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ABSTRACT

This is the second paper in the HOWLS (higher-order weak lensing statistics) series exploring the usage of non-Gaussian statistics for cosmology
inference within Euclid. With respect to our first paper, we develop a full tomographic analysis based on realistic photometric redshifts that
allows us to derive Fisher forecasts in the (σ8, w0) plane for a Euclid-like data release 1 (DR1) setup. We find that the five higher-order statistics
(HOS) that satisfy the Gaussian likelihood assumption of the Fisher formalism (one-point probability distribution function, `1-norm, peak counts,
Minkowski functionals, and Betti numbers) each outperform the shear two-point correlation functions by a factor of 2.5 on the w0 forecasts, with
only marginal improvement when used in combination with two-point estimators, suggesting that every HOS is able to retrieve both the non-
Gaussian and Gaussian information of the matter density field. The similar performance of the different estimators is explained by a homogeneous
use of multi-scale and tomographic information, optimized to lower computational costs. These results hold for the three mass mapping techniques
of the Euclid pipeline, aperture mass, Kaiser–Squires, and Kaiser–Squires plus, and they are unaffected by the application of realistic star masks.
Finally, we explored the use of HOS with the Bernardeau–Nishimichi–Taruya (BNT) nulling scheme approach, finding promising results toward
applying physical scale cuts to HOS.

Key words. cosmological parameters – dark matter – dark energy – large-scale structure of Universe

1. Introduction

The accelerated expansion of the Universe (Riess et al. 1998;
Perlmutter et al. 1999), together with recent tensions mea-
sured from late and early Universe probes (Riess et al. 2016;
Hildebrandt et al. 2017) are some of the most profound puzzles
in modern cosmology. Tracing the large-scale structure (LSS)
of the Universe allows us to tackle the questions related to the
expansion and tensions by robustly measuring key cosmologi-
cal parameters (CPs) such as the matter density, Ωm; the matter
fluctuations, σ8; and the dark energy equation of state param-
eter, w. The Euclid survey (Euclid Collaboration: Mellier et al.
2025) offers an extraordinary opportunity to push these mea-
surements beyond the current state of the art (e.g., Wright et al.
2025; Abdul Karim et al. 2025) by using weak lensing (WL)
cosmic shear: the subtle distortion of the shapes of distant galax-
ies caused by the gravitational influence of LSS.

In WL surveys, classical analyses have traditionally relied
on two-point statistics, such as the cosmic shear two-point cor-
relation functions (γ-2PCFs, see, e.g., Schneider et al. 2002;
Kilbinger 2015), measuring how the ellipticities of galaxy pairs
are correlated as a function of their separation. By construc-
tion, these probes solely capture the Gaussian properties of the
lensing field, thus up to the second-order moment of its dis-
tribution. However, the non-linear evolution of matter – driven
by gravitational interactions – introduces non-Gaussian features
in the small-scale regime. This physical effect makes the lens-
ing fields statistically non-Gaussian, therefore encoding infor-
mation in higher-order moments beyond the variance (second),
for example the skewness (third) and kurtosis (fourth), which
cannot be captured by the standard two-point statistics. An
opportunity to better exploit the potential of the data is to use
higher-order statistics (HOS). In fact, by capturing information
about the shape and connectivity of LSS, such probes are sen-
sitive to both the Gaussian and non-Gaussian regimes of infor-
mation of the lensing maps. The goal of the higher-order weak
lensing statistics (HOWLS) activities in Euclid is to exploit the
non-Gaussian information that the standard two-point analysis
discards, thus improving the standard cosmological inference.

In preparation for the future observational Euclid data anal-
yses with HOS, the HOWLS project released a first analysis
(Euclid Collaboration: Ajani et al. 2023, Paper I hereafter) in
which non-Gaussian statistics have been benchmarked against
the traditional two-point estimators in a non-tomographic Fisher
analysis based on N-body simulations mimicking the final and
third data release of Euclid (DR3, hereafter). Taken individ-
ually, each HOS outperforms two-point correlation functions
by a factor of 2 in terms of the forecasted precision within
the (Ωm, σ8) plane. These results reinforce the possibility to
enhance the classical WL analysis, thus encouraging for new
studies.

Building on this foundation, we conduct a follow-up analysis
that takes essential steps toward applying HOS to the upcom-
ing Euclid DR1. The main effort is to systematically address
the challenges of realistic data not tackled in the past work.
First, while in Paper I we limited our inference to the (Ωm,
σ8) plane, we now present forecasts in the (σ8, w0) configu-
ration, thereby directly responding to one of Euclid’s primary
science goals. Since HOS mostly lack theoretical models, dedi-
cated mock catalogs are developed to estimate their covariance
and predict their signal in the cosmological parameter space.
We constructed new realistic galaxy mock catalogs relying on
the same N-body simulations as in Paper I, the Scinet LIght-
Cones (SLICS; Harnois-Déraps et al. 2018) for the numerical
covariance and DUSTGRAIN-pathfinder (Giocoli et al. 2018a)
for derivatives estimation, plus two extra simulations with
a large variation of w0 to reduce the impact of numerical
noise, which prevented us from constraining this parameter in
Paper I.

The novel suite of mocks increases the number of real-
izations and now mimics realistic redshift properties sam-
pled from the Flagship (FS, hereafter) N-body simulation
(Euclid Collaboration: Castander et al. 2025) retrieved from the
CosmoHub portal (Carretero et al. 2017; Tallada et al. 2020). In
detail, we focus on reproducing a DR1-like redshift distribution
n(z) with realistic properties of true redshifts and photometric
redshifts. In contrast to Paper I, this enables a tomographic anal-
ysis that incorporates both single and combined bin correlations
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(Martinet et al. 2021b), as a way to enhance the sensitivity to the
CPs.

Our HOS analysis relies on mass maps that are recon-
structed from the (reduced) shear. In this work, we implement the
three mass mapping algorithms of the official Euclid processing
pipelines: Kaiser–Squires (KS; Kaiser & Squires 1993), Kaiser–
Squires+ (KS+; Pires et al. 2020), and aperture mass (APM;
Schneider et al. 1998) with external codes.

We also include realistic DR1-like masks based on Gaia stars
(Prusti et al. 2016) to add the realism expected with the obser-
vational data. In particular, we compare the HOS performance
among the mass mapping algorithms in a mask-free and masked
configuration.

We also explore additional aspects that could improve
future observational analysis. We investigate solutions to de-
bias the small-scales from known systematics such as the
baryonic feedback (e.g. Semboloni et al. 2013; Martinet et al.
2021a; Lee et al. 2022; Ferlito et al. 2023; Broxterman et al.
2024), which represent a potential bottleneck in the extrac-
tion of small-scale information, the key feature of HOS.
To this end, we tested the Bernardeau–Nishimichi–Taruya
(BNT; Bernardeau et al. 2014) transformation and its alternative
approach, BNT smoothing (Taylor et al., in prep.), paving the
way for future extensions. Finally, we explore the combination
of HOS measured from multi-scale filtered mass maps, which
was shown to be useful in breaking some parameter degenera-
cies (e.g. Ajani et al. 2020, 2023).

We consider a selection of HOS divided in two cate-
gories: the one-point statistics including the probability den-
sity function (PDF hereafter, e.g. Liu & Madhavacheril 2019;
Barthelemy et al. 2020; Boyle et al. 2021; Thiele et al. 2020,
2023; Castiblanco et al. 2024) and the `1-norm (e.g. Ajani et al.
2021; Sreekanth et al. 2024), and topological descriptors gath-
ering peak counts (peaks hereafter, e.g. Marian et al. 2009;
Dietrich & Hartlap 2010; Kacprzak et al. 2016; Martinet et al.
2018, 2021a; Harnois-Déraps et al. 2021, 2024; Marques et al.
2024; Grandón & Sellentin 2025), Minkowski functionals
(MFs hereafter, e.g. Kratochvil et al. 2012; Petri et al. 2015;
Vicinanza et al. 2019; Parroni et al. 2020; Armijo et al. 2025),
and Betti numbers (BNs hereafter, e.g. Feldbrugge et al. 2019;
Parroni et al. 2021). Compared to Paper I, we had to dis-
card our implementation of higher order moments (e.g.
Porth & Smith 2021; Gatti et al. 2022), persistent homology
(e.g. Heydenreich et al. 2021, 2022), and scattering transforms
(e.g. Cheng et al. 2020; Cheng & Ménard 2021), as they do not
satisfy the Gaussian likelihood approximation assumed by the
Fisher formalism. These probes will be considered again when
shifting to a more robust likelihood approach based on a Markov
chain Monte Carlo (MCMC) analysis.

On top of that, and differently to our first paper, we selected
the same filter and smoothing settings across all HOS. This is to
decouple the effect of the filtering from the one due to the intrin-
sic nature of the non-Gaussian probes, enabling a fair assessment
of statistics efficiency in extracting the cosmological informa-
tion.

The structure of this paper is as follows. In Sect. 2, we start
by introducing the dataset composed of N-body simulations used
for covariance and derivatives estimation. Section 3 details the
selected statistics that fulfill the Fisher requirements as well as
their treatment in the presence of masked pixels. The Fisher for-
malism is introduced in Sect. 4 and includes choice of parameter
constraints and the test of the Gaussian likelihood approxima-
tion. An iterative scheme for optimizing tomographic bin com-
binations is proposed in Sect. 5. Section 6 explores the BNT

Table 1. Cosmological parameters used in our N-body simulations.

Ωm σ8 w0

SLICS 0.2905 0.826 −1.0
DUSTGRAIN FID 0.31345 0.841917 −1.0
DUSTGRAIN Ωm− 0.2 0.841917 −1.0
DUSTGRAIN Ωm+ 0.4 0.841917 −1.0
DUSTGRAIN σ8− 0.31345 0.707210 −1.0
DUSTGRAIN σ8+ 0.31345 0.976624 −1.0
DUSTGRAIN w0− 0.31345 0.841917 −0.40
DUSTGRAIN w0+ 0.31345 0.841917 −1.60

transformation for a fixed smoothing scale. We extend our tomo-
graphic analysis to multiple smoothing scales as described in
Sect. 7, and we present a cross validation of our simulations with
theory in Sect. 8. Section 9 examines mass mapping and mask-
ing effects, concluding the results with a ranking across Gaussian
and non-Gaussian probes in Sect. 10. Finally, Sect. 11 presents a
summary of our findings and outlines future steps on the road to
the upcoming analyses of real Euclid data.

2. Mocks

2.1. Simulations

This work relies on two suites of N-body simulations intro-
duced in Paper I and that have been expanded since. We will
therefore briefly summarize their properties here, focusing only
on the novelties, with more detailed discussions available in the
references provided below.

The Fisher formalism requires computing derivatives of
given estimators, as well as their associated data covari-
ance matrix. Following Paper I, these two tasks are achieved
with the DUSTGRAIN-pathfinder (Giocoli et al. 2018b) and
the SLICS simulations (Harnois-Déraps & van Waerbeke 2015;
Harnois-Déraps et al. 2018), respectively. The DUSTGRAIN-
pathfinder series, or DUSTGRAIN for short, are constructed
from N-body simulations that evolve 7683 particles in cubic
volumes of 750 h−1 Mpc on the side with MG-Gadget
(Puchwein et al. 2013), in which the CPs (Ωm, σ8, w0) are
varied one at a time, allowing for an accurate estimation of
two-point stencil numerical derivatives. The values adopted for
the fiducial CPs are consistent with the Planck 2015 results
(Planck Collaboration I 2016), and detailed in Table 1. The
parameters not listed in this table are fixed to their fiducial val-
ues. For DUSTGRAIN and SLICS, these are set to (Ωb, h, ns) =
(0.0491, 0.6731, 0.9658) and (0.045, 0.6898, 0.96), respectively.
Neutrinos are assumed to be massless in both cases. Compared to
Paper I, the series we use here has new w0 nodes, −0.40 (−60%)
and −1.60 (+60%), to improve the precision of the derivative
about this parameter. We also used the DUSTGRAIN fiducial
simulations to validate some of our theoretical predictions of
HOS. The SLICS simulations are a series of 924 fully indepen-
dent N-body runs that each evolve 15363 particles in a box that is
505h−1 Mpc on the side. These are all produced at the same cos-
mology, also listed in Table 1, but the initial conditions are var-
ied in each case, making this an ideal tool to estimate covariance
matrices numerically. About 75% of the super-sample covari-
ance term on two-point statistics is captured by these simulations
(Harnois-Déraps et al. 2019).

