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ABSTRACT

Combining deep Hubble Space Telescope (HST) images and extensive data from the Multi-Unit Spectroscopic Explorer, we present
new mass models of the cluster MACS J1149.5+2223, strongly lensing the supernova (SN) Refsdal, fully exploiting the source
surface-brightness distribution of the SN host for the first time. In detail, we incorporated 77 000 HST pixels, in addition to the known
106 point-like multiple images, in our modeling. We considered four different models to explore the effect of the relative weighting of
the point-like multiple image positions and flux distribution of the SN host on the model optimization. When the SN host’s extended
image is included, we find that the statistical uncertainties of all 34 free model parameters are reduced by factors ranging from one
to two orders of magnitude compared to the statistical uncertainty of the point-like only model, irrespective of the adopted different
image weights. We quantified the remarkably increased level of precision with which the cluster’s total mass and the predicted time
delays of the SN Refsdal multiple image positions can be reconstructed. We also show the delensed image of the SN host, a spiral
galaxy at zSN = 1.49, in multiple HST bands. In all those applications, we obtain a significant reduction of the statistical uncertainty,
which is now below the level of even the small systematic uncertainty on the mass model that could be assessed by the different
approaches. These results demonstrate that with extended image models of lensing clusters it is possible to measure the cluster’s total
mass distribution, the values of the cosmological parameters, and the physical properties of high-redshift sources with an unparalleled
precision, making the typically not-quantified systematic uncertainties now crucial.

Key words. gravitational lensing: strong – methods: data analysis – galaxies: clusters: general –
galaxies: clusters: individual: MACS J1149.5+2223 – cosmological parameters

1. Introduction

Massive objects, such as galaxies and galaxy clusters, can
cause the strong gravitational lensing effect; namely, back-
ground sources are observed multiple times. Since this effect
depends on the total mass of the lens, it is a powerful tool for
dark matter (DM; e.g., Grillo et al. 2015; Schuldt et al. 2019;
Meneghetti et al. 2020; Wang et al. 2022) and galaxy evolution
(e.g., Annunziatella et al. 2017; Mercurio et al. 2021) studies.
Furthermore, thanks to the lensing magnification, it enables the
detection and investigation of otherwise too-faint, high-redshift
sources (e.g., Vanzella et al. 2021, 2022; Meštrić et al. 2022,
2023; Stiavelli et al. 2023; Morishita et al. 2024).

? Corresponding author: stefan.schuldt@unimi.it

As proposed by Refsdal (1964), the values of the time delays
between the multiple images of a strongly lensed supernova
(SN) can be used to measure the value of the Hubble constant,
H0, which describes the current expansion rate of the Universe.
This technique recently gained significant attention, given the
current discrepancy between the measurements from the cos-
mic microwave background from Planck, resulting in H0 =
(67.4 ± 0.5) km s−1 Mpc−1 (Planck Collaboration VI 2020), and
the Cepheid distance ladder approach used by the SH0ES team,
providing H0 = (73.0 ± 1.0) km s−1 Mpc−1 (Riess et al. 2022).
The discrepancy raises the question of unknown systemat-
ics (e.g., Freedman & Madore 2024; Riess et al. 2024) or new
physics (e.g., Di Valentino et al. 2021), and time-delay cosmog-
raphy (TDC) could play a major role in its clarification.

The first-discovered spatially resolved gravitationally lensed
SN (glSN; Kelly et al. 2015, 2016) was imaged multiple times
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by the massive galaxy cluster MACS J1149.5+2223 (hereafter
MACS1149; see Fig. 1 for the cluster core), which lies at a red-
shift of zc = 0.5422 (Grillo et al. 2016). The glSN, called SN
Refsdal and located at zSN = 1.489, was lensed into six multiple
images, while one image (called SY) appeared before the discov-
ery, so only four time delays could be measured (Rodney et al.
2021; Kelly et al. 2023a). These time delays, together with
the observed positions of several multiple images of differ-
ent background sources, were used by Kelly et al. (2023b) to
measure the value of the Hubble constant, resulting in H0 =(
64.8+4.4

−4.3

)
km s−1 Mpc−1, from the combination of eight differ-

ent mass models, and H0 =
(
66.6+4.1

−3.3

)
km s−1 Mpc−1, by com-

bining their two best-fitting models (Oguri-a? and Grillo-g from
Treu et al. 2016). By directly including the measured time delays
in the frozen Grillo-g mass model (Grillo et al. 2016, here-
after G16), and by assuming a more general background cos-
mological model, Grillo et al. (2024) blindly obtained H0 =(
65.1+3.5

−3.4

)
km s−1 Mpc−1, accounting for both the statistical and

systematic uncertainties.
More recently, two other glSNe, SN H0pe, which is strongly

lensed by the galaxy cluster PLCK G165.7+67.0 (Frye et al.
2023), and SN Encore (Pierel et al. 2024), located in the same
host galaxy as the SN Requiem (Rodney et al. 2021) behind the
cluster MACS J0138.0−2155, were discovered. A first estimate
of the Hubble constant using the SN H0pe time delays was pre-
sented by Pascale et al. (2025), resulting in a (post-blind) value
of H0 =

(
71.8+9.2

−8.1

)
km s−1 Mpc−1, while the analysis with seven

different mass models for the SN Encore system resulted in
H0 =

(
66.9+11.2

−8.1

)
km s−1 Mpc−1 (Pierel et al. 2026; Suyu et al.

