eq. (21) is very small (A = 5 - 1073 deg),
especially in light of the Moon’s relatively large eccentricity, the
ratio A/e driving the librational contribution to tidal dissipation
effects (Egs. (46) and (65)). For Phobos, on the other hand, the
once-per-orbit physical libration is much larger than the Moon’s,
with a ratio A/e = 0.43. As discussed in Efroimsky (2018), this
indicates that the enhancement of tidal dissipation caused by
librations is far from negligible in Phobos’ case.

5.4. Scope of our coupled model validation

To validate our unified orbital-rotational-tidal model, the fol-
lowing dynamical features, which are all derived from the tidal
theory described in Section 3, are critical to investigate:

— the secular evolution of the satellite’s orbital elements da/d¢
and de/dr, which should match Egs. (58a) and (59) for
satellite tides, respectively;

— the agreement between the gravity coefficients’ incre-
ments as numerically propagated by Egs. (74)—(75), and
analytically derived from the tidal potential expansion
(Egs. (37)-(39));

— the respect of exact synchronicity, which implies recovering
Eq. (19);

— (i) the equilibrium between triaxial and tidal torques,
thus conserving rotational energy (Eq. (61)); and (ii) the
emergence of the expected non-zero static S, coefficient
(Eq. (63)) to ensure (i);

— the expected contribution of physical librations to the satel-
lite’s translational-rotational evolution (Egs. (45) and (65)),
most noticeable in the Mars—Phobos case (see Section 5.3).

These points cover the main effects of tidal dissipation on the
translational-rotational evolution of the system, and thus provide
a comprehensive validation framework for our model. It should
be noted that the above quantities and/or dynamical features that
we compare our model against in Sections 7.1 and 7.2 follow
from tidal theory analytical predictions (see Section 3). In our
unified model, however, they are direct outputs of the coupled
propagation, and as such do not rely on underlying derivation
simplifications or modelling assumptions. We finally recall we
here limit ourselves to a simplified, two-dimensional system. The
extension of our model to more realistic cases will nonetheless
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be discussed in Section 8. We moreover focus on the effects of
tides raised by the planet on a synchronous satellite.

6. Propagation results

We propagated the coupled equations of motion (Egs. (87)-(90))
to model the effects of tides raised on the satellite for both the
Earth—Moon and Mars—Phobos systems, using the nominal prop-
agation settings reported in Sections 5.3 and 5.4, respectively.
Each propagation was first preceded by an initialisation process
(outlined in Section 5.2.3), including a damping step to remove
the effects of the rotational normal modes from the dynamics
(Section 5.2.1). The results of the damping algorithm demon-
strating the successful attenuation of the normal modes can be
found in Appendix B. The following sections focus only on the
results of the damped dynamics propagation.

The uniqueness of our coupled approach lies in the numeri-
cal integration of the tidal deformation, such that we obtain time
variations of the satellite’s degree-two gravity field coefficients
as part of the solution of the equations of motion, in addition
to its translational and rotational states (see extended state def-
inition in Eq. (88)). Before investigating the tidal signatures in
the dynamics, we here describe the time evolution of these three
types of dynamics obtained from the propagation.

6.1. Gravity field deformation history

First focussing on the satellite’s gravity field deformation,
Figure 2 displays the integration results for the coefficient vari-
ations AC, S, for both the Moon and Phobos. We plot the
deformations obtained over the entire propagation duration as
a function of the mean anomaly M, such that the results shown
in Figure 2 actually span over many orbital periods. Both the
Moon’s and Phobos’ gravity coefficient variations follow simi-
lar, once-per-orbit patterns, which also remain unchanged over a
large number of orbits, as expected for satellites in spin-orbit res-
onance. AC,y and ACy; are both dominated by a cosine-shaped
function with a period of one orbit, reaching its minimum around
periapsis and maximum around apoapsis for ACy (with a small
angle lag with respect to exact peri- or apo-apsis due to dissipa-
tion, see Section 3), and vice versa for AC,. AS,,, on the other
hand, primarily exhibits a sine wave behaviour. This is consistent
with the tidal deformation forcing acting on each of these coef-
ficients, represented in our equations by the equilibrium gravity
coefficients (Egs. (76)—(78)).

To gain more insights into the spectral content of the
propagated gravity field deformations beyond the dominating
once-per-orbit response immediately observable in Figure 2, we
performed a Fast Fourier Transform (FFT) decomposition of the
coefficients, provided in Figure 3. In addition to the leading
once-per-orbit signature, the FFTs of the gravity coefficient vari-
ations all display strong peaks at each higher harmonic of the
orbital period. This is in agreement with the main forcing modes
derived from Kaula’s tidal potential expansion (Eq. (27)), which
all coincide with harmonics of the anomalistic mean anomaly
rate, equal to the averaged mean motion in the spin-orbit reso-
nance case. A refined analysis of the gravitational deformation
response, including a detailed comparison with the tidal poten-
tial expansion theory outlined in Section 3, will be provided in
Section 7.1. Finally, the absence of a noticeable FFT peak at the
normal mode frequency demonstrates that the normal modes in
the satellite’s rotational dynamics have been sufficiently damped
(see Appendix B).
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6.2. Time evolution of the satellite’s rotational dynamics

A crucial aspect to consider when investigating the physical real-
ism of the propagated dynamics is the conservation of the spin-
orbit resonance. As discussed in Section 3.5, this is mutually
critical to the coherent modelling of tidal effects and rotation:
maintaining the resonance is a necessary condition to consis-
tently model the effects of satellite tides on the dynamics but,
conversely, is also contingent upon the accurate representation
of such tidal effects. This is therefore a particularly impor-
tant validation criterion, especially since classical, decoupled
modelling approaches are known to be prone to rotation-tides
inconsistencies (see Section 3.6).