Both sets of simulations provide projected flat-sky mass
sheets, δ2D(θ, zL), at a series of predetermined lens redshifts, zL,
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from which we constructed past light-cones with at least 18 mass
sheets up to zS = 3. The DUSTGRAIN light-cones have an open-
ing angle of 25 deg2 and an angular resolution of 8.′′8, while
the SLICS are 100 deg2 wide with a resolution of 4.′′8. These
maps are obtained by interpolating the projected particle distri-
butions onto our pixels, after choosing an origin and a direc-
tion for our light-cone. Multiple cones are carved out from a
single N-body run by randomly shifting these two attributes. A
total of 256 cones were extracted from the DUSTGRAIN simu-
lations, allowing us to suppress the sample variance associated
with the choice of sub-volume used in the light-cone, and there-
fore achieving higher accuracy in our derivatives. The require-
ment for the SLICS is the exact opposite: We want to accurately
estimate the sample variance with a large number of realizations.
Each of the SLICS light-cones was sampled only twice; over-
sampling the simulations with multiple light-cones would down-
weight the variance due to the initial conditions themselves and
provide a potentially biased data covariance matrix. It is shown
in Harnois-Déraps et al. (2019) that this bias is relatively small,
even with hundreds of resamplings; however we decided to be
conservative and limited this number to a small amount, reach-
ing a total of 1910 light-cones. Each of these were further split
into four sub-patches of size 5× 5 deg2, matching the area of the
DUSTGRAIN simulations, for a total of 7616 SLICS patches.

Convergence maps are produced under the Born approxima-
tions, an integral over the mass sheets, weighted by the lens-
ing kernel. Source planes zS are placed at the far end of every
projected mass shell, yielding a set of convergence maps that
are next transformed into shear maps using the KS inversion
method. These sets of convergence and shear maps are then
used to assign lensing quantities to galaxies populating the light-
cones, as described in the next section.

We have established in Paper I that these simulations meet
the angular resolution requirement for our forecasts, and hence
we do not reproduce these tests here. It should be noted, how-
ever, that a number of effects not included here will be required
for future data analysis, including source clustering, intrinsic
alignments of galaxies (e.g. Lamman et al. 2024), and baryonic
feedback (e.g. Grandón et al. 2024). Furthermore, the number of
mass sheets is quite low and will need to be optimized in the
future to protect our inference analyses against choices of light-
cone hyper-parameters (Zorrilla Matilla et al. 2020).

2.2. Mock properties

From the simulations described above, we build Euclid-like
mocks following the prescriptions of Paper I. Briefly, shape-
noise is sampled from a Gaussian distribution of zero-mean
and standard deviation σε = 0.26 per component. This value,
as reported in Euclid Collaboration: Martinet et al. (2019), was
derived from a sample of galaxies observed by the Hubble Space
Telescope with photometric characteristics comparable to those
predicted for the Visible Camera (VIS, hereafter) dataset, with
typical I814 magnitudes around 24.5 (Schrabback et al. 2018).
Galaxy positions and intrinsic ellipticity amplitudes are identi-
cal across cosmologies of the same line-of-sight (LOS) and vary
LOS by LOS.

The main difference, however, is that we now include real-
istic photometric redshifts and galaxy densities. For each mock
we pick a random area in the FS catalog, retrieve the true redshift
and photometric redshift of every object and assign shear from
the corresponding DUSTGRAIN or SLICS simulation at the FS
true redshift and using random (RA, Dec) positions uniformly
distributed. This ensures the ability to derive tomographic bins
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Fig. 1. Mean DR1-opt galaxy density distribution as function of true-
redshift shown in units of galaxy density for the non-tomographic and
five tomographic bins. Shaded areas represent the photometric-redshift
edges used to build the five equi-populated slices.

based on realistic photometric redshifts with proper overlap of
the true redshift distributions across the bins, as shown in Fig. 1.

This approach neglects source clustering, which can play an
important role (Gatti et al. 2023) and which will need to be mod-
eled in a full data analysis.

The FS photometric redshifts are computed from the
Euclid VIS and Near Infrared (NIR, hereafter) bands as
well as the Legacy Survey of Space and Time (LSST,
hereafter) of the Vera C. Rubin Observatory (The LSST
Dark Energy Science Collaboration 2018) ground-based simu-
lated photometry, and therefore represent a DR3-like configu-
ration. We nonetheless use the same n(z) for our DR1 mocks.
More specifically, our DR3 mocks have a total galaxy den-
sity of 24.3 arcmin−2 corresponding to a cut at IE ≤ 24.5 in
the FS mocks while for DR1 we derive two sets of mocks
depending on ground-based photometry cuts: the DR1 optimistic
(DR1-opt, hereafter) and pessimistic (DR1-pes, hereafter) cases
where we remove objects below the Dark Energy Survey (DES,
Abbott et al. 2018) 10σ detection limit of the i band and of
the four griz DES bands respectively giving non-tomographic
galaxy density of 16.2 arcmin−2 and 8.3 arcmin−2. Unless for
some specific cases where we use the DR3 mocks (BNT in Sect.
6, mass mapping in Sect. 9), all our results focus on the DR1-opt
configuration. In the following sections, we refer to the DR1-opt
tomographic setup of KS-reconstructed mass maps as our refer-
ence configuration.

We explore various tomographic configurations: equi-distant
and equi-populated binning and several tomographic slices. For
this analysis, we choose to use only the equi-populated frame-
work, the equi-distant option creating galaxy densities at high
redshift which are too low for accurate mass reconstruction, and
focus on five tomographic bins in the range 0.2 ≤ zph ≤ 2.5 as a
DR1 realistic option based on the past choices of the KiDS and
DES analyses. We have also tested the configuration based on 6
equi-populated redshift bins, finding consistent results.

3. Data vector extraction

This section briefly describes the data vector (DV) measure-
ments from the mocks introduced in the preceding section. A
full description of their implementation can be found in Sect. 3
of Paper I. The probes implemented in this work span two differ-
ent varieties: one-point (PDF, `1-norm) tracking the information
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Table 2. Summary of the statistics investigated in this work, their abbreviations, and the implemented code.

Statistics Abbreviation Algorithm

Shear two-point correlation functions γ-2PCFs (ξ+/ξ−) TreeCorr
Convergence two-point correlation function κ-2PCF (ξκ) TreeCorr
One-point probability distribution function PDF (P) Paper I, Castiblanco et al. (2024)
`1−norm `1−norm Sreekanth et al. (2024)
Peak counts peaks (N) lenspack
Minkowski functionals MFs (V0,V1,V2) Vicinanza et al. (2019)
Betti numbers BNs (β0, β1) Parroni et al. (2021)

Notes. All estimators are measured from κ (low-pass top-hat filter) and Map,γ (high-pass Starlet wavelet filter, Leonard et al. 2012). Finally, three
smoothing scales [2.′34, 4.′68, 9.′38] are applied to the mass maps prior to the statistic measurement.

encoded into the cumulants of the field distribution, and topo-
logical (peaks, MFs, BNs) describing the density of stationary
points and their connectivity, the main features of the field man-
ifold. A list of the estimators is presented in Table 2.

In contrast to Paper I, all statistics are now compared at the
same mass maps and filtering properties, allowing us to decouple
the contribution of the mass mapping from that of the estimator
itself.

Finally, we describe below how to account for masked pixels
in the DV extraction with some new developments in the case of
topological descriptors. We define a generic 2D Cartesian mask-
mapM containing masked (unmasked) pixel asMi j = NaN (1).
We account for the mask in each input mask-free map by per-
forming an element-by-element product between the two.

3.1. Two-point correlation functions

The WL γ-2PCFs (κ-2PCF) probe the large-scale distribution of
matter by measuring the statistical correlation of the shear (con-
vergence) field at two different points on the sky. We relied on
the public code TreeCorr1 (Jarvis et al. 2004) to perform mea-
surements from maps in ten log-bins ranging from the pixel side
(1.′17) up to the map diagonal (424.′26). While in Paper I we
applied the algorithm at catalog level, relying on a grid reduces
the computational time and enables for a fair comparison with
the other map-based estimators. In the presence of a mask, e.g.
due to bright star regions, it is sufficient to neglect all pixel pairs
which include at least one masked pixel.

3.2. One-point probability distribution and `1−norm

The PDF counts the occurrence of each value of a random vari-
able, in our case either the κ or APM field (Barthelemy et al.
2021). As such it provides access to different density environ-
ments as well as higher-order information that complement the
shear correlation functions. As an example, Castiblanco et al.
(2024) showed that the κ-PDF brings information about the
skewness of the κ distribution in different redshift bins enabling
an improved complementarity in a tomographic approach. Sim-
ilarly, the `1− norm, which focuses on the absolute values of
the probed field, has been shown to also contain rich cosmolog-
ical information (Ajani et al. 2021; Sreekanth et al. 2024). It is
worth noting that the PDF and the `1−norm target similar fea-
tures of the maps: the former counts the number of pixels within
specified convergence intervals, while the latter takes the sum of
the absolute values of those pixels. Unlike HOS such as peak

1 https://github.com/rmjarvis/TreeCorr.

and minimum counts, the `1−norm and PDF efficiently capture
information from all values in the map.

As with any statistics involving a filtered field, missing
or masked pixels will mix into and thus dilute the signal.
The impact of masked pixels can be reduced by discarding
mostly masked regions from the histogram samples and/or
modeled through a mode mixing matrix (Gatti et al. 2020;
Barthelemy et al. 2024).

3.3. Peak counts

Positive- and negative-valued WL peaks of mass maps repre-
sent local-maxima found in overdense (e.g. due to single or
superposed massive LSS objects along the LOS) and underdense
regions, respectively. Peaks may also be caused by (shape) noise
which are not expected to carry any cosmological information
(Yang et al. 2011). Consistent with Paper I, we probe the distri-
bution of peak heights in signal-to-noise ratio (S/N) bins, where
a pixel is detected as a peak if it has a larger value than its eight
neighbors. It is worth noting that, alternative features of peaks,
such as their steepness, are also explored in the literature (e.g.
Li et al. 2023). The backbone of the algorithm is extracted from
the Peel et al. (2018) analysis, whose code is publicly released
in the lenspack2 repository.

Detections in masked maps are performed by assigning the
map’s minimum value to the masked pixels so that none of
them can represent a peak. We remove any detection found in
a masked region from our analysis, but peaks can still arise near
the masked pixels. This effect is not corrected for in the present
analysis, but it should be cosmology-independent as the imple-
mented masks do not correlate with LSS.

3.4. Minkowski functionals

MFs represent morphological descriptors that quantify the
geometry and topology of a scalar field. When applied to a mass
map, according to Hadwiger’s theorem, they consist of three
functionals that characterize the area, boundary length, and Euler
characteristic of its excursion sets. This probe has been mea-
sured with the same algorithm considered in Sect. 3.6 of Paper I
based on the implementation of Vicinanza et al. (2019). In order
to reduce the CPU time, we adopted a coarser initial binning.

We refined the code to take into account masked pixels
by propagating the input mask M to the first- and second-
order derivatives needed in Eqs. (27–28) of Paper I. Specifically,
each gradient pixel is well defined as long as the surrounding

2 https://github.com/CosmoStat/lenspack/blob/master/
lenspack/peaks.py
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neighbor-values are not masked. As at least one masked pixel
is involved in the derivative computation, the gradient in such a
coordinate is masked. Consequently, the first- and second-order
gradients respectively define two wider masksM,i,M,i j satisfy-
ing M ⊆ M,i ⊆ M,i j. Following this approach, we can easily
measure the MFs neglecting the masked pixels of the input map,
first- and second-order gradient map.

3.5. Betti numbers

As described in Sect. 3.7 of Paper I, other topological statis-
tics can be used to extract cosmological information from mass
maps. Among them, we consider the BNs which describe the
connectivity of minima, maxima, and saddle points in a field.
We rely on the implementation of Parroni et al. (2021). All
the mass map-based HOS introduced so far are measured in
masked configurations by explicitly neglecting the masked pix-
els prior to their measurement. This is a conservative approach
which allows us to avoid any eventual bias arising from com-
promised observations. On the other hand, while those algo-
rithms can deal with masked regions, others, such as BNs,
would rather give highly unreliable measurements because of
the presence of a significant amount of masked pixels. However,
this strategy can be relaxed by probing the mass map recon-
structed pixels even if originally masked in the shear maps.
We discuss this in more detail in Appendix A where we also
show that, in our configuration, not reapplying the mask foot-
print after the mass reconstruction has a negligible impact on
the Fisher forecasts. We therefore follow this approach for
BNs.