2025).
Although significant effort has been made to find more

glSNe and improve the H0 measurements, the relative uncer-
tainty on the value of H0 is still relatively high (∼5–6% for
SN Refsdal and 12% for SN H0pe) when compared with that
on the time delays. The uncertainty on the reconstructed total
mass distribution of the lens used for TDC contributes, together
with that on the measured time delays, to the total error bud-
get of the H0 value. In particular, for SN Refsdal, the clus-
ter total mass model uncertainty (∼5%) strongly dominates
over the time delay uncertainty (∼1%). This reflects the neces-
sity of improving the cluster’s total mass reconstruction and
of better understanding its statistical and systematic uncertain-
ties (e.g., Grillo et al. 2020). So far, all the considered clus-
ter total mass models for glSNe rely on the identified multiple
image positions of different background sources (e.g., Treu et al.
2016; Kelly et al. 2023b; Acebron et al. 2025; Ertl et al. 2025;
Pascale et al. 2025), which represents the state-of-the-art “point-
like” approach on cluster scale. However, on galaxy scale, where
so far only multiply-imaged quasars have been exploited for
TDC (e.g., Suyu et al. 2010; Wong et al. 2017; Birrer et al. 2019;
Chen et al. 2019; Shajib et al. 2020; Wong et al. 2024; Birrer
2025), modeling the extended surface-brightness distribution of
the quasar’s host galaxy is common, and this has been shown to
provide significantly more information than when just using the
quasar’s point-like images. Lately, some remarkable effort has
been made in the direction of the extended source reconstruc-
tions on group-scale systems (Ding et al. 2025; Bolamperti et al.
2024; Wang et al. 2022), while so far, solely Acebron et al.
(2024) has successfully pushed forward this extremely time-
consuming approach on a cluster-scale system, specifically on
the galaxy cluster SDSS J1029+2623. This cluster contains a
strongly lensed quasar with a measured time delay and is there-

fore well suited for TDC. In this work, we followed a similar
approach to Acebron et al. (2024) and relied on the same mod-
eling software, Glee (Suyu & Halkola 2010; Suyu et al. 2012),
while focusing on weighting schemes and the impact on the sta-
tistical uncertainty rather than the extracted source properties.
In contrast, the approach and the aim of Şengül et al. (2023) are
notably different, as the authors focused on distortions of giant
arcs to detect smaller perturbers and measure their masses (such
as DM components or supermassive black holes), did not con-
strain the total mass of the cluster using a direct reconstruction
of the arc as we did here.

Schuldt et al. (2024, hereafter S24) recently published an
enhanced strong lens mass model of MACS1149, incorporat-
ing new VLT/MUSE observations and following the state-of-
the-art point-like strong lens modeling approach. Exploiting the
new spectroscopic data, and thanks to a reanalysis of previous
observations, this model includes 17 previously unknown mul-
tiple images from six different background sources, extending
the covered source redshift range from z = 3.703 (system 14 in
G16) to z = 5.983. The availability of many multiple images
at various redshifts gives the significant advantage of reducing
the mass-sheet degeneracy, which is one of the main sources
of systematic uncertainties in gravitational lensing studies. This
newly presented point-like model resulted in a root-mean-square
(RMS) value of the distances between the observed and model-
predicted positions of the multiple images of 0′′.39, with only 34
free parameters.

Building upon this point-like mass model, we present the
first extended model of the surface brightness of the host galaxy
of SN Refsdal, which is so far the best studied glSNe. We incor-
porated 77 000 Hubble Space Telescope (HST) pixels of the SN
host galaxy (i.e., the pixels within the orange contours in Fig. 1),
which translates into an increase of the number of observables
by two orders of magnitude, while the underlying parametriza-
tion of the cluster total mass remains the same as in S24. This
approach also allowed us to reconstruct the delensed surface-
brightness distribution of the SN host, which is a spiral galaxy
at zSN = 1.49. With fixed cosmology, we carried out a detailed
analysis of the effect of this model extension on the statistical
errors on the cluster’s total mass and on the model-predicted
time delays. Moreover, we tested different weighting schemes
between the point-like and extended image contributions to the
value of the total χ2. These insights directly expanded the work
presented by Acebron et al. (2024) adopting a single weighting
scheme and will pave the way toward a new generation of clus-
ter mass models that will enable more precise measurements of
the value of the Hubble constant and of other quantities such as
the magnification factors of background sources. In particular,
with the ongoing Euclid (Laureijs et al. 2011) and Legacy Sur-
vey of Space and Time at the Rubin Observatory (Ivezic et al.
2008) observational campaigns, the number of detected glSNe
will significantly increase (e.g., Arendse et al. 2024), and com-
plete lensing analyses for TDC will become even more crucial.

The paper is organized as follows. We introduce the
exploited observables and the parametrization of the strong lens
mass model in Sect. 2, along with a brief discussion of the opti-
mization procedure for an extended source. In Sect. 3 we show
our novel results and compare them with those from our previ-
ous point-like model from S24. Section 4 summarizes the impact
of the new modeling on the derived quantities, such as the total
mass of the cluster and the predicted time delays. We conclude
our work in Sect. 5.

Throughout this paper, we assume a flat Λ cold dark matter
(ΛCDM) cosmology with H0 = 70 km s−1 Mpc−1 and ΩM =
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Fig. 1. Color-composite image (F435W for blue, F606W + F814W for
green, and F105W + F125W + F140W + F160W for red) of the cluster
core with the SN Refsdal and its host. Shown are the cluster members
(red triangles for photometrically selected members and red circles for
spectroscopically confirmed members) and the multiple image systems
(blue squares for SN Refsdal and the host and blue pentagons other-
wise). We indicate the regions (in orange) used for the SN host recon-
struction and extended image model.