Using Phobos as a test case (because of its large physical
libration), Figure 4a displays the longitudinal libration extracted
from our propagation as a function of mean anomaly, again
over the entire propagation duration. The fact that the once-per-
orbit behaviour of the longitudinal libration remains constant
over a larger number of orbits demonstrates that the spin-orbit
resonance is indeed conserved. Furthermore, the propagated
gravity coefficients are also good indicators for whether the
satellite’s rotation is moving out of spin synchronicity, given
their strong sensitivity to the body-fixed longitude of the cen-
tral planet 2* (Egs. (76)—(78)). A progressive de-synchronisation
would indeed affect the time evolution of the body-fixed lon-
gitude, which would eventually be reflected in the propagated
gravity coefficients history. The fact that the behaviour of the
coefficient variations as a function of M remains unchanged

over the entire propagation (Figure 4a) thus also brings con-
fidence in our coupled propagation maintaining spin-orbit
resonance.

Figure 4b finally provides the FFT decomposition of Phobos’
physical longitudinal libration. As expected, the peak frequen-
cies match those of the gravitational response, with forcings
occurring at harmonics of the orbital frequency. While the
amplitude of the once-per-orbit physical libration is in agreement
with the theoretical expectation given by Eq. (21), the multi-
frequency FFT spectrum evidences the inherent limitation of
a single-frequency librational model as described by Eq. (20).
The importance of the additional librational forcings observed in
Figure 4b for the tidal response will be further discussed in
Section 7.1.

6.3. Time evolution of the satellite’s orbital elements

Now considering the satellite’s orbital dynamics, Figure 5 dis-
plays the propagation history of the Moon’s semi-major axis
and eccentricity (similar results were obtained for Phobos). Both
exhibit large periodic variations, superimposed with a negative
secular trend (which other orbital elements do not display). Our
translational dynamics model include the mutual gravitational
accelerations between the satellite and its central planet (Sec-
tion 2.1) and, as such, automatically accounts for the effect of
the (numerically integrated) tidal deformations as part of these
gravitational interactions.
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Fig. 5. Secular evolution of the Moon’s semi-major axis (panel a) and eccentricity (panel b) caused by its own tidal deformation.

In the absence of tidal dissipation (i.e., when setting 7 =
7., see Section 4.2), the secular trends observed in a(f) and
e(t) disappear. The remaining periodic variations are caused
by the gravitational interactions between the static parts of the
satellite’s and planet’s extended gravity fields, including the con-
tribution from the static tides raised on the satellite. As expected,
the clear secular evolutions of both the semi-major axis and
eccentricity observed in Figure 5 can thus be entirely attributed
to the dissipation of orbital energy due to tides. The quantita-
tive values for the inwards migration and circularisation rates
of the satellite’s orbit caused by its own tides will be further
discussed in Section 7.2, where the results of our numerical prop-
agation will put in perspective with analytical predictions from
tidal theory (Section 3.5).

7. Discussion

Building upon the description of the propagation results in Sec-
tion 6, we now put the observed tidal deformation of the satellite
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(Section 7.1) and its subsequent effect on the dynamics (Sec-
tion 7.2) in perspective with what tidal theory predicts. Finally,
Section 7.3 briefly discusses the coupled model’s results when
investigating the effects of planet tides on the satellite’s orbit.

71. Tidal deformation

As indicated by the analytical frequency decomposition of the
tidal response (Egs. (37)-(39)), and further evidenced by the
FFT of the propagated gravity coefficients (Figure 3), the tidal
deformation of a given body can be reconstructed as a superim-
position of its gravity field’s response to various forcings, which
for a synchronous satellite occur at harmonics of the orbital
frequency (Eq. (36)). In our coupled model, all forcing frequen-
cies are automatically accounted for in the equilibrium potential
U.4(R) (Eq. (73)) and thus in the forcing equilibrium coefficients
(Egs. (74)-(75)).

To investigate the behaviour of our coupled model and
specifically the propagated time variations of the satellite’s grav-
ity coefficients, we started by evaluating the satellite’s rheology
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(Eqgs. (86) and (87)) at the main tidal forcing frequencies w2045
(Eq. (36)). The satellite’s Maxwell response is described by Fig-
ure 6 (using Phobos as an example). This highlights the strong
frequency-dependency of the tidal dissipation (parametrised by
the phase lag €), underlining the limitations of single-frequency
modelling approaches (see Section 3.4).

Plugging these frequency-dependent Love numbers
ka(wxogs) and phase lags exgys into Egs. (37)—(39) allows
us to compare how the gravity field variations predicted by
the tidal potential theory match our numerically propagated
gravity coefficients. In the following, the observed discrepancies
between the propagated and predicted coefficients are referred
to as gravity coefficient differences and designated by 6C, S j,,:

0C, S ;,(t) = AC, S?y:lopagated(t) —AC, Spredicted(t)'

im (100)
This comparative analysis can only be performed for AC5;
and AS,;. For ACy, the gravity field response predicted by
Eq. (37) only accounts for the effect of the perturbing tidal poten-
tial, while omitting the contribution of the centrifugal potential,
which is included in our coupled propagation (Eq. (67)). This
represents another argument in favour of a coupled modelling
approach, where additional forcings can easily be incorporated
without resorting to an expanded, more complex perturbing
potential expansion.