4. Fisher forecasts

We use the Fisher formalism to quantify the amount of cosmo-
logical information encoded in our different estimators. How-
ever, with respect to Paper I, the increase of the DV-length due to
the tomographic approach introduces some new caveats. We first
recall the main equations of the Fisher formalism in Sect. 4.1.
We then explain in Sect. 4.2 how numerical instabilities propa-
gate into the Fisher matrix and get amplified in its inverse (ill-
conditioning matrix), which justifies our choice to focus on the
(σ8, w0) plane for the inference to minimize the impact of numer-
ical noise in our Fisher framework. Finally, Sect. 4.3 introduces
the methodology used to assure the Gaussian likelihood approx-
imation, a fundamental assumption imposed by the Fisher for-
malism.

4.1. Fisher formalism

The Fisher matrix F, based on a Gaussian-likelihood assumption,
quantifies the information content of the data described, in our
case, by the CPs. It is defined as the expectation value of the
second derivative of the log-likelihood (see Eqs. 37–38 in Sect.
4.1 of Paper I).

Key ingredients are the data covariance matrix (and its
inverse) COV(Nf ,Nd) of the DV (D) measured on Nf = 7616
realizations of the SLICS fiducial cosmology containing Nd
entries (this number varies across the statistics and configura-
tions), estimated as

COV =
〈

(D − 〈D〉) (D − 〈D〉)T
〉
, (1)

as well as DV model derivatives ∂D/∂pα with respect to Np =

(2, 3) model parameters pα = (Ωm, σ8, w0)3. Under the assump-
tion of a cosmology-independent covariance, the Fisher matrix
elements Fαβ(Nf ,Nd,Nc,Np) simplify to

Fαβ =
∂D
∂pα

COV−1 ∂D
∂pβ

T

, (2)

where the set of DV model derivatives are numerically computed
via finite differences across Nc realizations. These are computed
both from simulations and theory when possible. Because of the
Cramer–Rao inequality, the inverse of the Fisher matrix C pro-
vides a lower limit to the marginalized errors, which include all
degeneracies with respect to other parameters. These errors can
be estimated from its diagonal elements as

σ(pα) = C1/2
αα =

(
[F−1]αα

)1/2
, (3)

and we report them as percentage values with respect to the fidu-
cial CPs [i.e., δpα(%) = 100σ(pα) / pfid

α ]. In the Fisher formal-
ism, the ability to constrain parameters is also quantified by the
figure of merit (FoM), defined as

FoMαβ =

√
det

(
F̃αβ

)
, (4)

where F̃αβ is the marginalized Fisher submatrix for the parame-
ters pα and pβ. The FoM is inversely proportional to the area of
the Fisher ellipse in the (pα, pβ) plane. Additionally, the Fisher
matrix is instrumental in determining the degeneracy directions
in parameter space.

In the rest of the analysis, consistent with Paper I, we assume
a linear rescaling of the data covariance matrix from the sim-
ulation area to the desired survey area (DR34: 15 000 deg2,
DR1: 1900 deg2). Finally, we corrected for the noise due to the
finite number of covariance realizations, Nf , by multiplying the
inverse Fisher matrix with the correction factor s (see Eq. 28 of
Sellentin & Heavens 2017):

s =
(Nf − 1)

(Nf − Nd + Np − 1)
. (5)

Although the correction above accounts for the fact that
for a low number of data realizations the likelihood follows a
t-Student distribution rather than a Gaussian one, it does not
include the Dodelson & Schneider (2013) effect which quanti-
fies biases to the likelihood due to the use of a particular ran-
dom realization of the covariance itself. Following Percival et al.
(2022), this second effect can be calculated as a multiplicative
factor to s of the form

s′ = 1 + B (Nd − Np) , (6)

where B is given in Eq. (55) of the mentioned paper

B =
Nf − Nd − 2

(Nf − Nd − 1)(Nf − Nd − 4)
. (7)

Due to the large number of SLICS realizations for the covari-
ance matrix, in our analysis this factor would result in inflating
the 1D confidence intervals by less than 1% for most of our

3 Note that we consider the full set of CPs (Ωm, σ8, w0) only to inves-
tigate the numerical noise stability.
4 DR3 area is expected to be at most 14 000 deg2. However, lacking
of a definitive coverage, we choose the same value consistently with
Paper I to ease any comparison in this setup.
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probes (with multi-scale tomographic DV length of the order
of a few hundreds elements) and up to 6% for the longest DV
(MFs with 890 elements). Given the uncertainty imposed by the
ill-conditioning of the Fisher matrix, we neglect this correction
in the present analysis. We however highlight that it should be
accounted for in a future MCMC approach unless we increase
further Nf or improve on a compression scheme for our DVs
(e.g., Homer et al. 2025).

4.2. Numerical stability: Ill-conditioning

Multiple studies have attempted to characterize the bias in the
Fisher forecast estimation due to the numerical noise imprinted
on the data covariance matrix and model derivatives (e.g.
Vallisneri 2008). Depending on the properties of the input DVs,
different robustness tests can be implemented by relying on
theoretical models (e.g. Wilson & Bean 2025) or on a more
numerical approach (e.g. Yahia-Cherif et al. 2021). However,
numerical instabilities in a matrix can also be amplified by its
inversion, a collateral effect which commonly takes the name of
ill-conditioning. Specifically, an ill-conditioned matrix refers to
a matrix that is nearly singular, meaning that its determinant is
close to zero or its condition number (i.e., the ratio between the
largest eigenvalue to the smallest eigenvalue, Belsley et al. 2005)
is very large. In the Fisher context, small perturbations of an ill-
conditioned Fisher matrix result in large deviations in the error
data covariance matrix, thus compromising the reliability of the
inferred constraints.

Lacking analytical models for most of the probes, we
assess the stability of the data covariance matrix, Fisher
and error covariance matrices following a pure numeri-
cal approach, inspired by the vibration technique reviewed
in Yahia-Cherif et al. (2021). The numerical stability of a
data covariance matrix COV(Nf ,Nd) is characterized by esti-
mating the average residuals δCOV [where δCOV = 〈 1 −
COV(Nf) /COV(Nmax

f ) 〉] across its elements for an increasing
number of data covariance realizations Nf . This test is imple-
mented for the Fisher matrix F(Nf ,Nd,Nc,Np) as well as its
inverse C(Nf ,Nd,Nc,Np) estimating respectively δF and δC for
varying number of realizations per cosmology Nc. These residu-
als reflect the order of convergence hampered by the presence of
numerical noise.

We explore the stability behavior of δCOV, δF, δC when using
Np = 3 (i.e., varying Ωm, σ8, w0), and Np = 2 (i.e., varying 2
parameters and fixing the third one, for all the combinations).
In this step, we aim to retrieve consistent results when chang-
ing probe, smoothing scale and tomographic configuration. A
clear symptom of instability occurs when the residual δ shows
no strong evidence of convergence as the number of realizations
increases. This is the case for the data covariance matrix when
Nd ≈ Nf (i.e., δCOV ≈ 30%). Instead, a sign of ill-conditioning
can be noticed whenever δCOV−1 � δCOV or δC � δF.

In agreement with the literature cited above, we find that ill-
conditioning depends on several aspects of the analysis. These
include the dimensionality of both the data and the model, the
correlation between data and model parameters, the sensitivity
to model parameters, and the numerical estimation of covari-
ance and derivatives, including the step ∆pα used for the lat-
ter. Overall, we found evidence of ill-conditioning on both the
data covariance and Fisher matrices. However, we checked that
the impact of the ill-conditioned data covariance matrices is
negligible in the forecasts computation. On the other hand, the
ill-conditioning of the Fisher matrices strongly affects the
parameter constraints, leading to scatter when varying the

derivative realizations Nc. In detail, configurations with Np = 2
generally result to be less ill-conditioned (δC ≈ [1.1, 1.3] δF)
than Np = 3 (δC ≈ [1.3, 1.5] δF), minimizing the effect when
probing less degenerate CPs, i.e., (Ωm, w0) and (σ8, w0) (δC ≈

1.1 δF). Motivated by these results, we set our fiducial Fisher
analysis to the 2-dimensional model parameter plane defined by
(σ8, w0). In addition to being less ill-conditioned, such a config-
uration allows us to constrain the most interesting CPs probed
by HOS, now including the dark energy equation of state param-
eter w0. We stress here that the size and orientation of parame-
ter errors highly depend on the model parameter dimensionality.
Hence, results obtained in this paper for (σ8, w0) cannot be fairly
compared with a similar Fisher analysis in which a marginaliza-
tion procedure is performed.

4.3. SMAPE test

The Fisher formalism relies on the assumption of Gaussianity
for the likelihood near its maximum. However, this assump-
tion is explicitly violated by both HOS (Paper I) and two-
point correlation functions (Sellentin et al. 2018; Lin et al. 2020;
Oehl & Tröster 2025). To avoid introducing bias into our Fisher
analysis, we iteratively exclude DV elements starting from the
DV domain edges until deviations from Gaussianity are suffi-
ciently suppressed. Before this step, a rebinning of the DVs is
performed to increase the S/N, by combining groups of N con-
secutive bins with N kept constant throughout the entire DV. We
checked that our results are independent of the rebinning, pro-
vided that we avoid regimes of strong under- and over-sampling
of the DVs.

As in Paper I, the metric used to quantify the distance
between the SLICS dataset and a Gaussian distributed one is
the weighted average SMAPE (symmetrized mean absolute per-
centage deviation, Rizzato & Sellentin 2023). We computed the
quantity

yi = (Di − 〈D〉)T COV−1 (Di − 〈D〉) , (8)

where Di is the DV obtained from the i-th SLICS map, with a
length of Nd; 〈D〉 denotes the mean computed across Nf SLICS
realizations, and COV refers to the numerical data covariance
matrix derived from the complete set of SLICS simulations.
For Gaussian distributed DVs and in the limit of Nd � Nf ,
yi follows a χ2 distribution, the SMAPE between yi and χ2

therefore quantifies the departure from Gaussianity. However,
in the tomographic setup, the number of degrees of freedom
approaches the number of realizations, Nf , and hence we can-
not rely on the χ2 as our target distribution. We thus compute the
yi vector for 500 realizations of a Gaussian dataset, generated
from a multivariate Gaussian distribution with the same mean
and covariance as SLICS. Our target distribution is the mean
across the 500 Gaussian realizations of the probability distribu-
tion Pgauss (yi). We checked that 500 realizations safely lead to
convergent results. Following the same approach as Paper I, we
compute the observed SMAPE value, Sobs, by comparing the yi
computed from the SLICS dataset to the target distribution. The
Gaussianity threshold, Slim, is then computed as

Slim = 〈S
gauss
obs 〉 + 2σ

(
S

gauss
obs

)
, (9)

where we take the mean and variance across the 500 Gaussian
realizations.

We note that we iteratively remove the elements from each
tomographic data vector, starting from the edges of the DV
domain. The SMAPE Gaussianity test is then applied to the
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vector obtained by concatenating all the individual DVs from
each tomographic bin. This results in slightly over-aggressive
tail cuts, thus ensuring the Gaussianity of the dataset built from
any subsample of the tomographic bins.

5. Tomography

The constraining power of WL HOS can be enhanced
through tomographic analysis, particularly when considering
both auto- and cross-correlations among the tomographic bins
(Martinet et al. 2021b). We present in Sect. 5.1 the strategy
followed to build the whole ensemble of tomographic mass
maps reconstructed from combined redshift-slices, establishing
an iterative scheme to preserve the cosmological information
while reducing the dimensionality of the tomographic DVs. We
discuss the results of this optimal tomographic setup and com-
pare it with other configurations in Sect. 5.2.

5.1. Tomographic strategy

We optimize the extraction of the tomographic WL sig-
nal by investigating the correlation between redshift bins
(Martinet et al. 2021b; Castiblanco et al. 2024). Starting from
five equi-populated tomographic slices, we generate shear maps
for all possible combinations of redshift bins, ranging from sin-
gle bins (zi, with i ∈ [1, 5]) to quadruplets (zi ∪ z j ∪ zk ∪ zl, with
i, j, k, l ∈ [1, 5]), resulting in a total of 30 tomographic shear
maps.