1 −ΩDE = 0.3. In this cosmology, 1′′ corresponds to 6.36 kpc at
the cluster redshift, zc = 0.5422.

2. Lens mass model

The presented mass model was developed with the Glee
(Suyu & Halkola 2010; Suyu et al. 2012) modeling software,
while we also made use of glee_tools.py (Schuldt et al. 2023).
Glee allowed us to obtain the total mass distribution of the
cluster with a parametric approach, which we describe fur-
ther in Sect. 2.1. The values and errors of the model parame-
ters are typically constrained by the identified multiple image
positions of the strongly lensed sources (see Sect. 2.2), but
Glee also allows one to exploit the extended images of lensed
sources in the mass model as constraints (e.g., Suyu & Halkola
2010; Acebron et al. 2024). This additionally enables the recon-
struction of the (unlensed) surface-brightness distribution of
those sources by minimizing the difference between the model-
predicted and observed flux values on the regions covered by the
multiple images. This procedure is detailed in Sect. 2.3.

2.1. Mass parametrization

The presented extended-image mass model is based on the point-
like mass model of S24 and assumes the exact same cluster total
mass parametrization to allow a fair comparison to the model
from S24, considered as reference mass model. In short, the
overall cluster DM distribution is described by three pseudo-
isothermal elliptical mass distribution (Kassiola & Kovner 1993)
profiles, two of which are centered in the cluster core. Each of

them is characterized by six parameters: the coordinates of the
center, xH and yH; the axis ratio, qH; its orientation, φH; the halo
strength (or Einstein radius), θH; and the core radius, rc,H. More-
over, we include, as in S24, a fourth circular (qH ≡ 1) halo asso-
ciated with the galaxy-group halo located in the north of the clus-
ter. These cluster halos describe mostly the DM component of
the galaxy cluster, which hereafter we refer to as the DM halo.

Furthermore, we included the 308 securely identified cluster
members from S24, of which 195 (63%) are spectroscopically
confirmed. Following G16, the mass distribution of two clus-
ter members located close to the SN Refsdal host are described
by a dual pseudo-isothermal elliptical (dPIE) mass distribution
(Elíasdóttir et al. 2007; Suyu & Halkola 2010) with vanishing
core radius. All of the remaining 306 cluster members are rep-
resented through a circular (q ≡ 1) dPIE profile, whose trunca-
tion and Einstein radii are scaled according to their magnitudes
in the HST F160W band. While these assumptions result in an
approximation of the cluster’s total mass distribution, these mass
profiles and scaling relations are commonly adopted for cluster
mass models. The cluster member distribution in the cluster core
is shown in Fig. 1 with red triangles if photometrically identified,
and red circles if spectroscopically confirmed. The distribution
of all cluster members is displayed in Fig. 1 of S24.

2.2. Multiple image positions

While the mass parametrization (see Sect. 2.1) was kept the
same, we considered four different combinations and weightings
of the observables, as summarized in Table 1. In the first two
models, hereafter referred to as Sw and Ew, we included all mul-
tiple images from S24, namely 63 multiple images belonging to
18 knots of the SN Refsdal host (zSN = 1.489) and 43 multi-
ple images from 16 other strongly lensed sources, covering the
redshift range between 1.24 and 5.98. In the other two models,
hereafter referred to as Ewo and Swo, we excluded the identified
multiple-image positions of the SN Refsdal and of its host1. The
observed positions of the SN Refsdal and the identified multiple
images of the SN host are shown in Fig. 1 (blue squares). We
refer to G16 and S24 for their exact coordinates and redshifts.

Since the cluster’s total mass distribution is relatively com-
plex and the image multiplicity high, we adopted the expression
of S24 for the image-position χ2 term, namely

χ2
img =

Nfam∑
j=1


∑Nobs

j

k=1

(
xobs

j,k −xpred
j,k

)2

∆x2
j,k

+

(
yobs

j,k −y
pred
j,k

)2

∆y2
j,k

if Nobs
j ≤ Npred

j

∞ otherwise
, (1)

which ensures the correct image multiplicity for all sources. The
mass model relying only on the point-like image positions was
obtained by minimizing this term, and keeping it here allowed us
to draw a direct comparison to the mass model presented by S24.
In this equation, Nfam describes the number of families, Nobs

j and

Npred
j the number of observed and predicted image positions of

family j, respectively; xobs and yobs the observed x and y coor-
dinates, respectively; and xpred and ypred are the predicted x and
y coordinates, while ∆ describes the image position uncertainty
of the corresponding image position. In the next section, we pro-
vide further details on the parameter optimization.

1 From here on, we simplify the wording and write images of the SN
host when also referring to the SN images itself.
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Table 1. Overview of the considered mass models and their chi-square values for the corresponding best-fit models.

Model SN host weighting d.o.f. χ2
img χ2

ext χ2
red χ2

img,S24,w χ2
ext,orig RMS (w)

S24 Y χ2
img only 110 111.3 – 1.01 111.3 37 105 0′′.39

Ew Y χ2
ext-dominant 70 272 394 68 853 0.99 394 30 286 0′′.73

Sw Y χ2
ext ∼ χ

2
img 73 232 35 455 36 234 0.98 138.5 33 673 0′′.44

Ewo N χ2
ext-dominant 70 151 357 69 198 0.97 361 30 406 0′′.70

Swo N χ2
ext ∼ χ

2
img 73 371 34 803 36 212 0.99 141 33 654 0′′.44

Notes. We note that only χ2
img,S24,w, χ2

ext,orig, and RMS (w) can be fairly compared across different models, as they are computed assuming the same
observational uncertainties. The columns give from left to right the model acronym, whether the SN host image positions are included (Y) or not
(N), the χ2 term weighting, the number of degrees of freedom (d.o.f.), the image position chi-square value, as obtained from the optimization, the
chi-square value of the extended image, as obtained from the optimization, the total reduced chi-square defined as χ2/d.o.f., the image position
chi-square, adopting the uncertainties of S24 and always including the multiple image positions of the SN host, the extended chi-square value, by
adopting the original error map as defined in Eq. (4), and, finally, the root mean square (RMS) from all multiple image positions (to allow for a
fair comparison across the five models).

