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ABSTRACT

Dipolar (¢ = 1) mixed modes have revealed a surprisingly weak differential rotation between the core and the envelope of evolved
solar-like stars. Quadrupolar (£ = 2) mixed modes also contain information regarding internal dynamics but are very rarely charac-
terised due to their low amplitude and the challenging identification of adjacent or overlapping rotationally split multiplets affected
by near-degeneracy effects. We aim to extend the broadly used asymptotic seismic diagnostics beyond ¢ = 1 mixed modes by devel-
oping an analogue asymptotic description of ¢ = 2 mixed modes while explicitly accounting for near-degeneracy effects that distort
their rotational multiplets. We have derived a new asymptotic formulation of near-degenerate mixed ¢ = 2 modes that describes
off-diagonal terms representing the interaction between modes of adjacent radial orders. This formalism, expressed directly in the
mixed-mode basis, provides analytical expressions for the near-degeneracy effects. We implemented the formalism within a global
Bayesian mode-fitting framework for a direct fit of all £ = 0, 1,2 modes in the power spectrum density. We were able to asymptot-
ically model the asymmetric rotational splitting present in various radial orders of £ = 2 modes observed in young red giant stars
without the need for any numerical stellar modelling. We applied our formalism to the Kepler target KIC 7341231, and it yielded
core and envelope rotation rates consistent with previous numerical modelling while providing improved constraints from the global
and model-independent approach. We also characterised the new target, KIC 8179973, measuring its rotation rate and mixed-mode
parameters for the first time. As our framework relies on a direct global fit, it allows for much better precision on the asteroseismic
parameters and rotation rate estimates than standard methods, yielding better constraints for rotation inversions. We have placed the
first observational constraints on the asymptotic £ = 2 mixed-mode parameters (All, ¢,, and &,,), thus paving the way towards the
use of asymptotic seismology beyond £ = 1 mixed modes.
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1. Introduction

Understanding the internal dynamics of evolved solar-like stars
remains one of the major challenges in asteroseismology. Inter-
nal dynamical processes can be probed using oscillations that
consist of acoustic pressure modes (p modes) and buoyancy-
driven gravity modes (g modes). In evolved solar-like stars, p
and g modes can couple across their respective cavities, giv-
ing rise to mixed modes (e.g. Unno et al. 1989; Takata 2016a),
first detected by Beck et al. (2011). Mixed-mode analyses have
revealed the core and the envelope rotation rates of sub-giant
and red giant stars (e.g. Beck et al. 2011; Deheuvels et al. 2012;
Mosser et al. 2012a; Deheuvels et al. 2014; Di Mauro et al.
2016; Gehanetal. 2018; Lietal. 2024). However, measured
rotational gradients are substantially weaker than those predicted
by hydrodynamical theoretical models of angular momentum
evolution (e.g. Eggenberger et al. 2012; Marques et al. 2013;
Ceillier et al. 2013; Eggenberger et al. 2017, 2019). This dis-
crepancy indicates the presence of missing angular momentum
transport mechanisms in our representation of angular momen-
tum transport in stars. Several processes have been proposed to
enhance transport, including meridional circulation (Zahn 1992;
Maeder & Zahn 1998; Mathis & Zahn 2004; Decressin et al.
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2009), hydrodynamical instabilities (Zahn 1992), mixed modes
(Belkacem et al. 2015; Bordaddgua et al. 2025), internal grav-
ity waves (Schatzman 1993; Fuller et al. 2014; Pincon et al.
2017; Rogers & Ratnasingam 2025), and magnetic processes
such as transport by Alfvén waves and magnetic tension (e.g.
Mestel & Weiss 1987; Zahn et al. 2007; Takahashi & Langer
2021; Gouhier et al. 2022), magneto-rotational instabilities
(Meduri et al. 2024), magnetic webs (Skoutnev & Beloborodov
2025a), or transport by the Tayler-Spruit dynamo (e.g. Tayler
1973; Spruit 2002; Fuller et al. 2019; Moyano et al. 2023;
Skoutnev & Beloborodov 2025b). To date, no observational con-
straints have unequivocally identified any overarching dominant
physical mechanism responsible for angular momentum trans-
port along stellar evolution.