First focussing on the libration-free response (s = 0, see
Section 3.2), the gravity coefficient differences are displayed in
orange in Figure 7. The small differences demonstrate the good
agreement between our propagation results and the tidal theory
(Egs. (38)—(39)). For the Moon’s case, where the librational con-
tribution is expected to be very small (see Table 1), the amplitude
of the difference between propagated and predicted coefficients
amounts to about ~0.1% of the total amplitude of the gravity
coefficient variations (the coefficients’ absolute values and dif-
ferences being both dominated by the once-per-orbit signature,
see Figure 7). In Appendix C, we also separately provide the
amplitudes of the gravity coefficient variations for each mode,
as predicted by Eqgs. (38)—(39) (Table C.2). This gives a quantita-
tive indication of how much each tidal forcing mode contributes
to the total tidal deformation. The FFT exhibits residual peaks
at harmonics of the orbital frequency related to the librational
signatures in the satellite’s rotation, as will be discussed in the
following.

Including the contribution of the once-per-orbit longitude
libration (Eq. (20)) into the predicted spherical harmonics expan-
sion of the satellite’s deformation (s # 0 terms in Egs. (38)-(39))
notably improves the gravity coefficient differences, as shown
by comparing the orange (without libration) and purple (with
once-per-orbit libration) in Figure 7. While already noticeable
for the Moon, the improvement is strongest for Phobos, whose
large libration significantly contributes to the tidal deformation.
Accounting for the librational effect brings the amplitude of the
gravity differences from ~27% to ~0.2% of the total amplitude
of the gravity coefficients variations. The contribution of the
once-per-orbit libration to the body’s deformational response at
each forcing is also reported in Appendix C (see Table C.2).

Considering the libration-expanded potential in Eq. (25), it is
important to note that each orbital frequency harmonic present
in the satellite’s libration induces a forcing (and correspond-
ing response) not only at that specific frequency, but also at
other multiples of that frequency. In other words, a once-per-
orbit libration harmonic generates a forcing and response at
w = n, but also (weaker) forcings at w = kn, with k an integer.
This explains why the peak at w = n in the gravity differences’
FFT initially obtained when neglecting librations (orange line
in Figure 7) got notably attenuated by accounting for the once-
per-orbit libration (purple line in Figure 7) but did not entirely
disappear: higher libration harmonics, neglected in the gravity
deformations described by Egs. (38)—(39), also contribute to this
peak.

The fact that the FFT of the gravity coefficient differ-
ences still exhibits strong peaks at each harmonic of the orbital
frequency is indeed consistent with the remaining signatures
being related to higher harmonics in the satellite’s librational
response. To test this hypothesis, we expanded our tidal potential
expression (Eq. (30)) to account for the contribution of the twice-
per-orbit libration, following the work of Frouard & Efroimsky
(2017). The resulting expressions for the tidal potential and the
expected variations of the gravity coefficients can be found in
Appendix D. As expected, incorporating the effect of a twice-
per-orbit libration notably reduces the discrepancies between our
propagated gravity coefficients and those predicted by the tidal
potential theory. For Phobos, for which the effects of librations
are particularly strong, the gravity coefficient differences got
reduced by a factor ~50.

The tidal potential in Eq. (25) can theoretically be fur-
ther expanded to include other harmonics of the orbital period
in the satellite’s librational model, as proposed in Frouard &
Efroimsky (2017). However, each additional harmonics results
in the addition of an extra summation index, which comes at a
cost of a severe increase in formulation complexity and compu-
tational overhead (see Eq. (25) vs the libration-free expression
in Eq. (16)). This is an important limitation of such an analyt-
ical approach, which requires additional layers of complexity
to improve the consistency of the satellite’s tidal forcings and
response. The automatic and consistent incorporation of all
forcings, on the other hand, is inherently guaranteed by the
concurrent integration of the satellite’s orbit, rotation, and tidal
deformation.

7.2. Tidal effects on the dynamics

We now compare the tidal signatures extracted from our cou-
pled propagation results to analytical expectations from the tidal
theory (Section 3.2). This aims to demonstrate the realism of
our unified model and its ability to accurately reproduce tidal
dissipation effects in the system’s dynamics.
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Fig. 7. FFT of the differences between the numerical propagated gravity coefficients (coupled model) and the gravity field response predicted by
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exhibits the same behaviour. The dashed vertical black lines indicate the mean motion frequency and higher harmonics. The orange line represents
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to the coefficient differences once the libration is accounted for. As a quantitative indication, we also provide the FFT of the propagated coefficients
themselves (in green), which was already displayed in Figure 3. Finally, the red dot indicates the contribution of the once-per-orbit libration to the
tidal response at the once-per-orbit forcing (showing great agreement with the peak of the gravity differences at this frequency in the no libration

case).

Table 2. Secular evolution of the satellite’s semi-major axis and eccentricity caused by its own tidal deformation.

Tidal theory From coupled model
Satellite without libration with libration
da/dt [m/s] de/dt [-/s] da/dt [m/s] de/dt [-/s] da/dt [m/s] de/dt [-/s]
Eq. (58a) Eq. (59) Eq. (65)
Moon -8.75-107"2  -1.81-107" -8.76-107"> -1.81-10"" -8.84-1072 -1.82-107"
Phobos -7.59-10"'2 -2.76-10"7 —1.11-10""" —-4.03-10""7 -1.09-10"'' -3.93.107"7

Notes. The secular rates extracted from our coupled propagation are in good agreement with expectations from the tidal theory (see Section 3.5),

including the librational contribution for Phobos’ case.

7.2.1. Effects of satellite tides on the moon’s orbit

As already highlighted in Section 6.3, tidal dissipation in the
satellite causes a secular variation of its own semi-major axis
and eccentricity. The secular rates extracted from our propa-
gated orbit for both the Moon and Phobos are reported in Table
2, for the default propagation settings provided in Section 5.3.
For the Moon, the orbital evolution caused by satellite tides is in
very good agreement with the linear approximations as found in
Egs. (58a) and (59). For Phobos, on the other hand, the non-
negligible contribution of the physical libration to the total
amount of orbital energy being dissipated should be taken
into account. The secular rates of Phobos’ semi-major axis
and eccentricity obtained with our coupled model match the
libration-augmented linear approximations (Eq. (65)).