When extending the tomographic approach from single to
combined bins, some of the cosmological information con-
tained in the resulting 30 shear maps becomes redundant
(Martinet et al. 2021b), unnecessarily increasing the uncertainty
in the covariance. We thus apply a greedy (Cormen et al. 2022)
algorithm to determine the minimum number of redshift bins
required to extract most of the cosmological information. At
each iteration, the algorithm selects the locally optimal choice,
ultimately yielding heuristic solutions that closely approximate
the global optimum. In the initial step, we compute the Fisher
forecast for each of the 31 redshift bins (non-tomographic, sin-
gle bins, and combined bins) and select the bin that provides
the highest (σ8, w0) FoM. We then iteratively selected the tomo-
graphic bin combinations that maximize the FoM of the DV
formed by concatenating it with all previously selected z-bins.
This approach is equivalent to iteratively excluding the tomo-
graphic bins that provide the least contribution to the eigenvec-
tors of the inverse data covariance matrix. To reduce the size
of the final DV and avoid the inclusion of redundant redshift
slices, we set a 1% threshold on the minimum FoM improvement
required at each iteration for a tomographic bin to be included.
In this work, we adopt the output of the greedy algorithm as
our optimal tomographic DVs, discarding any redshift slices that
improve the (σ8, w0) FoM by less than 1% relative to the cumu-
lative signal of the more informative bins.

5.2. Tomography results

The core result of our tomographic analysis is the substan-
tial improvement enabled by redshift slicing compared to the
non-tomographic configuration. For one-point estimators, the
enhancement in the FoM ranges from approximately 70% at
2.′34, where shape noise is more significant, to around 150% at
9.′38. In the case of topological statistics, the improvement is

consistently around 150% across all scales, indicating a higher
robustness to the effects of shape noise.

In the context of optimal tomographic DV selection, we find
that a significant reduction in dimensionality can be achieved
with minimal information loss, as shown in Fig. 2. For one-point
statistics, the optimal configuration retains approximately one-
third of the tomographic bins at the 2.′34 smoothing scale and
about one-half at 9.′38, while for topological estimators, around
two-thirds of the bins are selected across all scales. Discarding
the unselected DVs results in only a ≈[7, 9]% decrease in the
FoM compared to the full tomographic DV, independent of the
statistic or scale. This loss remains within the ill-conditioning
uncertainty of our analysis.

In Fig. 2, we show the tomographic selection for the five
HOS in our fiducial configuration (DR1-opt, KS reconstruction,
2.′34 smoothing radius). The horizontal lines show the FoM
associated to specific configurations: the merged bins (dash-
dotted) comprise the non-tomographic slice, the single bins and
the combined bins constructed from consecutive tomographic
slices (Castiblanco et al. 2024). They are explicitly designed to
mitigate shape noise. The two-point-like configuration (dotted)
is built through the concatenation of the non-tomographic bin
with the single bins and the pairs.

For one-point estimators, the optimal subset of DVs yield
constraints comparable to those obtained from the merged bins
and the two-point-like configuration, despite involving roughly
30% fewer elements. However, we can see that the merged
bins always slightly outperform the two-point-like setup. In con-
trast, for topological statistics, the optimal selection improves the
FoM by approximately 15% over the merged bins case and by
≈[5, 10]% with respect to the two-point-like set of tomographic
bins, though at the cost of ≈30% more elements.

It is important to highlight that the most impactful selec-
tions occur within the first four iterations of the optimization
procedure, where the merged bins involving the highest red-
shift slice, namely z5, z45, z345, z2345 and the non-tomographic
bin, are preferentially selected. The redshift slice z5 indeed car-
ries most of the WL information, as photons from high-redshift
sources travel through a larger volume of large-scale structures.
Since bin z5 is strongly affected by shape noise, merging this
tomographic slice with adjacent bins effectively mitigates noise,
enabling a more robust extraction of the WL signal. For one-
point statistics, this subset of five bins alone captures approxi-
mately 85% of the total information at small smoothing scales,
and around 70% at larger scales. For topological estimators, the
corresponding fractions are about 70% and 60%, respectively.
Beyond this core set, subsequent iterations enter a regime where
the Fisher ill-conditioning uncertainty dominates, thus render-
ing further selection steps less interpretable and statistically less
robust.

Throughout this paper, we use the optimal tomographic DV
for our analysis, as it enables an almost lossless compression of
information when combining multiple scales. Nevertheless, for
the upcoming DR1 analysis, we recommend using the merged
bins for one-point statistics and the two-point-like setup for topo-
logical estimators. As well-defined sets of tomographic bins,
they can be selected a priori, thus avoiding a case-by-case opti-
mal selection, which would be unfeasible within the MCMC
framework. Moreover, they constitute the subset of redshift
slices that most closely approximate the optimal DV, indepen-
dently of the smoothing scale, and allow for a 50% reduction
(or even greater when considering a larger number of tomo-
graphic slices) in the number of mass maps to be computed
relative to the full tomographic configuration. When combining
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Fig. 2. Optimal tomographic DV selection for the reference setup with a smoothing radius of 2.′34. Main panel: Colored dots show the normalized
FoM for each HOS at successive iterations of the greedy algorithm, descibed in Sect. 5.1. The FoM for each statistic is normalized to its full-
tomography value. The colored crosses indicate the iteration where the 1% improvement threshold is reached; bins beyond this point contribute
negligible information and were discarded. Horizontal lines mark reference configurations: non-tomographic (dashed), non-tomographic with
merged bins (dash-dotted), and non-tomographic with two-point-like setup (dotted). Only κ-1PDF and κ-MFs are shown as representatives of
one-point and topological statistics. Right panels: FoM contribution from individual tomographic bins shown for κ-1PDF and κ-MFs, with the
most constraining bin highlighted in black.

multiple scales, an appropriate compression technique should be
applied to prevent issues in the computation of the data covari-
ance matrix, which may arise due to the limited number of avail-
able simulations. It is important to emphasize that we also tested
the configuration with six equi-populated bins, finding consis-
tent results across both realistic tomographic setups expected for
DR1. However, these results are specific to the framework of
our analysis, which includes only shape noise and neglects other
sources of systematic error. Therefore, further validation within
a fully realistic setup will be necessary for the DR1 analysis.

6. BNT transform

The broad lensing efficiency kernels make the lensing signal of
galaxies within a narrow tomographic bin sensitive to structure
across a wide range of redshifts. This leads to scale-mixing and
strong correlations when the tomographic approach is used. The
BNT transformation (Bernardeau et al. 2014) has been proposed
as a method to effectively disentangle scales and separate the
cosmological information content of the different redshift bins.
This effect helps in better targeting the small physical scales,
which are hard to model accurately, and that are often cut or
smoothed (e.g. Secco 2022). As our mocks do not include bary-
onic feedback or other small-scale physical effects, we focus
here on validating the BNT transformation and the associated
smoothing schemes – specifically through HOS – at the level of
shear and convergence maps. We do not attempt to determine the
specific scales that should be smoothed to mitigate small-scale
physics biases.

In this section, we first describe how we implement the
BNT transformation for single and combined bins as well as the
two smoothing schemes that we tested within the BNT frame-
work. Then, in Sect. 6.2, we discuss the results from these two
approaches and compare them with that of the standard HOS

analysis, where no BNT is applied. We finally discuss a possible
way forward for the DR1 analysis in the BNT setup.

6.1. BNT implementation

The BNT technique is a nulling scheme that extends the initial
proposition of Joachimi & Schneider (2008) that aims at sepa-
rating different contributions. The BNT transformation is based
on a linear combination of tomographic bins, which results in a
set of lensing efficiency kernels that can be localized in redshift.
The standard kernels can be defined as

qi(χ) =
3
2

Ωm

(H0

c

)2 χ

a(χ)

∫ χH

χ

dχ′ ni(χ′)
χ′ − χ

χ′
, (10)

where the subscript i points to the i-th tomographic bin, with
galaxy distribution ni(χ), and χH is the comoving distance to the
horizon. The BNT transformation acts as a linear combination
on the set of lensing kernels

q̃i(χ) =
∑

j

Mi j q j(χ) , (11)

where the elements of the BNT matrix, M, can be derived
for continuous redshift distributions through the following con-
straint equations

Mii = 1 , Mi j = 0 for i < j or j < i−2 ,
i∑

j=i−2

Mi j = 0 ,
i∑

j=i−2

Mi j B j = 0 .
(12)

where

B j =

∫ χmax

0
dχ

n j(χ)
χ

, (13)
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and χmax is the maximum comoving distance observed by
the survey. In this paper, the BNT matrix is computed using
the publicly available code from Taylor et al. (2021a)5, tak-
ing into account overlapping tomographic bins due to pho-
tometric redshift uncertainty. It is worth noticing that the
BNT matrix carries negligible cosmological dependence, as
shown in Bernardeau et al. (2014) for discrete source planes
and Taylor et al. (2021a) for the continuous case. Therefore, we
always compute the transformation matrix at the DUSTGRAIN
fiducial cosmology throughout the analysis.

While the BNT transformation can be implemented in
the theoretical treatment of the two-point correlation function
(Taylor et al. 2021b), in the case of the HOS – most of which
lack theoretical modeling – we have to directly measure the DVs
on the BNT-transformed simulated shear fields. Due to the tomo-
graphic slicing, however, the WL maps may show empty pixels
where no source galaxies were observed. Since the BNT trans-
formation combines each redshift bin with the previous two,
these blank pixels propagate through the tomographic maps,
resulting in a reduced effective survey area. To mitigate this
effect, the propagation of the missing data has been limited to
the involved z-bin triplets rather than masking the whole line-of-
sight. Moreover, contrary to the rest of the paper, which makes
use of the DR1-opt configuration, we focus here on the DR3 con-
figuration, where the presence of empty pixels is highly reduced.

Since the primary goal of the BNT transformation is to
reduce the mixing of signals from different scales – thereby
preserving valuable cosmological information when cutting or
smoothing small-scales – we investigate two alternative smooth-
ing schemes within the BNT setup. On the one hand, we
apply the BNT transformation to the single bin shear maps,
perform the mass mapping reconstruction to obtain the BNT-
transformed convergence maps, and then apply the smoothing
before extracting the summary statistics. In the second approach
(BNT smoothing, hereafter), also presented by Taylor et al. (in
prep.), we apply the BNT transformation to the single bin shear
maps, smooth the transformed maps, and then apply the inverse
BNT transformation before performing the mass mapping recon-
struction and measuring the HOS. Both schemes are designed to
better target the physical scales of interest at different redshifts.

In addition to the BNT-transformed single bins, we construct
combinations, 〈γBNT

i ... j 〉, where each index points to the tomo-
graphic slices considered in the combined bin. Since it is not
possible to directly compute the transformation matrix for the
combined bins, we first apply the BNT transformation to each
single bin, 〈γi〉. Next, we de-normalize the shear maps by mul-
tiplying each pixel, p, by the number of galaxies it contains,
Ngal,ip. We then combine the single bins to form combined
bins by summing the de-normalized shear maps pixel by pixel.
Finally, we renormalized the combined bin shear map by divid-
ing each pixel by the total galaxy count in that pixel, obtained by
summing the galaxy counts from the constituent single bins,

〈
γBNT

i ... j

〉
p

=

∑
k∈[i, ..., j] Ngal,kp

〈
γBNT

k

〉
p∑

k∈[i, ..., j] Ngal,kp
. (14)

In Fig. 3, we compare the standard lensing kernels, described
in Eq. (10), with those transformed using the BNT formalism, as
defined in Eq. (11). The upper panel shows the kernels corre-
sponding to the single bins. The standard kernels display signif-
icant overlap, leading to scale mixing in the WL signal, whereas
the BNT transformation produces almost disentangled single bin

5 https://github.com/pltaylor16/x-cut
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Fig. 3. Lensing efficiency kernels for the DR3 configuration. The
dashed lines represent the standard kernels (Eq. 10), while the BNT-
transformed kernels (Eq. 11) are shown in solid lines. Top-panel: Ker-
nels for the single bins. Bottom panel: Kernels for the merged bins
involving z5.

kernels. However, they are significantly suppressed, as they are
now sensitive to a much narrower range of lenses. In the lower
panel, we present the kernels associated with the merged bins
involving the highest redshift slice (z5, z45, z345, z2345). Due to
the overlap of the redshift distributions, the transformed kernels
still exhibit a high degree of superposition. Nevertheless, they
allow for the investigation of correlations between structures at
different redshifts.