To better constrain the efficiency of such newly proposed
angular momentum transport mechanisms, more refined seismic
diagnostics are required. So far, most efforts to constrain stel-
lar internal rotation rates have focused on dipolar mixed modes,
i.e. modes with degree £ = 1. Extending the analysis beyond
dipole (¢ = 1) modes to include quadrupole mixed modes (£ = 2)
offers the prospect of significantly strengthening and adding con-
straints on internal dynamics. This extension not only increases
the number of available observational probes but also provides
sensitivity to different dynamical kernels, as modes of different
degrees sample distinct regions of the stellar interior, particularly
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within the convective zone (Hekker & Christensen-Dalsgaard
2017). The probing power of £ = 2 mixed modes and our
ability to use them are limited by two major factors: (i)
The p- and g-mode cavities sit further away from each other
than those of £ = 1 modes, leading to an expected much
weaker coupling strength that reduces the height of the £ = 2
mixed modes in the power spectral density (hereafter PSD,
Dupret et al. 2009; Grosjean et al. 2014; Mosser et al. 2018).
(i) The presence of near-degeneracy effects between adjacent
multiplets distort the splitting structure (Lynden-Bell & Ostriker
1967; Dziembowski & Goode 1992; Deheuvels et al. 2012,
2014, 2017; Mosser et al. 2018; Ong et al. 2022; Li et al. 2024;
Ahlborn et al. 2025) and prevent straightforward identification
and interpretation of the ¢ = 2 mixed-mode frequency pattern.

While the above-mentioned point (i) is a detectabil-
ity limit, point (ii) reduces our ability to identify modes.
Standard first-order perturbation theory predicts symmet-
ric splittings in slowly-rotating stars (e.g. Aerts et al. 2010;
Goupil et al. 2013; Deheuvels et al. 2014; Gehan et al. 2018).
However, if two unperturbed modes are close in fre-
quency, their eigenfunctions are no longer independent.
The resulting near-degeneracy introduces off-diagonal inter-
action terms in the oscillation equations, producing an
observable asymmetry in the mixed-mode frequency pattern
(Lynden-Bell & Ostriker 1967; Dziembowski & Goode 1992;
Deheuvels et al. 2017; Mosser et al. 2018; Ongetal. 2022;
Lietal. 2024; Ahlborn et al. 2025). Despite several studies
investigating near-degeneracy effects on oscillation frequencies
(e.g. Deheuvels et al. 2017; Mosser et al. 2018; Ong et al. 2022;
Li et al. 2024; Ahlborn et al. 2025) and efforts to include £ = 2
modes in seismic analysis (Deheuvels et al. 2012, 2014, 2017,
Benomar et al. 2013), no asymptotic framework has been devel-
oped yet to explicitly compute the near-degeneracy interaction
terms in the mixed-mode basis. For instance, Li et al. (2024) per-
formed an implicit treatment of these effects, while Ong et al.
(2022) carried out the calculation in the 7—y decoupled mode
basis. In this work, we present a new asymptotic formalism
for mixed quadrupole modes that explicitly incorporates near-
degeneracy effects through non-diagonal near-degeneracy terms
in the mixed-mode basis. This approach enables us to compute
the near-degeneracy terms directly in the asymptotic limit and
solve the associated quadratic eigenvalue problem. It also offers
two main advantages: (i) It preserves the mixed-mode basis,
which simplifies the implementation for direct use in data anal-
ysis, similar to the method extensively used to analyse £ = 1
mixed modes. (ii) It provides explicit asymptotic estimates of the
off-diagonal near-degeneracy terms, allowing for closed-form
near-degeneracy corrections derived from quantum perturbation
theory.

This article is structured as follows: In Section 2 we lay the
theoretical basis for this work and show the development leading
to the asymptotic expression of the off-diagonal near-degeneracy
terms. In Section 3, we introduce the global Bayesian framework
and the priors we used for simultaneously fitting of our radial
and £ = 1,2 mixed modes. Finally, in Section 4 we describe
how we applied our new formalism and analysis pipeline to
two early red giant stars observed by the NASA Kepler mis-
sion (Borucki et al. 2010). We started with KIC 7341231, which
has already been characterised with numerical methods by
Deheuvels et al. (2017), to demonstrate the robustness of our
prescription. We then performed the global fit of mixed modes
in the new candidate, KIC 8179973, which shows strong near-
degeneracy effects in the quadrupolar modes. We report our
results before concluding in Section 5.
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2. New developments on near degeneracy effects
2.1. Theoretical context

We begin by outlining the theoretical background and notation
underlying our new asymptotic formulation. This framework
was developed within the standard theory of adiabatic stellar
oscillations.