The insights brought by this good agreement between the
propagation results and the linear approximations in Egs. (65)
are twofold. On one hand, it confirms that Eqgs. (58a) and (59),
despite being first-order single-frequency linear approximations,
accurately describe the main satellite dissipation signatures in
the satellite’s own orbit. On the other hand, this successful
comparison also validates the ability of our coupled model to
produce realistic tidal dissipation effects on the system’s dynam-
ics. This is a crucial validation point, especially given how
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highly sensitive the orbital migration rate induced by satel-
lite tides is to the consistent modelling of the synchronous
satellite’s rotation and tidal response, as highlighted by our dis-
cussion in Section 3.6. Following our discussion in Section 3.5,
the fact that the da/dr is in agreement with Eq. (58a) rather
than Eq. (58b) already suggests that the coupled model accu-
rately reproduces not only the dissipation of orbital energy,
but also the contribution of the S,, offset necessary to main-
tain the spin-orbit resonance, as will be further discussed in
Section 7.2.2.

Our results validate the behaviour of our coupled model
for the Moon’s and Phobos’ nominal tidal dissipation settings
reported in Table 1. To demonstrate the general applicability
of our findings, we ran the coupled propagation for different
global relaxation times 7, thus varying the 7/7, ratio and the
corresponding equivalent k,/Q. The secular rates of the satel-
lite’s semi-major axis and eccentricity are expected to scale
linearly with k/Q (Egs. (58a) and (59)), which is indeed what
we obtain with our coupled model, as shown in Figure 8. The
consistency of our results over different planet—-moon systems,
one with and one without a notable libration contribution, and
different relaxation times provides a robust validation of our
coupled propagation.
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Fig. 8. Evolution of the satellite’s orbital elements due to the effect of its own tidal dissipation, for varying relaxation times. Panel a: the Moon’s
semi-major axis; panel b: the Moon’s eccentricity; panel c: Phobos’ semi-major axis; panel d: Phobos’ eccentricity. The linear approximations
from the tidal theory are given by Eqgs. (58a) and (59) for the semi-major axis and eccentricity, respectively, and the contribution of librations is

described by Eq. (65).

7.2.2. Effects of satellite tides on the moon’s rotation

As discussed in Section 6.2, the satellite’s dynamics propa-
gated by our coupled model maintain spin-orbit resonance. This
implies that the triaxial and tidal torques acting on the satel-
lite’s rotation cancel out (on average, and neglecting the (very)
small deceleration of the satellite’s rotational rate to maintain
the resonance with the satellite’s shrinking orbit, Eq. (58a)). To
investigate whether this balance is consistent with what tidal the-
ory predicts (Section 3.3), we first computed the secular torque
caused by satellite tides. To this end, we computed the torque
exerted by the central planet on the time varying part of the
satellite’s gravity field, averaged over one orbit. Our results are
reported in Table 4 and show very good agreement between
the tidal torque evaluated from our propagation results and the
one given by the analytical expression in Eq. (45). In Phobos’
case, the contribution of the physical libration, again automati-
cally included in the coupled propagation, is crucial to take into
account for the analytical predictions to match the propagation
results.

To conserve the spin-orbit resonance despite this residual
tidal torque, Section 3.5 highlighted the need for a compensating
torque, expected to be provided by a subtle re-orientation of the
satellite’s trixial shape (i.e., non-zero (static) S, gravity coef-
ficient). As reported in Table 3, the static part of S,, extracted

from our coupled propagation matches well with the theoreti-
cal value expected to ensure the torque balance (Eq. (63)). This
result is remarkable in that it automatically follows from the
concurrent propagation of the satellite’s orbit, rotation, and tidal
deformation, and of the feedback between these different dynam-
ics. It proves that our coupled model consistently accounts for
all the dynamical couplings at play, with the satellite’s rota-
tion naturally adapting to the tidal deformation to maintain the
resonance.

These results were confirmed over varying relaxation times
(i.e., tidal dissipation parameters). The spin-orbit resonance is
always conserved: the residual tidal torque and the compensating
static S, coefficient both linearly scale with k,/Q, as predicted
by Eqgs. (45) and (63). Figure 9a shows how the static S ,, indeed
remains in agreement with theoretical expectations for varying
ky>/Q. Again, the robustness of our findings irrespective of the
amount of tidal dissipation taking place brings extra confidence
in our coupled model.

7.3. A note on planet tides

Although this paper focusses on the modelling of the tides raised
by the planet on a synchronous satellite, the tides raised by the
satellite on its central planet also affect the satellite’s orbit, and
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Table 3. S 5, offset producing the triaxial torque necessary to counterbalance the secular tidal torque (Eq. (61)).

Tidal theory From coupled model
Satellite  without libration with libration
Sny=0[-] Sxnly=-AsinM)[-] S [-]
Moon 5.88- 107! 5.88- 1071 5.90- 1071
Phobos 2.99.10710 4.02-10710 3.90-10°10

Notes. The S, extracted from our coupled propagation matches the theoretical expectation (Eq. (63)), including the non-negligible contribution
of Phobos’ once-per-orbit libration.

Table 4. Averaged torques (in N.m) over an integer number of orbits raised by tides on the Moon and on Phobos.