6.2. BNT results

Results are presented in Fig. 4 where we report a compari-
son of the DR3 unmasked Fisher contours inferred from the
γ-2PCFs, κ-2PCF and κ-HOS using no-BNT (orange), stan-
dard BNT (green) and the alternative BNT smoothing (purple)
method. Mass maps have been reconstructed using the KS algo-
rithm. Within each panel, and consistently with all Fisher con-
tours reported in the rest of the paper, the central black dot and
corresponding dashed lines identify the fiducial DUSTGRAIN
cosmology. Each probe is the result of the concatenation of the
full set of tomographic slices excluding the non-tomographic
one on which the BNT has no effect. To ease the interpretation,
we selected the lowest smoothing scale, 2.′34, expressing the
highest level of shape-noise which maximally affects the appli-
cability of BNT for HOS. It is worth noting that, even though a
redshift-dependent smoothing radius would be more appropriate
to consistently target the same physical scale across tomographic
bins, in our current analysis the smoothing scale is held fixed
as we are interested in testing the BNT algorithm when vary-
ing both the shape-noise level and the impact of non-linearities
in our maps. As a first observation, we report an almost per-
fect agreement between no-BNT and BNT ellipse size and ori-
entation inferred by the γ-2PCFs and κ-2PCF, confirming for the
latter no interplay due to the mass mapping reconstruction. This
outcome is expected, as the BNT transformation redistributes the
signal across tomographic bins (Bernardeau et al. 2014): while
individual bins carry less information due to the narrowing of
the lensing kernels, they become less correlated. We find that
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this is not the case for the κ-HOS for which the BNT-ellipses
are both tilted and clearly inflated compared to the no-BNT
ones. This behavior is explained by the effect of the shape-noise,
which adds-up in the BNT linear combination of single and
combined bins. As a direct consequence, the BNT-maps become
Gaussianized and thus do not preserve the non-Gaussian infor-
mation probed by the HOS. Reducing the shape-noise at the
mass map level by increasing the smoothing scale, only slightly
mitigates this caveat without fixing the issue. These results are
consistent with the findings of Barthelemy et al. (2021) investi-
gating the traditional BNT technique through the PDF estima-
tor. Finally, we highlight the agreement between the Fisher fore-
casts of the BNT smoothing and the no-BNT ones, which proves
that the novel strategy minimizes the shape-noise diffusion. This
result is explained by the commutation between the BNT and
the smoothing operators, which enables us to retain the advan-
tages of the BNT physical scale cuts while canceling out the
noise propagation prior to the mass mapping. It is worth notic-
ing that the shape-noise mitigation is also achieved when using
combined bins. Moreover, the entangled behavior of the lensing
kernels associated with the combined bins – noticeable in Fig. 3
– does not prevent the ability to suppress the scale mixing. This
is because the BNT smoothing method applies filtering directly
to the BNT-transformed shear maps of the single bins before
combining them to construct the combined bins, as described
in Eq. (14). Consequently, the smoothing process remains
unaffected by the broad profiles of the combined bin lensing
kernels.

Concluding, the loss of constraining power detected in the
BNT analysis based on HOS highlights the propagation of the
shape-noise in the single and combined bin BNT linear combi-
nation compromising the precision gain from non-Gaussian esti-
mators. However, filtering the BNT-shear maps which are then
inverted back to the standard space before mass mapping cir-
cumvents this caveat. This strategy should enable realistic future
application of the BNT to observational analyses and is further
detailed in Taylor et al. (in prep.) in the context of mitigat-

ing the impact of baryonic feedback through efficient physical
scale cuts.

7. Multi-scale analysis

After showing our ability to cut problematic scales in the last
section, we now move on with extracting the combined HOS
information from a multi-scale analysis. Specifically, our multi-
scale approach consists of concatenating estimators measured
from mass maps filtered at different smoothing scales. Following
the dyadic decomposition, we investigate three different smooth-
ing scales: 2.′34, 4.′69, and 9.′38, which correspond, in our nom-
inal pixel resolution of 1.′17, to smoothing radii of two, four, and
eight pixels, respectively. Larger radii have been excluded due to
the limited number of smoothing apertures that could be drawn
within the 25 deg2 simulated field-of-view (FoV), which would
result in significantly noisier measurements. For each statistic,
we independently test the multi-scale smoothing using both a
top-hat filter (i.e., non-compensated low-pass filter) and a Star-
let wavelet filter (i.e., compensated band-pass filter, Starck et al.
2007; Leonard et al. 2012). It is worth noting that the same
smoothing size of a top-hat and Starlet kernel corresponds to a
different physical scale given the distinct behavior of their filter
functions for varying aperture radii.

After analysing each scale individually, we combine those
that exhibit Gaussian behavior according to the SMAPE test
described in Sect. 4.3. This combination is carried out using the
iterative scheme described in Sect. 5.1. We begin by computing
the optimal tomographic DV for each scale individually, select-
ing N1, N2, and N3 redshift bins for the three respective scales.
We then construct the optimal multi-scale DV by applying the
greedy algorithm to the combined set of N1 + N2 + N3 bins.

The results of our multi-scale analysis are presented in
Fig. 5. In the first panel, we show the Fisher contours for the
γ-2PCFs, computed for both the full range of scales allowed
by the SMAPE test and the three angular scales that closely
match the smoothing radii used for the HOS, 2.′34, 4.′69, and
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Fig. 5. Multi-scale contour plots of the reference setup (KS, top-hat filter) without masks for γ-2PCFs and HOS. Fisher forecasts are computed for
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9.′38. The bulk of the Gaussian information is already captured
by the γ-2PCFs at these three scales, with parameter constraints
degrading by less than 10% compared to the full-scale analysis.
Notably, this degradation remains within the uncertainty intro-
duced by ill-conditioning.

The remaining panels of Fig. 5 present the Fisher forecasts
for each smoothing radius individually, along with their optimal
combination. The multi-scale DV selection is always presented
for the two smaller smoothing radii. The full combination of all
three scales is included only for the one-point statistics and peak
counts, as these maintain a valid Gaussian approximation across
all smoothing scales. In contrast, the other topological estimators
fail the SMAPE Gaussianity test at larger smoothing scales, due
to the reduced number of topological features detected.

Focusing on the single-scale forecasts, we observe that the
constraining power of the HOS decreases as we move from
smaller to larger smoothing radii, despite the associated suppres-
sion of shape noise. This behavior is expected, as most of the
non-Gaussian information probed by HOS resides in the small,
highly non-linear scales, which are progressively smoothed out
at larger radii.

Examining the Fisher ellipses derived from the optimal
multi-scale DVs, we find that the constraining power is slightly
enhanced when combining multiple scales. This is because they
carry partially independent information, leading to a [10, 20]%
improvement in the constraints on CPs. Our findings are con-
sistent with those of Martinet et al. (2018), although Ajani et al.
(2020) report nearly double the improvement. However, the
latter study is based on fixed redshift planes and assumes a
higher level of shape noise. It is also worth noting that the level

of improvement we find is comparable to the ill-conditioning
uncertainty affecting our analysis, which prevents any robust
conclusions regarding the benefit of the multi-scale combination.
Nevertheless, the multi-scale approach enables a more efficient
extraction of the signal and results in compressed DVs. For one-
point statistics and peak counts, the optimal multi-scale selection
across three scales rapidly reaches the same FoM as the optimal
tomographic DV at the single scale of 2.′34, using only about
one third of the elements. For the remaining topological probes,
combining the two smallest scales results in a 15% compression.

Comparing the optimal multi-scale forecasts obtained from
the first two smoothing scales with those from the full set, we
also note that the largest scale does not significantly enhance the
constraining power. This observation is consistent with previ-
ous findings by Liu et al. (2015) and Martinet et al. (2018), both
based on the peak counts statistic, which emphasize that adding
more than two smoothing scales yields negligible gains. These
results are independent of the specific 2-dimensional parameter
space considered. In particular, we verified that the interpretation
of the results also holds in the (Ωm, σ8) plane.

8. Comparison with theory

In this section, we cross-validate our DUSTGRAIN N-body
mocks with analytical predictions. We choose to focus on two
summary statistics for which we have robust theory in the range
of scales we have explored: γ-2PCFs (Sect. 8.1) and κ-PDF
(Sect. 8.2). We quantify the agreement both at DV level and
through Fisher forecasts in Sect. 8.3.
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8.1. Modeling shear two-point correlation functions

The γ-2PCFs can be estimated by combining the tangential and
cross components of the shear from pairs of galaxies as a func-
tion of angular scale θ, yielding ξ±(θ) in real space. This quan-
tity can then be written in terms of the E and B modes of the
convergence power spectrum in harmonic space (e.g., Kilbinger
2015). Neglecting higher-order effects and assuming no system-
atics, lensing is not expected to produce B-modes, so we can
simply write the γ-2PCFs as

ξ
i j
± (θ) =

1
2π

∫
Ci j(`) J0/4(`θ) ` d` , (15)

where we follow Euclid Collaboration: Cardone et al. (in prep.)
in computing the angular power spectrum as

Ci j(`) =

∫
dz

c qi(z) q j(z)
H(z) χ2(z)

Pmm

[
` + 1/2
χ(z)

, z
]
, (16)

with J0/4 as the 0th / 4th order Bessel function, qi, j(z) the lensing
kernels, and Pmm(k, z) the matter power spectrum evaluated at
k` = (` + 1/2) / χ(z) in the Limber approximation. We computed
the matter power spectrum, Pmm(k, z), with CAMB (Lewis et al.
2000), coupled with HMcode2020 (Mead et al. 2021) for the
non-linear part, and used two different codes (namely, LiFE6 and
PyCCL7, Chisari et al. 2019) to compare the results and validate
the estimate of the Hankel transform in Eq. (15). To this end,
we truncated the upper limit of the integration range after having
checked that the results converged for ξi j

± (θ) over `max = 105 in
the interval 0.′5 ≤ θ ≤ 500′.

Derivatives with respect to a model parameter, pµ, were com-
puted as

dξi j
± (θ)

dpµ
=

1
2π

∫
dCi j(`)

dpµ
J0/4(`θ) ` d` , (17)

where we followed the semi–analytical method in Euclid
Collaboration: Blanchard et al. (2020) to compute the derivatives
of the angular power spectrum as

dCi j(`)
dpµ

=

∫
d

dpµ

[
c qi(z) q j(z)
H(z) χ2(z)

]
Pmm

[
` + 1/2
χ(z)

, z
]

dz

+

∫
c qi(z) q j(z)
H(z) χ2(z)

∂Pmm

∂pµ

[
` + 1/2
χ(z)

, z
]

dz (18)

−

∫
c qi(z) q j(z)
H(z) χ2(z)

` + 1/2
χ2(z)

dχ(z)
dpµ

∂Pmm

∂k

[
` + 1/2
χ(z)

, z
]

dz ,

where in the second (third) row ∂Pmm/∂pµ (∂Pmm/∂k) is the
derivative of Pmm with respect to the parameter pµ (the scale k)
holding fixed the comoving distance χ(z). Note that this method

6 LiFE is a set of Mathematica notebooks developed within the
Euclid forecasting group to compute the 3×2-pt observable in harmonic
and configuration space. It implements exactly the same recipe as the
one in CLOE, the official Euclid likelihood code (Euclid Collaboration:
Cardone et al., in prep.), and computes derivatives of the observables
as described below. It has been validated against Inter-SWG Taskforces
(IST) Forecast codes (Euclid Collaboration: Blanchard et al. 2020), and
later used in the validation of the CLOE (Euclid Collaboration: Martinelli
et al., in prep.) together with PyCCL. LiFE is not public at the moment,
but available on request.
7 https://github.com/LSSTDESC/CCL

helps avoid numerical derivatives since most of them can be
replaced by integral of analytical quantities. As a consequence,
the final derivatives of the γ-2PCFs are quite stable with respect
to the details of the method used to compute the numerical
derivative of the matter power spectrum.