2.1.1. The general rotating eigenvalue problem

As shown in, for example, Aerts et al. (2010), in the case of a
non-rotating spherical star, the stellar adiabatic oscillation prob-
lem can be cast as an eigenvalue equation:

d*6r
o
where £ denotes the linear operator that encapsulates the pertur-

bations of the equilibrium due to volumetric forces and acts on
the displacement field 6r associated with stellar oscillations:

= £ ér, 1)

7

Vp
P

Here, p and p are the equilibrium pressure and density of the star,
while p’, p’, and @ are the Eulerian perturbations in pressure,
density, and gravitational potential.

The solutions of this eigenvalue problem are given by a set
of eigenvalues, wy , ¢, and eigenfunctions, drg ¢, that can be
decomposed on the spherical harmonics basis as

6r0,/1,é’,m = [go,r,f,iz,m(r)Y;n(ev ¢)er
oY™ 1 aym

4 £
—_— + —_———
30 ¢ Singo) g ¥

Lor=

, P
+ VO — p—2Vp. )

+§O,h,{’,n,m(r) )] eXP(—iwo,n,t,m [)- (3)

In this basis, 7 is the number of nodes of the eigenfunction along
the radius, ¢ is the angular degree, and m is the azimuthal order
of the mode.

In the absence of any perturbation that breaks the spherical
symmetry of the initial problem, the modes with the same radial
order, n, and angular degree, ¢, but different azimuthal order, m,
are degenerate in frequency such that wg , ¢, = wo n¢m Ym. In the
rest of the article, we refer to these eigenfunctions as unperturbed
eigenfunctions. We index them by their n only, as our physical
framework does not allow for coupling between modes of dif-
ferent degrees (£). Hence, the set of unperturbed eigenfunctions
is the set of all 6rg; = 0ro;rm, With eigenvalues wo; = wo ¢ m»
where i plays the role of n such that

[£0,i()Y7(6. e,
oy 1oy
0O\ g €0 Sni@) ag

6"()’,' =

)} exp(—iwo,t). 4)

In this equation, the r index refers to the part of the eigenfunction
that oscillates vertically along the radius, while the 4 index refers
to the horizontally oscillating part of the eigenfunction.

When including stellar rotation into the motion equation, the
spherical-symmetry-induced degeneracy is lifted, and the solu-
tions to the eigenvalue problem depend on m. At the leading
order in €, i.e. the angular rotation rate of the star, the eigen-
value problem becomes (e.g. Aerts et al. 2010; Deheuvels et al.
2017; Ahlborn et al. 2025)

67 + 20 (MQ ~ i ©X) 67 = (=0 + 0 Lroy) OF
= L ér, (5)
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where we assumed Q = Q(r, 0) (cos(f)e, — sin(H)ey), and where
or is the perturbed eigenfunction.

We then decomposed dr on the basis of the unperturbed
eigenmodes such as

or a;

_— = 67' i (6)
Vit m

with

I = (r,br), @)

where (-, -) is the inner product defined as (for two vectors @ and
b and p the local density of the star)

(a,b) = f pa*bd’r. (®)
star

Thus Eq. (5) can be written in a matrix form:

w’la — wRa —La =0, 9)

where I is the identity matrix, L = diag(wé‘i), a is the vector
of the a; (i.e. the coeflicients of the decomposition of dr in the
unperturbed base following Eq. (6)), and

_ <6r0,i’ £rol,m6r0,j>

Rl,]
Vio.ilo,j

Assuming a rotational profile that only depends on the radius of
the star Q = Q(r), the matrix elements of R can be written as
(e.g. Deheuvels et al. 2017)

(10)

(070, Liowmbro ;) = 2m f K; j(r)Q(r)dr, (11)
star

with

Ki j(r) = pr g

X (fg,,,,-fo,r, o+ (L = D&, onj — Egpibori — & ribon j) ,
(12)

where we have introduced the notation L = +/£({ + 1) and where
org,; and d0ry ; are the eigenfunctions of two mixed modes unper-
turbed by rotation.