Torque from tidal theory From coupled model

Satellite  no libration (Eq. (45), A = 0) with libration (Eq. (46)) I'ac,, Ias,, Is,,
Moon 5.6-10' 5.6-10" 2.8-10% 28-10% -56-10"
Phobos 1.5-108 2.0-108 1.0-108 1.0-10® -2.0-108

Notes. In our coupled propagation, the (total) averaged torque caused by the satellite’s tidal deformation matches the secular tidal torque derived
from the tidal theory (Section 3.3). As discussed in Section 3.5, this residual tidal torque is, however, perfectly compensated by the triaxial torque
raised by a non-zero static S, (last column).
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Fig. 9. Compensating static S », values for varying relaxation times for the Moon (panel a) and Phobos (panel b). The value expected from the tidal

theory (with and without librations) is computed from Eq. (63).

more specifically the secular evolution of its semi-major axis and
eccentricity (Egs. (56) and (57), respectively).

Planet tides are less challenging to model than the tides
raised on a synchronous satellite: in the absence of the 1:1 com-
mensurability between the orbital and rotational periods of the
perturbed body, the leading forcing mode wy009 does not vanish
and dominates the tidal response (and its subsequent dynami-
cal effects). Unlike in the case of synchronous satellite tides,
the main orbital, rotational, and tidal forcing frequencies differ.
This also implies that the very strict requirements in terms of
orbit-rotation-tidal deformation modelling consistency for syn-
chronous satellites do not apply to the case of planet tides.
Classical decoupled approaches are thus perfectly suitable. Nev-
ertheless, we still tested the ability of our coupled model to
reproduce the effects of planet tides on the satellite’s orbit. To
this end, we performed a coupled propagation of the orbit, rota-
tional dynamics, and tidal deformation, for both the Earth and
Mars.

For the sake of conciseness, and given that planet tides are
not the main application focus of our unified model, we only
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comment on the secular evolution of the satellite’s semi-major
axis and eccentricity, and compare the values extracted from
our coupled results to tidal theory expectations (Egs. (56)—(57)).
The results of this comparison are reported in Table 5, while the
time evolutions of a and e can be found in Appendix E (Figures
E.la-E.Ib and E.1c-E.1d for the Earth and Mars, respectively).
The semi-major axis changing rates da/dt are in good agreement
with the theoretical values given by Eq. (56), demonstrating the
applicability of our unified model to planet tides.

The effects of planet tides on the satellite’s eccentricity,
however, are too small to be robustly extracted from our prop-
agation results. The expected secular trends in e due to planet
tides as evaluated from Eq. (57) are about 107'3~107'* smaller
than the periodic variations of e shown in Figure E.1, prevent-
ing us from robustly extracting such a small eccentricity secular
rate. This limitation, however, is an inherent property of the sys-
tem’s (perturbed) dynamics, rather than a modelling artifact.
The secular change in eccentricity is known to be dominated
by satellite tides, the effect of planet tides being compara-
tively negligible (see Eqs. (57) and (59), being mindful that the
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Table 5. Secular evolution of the satellite’s semi-major axis and eccen-
tricity caused by the tides it raises on its central planet.

Tidal theory From coupled model
Planet da/dt [m/s] de/dt[-/s] da/dt[m/s] de/dt[-/s]
Eq. (56) Eq. (57)
Earth 1.2-107° 4.8-107" 1.3-107° -
Mars -1.3-10° —-4.6-107% -1.3.107° -

perturber/perturbed mass ratio is inverted), and thus harder to
isolate from periodic perturbations. This satellite tide-specific
signature in the eccentricity is actually exploited to decorre-
late planet and satellite dissipation parameters in ephemerides
analyses (e.g., Lainey et al. 2009). Our results show that adopt-
ing a fully coupled approach does not overcome the numerical
limitations encountered when attempting to distinguish such
small effects from dynamical noise. Nonetheless, capturing the
full forcing frequency spectrum without being limited to lin-
ear orbital effects makes the coupled model more likely to be
sensitive to possible decorrelations between different signatures,
if above detectability level. When fitting real data, satellite and
planet dissipation can also be disentangled by combining space-
craft and moon observational constraints (as will be done for
Juice and Europa Clipper). Such joint inversions would also
greatly benefit from the incorporation of tides in both moon
and spacecraft dynamics, which our coupled approach naturally
supports.

8. Conclusions

This work focussed on the consistent modelling of tides, orbits,
and rotations in planet—synchronous satellite systems. We first
provided an overview of relevant tidal dynamics theory (Sec-
tions 3.2 and 3.3) to gain insights into the physical realism and
applicability of classical modelling strategies, where the orbit,
rotation, and tides are typically handled separately (Section 3.4).
This specifically shed light onto the unique consistency chal-
lenges inherent to the modelling of tides raised on a synchronous
satellite (Sections 3.5 and 3.6). To address the shortcomings of
classical decoupled models, we proposed a unified propagation
of the satellite’s translational and rotational dynamics, concur-
rently with the numerical integration of its gravity coefficient
variations under tidal forcing.

Applying this coupled model to the Earth—-Moon and Mars—
Phobos systems (see Section 5) demonstrates that it reproduces
realistic dynamics and, crucially, that both the satellite’s gravita-
tional response to tides and its feedback on the dynamics are in
agreement with the tidal theory. More precisely, the propagated
time variations of the satellite’s degree-two gravity coefficients
match the analytical expressions derived from the tidal potential
(Egs. (37)—(39), see Section 3.2.2). The remaining differences
between the propagated and predicted gravity variations can be
attributed to additional librations at harmonics of the orbital
frequency which were neglected in Eq. (20), but automatically
accounted for in the coupled propagation.

The secular evolutions of the semi-major axis and eccen-
tricity of our propagated orbits due to satellite tides are also
aligned with the linear approximations provided in the litera-
ture (Egs. (58a) and (59)). Our results moreover confirm a subtle
re-orientation of the satellite’s triaxial shape to generate a restor-
ing trixial torque, exactly compensating for the residual tidal
torque. As already investigated in Williams & Efroimsky (2012),

among others, this torque balance ensures the conservation of the
spin-orbit resonance, thus respecting the exact synchronicity
observed for the Solar System’s natural satellites. Finally, for
Phobos, the non-negligible enhancement of tidal dissipation
effects due to large physical librations also matches theoretical
expectations (Frouard & Efroimsky 2017; Efroimsky 2018).