8.2. Modeling κ-PDF

On mildly non-linear scales of the order of θ = 10′, large
deviation theory (LDT) accurately predicts the WL κ-PDF
(Barthelemy et al. 2020) and its dependence on CPs (Boyle et al.
2021) across different redshifts (Castiblanco et al. 2024). More-
over, the theoretical framework for the κ-PDF can be extended
to account for WL systematics such as shape noise, the impact
of masks in mass mapping, baryonic effects, and intrinsic align-
ments (Barthelemy et al. 2024). In a nutshell LDT describes the
exponential decay of large fluctuations in series of random vari-
ables (Touchette 2009). In the present case we use it to model the
asymptotic exponential behavior of the matter density field PDF,
as the variance goes to zero (Bernardeau et al. 2014). By apply-
ing the contraction principle, it identifies the most likely map-
ping between initial and final densities. For projected fields, as
the convergence, this relation is given by the cylindrical collapse
as the dominant mapping (Bernardeau & Valageas 2000). Those
principles are implemented on the level of the cumulant gener-
ating function (CGF), from which the κ-PDF can be obtained
through an inverse Laplace transform. The convergence CGF is
given in terms of the CGF of the matter density contrast averaged
over cylinders of length L → ∞ and transverse sizes χ(z) θ. By
focusing on the central (roughly 2σ) region around the peak, one
can ensure accuracy of the theoretical model and Gaussianity
of the DV. We computed the WL κ-PDF theoretical predictions
using the CosMomentum8 public code (Friedrich et al. 2026).

While κ-PDF predictions can be corrected for the impact of
zero-padding in a KS reconstruction (Barthelemy et al. 2024),
this is not required for our FFT-based KS reconstruction of the
simulations, in which simulated maps are effectively repeated to
reduce discontinuities at the patch borders. Finally, in contrast
with the γ-2PCFs where the mean signal is insensitive to shape
noise, the noisy κ-PDF is a convolution of the signal PDF and
the shape noise PDF. We model the latter as a zero-mean Gaus-
sian with a variance measured on smoothed convergence maps
reconstructed from randomly rotated noisy shear catalogs prob-
ing intrinsic ellipticities only.

8.3. Comparison with simulations

We now compare γ-2PCFs and (KS) κ-PDF theoretical DVs with
the one computed from the DUSTGRAIN simulation mocks,
focusing on our reference configuration mask-free and with full
tomography. Each DV is processed according to the SMAPE cri-
terion described in Sect. 4.3, and the tomographic configurations
are optimally selected following the iterative scheme reported
in Sect. 5. For κ-PDF, we explore the 4.′69 and 9.′38 smooth-
ing scales, dropping the 2.′34 which is not well described by the
theory. Although we recommend a conservative lower bound of
10′ to ensure the robustness of the PDF theory model, we also
adopt a smaller smoothing scale of 4.′69. This choice is enabled
by calibrating the noise variance using our simulations, which
significantly improves the model–simulation agreement at small
angular scales.

8 https://github.com/OliverFHD/CosMomentum
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Fig. 7. Same as Fig. 6, but for κ-PDF of smoothing size 4.′69 (left) and
9.′38 (right).

We first show a comparison at the DV level, focusing on the
fifth redshift bin to ease the interpretation. This corresponds to
the highest S/N bin as the cosmic shear signal is higher at higher
redshift. Also, non-linear effects reduce the reliability of ana-
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Fig. 8. Fisher forecasts comparison for γ-2PCFs (green) and κ-PDF
of combined smoothing size 4.′69, 9.′38 (purple) relying on the opti-
mally selected full-tomographic configurations. We implement numeri-
cal derivatives of DUSTGRAIN mocks (dashed) and theory derivatives
(solid). The data covariance matrix is numerically estimated from the
SLICS mocks.

lytical predictions at lower redshifts, hindering good agreement
between theory and simulations in the first bins.

For the γ-2PCFs (Fig. 6), we note an average disagreement
between simulations and theory of ≈15%, mostly falling in the
2σ range. The disagreement is higher for the lowest and high-
est scales respectively due to the effects of pixelization and finite
FoV which are not accounted for in the theory modeling. Proba-
bly linked to these, the γ-2PCFs shows a consistent trend of the
fractional residuals among the fiducial DV and its derivatives.
This is supported by the better agreement we obtain between the-
ory and simulations when rescaling the theoretical derivatives by
the ratio of the simulated over analytical DVs at fiducial cosmol-
ogy.

For κ-PDF (Fig. 7), the residuals of the fiducial cosmology
are flat and well comprised within [2, 3]%. These are, however,
larger for the derivatives, albeit still within the ≈15% range and
improving at larger smoothing scale. We also note that κ-PDF is
better modeled in the region around the peak.

In Fig. 8, we demonstrate how the trends reported above
at the DV level translate in the Fisher forecasts of γ-2PCFs
(green) and κ-PDF (purple) computed from numerical deriva-
tives (dashed) and theoretical derivatives (solid). For both cases,
we use the same SLICS numerical covariance matrix to focus on
the differences in modeling the signal. We first notice that the
parameter errors agree within ≈[10, 15]%, with a marginal tilt
of the ellipse orientations probably explained by the numerical-
noise propagation. Such degree of agreement is in line with
the differences observed at DV level for bin five (Figs. 6–7)
although we concatenate multiple tomographic slices. This is
because the signal is dominated by the high-z bins and their
cross-combinations such that the low redshift slices, where the
agreement between simulation and theory is poorer, are sub-
dominant and often even removed by our optimal tomographic
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selection strategy. These lower redshift bins might, however,
prove useful when investigating the impact of systematics, for
instance by creating a low-signal anchor point to account for
intrinsic alignments (Harnois-Déraps et al. 2022) and would
necessitate a refined modeling for a more realistic theoretical
approach. Finally, it is interesting to note that the improvement
of the κ-PDF forecasts with respect to the γ-2PCFs remains the
same for both theory and simulation, in agreement with figure 43
in Euclid Collaboration: Mellier et al. (2025). This validates our
approach to use our simulated mocks to infer the gain brought
about by HOS on cosmological forecasts.

9. Mass mapping and masking effect

The mass inversion problem in WL refers to the challenge of
reconstructing the projected mass distribution from observed
subtle distortions in background galaxy shapes. This process
is inherently non-unique because of the mass-sheet degeneracy,
requiring additional assumptions or data to constrain solutions.
The performance of a mass reconstruction technique depends on
several aspects: the level of noise imprinted in the shear com-
ponents, assumed priors, presence of mask and missing data,
and the type of filtering function (i.e., its shape in the frequency
domain) used to smooth out the noise. Furthermore, the optimal
choice of the method may vary from probe to probe.

The literature offers an extensive collection of algorithms
spanning from the most popular versions, the KS and APM, into
alternative implementations which make use of in-painting to
better deal with masks and border effects, as the KS+, which is
based on sparsity (see also Tersenov et al. 2025), or other tech-
niques relying on null B-mode priors (e.g. Jeffrey et al. 2021). In
the era of machine learning, novel approaches based on neural
networks can also be found (e.g. Boruah et al. 2025).

In this analysis, we choose to compare the three methods
implemented in the official Euclid mass mapping pipeline: KS
(Sect. 9.1), APM (Sect. 9.2), and KS+ (Sect. 9.3). We present the
specific details of our implementation in Sect. 9.5 and compare
the statistical power from the same HOS applied to KS, APM,
and KS+ in Sects. 9.6 and 9.7, accounting for realistic star masks
introduced in Sect. 9.4.

9.1. KS

The KS algorithm reconstructs the convergence κ from the shear
field γ under the assumption that the observed reduced shear
g = γ/(1−κ) is equal to the shear γ in the WL regime (κ, |γ| � 1).
This process first requires to map the shear catalog into a pix-
elized grid. Then, using complex notation, γ = γ1 + iγ2 and
κ = κE + iκB, where (κE , κB) correspond to the curl-free and
gradient-free components of the shear field, they relate in the
Fourier angular space as

γ̂ = P̂ κ̂ , (19)

where P̂ = P̂1 + iP̂2 has components

P̂1(`) =
`2

1 − `
2
2

`2 , P̂2(`) =
2 `1`2

`2 , (20)

where ` = (`1, `2) and `2 = `2
1 + `2

2. The inverse relation is

κ̂ = P̂∗γ̂ , (21)

where the asterisk (∗) denotes the complex conjugate. Since a
degeneracy arises for `1 = `2 = 0 (mass-sheet degeneracy), we

forced the mean-convergence to be zero across the field by set-
ting the reconstructed ` = 0 mode to zero. The above equation
reads as

κ̂E = P̂1 γ̂1 + P̂2 γ̂2 , κ̂B = −P̂2 γ̂1 + P̂1 γ̂2 . (22)

The KS reconstruction ends by converting back κ̂E , κ̂B to the
direct space and using the E-modes to infer the cosmological
information.

9.2. APM

The APM technique yields a local reconstruction of the projected
density field within a circular aperture of radius r, weighted by
a compensated filter function Ur(θ) set in this work to a Starlet
wavelet kernel (Eq. 14 of Leonard et al. 2012)

Map(θ) =

∫
d2θ′ κ(θ′) Ur(|θ − θ′|) . (23)

As Ur is compensated, it satisfies
∫

dθ θUr(θ) = 0. One can also
express Map directly in terms of the tangential shear component
γt

Map(θ) =

∫
d2θ′ γt(θ′) Qr(|θ − θ′|) , (24)

where Qr(θ) is related to Ur(θ) via

Qr(θ) =
2
θ2

∫ θ

0
dθ′ θ′ Ur(θ′) , (25)

and the tangential component, γt (and cross component γ×), are
defined as

γt(θ ′, θ) = −Re
[
γ(θ ′) e−2iφ

]
γ×(θ ′, θ) = −Im

[
γ(θ ′) e−2iφ

] (26)

where Re and Im represent the real and imaginary parts respec-
tively, and φ is the angle (in polar coordinates) between the ref-
erence position θ and the galaxy position θ ′. Besides accounting
for mass sheet degeneracy, a key advantage of APM resides in its
local estimation of the impact of shape noise through the ampli-
tude of the observed ellipticities, |ε(θ′)|, as

σMap =
1
√

2

(∫
d2θ′ |ε(θ′)|2 Q2

r (|θ − θ′|)
)1/2

. (27)

9.3. KS+

Both KS and APM suffer from systematic effects when per-
formed in the Fourier domain. First, we have the border effect
defined by the discontinuity of the patch edges because of its
finite angular size, which propagates into the reconstruction.
Second, in the observational scenario, the presence of masked
regions, as well as empty pixels due to the low galaxy density
with respect to the chosen pixel size, introduces a leakage from
E-modes into B-modes when these pixels are set to zero before
the Fourier transform.

These border, empty and masked pixels effects increase the
residual error between the reconstructed and the true field. The
KS+ algorithm (Pires et al. 2020) proposes to mitigate these sys-
tematic effects by inpainting borders and empty pixels before
applying the KS reconstruction. The pixel leakage is allevi-
ated through the implementation of a sparsity prior to recon-
struct iteratively a missing signal from the surrounding known
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regions. This helps in regularizing the borders and to replace
masked/empty pixels with a definite value different from zero,
thus preserving the continuity of the field. We point the reader to
the Appendix A of Pires et al. (2020) for a detailed description
of this procedure9.

Dealing with these systematics has a cost in computational
time. While KS and APM are performed in the order of 10−2 s
per map for flat patches of 5 × 5 deg2, KS+ takes order of
102 s per map mostly due to the inpainting operations which
require hundreds of Fourier transforms and wavelet decompo-
sitions. Even though we reduce both CPU time and storage by
not saving the KS and APM reconstructed maps given the low
CPU time of such methods, we remind that I/O operations takes
order of 10−3 s per map to write the FITS array into the disk
on our local cluster and up to 10 s per map on large distributed
facilities.

9.4. Masking strategy

The collateral effect of masking propagates first into the mass
mapping reconstruction and consequently through each esti-
mator, taking particular significance in topological descriptors.
Hence, observational data analysis of WL statistics needs to
account for the presence of masked pixels. Masked pixels
arise from several unavoidable circumstances such as: pixel
saturation, charged particles, CCD defects, and many others.
The most relevant among them is the pixel saturation induced
by bright stars. This produces diffraction patterns that con-
taminate the surrounding regions, thus affecting the photome-
try and morphology measurements. We quantify their impact
on the cosmological forecasts across proposed mass mapping
algorithms. However, we did not compute any bias induced
by the mask due to the limitation imposed by the Fisher
formalism.