2.1.2. The two-zone rotating model

In the rest of the developments, we use the general expression
for the matrix elements R;; and discuss the simplifications that
arise under the assumption of a two-zone rotation model. As is
customary in the literature (e.g. Mosser et al. 2012a; Gehan et al.
2018), we now consider a simplified model of rotation with two
zones — the core (i.e. the g-mode cavity) and the envelope (i.e.
the p-mode cavity) — rotating at fixed rotational rates Q. and
Qeny, respectively.

2.2. First order symmetric rotational effects: Diagonal terms

At the first perturbative order (i.e. neglecting the coupling ele-
ments between eigenmodes of different n), an eigenfrequency
will symmetrically lift its degeneracy and create what we refer
to as a rotational splitting of width (e.g. Aertsetal. 2010;
Unno et al. 1989):

1 N
w; = wo; = 8w = 5 (870 Leoumdro). (13)

The modes of the same ¢ and different m are no longer at the
same frequency but are at first order distributed symmetrically
around the peak of m = 0.
The coupling element,
1 o
7 (8705 Lownbro,) (14)
may be asymptotically expressed using the seismic ¢ function.
For a given unperturbed mixed mode, the asymptotic expression
of the {-function provides the ratio between the mode inertia
in the g-mode cavity and the total mode inertia (Goupil et al.
2013, see also Section 3.1.3 for the asymptotic expression of this
quantity):
Iy
(W)= 7 (15)
Based on this relation, the asymptotic expressions for the
diagonal elements of the coupling matrix within the two-

zone model were shown to be given by Goupil et al. (2013),
Deheuvels et al. (2014)

<6r0,i’ ‘Erot,mé‘ro,i>

1
IO,i =2m X (Qcore((wo,i)(l - ﬁ)

+ Qun(1 = Lwn)). (16)
We use this description, excluding near-degeneracy effects (i.e.
off-diagonal near-degeneracy terms), to fit the £ = 1 modes in
Sect. 4 because the targets we chose have a large frequency
separation, Ay > 20, where we expect little to no influence
of near-degeneracy effects (Ahlborn et al. 2025). In the case of
more evolved stars in the regime of low asymmetry splittings
(typically for 11 < Av < 13, depending on the core rotation
rate according to Ahlborn et al. 2025), our framework provides
an explicit second-order perturbative correction to the rotational
splitting (based on Eq. (27), see Appendix A for more details).

This approach eliminates the need to solve the implicit equa-
tion used by Li et al. (2024) to reproduce the rotational asymme-
tries in £ = 1 mode splittings.

2.3. Near-degeneracy effects: Non-diagonal terms

The symmetry in the splitting of the modes can be broken
when the non-diagonal elements (i.e. i # j) of the matrix,
R, become non-negligible compared to the diagonal. This is
expected to happen when two modes have a frequency sep-
aration comparable to the rotation rate of the star, i.e. when
lw; — w;| ~ Q (Dziembowski & Goode 1992; Deheuvels et al.
2017; Ahlborn et al. 2025). This is illustrated in Fig. 1, which
uses the asymptotic framework of this paper to highlight how
near-degenerate interactions modify the usual pattern of rota-
tionally split multiplets and generate asymmetries in the fre-
quency pattern.

The off-diagonal terms, which are those responsible for
the near-degeneracy asymmetry effects, can be written as
(Deheuvels et al. 2017)

<6r0,i’ -Erot,in6r0,j>

=2m ('}’c,ichore + 'Ye,iernv) s (17)
Vdo.iloj
with
Vo)
Yeij = K; j(r)ydr (18)
! loilo,j Jg !
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Fig. 1. Illustration of the effect of near degeneracy on two coupled
¢ = 2 multiplets as the core rotation rate v, = Qo /27 increases for
a fixed inclination angle of i = 42°. Each horizontally modelled PSD
shows the combined visibility profile of the ten components (two sets
of m = =2,-1,0,+1,+2 modes) at a given v.. The greyscale back-
ground indicates how the multiplet structure evolves continuously with
rotation.

and

Nl )
Yeij = ——— | K (r)dr. (19)
! Ioilo,; Jp !