2.3. Extended image model and source surface-brightness
reconstruction

In addition to the image positions described in Sect. 2.2, we
included the flux values of the pixels of the SN host in our
mass model as observables. Since we only wanted to model and
reconstruct the surface-brightness distribution of the SN host,
we followed the approach of G16 and created a difference image
between the HST filters F435W and F606W. In detail, we used
a representative subset of spectroscopically confirmed cluster
members to determine a scaling factor for the F606W band to
best subtract the light of these cluster members, resulting in an
image with only the (lensed) background sources. The best aper-
ture size to estimate the scaling factor was determined in such
a way that the remaining fluxes within 1′′ around the selected
cluster members were minimal.

To create error maps, which were not directly available for
the HST images, we approximated them for both filters using
glee_tools.py (Schuldt et al. 2023). In this approximation, the
error for pixel j of filter k is defined as

σ2
tot,k, j =

{
σ2

poisson, j + σ2
bkgr, j ifσbkgr, j ≤ σpoisson, j

σ2
bkgr, j otherwise , (2)

with the Poisson noise (Hasinoff 2012)

σpoisson, j =

√
|d j|

t j
, (3)

which we obtained from the observed pixel intensity, d j (in e−-
counts per second) and the exposure time, t j, of pixel j, and
σbkgr, j approximated as a constant value equal to the standard
deviation from an empty region. After generating both error
maps separately, we combined them via

σtot, j =

√
σ2

tot, F435W, j + σ2
tot, F606W, j , (4)

without different weightings of the individual error maps, as we
applied a weighting to the final error map (see Table 1).

In addition, we needed to define which pixels of the dif-
ference image belong to the SN host and should be taken into
account during the modeling. For this, we created an arcmask
(see, e.g., Ertl et al. 2023, for further details). The considered
area is shown with orange contours in Fig. 1, and contains Npix
= 77 000 pixels with a pixel size of 0′′.03.

In each iteration of the parameter optimization, all pixels
within the arcmask are mapped from the observed image plane
onto the source plane, using the given mass model through the
ray-tracing equation. In this way, the source was reconstructed
on a grid of pixels, in our case with 100 × 100 pixels. Since we
usually reconstruct astrophysical sources, which typically show
quite smooth surface-brightness distributions, a regularization
term was applied to penalize very irregular surface-brightness
reconstructions. The regularization strength was adapted for
each source, which also allowed the reconstruction of relatively
clumpy spiral galaxies as the SN host. Specifically, we adopted
the curvature form of the regularization term implemented in
Glee, and refer the reader to Suyu et al. (2006) for further
details on the definition and procedure.

Furthermore, in each optimization step, the pixel grid of the
reconstructed source was mapped back into the image plane, pre-
dicting the lensed SN host’s intensity distribution. By compar-
ing, for each pixel, the predicted flux values, dpred, a vector of
length Npix, with the observed ones, dobs, a vector of the same
length, we were able to define a chi-square term as

χ2
ext = (dobs − dpred)T C−1

D (dobs − dpred) , (5)

where CD is the image covariance matrix described in Suyu et al.
(2006). This led to a very significant increase of the runtime and
of the required random access memory for the matrix multipli-
cation.

Assigning smaller uncertainties to the knots of the SN host
instead of a full extended-image mass model as described here
is possible and leads to a better reconstruction of the host. How-
ever, the extended image model has several further advantages.
First, lowering the uncertainties on the multiple images works
only for extended sources with significant luminosity structures,
such as the SN host galaxy we have here, but not for those
with relatively smooth surface-brightness distributions, such as
the quasar host reconstructed by Acebron et al. (2024), as one
cannot identify many knots there. Second, all these knots – 63
multiple images from 18 different knots in MACS1149 – need
to be properly matched and located, while the pixels used for
an extended reconstruction can easily be defined. Third, the
lowered uncertainties would only take the identified positions
into account, while with our reconstruction we simultaneously
made use of the pixel intensities, which have to match each
other on a large number of pixels, affecting the deflection angle
and magnification values in that region. Fourth, it enables stud-
ies of the background source and allows the measurement of
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extracted quantities such as the half-light radius of the recon-
structed source (Acebron et al. 2024).

Furthermore, this approach can easily be extended to simul-
taneously model multiband observations of the same source,
or to sources at different redshifts. For instance, Schuldt et al.
(2019) presented mass models of the galaxy-scale system called
the Cosmic Horseshoe (Belokurov et al. 2007) by modeling the
main arc in multiple filters and the radial arc simultaneously.

We then optimized the mass parameter values using sim-
ulated annealing and Markov chain Monte Carlo techniques
(Dunkley et al. 2005; Foreman-Mackey et al. 2013), as well as
emcee (Foreman-Mackey et al. 2013), by minimizing the total
chi-square value, χ2 = χ2

img + χ2
ext. However, since the extended

image provided almost three orders of magnitude more observ-
ables at a specific redshift in our case (the SN host redshift zSN =
1.489) than the point-like images, we tested different weightings
of the two chi-square terms. This was achieved by a constant
scaling of the combined error map affecting χ2

ext and a constant
scaling of the image position uncertainties influencing the χ2

img
term. We remark that the precise weighting should depend on the
specific scientific case to address. Raising the contribution of the
multiple images from sources at different redshifts helps to break
the mass-sheet degeneracy (Falco et al. 1985; Schneider & Sluse
2013), while more weight on the extended images leads to a bet-
ter reconstruction of the SN host. Since it is not obvious which
weighting is preferred for TDC and its impact on the recon-
structed mass model parameters and the quantities derived from
them, as for the time delays, we provide an extensive comparison
of the different weightings in Sect. 3.