It should be noted that the proposed implementation of the
coupled orbit-rotation-tides model still relies on a number of
simplifying assumptions which should be revisited to make this
framework suitable for high-accuracy applications. This will
be critical to fit our coupled model to the actual dynamics
of the planet—satellite(s) system under investigation, especially
in the context of ephemerides and tidal dissipation parameters
estimation. Some of these assumptions only pertain to sim-
plifying the set-up choices that we adopted to facilitate the
identification of tidal signatures (more easily detectable in a less
perturbed dynamical environment), and therefore the interpreta-
tion of our results. Applying our proposed unified approach in
a real-case scenario will require moving away from the simpli-
fied two-dimensional case we considered. Out-of-plane effects
and third-body perturbations should be accounted for, and can
be directly incorporated in our equations (see Section 4). Our
implementation can also be very easily expanded to include
tides raised by multiple bodies. This is an important limitation
of Kaula’s tidal potential expansion: it only holds when mod-
elling the tides raised by the central planet on the satellite and
vice versa, but cannot be readily applied to satellite—satellite
tides for instance. Our coupled model, however, can be expanded
to account for multiple tide-raising bodies. It should finally be
noted that, when fitting our model to an actual system, dif-
ficulties in finding an adequate initial state (see Section 5.2
and Appendix A) are expected to vanish (or at least lessen) as
our model will naturally try to reproduce the system’s damped
dynamics.

A modelling choice that needs to be properly understood
and possibly revisited in future steps is the use of a simple
interior model for the tidal response, which assumes a homoge-
nous interior (rather than stratified) and Maxwell rheology (as
opposed to more realistic rtheological models such as Andrade).
Fitting such a model to actual observations of the system’s
dynamics is therefore equivalent to finding an effective Maxwell
model reproducing the body’s tidal response as best as possible.
Whether this Maxwell description can approximate the body’s
actual response to yield statistical robust and physically realis-
tic estimates of its interior properties, depending on its internal
structure and on the forcing it is subject to, will have to be
investigated when progressing towards such estimation-focusses
analyses. Adopting a different rheology in our framework would
require the derivation of the corresponding z in Eq. (93). Our
coupled formulation would remain unchanged except for the
incorporation of a different rheology in Eq. (69), which should
be translated into a time-domain differential equation for the
gravity coefficients, as currently done with the Maxwell model
in Section 4.2.

Furthermore, as discussed in Section 5.2.2, the differential
equations governing the gravitational deformation (Eqs. (74)—
75) do not automatically account for the body’s non-hydrostatic
shape. This requires incorporating known deviations from hydro-
static equilibrium as a static field to which the propagated
time-varying deformation is added (Egs. (96)-(97), see Section
5.2.2). Handling this distinction between the body’s static and
dynamic response to tides in an estimation, whereas both are
influenced by its internal structure and properties, will need to
be developed within the current framework.
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Nonetheless, our unified dynamical model for modelling of
tides in planet—synchronous satellite dynamical systems ensures
the fully consistent representation of the feedback between
orbit, rotation, and tidal response, intrinsically accounting for
all forcing frequencies and all couplings involved. This repre-
sents an important improvement compared to present decoupled
approaches, which will not be sufficient to meet the challenges
of upcoming space missions such as Juice and Europa Clipper
(Van Hoolst et al. 2024; Fayolle 2025). In addition to consistency
in the satellite’s dynamical evolution, our unified model offers an
inherently coherent and robust way to incorporate tidal effects in
both the dynamics of the satellite itself, and those of a nearby
spacecraft. This is an important modelling aspect for upcoming
planetary missions to natural satellites, such as Juice (Van Hoolst
et al. 2024; Fayolle 2025), Europa Clipper (Roberts et al. 2023),
MMX (Matsumoto et al. 2021), and Hera (Gramigna et al. 2024),
and future exploration of icy moons (e.g., UOP, ESA’s L4 mis-
sion to Enceladus), where tidal signatures will potentially be
detectable from both the spacecraft and moon’s dynamics.

Finally, our extensive review of the modelling of tides and
of their effects on the system’s dynamics in Section 3 under-
lines another limitation of classical models when estimating tidal
dissipation parameters from their effects on the moon’s orbit,
also discussed in Magnanini et al. (2026). In the moon’s dynam-
ics, the signature of tidal dissipation on the one hand, and that
of a small misalignment of the satellite’s triaxial shape with
respect to the planet’s direction at periapsis (i.e., non-zero static
S 2, coefficient or, equivalently, non-zero longitude at peri- and
apoapsis) on the other hand, are nearly identical (both for the
translational and rotational dynamics, see details in Section 3.5).
In estimation analyses from real data, distinguishing between
these two effects is not only extremely challenging (if at all pos-
sible) but would only also be physically misleading: they are
intrinsically linked manifestations of the satellite’s deformation,
and should therefore not be treated in a decoupled manner.