Because the mixed-mode basis is orthogonal and the oscil-
lation verify & < &, (resp. & > &) in the g-mode cavity
(resp. p-mode cavity) (e.g. Aerts et al. 2010; Bugnet et al. 2021;
Mathis et al. 2021), Deheuvels et al. (2017) showed that

1 £
Yeij = ——— f pri(L* = D&, ibonidr, (20)
Vdo.iloj
and
L2
Yeij = T2 Yeir (21

Hence, in order to describe the off-diagonal terms of the eigen-
value problem, it is sufficient to evaluate ;.

2.3.1. New asymptotic formula for the near degeneracy
effects

To find an asymptotic formula for y,.;; that could be applied
to fit observations, we used the asymptotic Jeffreys-Wentzel—
Kramers—Brillouin (e.g. Jeffreys 1925; Wentzel 1926) form of
the horizontal eigenfunctions in the g-mode cavity as given in,
for example, Mathis et al. (2021):

A N2\
&y =———p 2732 (—) sin (L
' \/Zw w? 0
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where A is the amplitude of the mode and N is the Brunt—Viisild
frequency. This yields

AO,I’,(/AO,j,g(L2 - 1) ﬁ
3 3 r
L v ©0,i%0,j

rN 1 T
Nor 1 - Finfle [ NarL - %)an
0 r 4 4

i)
y.,-.-:
“ Lol Jg

X sin (L

Asymptotically, the inertia of the mode in the g-mode cavity
can be written as (e.g. Hekker & Christensen-Dalsgaard 2017)

AomPL Al W31y,
I WA v Lx?
with AIT = +€(€ + 1)AIl, as the reduced period spacing of the g

modes. This yields the following result:
1 AH(L2 -1
Yeij = —f ) L2 ) VIOglIOgj
1/1()71‘10,]' g cavity

,
N ,woj— Wo,
cos(Lf —’dr']—
o F (,U()!l'(l)(),j

"N ,wo;+ w;
0, 0,i
—/dr"— dr.
o r Wo,iwo,

X

—sin (L (24)
Here, we have used the trigonometric identity sin(a)sin(b) =
% (cos(a — b) — cos(a + b)). Using the change of variable'

"N
—dr

0 r

S =

(25)
and using the seismic ¢ function leads to the following expres-
sion:

ATI(L2 - 1)
C ok

vV 014’01
272

AT Wo,i — Wo,j . Wi + Wo,j
Xf cos (Ls—j —sin|Ls——— ds,
0 W,iWo, W0,iWo, j

(26)

Yeij =

where we have used the fact that by definition of AIl, s(7core) =
27% /AL This was integrated to

1
) V§0140/ |:
Y0,i0,j

Sl
+————|cos — -1},
Y0, j +Vo,i AIT V0,jY0,i
where we have expressed the quantities as a function of the fre-
quency v = w/2x for ease of implementation.

An important point to highlight is that the quantity vy, ;;,
which we derived in this work as part of a new asymptotic formu-
lation including off-diagonal rotational near-degeneracy terms,
is expressed using the exact same asymptotic parameters tradi-
tionally used in first-order symmetric splitting approaches (i.e.
in the characterisation of mixed £ = 2 modes, All, replaces AIl,
and ¢, replaces { from the frameworks of Mosser et al. 2012a;

AH(L2

voivo,j . [ L vo,; — Vo,
Yeij = sm| ——"—

Yo,j — Vo, ALl v jv0,i

27

! This is possible because in the g-mode cavity, g > 0, and hence the

integral is a strictly increasing function of r. This change of variables
leads to ds = Ydr.
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Goupil et al. 2013; Deheuvels et al. 2014). This shows that we
can achieve a better degree of precision on core and envelope
rotation measurements by including additional constraints from
¢ = 2 modes without the need to change the usual formalism and
analysis tools.

Our asymptotic formulation in Eq. (27) can be compared
with the derivation of Ong et al. (2022) in the © — y decoupled
mode basis. When the argument of the sin in 7y, ;; is small, i.e.

aL vj—vi
AIT ViVi

P-P _,
= <1,
AT

(28)

where P; (resp. P;) is the period of the mode i (resp j), Eq. (27)
becomes equivalent to y. = % v/¢i¢; when using a first-order
Taylor expansion. This gives y, =~ —4/{;{;. This last approx-
imation yields a result that connects to Eq. (35) of Ong et al.
(2022). This situation is most frequent around p-dominated
mixed modes. Indeed for two consecutive mixed modes,

rbyizvi o m (L_ 1)
ﬁ ViVi B AHZ(V[ Vj) 7T<§>’ (29)
where
. -1
1 1 i dP
N —_— 30
@ (v,» VJ)U m,)] (30)

J

with P = 1/v following Mosser et al. (2015) (see their Eq. (12)).
Hence, for a small ({) (or equivalently a very p-dominated cou-
ple of modes), the quantity () will be small. On the contrary,
in the far resonance limit, when

nLv;—v;
ATl ViVi

> 1, 3D

the non-diagonal terms become negligible compared to the diag-
onal ones, and we recover symmetrical splittings.