In detail, as already noted in Sect. 2.2, we considered mod-
els with (Sw and Ew ) and without (Swo and Ewo) the multiple
images of the SN Refsdal and its host, as these image positions
were measured from the HST images, similarly to the flux val-
ues used in the extended-image model. We also explicitly note
that the SN image positions were excluded in the Swo and Ewo
models. Furthermore, since we adjusted all the uncertainties to
obtain a reduced χ2 ∼ 1 for the correct estimate of uncertainties
of the model parameters, we considered, in both cases, two dif-
ferent weightings of the χ2 terms. For the models Ew and Ewo,
we fixed the image-position uncertainties to those from S24,
which means that the χ2

img contribution is negligible as long as
the image multiplicity is correct. In case of a wrong image multi-
plicity, χ2

img and consequently χ2 are both infinity, and the model
is thus rejected, regardless of the extended-image reconstruction
(i.e., irrespective of the χ2

ext value). In other words, in these two
models we gave full weight to the extended image, which is the
preferred choice when one is particularly interested in studying
the source properties. Additionally, we considered the models Sw
and Swo, where we gave a similar weight (∼50%) to the two χ2

terms by adjusting the error map and the image position uncer-
tainties. In these cases, we gave more weight to the sources at
different redshifts than in the previous two models, which was
crucial for breaking the mass-sheet degeneracy. After obtaining
a good fit for each of the four models considered, we ran final
emcee chains for 96 days each with ten cores, leading to final
chain lengths of more than 600 000 iterations per model. Due
to the long runtime, we decided to use an approximate point
spread function, that, according to our tests with shorter chains
and a point spread function properly constructed from stars in the
field, led to the same conclusions overall. The absolute inferred
mass parameter values and the details of the source reconstruc-
tion (irrelevant in this work) differed only slightly.

3. Modeling results and comparison to the
point-like model

As described above, we built four different strong lensing mod-
els of the MACS1149 cluster, taking into account the extended
surface-brightness distribution of the SN host, and compared
them to the state-of-the-art point-like model presented by S24.
An overview of all models is presented in Table 1, where we give
the corresponding χ2 values of the optimized mass models. Since
the difference in the models is the weighting of the different χ2

terms, we report the values for the image positions (χ2
img) and

extended image (χ2
ext) separately. Furthermore, because the asso-

ciated uncertainties differ for the different models (see Sect. 2),
we also report chi-square values calculated adopting the same
uncertainties, namely the uncertainties from S24 for the multi-
ple images, resulting in χ2

img,S24, and the original error map for
the extended image obtained from Eq. (4), resulting in χ2

ext,orig,
as these values can be properly compared across the five models.

By looking at the χ2
ext,orig values, we find an expected signif-

icant improvement in the reconstructed image, when compared
to the point-like model, and we can see that the models Ew and
Ewo models outperform the Sw and Swo models. Moreover, it is
also expected that the χ2

img,S24 value increases as we give less
weight to this term. However, considering that the Ew and Ewo
models have full weight on the extended image and that the mul-
tiple image positions of the SN host and other sources at differ-
ent redshifts contribute a negligible amount, it is noteworthy that
these image positions are nonetheless very well reconstructed.
This is shown in the RMS values that increased by only 0′′.05
for the Sw and Swo models and by a factor of approximately
two for Ew and Ewo, compared to the point-like model, which
has its full weight on the multiple image positions. We note that
the reported RMS values were always calculated including the
image positions of the SN host (labelled RMS(w) in Table 1) to
allow a direct and fair comparison between the different mod-
els. We remind the reader again that we kept the mass model
parametrization exactly as in S24 to allow a fair comparison to
that model, despite the high number of newly introduced observ-
ables, so a slightly higher RMS is expected. However, in a future
work more flexible mass models could be explored to better
reproduce the now incorporated 77,000 HST pixel values. More-
over, we note that an RMS value of 0′′.73, which is the highest
value we obtained with the model flexibility of S24, is compara-
ble to state-of-the-art point-like models from other clusters (e.g.,
Bergamini et al. 2019; Richard et al. 2021; Furtak et al. 2023),
where the full weight is on the multiple image positions.

The improvement in the image reconstruction is visualized
in Fig. 2, where we compare Ew, resulting in the lowest χ2

ext,orig
value, with the point-like model S24. Although the Ewmodel still
shows some residuals, the reconstructed source has significantly
more structure than that from the point-like model. We highlight
the refinement going from S24 to Ew in Fig. 3, where we show
the corresponding normalized residuals as absolute ratio (left)
and difference (right). While the majority of the 77 000 pixels
show similar normalized residuals (green), we see a clear trend
toward lower values (blue) for the Ew model, corresponding to
a better image reconstruction. It is remarkable that the normal-
ized residuals of more than 200 pixels improved by more than
1.5σ compared to the reconstruction with the point-like model,
while the normalized residuals for only four pixels increased by
1.5σ. This reflects the power of the extended image model and
translates into a refined cluster-mass reconstruction around the
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observed predicted
norm. residuals 

 (-4 , 4 ) source

5''
1''

Fig. 2. Surface-brightness reconstruction from model Ew (top row), showing the best reconstruction, and from the point-like model S24 (bottom
row), which was not optimized on the extended image. We show, from left to right, the observed image, the model-predicted image, the normalized
residuals, and the reconstructed source (the SN host galaxy). We illustrate the sizes of the images and of the reconstructed sources with green bars
of 5′′and 1′′, respectively. We again note that the Ew model is optimized with an approximate point spread function (see Sect. 2.3 for details),
which slightly affects the final appearances of the reconstructed image and source.
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| NResEw/NResS24 |
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Fig. 3. Comparison of normalized residuals (NRes) of the model Ew
and the point-like model by S24, as an absolute ratio (left) and absolute
difference (right). The bottom panels show the 1D histograms, and the
top panels show the corresponding 2D image color-coded in the same
way as the histograms.