We build a set of 32 independent Euclid-like masks each
covering 25 deg2, matching our individual mocks’s area. These
masks are populated with stars from the (DR2) Gaia star
catalog (Gaia Collaboration 2018) in non-overlapping patches
randomly drawn from the expected Euclid DR1 footprint. As
the future DR1 analysis will make use of ground-based pho-
tometry, the radius of each star mask aperture depends on its
magnitude following Eq. (2) of Coupon et al. (2017) to mimic
the typical mask size in ground-based Hyper Suprime-Cam data
(Aihara et al. 2017). We only consider stars with magnitude
brighter than g ≤ 17.5 and reassign random positions to stars
within a given mask.

These choices allow us to simulate 800 deg2 of observed
area with realistic star masks. Since the total coverage of our
mocks significantly exceeds the one of the masked footprint,
we batch-wise repeat the Gaia-mask patches on our WL maps
in order to guarantee a homogeneous application. Making use
of 7616 (256) realizations for our fiducial (varied) cosmolo-
gies, we applied 238 (8) times the batch of 32 Gaia masks. The
masked area is of about 1.25 deg2 out of 25 deg2 (≈5%) on
average.

9 We underline here that in the implementation of the inpainting algo-
rithm reviewed in Pires et al. (2020), the B-modes were set to zero
within the gaps to speed up computations, with negligible impact on the
results in the non-tomographic case. This approximation can no longer
be used in the tomographic set up as it would significantly increase the
variance of the E-modes convergence maps due to the large amount of
empty pixels.

9.5. Reconstruction of mass maps from shear catalogs

Our reconstruction algorithms are applied to pixelized maps of
noisy reduced shear γ. This means we approximate the shear as
the reduced shear in the equations of KS and APM above, which
can introduce an extra source of error at small-scales. Although
there exists techniques to account for such effect in the recon-
struction (e.g., Seitz & Schneider 1996), we neglect its impact
here as this approximation was shown to be negligible for HOS
analyses (e.g., Martinet et al. 2018; Reimberg & Bernardeau
2018; Pires et al. 2020).

We first grid the two components of the shear γ1/2 on flat sky
maps of 256 × 256 pixels and angular side length of 5 deg, cor-
responding to a pixel resolution of 1.′17 . This is twice the 0.′59
pixel scale used in Paper I, a choice made to mitigate the impact
of empty pixels. Indeed, these pixels with no galaxies induce a
leakage in the Fourier domain reconstruction and become more
numerous with the lower galaxy densities of the tomographic
slices. It would be even more pronounced in case of realistic
galaxy positions tracing the matter distribution. Each pixel of
the shear maps is defined as the average (resp. sum) of the lens-
ing signal of the galaxies falling in the pixel for KS and KS+
(resp. APM). Pixels with missing signal due to the star mask or
the absence of galaxies at that position are set to zero (they will
however be inpainted in the case of KS+) before applying the
mass inversion algorithm in Fourier space. We mitigate the bor-
der effect due to the small simulated patches by repeating (KS)
or zero-padding (APM) the image in any direction outside the
FoV when performing the Fourier transform. For KS+ we also
inpaint the boundary region.

As mentioned in Sect. 3.5 and extensively discussed in
Appendix A, there is no evidence in the literature whether reap-
plying or not the mask footprint after the mass reconstruction
is more appropriate. As a conservative choice, for all HOS but
BNs (which cannot be computed in direct presence of masks),
the reconstruction ends by reapplying the mask footprint to the
computed mass map in order to neglect all regions of the sky dis-
carded during the observations. This ambiguity, however, does
not apply for the empty pixel effect linked to observed regions
not traced by any galaxy. In contrast to KS, APM can have extra
masked pixels where the aperture is more than half-empty. In our
mask setup (5% masked area), this condition is rarely met around
the Gaia holes thus bringing negligible differences in regards of
the fraction of masked pixels.

The impact of shape-noise imprinted into the shear field γ
is mitigated by applying a multi-scale filtering in Fourier space.
Even with the treatment of the border effect in Fourier space,
there might be some residual leakage at the edge of the maps
when convolving with the filter. We further mitigate this by
removing a stripe as large as the filter scale on each map side.

9.6. KS versus APM

In Fig. 9, we show the Fisher forecasts inferred using all probes
in the DR1-opt observational setup both unmasked (solid) and
masked (dashed) using KS (orange) and APM (green). Follow-
ing the iterative scheme of Sect. 5.1, we concatenate the opti-
mally selected tomographic slices and filter scales passing the
SMAPE test.

First, comparing the dashed and solid lines, for both KS and
APM, the effect of masking produces a similar loss of power
among each estimator increasing the 1-sigma errors accordingly
to the average masked area. No tilt of the ellipses is detected in
the masked case.
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Fig. 9. Fisher ellipses obtained from KS (orange) and APM (green) in unmasked (solid) and masked (dashed) configurations relying on the
optimally selected full-tomographic and multi-scale approach in our DR1 fiducial setup. We also report ellipses of multi-scale KS (purple) and
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Second, KS and APM show comparable performance within
10%, our confidence limit due to ill-conditioning. A slight trend
in favor of the former algorithm is seen, particularly in the case
of the peaks. We detected some differences when comparing
KS and APM contours for individual tomographic slices and
smoothing scales. These originate from the combination of the
ill-conditioning and the mismatch of the physical scales among
the filter kernels, the latter explaining the similar resolution of
KS/KS+ and APM map patterns observed in Fig. 9 for two very
different smoothing radii:4.′68 and 9.′38, respectively. On the
contrary, the impact on the precision forecasts is almost negligi-
ble when recollecting the whole information through the tomo-
graphic and multi-scale approach.

9.7. KS versus KS+

We now investigate how the different treatment of map borders
and realistic masked patterns in the KS, KS+ algorithms affect
their cosmological constraining power. We focus on the refer-
ence setup with masks, concatenating all filter scales of only the
five redshift single bins due to the high CPU time needed for
KS+. The corresponding Fisher ellipses are reported in Fig. 9, in
dashed purple (cyan) for KS (KS+).

First, it is worth noting how the KS ellipses inferred from
single bins only (dashed purple) perform poorly against the
full-tomographic approach (dashed orange), further motivating
our tomographic strategy. Secondly, the comparison between
the two mass mapping pipelines shows very similar map pat-
terns with noticeable differences at the borders, and a consis-
tent agreement across all probe forecasts within ≈10%. In this

tomographic multi-scale approach, the agreement is within the
ill-conditioning uncertainty. However, we find higher departures
among the individual redshift slices and smoothing scales. We
study them in more detail in Appendix B, by probing sepa-
rately each mass mapping systematic: borders, empty pixels, and
masks.

From these tests, we conclude that the tomographic multi-
scale behavior is driven by two different effects: the increase of
data covariance noise due to the lengthier concatenated DVs and
the transfer of the KS leaked signal to small and large scales,
as seen for the power spectrum. The former partially hides any
difference between the forecasts computed from the two mass
mapping techniques. Conversely, the latter introduces higher dis-
crepancies at fixed smoothing radii. These reduce when combin-
ing the scales together as the transferred leaked signal is restored
among the scales.

As a final remark, the KS reconstruction appears to be more
suited for the inference based on simulations being computation-
ally cheap and maximizing the constraining power across each
estimator. On the other hand, KS+ could be preferable for a cos-
mological inference based on analytical DVs. Indeed, KS+ con-
siderably reduces the leakage and is able to better recover the
true convergence field at the cost of a more correlated signal.

10. Comparing probes

Figure 10 shows the constraining power of the optimal tomo-
graphic, multi-scale DV for each probe, evaluated in our ref-
erence setup with masks. The interpretation of the results,
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however, remains consistent across all DR configurations and
also holds for the APM reconstruction. HOS can be safely com-
bined with the γ-2PCFs, although signs of ill-conditioning begin
to appear when the γ-2PCFs is combined with either peaks or
MFs. For all HOS, the multi-scale approach effectively cap-
tures the full Gaussian information content, in agreement with
recent findings for Stage IV surveys (e.g. Giblin et al. 2023).
As a result, combining HOS with the γ-2PCFs becomes essen-
tially redundant, contrary to our findings of Paper I, where a
more substantial gain was observed. In our previous work, how-
ever, we relied on a single-scale analysis for the HOS and com-
puted the γ-2PCFs from galaxy catalogs rather than from shear
maps. Both our current results and those of Paper I are consis-
tent with Ajani et al. (2020), which showed that combining the
power spectrum with single-scale peak counts leads to signifi-
cant improvement, whereas no additional gain is achieved when
using multi-scale peak counts. According to these observations,
the artificial tightening of the combined ellipses in Fig. 10 serves
as a red flag of emerging ill-conditioning.

All HOS outperform the γ-2PCFs, yielding improvements
ranging within [33, 50]% on σ8, and [50, 64]% on w0. These
gains are not expected to vanish when exploring a larger param-
eter space, as HOS should be particularly effective at break-
ing degeneracies among cosmological and nuisance parameters
(Martinet et al. 2021b; Paper I; Gatti et al. 2025). It is worth not-
ing, however, that this comparison is limited to the γ-2PCFs, as
we did not perform a full 3× 2-pt analysis. Substantial improve-
ment is also expected from this combination, as the 3 × 2-pt
analysis only targets the Gaussian information (e.g. Burger et al.
2023; Friedrich et al. 2026).

We also explored the combination of multiple HOS. How-
ever, the interplay of strong correlations and high-dimensional
DVs – which leads to invertibility issues in the data covariance
matrix – with ill-conditioning prevents us from obtaining reli-
able Fisher forecasts for joint probes. This issue is reflected
in the combined HOS Fisher ellipses (omitted from Fig. 10),
which exhibit a spurious tightening much more pronounced than
in the case of the HOS and γ-2PCFs combination, despite the
fact that the individual ellipses do not intersect and thus do not
break any degeneracy. In the last panel of Fig. 10 we simulta-
neously display the optimal tomographic, multi-scale forecasts
from each HOS. Since they exhibit the same degeneracy direc-
tion in the (σ8, w0) plane, we observe nested ellipses, except
for MFs that show a slightly tilted contour with respect to
the others. This suggests, at least qualitatively, that no signifi-
cant improvement is expected in this two-dimensional parame-
ter space when combining multiple HOS. We found consistent
results in the (Ωm, σ8) plane. This result stands in contrast to
the findings reported in Paper I. In our previous work, how-
ever, we did not adopt a consistent choice of filter types and
scales across the different statistics. As a result, the improve-
ment observed from their combination was primarily driven by
multi-scale information rather than by the combination of multi-
ple statistics per se. This behavior observed in the present work,
however, is likely specific to our particular analysis setup. In
a full MCMC framework, where the non-Gaussian tails of the
statistics can be included and a broader set of cosmological and
nuisance parameters is explored, the different HOS may carry
partially uncorrelated information. As a result, their combina-
tion may yield improvements both in the constraints on CPs
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and systematic biases (see Gatti et al. 2025 as an illustrative
example).

Figure 10 also enables a direct comparison between the
probes that we have investigated in this work. It is important
to keep in mind that our analysis includes an additional ≈10%
uncertainty budget due to ill-conditioning, and the differences
among statistics should be interpreted in light of this. It is also
worth noting that both MFs and BNs required very aggressive
tail cuts to achieve a valid Gaussian approximation, and hence
they are slightly penalized in comparison with the other probes.
Among the topological estimators, the MFs yield tighter parame-
ter constraints on σ8, with improvements of approximately 14%
and 27% compared to BNs and peaks, respectively. In the case
of w0, BNs slightly outperform MFs by about 8%, while both
estimators show 17% and 7% improvements over peaks, respec-
tively. It is worth noting that MFs and BNs are specifically
designed to capture partially uncorrelated information, as hinted
by the small degeneracy difference in their Fisher ellipses. Their
combination is therefore expected to yield additional gains in
a more comprehensive analysis. Furthermore, the peaks anal-
ysis could be enhanced by exploring the redshift evolution of
WL peaks, which is also largely insensitive to baryonic effects
(Broxterman et al. 2025).

The one-point statistics, namely the PDF and the `1-norm,
exhibit comparable constraining power, as both probe similar
features of the convergence field. However, the PDF proves
slightly more efficient in extracting this information, requiring
shorter DVs.