2.3.2. Validation of the new asymptotic formula for near
degeneracy effects

To further determine the validity of our new asymptotic formu-
lation of near-degeneracy effects, we sought to reproduce the
results of Deheuvels et al. (2017). To do so, we used exactly the
same input parameters adopted in their study, only allowing the
core and envelope rotation rates to be free (Eq. 17).

To date, KIC 7341231 is the only star in which the near-
degeneracy effects of £ = 2 modes have been characterised
in detail in one radial order. In their analysis, Deheuvels et al.
(2017) adopted a different approach from ours: They computed a
1D stellar model using Cesam2k (Morel 1997) while assuming a
two-zone rotation profile. They then explicitly computed y, from
the rotational kernels and solved the full eigenvalue problem. In
contrast, our work relies on a fully parametrised asymptotic for-
mulation of ., which allows us to directly compare our results
with those obtained from their numerical approach. Specifically,
we fitted the core and envelope rotation rates of the two-zone
model based on the £ = 2, m = +2 rotational splittings obtained
from their peakbagging analysis of two £ = 2 multiplets a and
b (see their Table 1), together with the m = 0 mode frequen-
cies (vo, and vp,) and the corresponding trapping fractions ¢,
and ¢, reported in their Table 3. To compute the m = +2 com-
ponents of each mixed a and b, we evaluated the eigenvalues of

the following matrix, as done by Deheuvels et al. (2017) in their
Appendix A:

<6r0,av ﬁrol,m6r0¢a>
2rl 0.a

(6705 LiomOT04)

2\ o aloy

This formulation is an approximation of (9) introduced by
Deheuvels et al. (2017). Since they use this approximated form
in their article, we choose to do the same when vetting our results
in order to stay as close to the article as possible. This is the only
part of the present work in which we compute the splittings due
to near-degeneracy effects with this approximation; in the rest of
our work, we solve the full quadratic eigenvalue problem (9).

In our formulation, the off-diagonal elements of this matrix
were computed using Eq. (27), while the diagonal terms were
derived from Eq. (16) (Goupil et al. 2013; Deheuvels et al.
2014).

The values and uncertainties on the inferred core and enve-
lope rotation rates were estimated using a Monte Carlo approach.
The resulting values are shown in Fig. B.1. Using identical
mixed-mode parameters but replacing their numerical model
with our asymptotic formulation, we achieved an excellent
agreement with the published results. We obtained Qo /27 =
772 + 9nHz and Q.,, /27 = 45 + 6 nHz, while Deheuvels et al.
(2017) reported Qcore/2m = 771 = 13nHz and Qe /27 = 45 £
12 nHz. The close agreement between the two methods confirms
that the asymptotic formulation provides a robust and accurate
description of the observed rotational splittings and can be used
to analyse asteroseismic observations of £ = 2 modes without
the need of numerical models. Our fitted measurement also hints
at our approach being able to obtain better precision, which we
confirm in Section 4.

2V0 . <6r0,a» ﬁrot,m‘”b,b)

’ 271' \/I(),al()yh

(0rop, zrm,m& 00) |
2rl 0,b

véa + 20,4
(32)

2
Yo,b Vo,b + ZVO,[,

3. Data analysis framework

Our next aim was to apply the asymptotic formalism described
by Eqgs. (16), (17) and (27) in order to perform global fits of the
PSD, thereby constraining the mixed-mode parameters and the
core as well as envelope rotation rates while using all available
data. In particular, we deliberately avoided performing peakbag-
ging prior to the model fitting, as whether a given peak represents
a genuine oscillation mode or merely stochastic noise can often
be ambiguous. The main advantage of fitting the PSD directly
with a physically informed model based on asymptotic relations
is that the distinction between signal and noise naturally emerges
from the fit itself without requiring any subjective preselection of
peaks.