Our coupled model presents us with an elegant way to
overcome this difficulty by offering a different fully consis-
tent parametrisation of the problem. The direct incorporation
of the satellite’s rheology model in the equations of motion
provides us with a natural way to link some of the satellite’s
interior properties (rigidity u, viscosity n) to its complete dynam-
ical response (including the aforementioned re-orientation of
its trixial shape). Such an approach circumvents the need for
intermediate parameters such as tidal Love numbers k; to both
parametrise the satellite’s tidal response and extract its signature
from the moon’s own dynamics or those of a nearby spacecraft.
This has the potential to facilitate more direct and robust insights
into the physics of the moons’ interiors in future data analyses of
planetary missions.
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Appendix A: Finding a good initialisation for the
Mars—Phobos dynamical system

Mars and Phobos form a more dynamically complex system
than the Earth-Moon case, thus making the obtention of a
suitable initial condition more difficult to attain. The relatively
close planet—satellite distance, combined with Phobos’ aspheri-
cal shape, causes a very strong coupling in Phobos—Mars’ mutual
dynamics. The modelling of their entangled dynamics is further
complicated by Phobos’ longitudinal normal mode being very
close to the moon’s orbital period, and thus to the main once-
per-orbit gravitational forcing which drives the evolution of the
system’s dynamics. Finding an adequate initial state for Phobos’
numerically integrated gravity coefficients is thus particularly
critical. If the initial coefficient values upon initialisation are
chosen too far from the values they converge to during the prop-
agation (which are driven by the equilibrium potential, see Eqgs.
74-75), the longitudinal normal mode noticeably migrates. The
normal mode indeed depends on Phobos’ moments of inertia
(Eq. 94), and therefore varies along with its gravity field. This
increases the risk of passing the normal mode resonance during
the propagation, and significantly complicates the obtention of a
damped initial state (see Section 5.2.1).

To circumvent the aforementioned challenges, we artificially

set the fluid Love number to a very small value (kg = 0.01) while
still defining the global and Maxwell relaxation times 7 and 7,
such that they match the expected k, and Q parameters at the
main tidal forcing frequency, just as done for the Earth—-Moon
case. Physically, this is equivalent to considering that the body’s
response to the static tide (modelled by the fluid Love number) is
already incorporated in Phobos’ static field (Eqgs. 98-99), while
the propagated gravity field variations include the dynamic tide
response. To verify that scaling the fluid Love number &y does
not affect Phobos’ tidal response (provided that T and 7, are mod-
ified accordingly), Figure A.l shows the frequency-dependent
Love number kj(wjmp,) and phase lag e, for our artificially
small fluid Love number k; = 0.01, and for the hydrostatic value
ky = 1.5. Both the ky(wjnpq) and €, values are indeed indis-
tinguishable between the two k; cases. This demonstrates that
our rheology model can produce a realistic tidal deformation,
irrespective of the chosen value for the fluid Love number.

The advantage of (artificially) scaling down k for the Mars—
Phobos case is twofold. First, it eliminates the transient part of
the propagation where the gravity coefficients converge to their
kg -driven equilibrium value. Second, by initialising the prop-
agation using Phobos’ present gravity field solution, we auto-
matically ensure its compatibility with the initial translational-
rotational state which we directly extract from Phobos’ current
ephemeris.!" We thus guarantee the self-consistency of our state
initialisation, an aspect that is far more critical in a highly cou-
pled dynamical system such as the one formed by Mars and
Phobos than it is for the Earth-Moon case. Let us moreover
recall that the purpose of this work is to investigate whether
our unified orbital-rotational-tidal model accurately reproduces
the main tidal dissipation and resulting dynamical evolution fea-
tures, a process in no way hindered by artificially scaling the fluid
Love number value.

I 'We purposely use the same gravity field model as the one on which
the considered ephemeris solution relied.
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Fig. A.1: Tidal response of Phobos’ for k;=0.01 (artificially small) and
ks = 1.5 (hydrostatic case).

Appendix B: Results of the damping algorithm

In this Appendix, we briefly present the results of the damp-
ing algorithm introduced in Section 5.2.1. Figure B.1a shows the
undamped and damped FFTs of Mars’ longitude in the Phobos-
fixed reference frame, while Figure B.1b focusses on the FFTs of
Phobos’ propagated AS », variations. For the sake of brevity, we
here only provide the damping results for the Mars—Phobos case,
but the damping algorithm performs similarly for the Earth—
Moon system. Furthermore, while only the FFT of the variations
in S 9, is displayed, identical behaviours are observed when look-
ing at the FFTs of the undamped and damped AC»p and ACy;. As
expected, the damping algorithm removes the effect of the nor-
mal modes from the satellite’s rotational dynamics (Figure B.1a),
thus also successfully preventing these modes from contaminat-
ing the propagated gravitational deformation (Figure B.1b). The
FFTs of Phobos’ damped rotation and deformation indeed no
longer exhibit a peak at the normal mode frequency, but instead
only retain the forcings occurring at harmonics of the orbital
frequency (in agreement with the tidal potential theory, see Sec-
tion 3.2). As a final note, the fact that the normal mode forcing
initially present in the undamped rotational dynamics spills in
the propagated tidal deformation is additional evidence of the
strong rotation-tides couplings discussed in Section 3, justifying
the need for a coupled modelling approach.

Appendix C: Contribution of each forcing mode to
the tidal deformation

This Appendix provides more details on the modal decompo-
sition of the tidal response. Table C.1 first lists the leading
eccentricity functions Gag,(e) together with the corresponding
(libration-free) forcing modes wj,,, for the specific case of
tides raised on a synchronous satellite (see Section 3.2, Eq.
27). Gypole) is the only term in O(e”), which therefore identi-
fied Impg = 2200 as the leading forcing mode, provided that
woo # 0. As reported in Table C.1 and discussed at length in
Section 3.2, this mode vanishes in case of a 1:1 spin-orbit res-
onance (wx00=0), leaving Impg = 220, —1 and Impg = 2201 as
the dominating forcing modes.