SN host, which is crucial for TDC and studies of the physical
properties of the source galaxy.

By adding the surface-brightness distribution of the SN host
galaxy to the other point-like multiple images, we obtain both
a significant improvement in the extended image reconstruction
and unprecedented precision in the inferred values of the individ-

ual mass model parameters. This is illustrated in Fig. 4, where
we show the relative errors of the 34 free parameters for the five
models, Ew, Ewo, Sw, Swo, and the point-like model. The statisti-
cal uncertainties of all model parameters, which were estimated
by extracting 100 random iterations from the final sampling
chains, are reduced by between one and two orders of magni-
tude. Solely the uncertainties on the three varying redshifts of
sources 6, 7, and 8 (see G16 and S24) are comparable among
models S24, Ew, and Ewo. This can be explained by the fact
that the adopted image-position uncertainty is the same for these
three models, while for models Sw and Swo it is much lower (see
Table 1). As a consequence, a small change of the redshifts in
the Sw and Swo models results in a high χ2

img value, such that
these models were penalized. On the other hand, the redshift val-
ues of models Ew and Ewo can vary more broadly, similarly to
those in S24. We note that the relative error is, for some parame-
ters, slightly misleading. For instance, the center of the first DM
halo is very close to the origin of the selected coordinate system
(see G16 and S24), so its relative error always appears relatively
high. However, since this holds for all five models, the compari-
son between the models, which is the aim of the plot, is fair and
clearly demonstrates that we obtain a significant improvement
in precision, regardless of the chosen weighting and inclusion or
exclusion of the multiple images of the SN host.

4. Predicted cumulative total mass profile, time
delays, magnifications, and multiband source
reconstruction

After presenting the improvement on the mass parameter val-
ues, we considered the impact on some derived quantities. First,
we computed the cumulative total mass profile of the cluster
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Fig. 4. Relative errors of the 34 free parameters (left) and of the magnification factors at the model-predicted positions of the point-like multiple
images (right) from the five different models (indicated by different colors and symbols). For the definition of the individual model parameters,
see Sects. 2.1 and S24. While the 106 multiple images are, for simplicity, not labeled, we highlight those belonging to the SN and its host (and
thus excluded in models Ewo and Swo; white background), those with variable redshift (since no spectroscopic redshift is known; light gray), those
belonging to the northern galaxy group (see Fig. 2 of S24; medium gray), and those from additional sources in the cluster core (dark gray). We
observe a significant reduction in the statistical uncertainties of the model parameters (left) and magnifications (right) when we include the 77 000
HST pixels as direct constraints in the strong lensing model.

MACS1149, as shown in Fig. 5. We compared our four new
extended-image and previous point-like models and found good
agreement among them. We obtained a projected total mass inte-
grated within 500 kpc of (6.31 ± 0.07) × 1014M�, with the 1σ
errors approximately one order of magnitude smaller when the
extended surface brightness is included in the models. We note
that the quoted uncertainties are only the statistical uncertain-
ties, while the systematic uncertainties should be assessed with
different cluster’s total mass parametrizations.

Second, we compared the model-predicted values of the
time delays between multiple images of the SN observed in
MACS1149. Because all our models were obtained with a fixed
cosmology (i.e., flat ΛCDM; see Sect. 1), we only considered
the four presented models (Ew, Ewo, Sw, and Swo) and the point-
like models from S24 and G16, which were built under the same
cosmological assumptions. Figure 6 shows the median values
and 1σ errors of the four predicted time delays for all six mod-
els, obtained from 100 different iterations of the final sampling
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Fig. 5. Cumulative projected total mass profile M(< R) of MACS1149
as function of the radius, R, measured from the brightest cluster galaxy
(see G16. The plotted bands correspond to the 1σ intervals obtained
from 100 random iterations of the final sampling chains. We com-
pared our four new extended image models with the point-like model
from S24 and found significantly smaller statistical uncertainties for
the extended image models. The positions of the multiple images are
marked with small dashes on the lower x-axis and color-coded accord-
ing to their redshifts. The bar lengths reflect the positional uncertainties
(a small dash corresponds to an HST identification, while a long dash
corresponds to a MUSE-only identification; see S24 for details). We
further show the positions of the 77 000 HST image pixels used in the
extended image models with a gray histogram, where the height (in log-
scale) corresponds to the number of pixels per radial bin.

chains. A comparison with the measured time delays would not
be fair, given the fixed values of the cosmological parameters in
our lensing models. The updated measurement of the values of
the cosmological parameters, including the Hubble constant, by
exploiting the extended image models exceeds the scope of this
study and is thus left for a future work.