When comparing the topological estimators with the one-
point statistics, we find that the latter provide tighter constraints
on the dark energy equation of state parameter w0, with improve-
ments of 5%, 15%, and 22% over BNs, MFs, and peaks, respec-
tively. In the case of σ8, the MFs yield the best performance,
outperforming the one-point statistics by 5%. However, one-
point probes exhibit better results than BNs and peaks, achieving
a gain of 10% and 22%, respectively. Different results emerge
from our APM analysis, where the Starlet filter targets smaller
physical scales. As a consequence, the HOS measurements are
more affected by shape noise and the one-point probes show bet-
ter performance, being more robust to noise. It is also impor-
tant to recall that all improvements below 10% are of limited
significance when considering the additional uncertainty budget
introduced by ill-conditioning. Nevertheless, all HOS offer an
unquestionable improvement over the γ-2PCFs, with enhance-
ment factors ranging in [1.35, 1.85] for σ8 and [1.95, 2.45] for
w0.

Our results are clearly specific to the present analysis frame-
work, as they are affected by Fisher matrix ill-conditioning, the
varying tail cuts needed to ensure Gaussianity, and the absence
of systematics beyond shape noise. Such limitations also pre-
vented us from investigating additional HOS such as higher-
order moments, persistent homology, and scattering transforms.
However, despite the shortcomings, our findings remain infor-
mative for guiding a full MCMC analysis: combining the
best-performing topological probe (MFs) with the most efficient
one-point statistic (PDF) – which are expected to be only par-
tially correlated, as shown in Novaes et al. (2025) for the (Ωm,
S 8) plane – would indeed constitute a solid starting point for a
comprehensive HOS-based investigation.

11. Conclusion

We aim to unveil the potential of HOS as cosmological tools
leveraging Euclid WL data. To prepare for DR1, we improve the

Fisher analysis of Paper I by applying various tomographic con-
figurations, increasing the realism of our mocks through realistic
photometric redshifts, and exploring new treatment of the data:
BNT, multiscale, and three mass mapping techniques.

Specifically, we developed a unique pipeline involving Gaus-
sian and non-Gaussian statistics, for a total of two two-point cor-
relation functions (γ-2PCFs, κ-2PCF) and five HOS (PDF, `1-
norm, peaks, MFs and BNs). Our dataset is now composed of
7616 pseudo-independent mock catalogs built from the SLICS
simulations to numerically estimate the data covariance matrix
and 256 × 7 DUSTGRAIN-pathfinder simulations to determine
Fisher derivatives with respect to (Ωm, σ8, w0). These ≈10 000
mocks now mimic a realistic photometric redshift galaxy dis-
tribution sampled from the Euclid Flagship-2 simulation. By
applying photometric cuts, we constructed DR1- and DR3-like
configurations to investigate the HOS performance in different
tomographic scenarios. We relied on five bins, also implement-
ing combined bins by merging shear catalogs in ten pairs, ten
triplets, and five quadruplets built from the individual slices. This
approach included the mass reconstruction of 31 tomographic
configurations (comprising the non-tomographic case) through
three algorithms (KS, APM, KS+) in two DR-like setups, for a
total of ≈2 600 000 mass maps on which HOS have been mea-
sured in homogeneous settings.

The wide ensemble of simulated data has been fully
exploited to cover multiple aspects of the HOS analysis. As
a first result, we obtained a 2.5-fold improvement on the dark
energy equation of state parameter w0 from each individual non-
Gaussian estimator over the standard Gaussian two-point statis-
tics, in line with Martinet et al. (2021b) and as suggested by the
similar gain noted in Paper I for Ωm and σ8. Such improvement
is further confirmed when comparing the forecasts of γ-2PCFs
and κ-PDF computed using the theoretical derivatives. This gain
has been obtained in a DR1-like full-tomographic and multi-
scale analysis with realistic Gaia masks neglecting ≈5% of the
map area. Although the result is reported in the (σ8, w0) plane,
we observe a similarly improvement in the (Ωm, σ8) configura-
tion, notwithstanding the numerical instability associated with
the latter parameter pair. The concatenation of multiple smooth-
ing scales revealed beneficial in breaking parameter degenera-
cies, enabling HOS to almost fully capture the Gaussian content
decoded by classical two-point correlation functions. In more
detail, HOS showed comparable performance, with a slight hint
in favor of PDF/`1-norm and MFs. Among the explored mass
mapping techniques, none of them seemed to be preferred, while
the impact of masking in the reconstruction follows the effective
probed area. Interestingly, the KS+ inpainting, based on a spar-
sity scheme, proved to better reconstruct the true field by signifi-
cantly easing the leakage induced by empty and masked pixels in
Fourier space. On the other hand, by introducing noisy correlated
pixels, the sparsity interpolation degrades slightly the final con-
straints, thus making the standard KS more suited for simulation-
based analyses, especially since KS+ is significantly slower.
Finally, even though we obtain similar performance across the
mass mapping techniques involved in this study, more advanced
reconstruction algorithms may reveal non negligible differences
in the final parameter constraints (e.g. Tersenov et al. 2025). The
numerous set of explored tomographic configurations limited
the reliability of our numerical data covariance. We therefore
implemented a tomographic selection to reduce the overall DV
length by neglecting a small amount of cosmological informa-
tion. Moreover, it allowed us to spot any optimal sub-sample of
redshift bins among the HOS. In particular, merged bins pro-
posed in Castiblanco et al. (2024), i.e., combined bins composed
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by contiguous redshift slices, are consistently found within the
most constraining configurations defined by the concatenation
scheme for one-point estimators. Differently, the constraining
power of topological descriptors tends to be maximized when
relying on a two-point-like tomographic setup. Finally, in order
to open up the possibility of efficiently removing scales which
we cannot accurately model in the presence of known systematic
effects such as baryonic feedback, we applied the BNT transfor-
mation and its alternative method, the BNT smoothing (Taylor et
al., in prep.). We confirmed the non-Gaussian information to be
compromised in the standard BNT because of the propagation
of the shape-noise (Barthelemy et al. 2020). Lastly, we probed
the BNT smoothing as a way to ease this caveat and thus enable
future implementations.

We note several caveats in our analysis. The first one we
address is related to the Gaussian likelihood assumption on
which the Fisher formalism is structurally based. In line with
Paper I, a non negligible number of HOS (four out of nine)
did not pass the tomographic SMAPE test we designed, giving
strong symptoms of non-Gaussian likelihood behavior. Out of
the discarded probes, most of the statistics, including the two-
point correlation functions, needed tailored cuts to remove ele-
ments which were not meeting this requirement. The following
result suggests that several estimators would be rather described
by a non-Gaussian likelihood. Secondly, we detected signatures
of ill-conditioning both in our data covariance and Fisher matri-
ces. While the ill-conditioning on the former revealed not to
impact our forecasts, the latter induced a substantial scatter-
ing in the inverse Fisher matrix introducing an average uncer-
tainty on the final forecasts within ≈10%. Although this caveat
appears to be highly relevant for the Fisher formalism only, we
will carefully check its effect through the data covariance matri-
ces used in future MCMC analyses. Finally, likely linked to ill-
conditioning, we noticed unreliable forecasts when jointly com-
bining the HOS, thus preventing us from probing eventual extra
gains brought by their combination. This behavior is attributed to
the numerical noise, which propagates into the Fisher forecasts
computation.

Concluding, the results presented in this work are limited to
the Fisher formalism and do not consider most of the systematic
biases which could alter our conclusions for the DR1 analysis.
However, within this challenging perspective, we clearly demon-
strate the substantial precision gain enabled by non-Gaussian
statistics over the standard two-point correlation functions in the
future Euclid observational analyses.
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Appendix A: Measuring statistics on masked mass
maps: No remasking versus remasking

The algorithms of BNs, persistent BNs and persistent heatmaps
allow for reliable measurements as long as the fraction of
masked pixels in the input map is negligible. This is due to their
intrinsic nature: while BNs describe the connectivity of minima,
maxima and saddle points in a field, persistent BNs track their
birth and death across filtration levels (persistence diagrams).
Persistent heatmaps further summarize this by smoothing per-
sistence diagrams with a Gaussian kernel, thus enhancing robust-
ness in the statistical analysis. As a consequence, such topolog-
ical features are no longer properly defined when a significant
number of masked pixels are present. We face this caveat in our
analysis as we perform the mass reconstruction in Fourier space,
inducing a leakage of the signal into the masked coordinates, the
latter now containing a well-defined value after the inversion that
is finally masked to recover the original mask footprint.

In the literature, there is no clear evidence whether the leaked
masked coordinates should be neglected in the final recon-
structed map (i.e., remasking it) or not (i.e., without remasking
it). Indeed, not reapplying the mask-footprint to the final mass
map significantly reduces the presence of masked pixels, con-
sequently allowing for the standard BNs and homology mea-
surements. This is the case of Heydenreich et al. (2021) and
Heydenreich et al. (2023), where persistent BNs and persistent
heatmaps are investigated using observational data. Following
on these results, further investigation is needed to understand the
impact on precision and bias forecasts when performing mea-
surements from mass maps with and without final remasking
applied. Nevertheless, the CP errors inferred in our observational
setup from the two approaches agree within ≈ [2, 3]% across all
others κ-based statistics, validating our choice not to remask in
case of BNs.

Appendix B: Single scale comparison between KS
and KS+

In Fig. B.1, we show the individual impact of borders, masking
and tomographic missing data observed in the KS and KS+ tech-
niques at Fisher contour level for κ-PDF in a single redshift bin
(5) and smoothing scale (9.′38).

Specifically, in the left panel, map borders are addressed in
the unmasked DR3-like configuration using 1.′17 as pixel reso-
lution in which no empty pixels are found. In the middle panel,
tomographic missing data are investigated again through the
unmasked DR3-like configuration but with 0.′59 pixel resolu-
tion, defining ≈ 20% of empty pixels in the single redshift bins.
Finally, in the last plot, the impact of realistic masks is quanti-
fied making use of the DR1-opt setting with 1.′17 pixel resolu-
tion fed with Gaia masks (≈ 5% of masked area) and in absence
of empty pixels beside the star mask. It is worth noting that the
effect of map borders is unavoidably present in all cases, but it is
expected to be sub-dominant when compared to the one arising
from masks or empty pixels.

In the presence of map borders only, the two methods
show consistent parameter constraints within the 10% of the ill-
conditioning uncertainty. This result suggests the effect is not
prominent, in particular thanks to the removal of patch stripes
from the smoothed maps as explained in Sect. 9.5.

When introducing empty pixels randomly distributed across
the maps, the agreement deteriorates, with discrepancies rising
to 30% in specific tomographic and smoothing configurations.
This is explained by the distinct handling of missing data: KS

sets empty pixels to zero, leading to signal leakage into those
regions, while KS+ inpaints them mitigating the leakage. Specif-
ically, the KS leakage transfers to smaller and wider scales which
explains why the constraints between KS and KS+ become more
consistent when combining all the scales. This is shown in Fig.
B.2, where the KS and KS+ power spectra are measured in pres-
ence of empty pixels. We note that the KS power spectrum loses
power around the filter scale, reporting an excess on the other
modes as compared to the KS+.

In the setup including Gaia masks but no missing data, a
moderate 20% increase of the disagreement is observed in the
worst case. This is consistent with the inpainted masked area.

In a last instance, the KS constraining power is found to be
slightly higher than the one of KS+. While the numerical deriva-
tives are consistent, data covariance matrix terms are lower-
valued in the KS method. We thus explain this second trend
as the direct effect of the inpainting which introduces noisy
correlated pixels in the shear maps. In fact, the extra correla-
tion propagates across all pixels of the KS+ reconstructed mass
maps, increasing its data covariance values and finally bringing
to degraded constraints.
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Fig. B.1. Fisher contours of the PDF measured from the KS (orange) and KS+ (green) reconstructed redshift bin five top-hat smoothed with 9.′38
scale. In the left, middle and right panel, we explore the DR3 (1.′17), DR3 (0.′59), DR1-opt (1.′17) DR-configuration (pixel scale) respectively.
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Fig. B.2. Power spectra of a noisy κ-map of 512× 512 pixels (DR3-like
configuration with pixel resolution 0.′59 ) reconstructed from complete
shear maps (black using KS) and from incomplete shear maps with ≈
20% of empty pixels (blue using KS and red using KS+) randomly set
to zero before the mass inversion. In order to focus on a specific scale, a
2.′34 wavelet filter kernel is applied to the complete shear maps before
applying random empty pixels. The signal leakage into the empty pixels
is thus only induced by the FFT mass reconstruction.
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