For both the Moon and Phobos, Table C.2 then provides the
amplitudes |AC, S»,| of the expected gravity coefficient vari-
ations ACy,, and AS,, (the amplitudes are identical for the
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Fig. B.1: Damping algorithm results. In both figures, the dashed vertical black lines indicate the mean motion frequency and higher harmonics,
while the dashed red line delineates the normal mode frequency. Panel a: Mars’ undamped and damped Phobos-fixed longitude; panel b: Phobos’
undamped and damped AS »;.

cosine and sine coefficients), as derived from the tidal potential Table C.1: Eccentricity functions G,,,(e) for each (libration-free)
theory (Eqgs. 38-39). The amplitudes of these coefficient vari- forcing mode.
ations are separately evaluated for each forcing mode wjypgs-
We first report the amplitude of the libration-free gravitational

deformation (i.e., s = 0) at each forcing mode wy,,,q0. The total Impq Gipq(e) Wimpq
contribution of the once-per-orbit libration |AC, S 2, |(Wimpgs) s20 220. -6 4 6 _6
is then also provided (last two columns): ’ 3¢ n
_ 81 5 _
|AC, SZml(wlmpqs)s¢O = Z |AC, S2m|(wlmpqs)~ (C.D 220,-5 1280 € Sn
s#0
220, -4 et + e’ —4n

For Phobos, unlike in the Moon’s case, the non-negligible
enhancement of the tidal deformation caused by the (large) 220, -3 L34 LS _3n
once-per-orbit libration is immediately apparent.

220,-2 0 —2n

Appendix D: Expansion of the tidal potential to

; ; : ; ; 220, -1 ~le+ Led— 26 -n

librations with multiple harmonics ’ 2% 716 384
As originally developed in Frouard & Efroimsky (2017), the tidal 2200 1-32+Bet-2e 0
potential expansion given in Eq. 30 can be further expanded to
account for multiple libration harmonics (Eq. 20). In particu- 2201 %e - %(ﬁ + ‘%65 n
lar, we also include a twice-per-orbit harmonic, such that our
physical libration model becomes: 2202 177 &2 — % A+ % 6 n
Y= _ﬂl sin M — .ﬂz sin 2M. (Dl) 2203 &83 32525 65 3n

48
The tidal potential expansions thus requires an additional series 2204 P2 — %64 4n
expansion (Frouard & Efroimsky 2017): 2205 2;326‘0‘7 e S5n
3369 ,6

r

a

BT (B> 2

Ui(r,r*) =~ wome
(rrt)=—"7% Zi 2+ m)!

2 (o)
P5,(0) Z FZmp(O) Z G2pq(e)

4 The forcing modes wy,qs, remain identical to those defined in
p= q

the single-harmonic libration case (Eq. 27):

i i Tsi=25, (=mANJ 5, (=mA)

§1=—00 §p=—00

kz(a)zmpqsl)COS (,Bzmpqsl — €mpgs; — m/l) . (DZ) Wimpgs, = (q - Sl)n' (D3)
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Table C.2: Expected tidal mode contributions to AC,, and AS 5,

0 +3.818745e8

coupled propagation
—— linear fit

IAC, S 2l(@Winpgo) 2520 1AC, S 2/ (@pinpgs)

Wimpgs Moon Phobos Moon Phobos
-6n | 2.59-107'¢ 3.85-1071% | 2.52-107" 2.43.10718
—5n | 293-10°%  1.87-107% | 2.65-107"%  1.04-107'6
—4n | 3.06-107"%* 8.38-107% | 2.11-107"7  3.01-107%3
-3n | 242-10°% 2.85-1071 | 7.99-107® 1.76-10712
—2n 0.0 0.0 1.25-1073  575.1071°
—-n 145-107° 3.18-107* | 3.92-1072  4.56-107%

0 0.0 0.0 0.0 0.0

n 1.01-10%  222-107 | 4.05-107"2 4.57-1078
2n 1.55-10° 7.93-10° | 8.84-107"* 258-107°
3n 2.02-1071° 41-1071% | 1.35-107%  9.59.107!
4n 241-107" 6.70-10712 | 1.76-107#  2.98.107!2
Sn 2.75-1072 1.76-1071 | 2.10-107" 8.40-107*
6n 297-1071%  4.42-10715 | 2.36-1071%  222.10°B

Notes. We provide the tidal mode contributions both in the absence of
librations (s = 0), and specifically caused by the once-per-orbit libration
(s # 0). Are reported the amplitudes of the AC», and AS,, variations
induced at each forcing mode wj,,,, following Eqs. 38 and 39.

Translating the above potential into time-dependent gravity coef-
ficient variations finally leads to:

ACy = ——(—) S G0 33 (D4)
q== §1=—00 §,=—00
J51-25,(0)J 5, (0)ka(w2014s,) COS (,’J’zolqs1 - 6201451),
ACs = ——( ) Z G0 33 (D)

§|=—00 §H=—00

J 25, (=2A)J 5, (=20 ko (w2045, ) COS (,8220qS1 — €045, ) ,

AS o = ——(—) Z Goog(e) Z Z

1=—00 §p=—00

J 51225, (=2A1) 5, (=2A2) k2 (w2204, ) SIN (,BZZOqsl - 62201131) .

(D.6)

Appendix E: Effects of planet tides on the
satellite’s orbit

To support the brief discussion on planet tides effects in Sec-
tion 7.3 and provide additional context to the numerical results
presented in Table 5, Figure E.1 illustrates the results of our cou-
pled model when applied to the modelling of planet tides. More
specifically, Figures E.1a-E.1b and E.1c-E.1d show the time evo-
lutions of a and e for the Moon and Phobos, as a result of the
tides that they respectively raise on the Earth and Mars.
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Fig. E.1: Effects of planet tides on the satellite’s orbit. Panel a: On the
Moon’s semi-major axis; panel b: On the Moon’s eccentricity; panel c:
On Phobos’ semi-major axis; panel d: On Phobos’ eccentricity.
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