Although the predicted values of the point-like models S24
and G16 differ slightly, they are consistent, given the 1σ uncer-
tainties. The uncertainty on ∆tSX:S1, which is the longest time
delay and thus the most relevant one for cosmological applica-
tions, obtained with the mass model from S24 than with that
from G16. This can probably be ascribed to the inclusion of the
SX observed position in S24, which is different from G16. The
latter mass model was developed before the detection of the SN
at the SX position (i.e., this position was a blind prediction of
that model). Considering this, the predicted value and error of
the ∆tSX:S1 time delay with model G16 represent a remarkable
result.

The model-predicted time-delay median values of the
extended image models are all well within the 1σ intervals of
S24 and G16, and, regardless of the weighting, the obtained
statistical uncertainties are more than an order of magnitude
smaller. Although a lower uncertainty is expected, given the
improved reconstruction of the cluster’s total mass (see Fig. 4),
the observed effect is remarkable. The remarkably small error
bars are responsible for the fact that only models Ew and Ewo,
and Sw and Swo, respectively, are consistent within 1σ. Con-
sequently, the model-predicted time delays mildly depend on
the weighting, i.e., whether we reconstruct the SN host’s sur-
face brightness, and thus the local cluster’s total mass distribu-
tion, in the best way (models Ew and Ewo), or if we give 50%
of the weight to the other multiple images, which are at differ-
ent redshifts, to reduce the mass-sheet degeneracy. We remind
the reader that the quoted uncertainties only refer to the statis-
tical errors, and the small differences among the four models
can be used to quantify a first source of systematic uncertain-
ties. Until now, with point-like models, the systematic uncer-
tainties were found to be significantly smaller than the statistical
ones (Grillo et al. 2020). Given the increased precision with the
source surface-brightness reconstruction, systematic effects will
become relevant.

It is noteworthy that the statistical uncertainty on the time-
delay value ∆tSX:S1 predicted with point-like models is ∼5%,
exceeding the error on the measured time delay, which is on the
order of 1.5% (Kelly et al. 2023a). Both these terms contribute
with similar weights to the resulting precision on the inferred
value of H0. Thanks to the extended image models, we achieved
a sub-percent statistical uncertainty on the model-predicted time
delays. This translates into significantly more precise measure-
ments of the values of the cosmological parameters.

Another strong application of cluster lensing, including
MACS1149 itself (e.g., Stiavelli et al. 2023; Morishita et al.
2024), is the study of high-redshift sources that are amplified
thanks to the lensing magnification effect. Our extended image
models are expected to impact this research field in two ways.
As already shown in Fig. 2, we obtained a delensed version of
the SN host galaxy. However, while we used a difference image
from two HST bands to minimize the light contribution from
all cluster members for the modeling, we can also use a given
extended image model to delens the images in a single band. As
a demonstration, we used the final Ew model, achieving the low-
est χ2

ext,orig, to reconstruct the delensed SN host galaxy from the
individual HST images. In detail, we obtained the reconstruction
in three HST bands, F814W, F606W, and F435W, and in Fig. 7
we show them as a color image. We modified the mapped pixels
slightly, mainly the regions of the four SN images, to exclude
the light contribution from nearby cluster members and the SN
images (slightly visible in F435W). While the extended image
modeling is computationally very expensive, the source recon-
struction is not (this is roughly equivalent to a single model iter-
ation), and thus it can be easily done in multiple bands and with
images from other telescopes.

The extended image modeling and the delensing of back-
ground sources is only possible for extended ones, such as the
SN host with 77 000 HST pixels. This technique is not directly
applicable for compact objects, extending only over a small
amount of pixels. Therefore, resulting in an additional applica-
tion scenario, we show the predicted magnifications of the 106
multiple images, which is a crucial measurement for studying
background sources, in Fig. 4 (see Grillo et al. 2016, and S24
for the exact coordinates). As we see from Fig. 4 (right panel),
where we show the relative uncertainties on the magnification,
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Fig. 6. Median values and 1σ uncertainties of time delays obtained at the model-predicted positions of the multiple images of the SN with fixed
(flat ΛCDM) cosmology. The four new extended image models and the two previous point-like models by S24 and G16 are shown with different
colors. We notice the significantly lower statistical uncertainties for the extended image models compared to the point-like models. We note again
that the extended image models are constructed with an approximate point spread function (see Sect. 2.3 for details), which slightly affects the
exact values of the predicted time delays.

Fig. 7. Color composite image of the SN host reconstruction from the
Hubble Frontier Field HST bands F814W (red), F606W (green), and
F435W (blue), using the Ew model. The mapped region was slightly
modified compared to that used in the model optimization (shown in
Fig. 2) to minimize light contamination from some cluster members and
the SN images. This figure underscores our ability to directly model the
SN host in multiple bands. The image has an extension of 2′′.05 and 2′′.27
along the x and y axes, which correspond to 17.84 kpc and 19.75 kpc,
respectively, at a redshift of zSN = 1.49.

we found an improvement by ∼1 order of magnitude between
the classical point-like model and the four extended image mod-
els. As expected, this holds specifically for the multiple images

from the SN host (white background in Fig. 4). Therefore, we
expect this model approach to impact the high-redshift studies
in general. It is understandable that models Ew and Ewo preform
better than Sw and Swo on the multiple image positions of the
SN host, while the performance on the other images is overall
worse. This holds in particular for the images with photometric
redshifts (light gray band in Fig. 4), as these images add very
little information to Ew and Ewo, while, because of the reduced
image position uncertainty, they contribute significantly to mod-
els Sw and Swo.

It is also interesting to see the behavior of the northern galaxy
group, where we lack a significant improvement for most of
the seven multiple images (medium gray background in Fig. 4).
This is likely due to the angular distance to the SN host galaxy,
where the additional observables are located. In particular, mod-
els Ew and Ewo lack any significant constraints in this region,
which underscores that the choice of weighting depends on the
project’s scope and can be used to mitigate this effect. How-
ever, we did not find a strong dependency on the weighting
for the overall predicted quantities (see Figs. 5 and 6). Further-
more, we explicitly note that all extracted quantities (total cluster
mass, time delays, etc.) fall well within the previous statistical
uncertainties from our point-like mass model S24, while the dif-
ferences between our new mass models reflect systematic uncer-
tainties that became relevant. These systematic uncertainties are
well below the statistical uncertainties of the mass model from
S24 (see Fig. 6), which is in agreement with previous findings
by Treu et al. (2016) and Grillo et al. (2020), for example.

5. Summary and conclusion

We obtained the first total mass model of the strong lensing clus-
ter MACS1149 by combining 106 identified multiple images
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and the extended surface-brightness distribution of the SN host
galaxy. The cluster mass was modeled with parameterized pro-
files, following the point-like model from S24 to enable a direct
comparison, and composed of three elliptical DM halos, a spher-
ical DM halo associated with the galaxy group in the north (see
Fig. 2 in S24), two elliptical profiles for two cluster members
close to the SN host, and a spherical profile for each of the
306 additional cluster members, where their Einstein and trun-
cation radii were scaled according to given scaling relations.
Additionally, three background sources without spectroscopic
redshift were included with a variable redshift value. In total,
we optimized 34 free parameters (see Fig. 4). While this seems
a small number of parameters, including a few hundred mass
components and several dozen background sources already leads
to a relatively long runtime, when optimizing a model on the
image plane. We faced significant computational challenges by
incorporating 77 000 HST pixels in the modeling. Furthermore,
the random access memory (RAM) increased remarkably, from
∼1GB/core to around 180GB/core, making a parallelized opti-
mization extremely difficult.

Since we considered the flux values of 77 000 HST pixels
in addition to the 212 multiple-image positions (x and y coor-
dinates for 106 images) as observables, we examined, for the
first time, different combinations of the two groups of observ-
ables. Namely, we tested the effect of the weighting with four
different models, fixing the model parametrization as in S24. In
detail, we analyzed a first version effectively with full weight on
the extended image of the SN host, and a second version where
we rescaled the image position uncertainties and the surface-
brightness error map so that both terms contributed similarly
to the total chi-square value. Furthermore, for the two previous
cases, we built a version with all identified image positions, and
one excluding those of the SN host, as these were considered
as already included in the HST pixels. Regardless of the weight-
ing and of the included or excluded SN host image positions,
the values of the model parameters were measured with preci-
sion between one and two orders of magnitude higher than in
the point-like model (see Fig. 4). We also found slightly lower
statistical uncertainties for models with equal weights (i.e., mod-
els Sw and Swo). As expected, we obtained a better reconstruc-
tion of the SN host with the models adopting full weight on the
extended images (see Fig. 3 and Table 1).

Going beyond the simple comparison of the parameter val-
ues, we quantified the impact on some derived quantities of the
models. First, given the powerful use of gravitational lensing
to measure the total mass of a lens, we obtained the projected
cumulative total mass profile of the lensing cluster MACS1149
(see Fig. 5) with remarkably small errors. Then, since the clus-
ter produced multiple images of SN Refsdal, we predicted the
values of their time delays and compared them with those from
Grillo et al. (2016) and S24 within a fixed cosmological model.
In particular, we did not find any bias on the predicted time
delays using the different weighting and showed that the statisti-
cal uncertainty, associated with the remaining uncertainty in the
cluster’s total mass reconstruction, decreased from ∼5%, for the
point-like model, to less than 1% for the extended image mod-
els. This will translate into significantly more precise estimates
of the values of the cosmological parameters. We thus reached a
regime in which the systematic errors need to be quantified, as
we can see from the minor differences between the four differ-
ent mass model predictions. Moreover, we measured the mag-
nification factors for all 106 identified multiple images with the
four new mass models and the point-like model S24 and com-
pared their relative errors (see Fig. 4). In all cases, we found a

significant improvement in precision when taking the surface-
brightness distribution of the SN host into account.

Furthermore, we reconstructed the SN host galaxy in mul-
tiple HST bands and show, for illustration purposes, a color-
composite image in Fig. 7. Thanks to extended image models,
such as those developed in this work, precise source reconstruc-
tions will be possible in the future, using the HST, James Webb
Space Telescope (JWST), or other observations. This will likely
significantly impact high-redshift source studies. While it is clear
that for this specific science case the best source reconstruction is
preferred (i.e., model Ew or Ewo), the other weighting (i.e., model
Sw and Swo) is likely more effective in reducing the mass-sheet
degeneracy thanks to the multiple images at different redshifts,
and it is thus more suitable for cosmological applications. This
shows that the preferred weighting might depend on the specific
scientific goal.

In conclusion, we present the potentialities of extended
strong lensing models in the Hubble Frontier Field galaxy clus-
ter MACS1149, showing the first multiple-imaged and spatially
resolved supernova. We demonstrate the impact on several sci-
entific applications, from TDC to high-redshift studies. With an
improvement of more than one order of magnitude in the sta-
tistical uncertainties of the model parameters, this work paves
the way for a new generation of mass models of cluster lenses
exploiting high-resolution imaging data from the HST, JWST,
and Euclid telescope. Accelerated lensing codes such as Hercu-
lens (Galan et al. 2022), Gravity.jl (Lombardi 2024), or GPU-
based Glee and Glad (Wang et al. 2025) will play a fundamen-
tal role in reducing the computational time and thus making anal-
yses of this kind feasible.
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