To accomplish this, we employed a Markov chain Monte
Carlo approach within a Bayesian framework to fit the oscil-
lation modes in the PSD. The p- and mixed-mode patterns
were created using the sloscillations code developed in
Kuszlewicz et al. (2019, 2023), which was extended to incorpo-
rate the near-degeneracy effects based on Section 2. How the
synthetic PSD was generated is described in Sect. 3.1 below.

3.1. Synthetic power spectral density
3.1.1. Description of the set-up of the asymptotic model

The asymptotic model used in the fitting procedure predicts
the full oscillation spectrum from a set of physically motivated
parameters. For each angular degree ¢ € {0, 1,2}, the model
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generates the underlying p- and g-mode frequencies from the
asymptotic relations described below, which are then coupled
through the mixed-mode formalism and corrected for rotational
splitting at first order (for £ = 1) or through the full quadratic
eigenvalue problem (for £ = 2).

The free parameters of the model therefore include the global
p-mode pattern parameters (Av, €, dvor, @, Boc); the g-mode
period-spacing and phase parameters (All;, g,,); the p—g cou-
pling strengths (g¢); and the core and envelope rotation rates
(Qcore, Qeny) as well as the stellar inclination angle ().

Each predicted mode is assigned a Lorentzian profile with
an analytically prescribed linewidth and height, and these com-
ponents are summed together with a synthetic granulation and
white-noise background to produce a fully specified model of
the PSD.

3.1.2. Pure pressure and gravity modes

The pure p modes were computed using the following equa-
tion (e.g. Tassoul 1980; Elsworth et al. 1990; Mosser et al. 2011;
Lund et al. 2017; Breton et al. 2022):

Vpint =

4
(n tte + Bo,e(n — Nmax) + CEy(n - nmax)z) Av — vy, (33)

where 7y, 1S the order of the mode of maximum power, € is the
global p-mode phase shift, and vy is the frequency shift of the
modes from their first order asymptotic position (Tassoul 1980).
To capture the frequency dependence of Av and dvy, @ and By
are introduced ad hoc (Elsworth et al. 1990; Lund et al. 2017,
Breton et al. 2022). The pure g modes were computed using (e.g.
Tassoul 1980)

1

. 34
Ally(n + § + &) Gd

Vet =
where &, is the phase shift of the g modes.
3.1.3. Mixed modes with rotation

Unperturbed mixed-mode frequencies were computed using the
following equation (Shibahashi 1979):

cotan (@) tan (0,) = g, (35)
with (Ong & Gehan 2023)
T
PT Ay (v vP)’
0. = Vs n 1 1 (36)
£2 Al \yy v

and where ¢y is the coupling factor between the p- and g- modes
for the corresponding order £ (we expect g» < ¢; due to the
shallower p-mode cavity for £ = 2 modes).

We introduced the effects of rotation on the unperturbed fre-
quencies at the first perturbative order for the £ = 1 compo-
nents and solved the full rotating quadratic eigenvalue problem
Eq. (9) with asymptotic matrix elements for £ = 2 (based on
our asymptotic formulation Eq. (27)) modes using the slepc4py
(Hernandez et al. 2005; Dalcin et al. 2011) Python library.

When computing the off diagonal elements of the rota-
tion matrix, we used the asymptotic formula for ¢ defined in
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Eq. (15) such that (Goupil et al. 2013; Deheuvels et al. 2015;
Hekker & Christensen-Dalsgaard 2017)

-1
VAT, 1

Ay gcosk(®,) + ; sin*(®))

() =1+ (37)

while using the above definition of ©,.

3.1.4. Modelling the linewidths, amplitudes, and heights of
the modes

This paragraph describes the equations and methodologies used
to compute the linewidths, amplitudes, and heights of the modes
in the sloscillations code by Kuszlewicz et al. (2019) for
the sake of completeness and clarity. These parameters were
fully derived from scaling relations and analytical expressions
and are thus not fitted parameters in the model. We adopted
effective-temperature-dependent scaling relations for the p-
mode linewidths, parametrised as a function of temperature,
following the empirical prescriptions of Corsaro et al. (2012),
Lund et al. (2017). The radial-mode amplitudes follow a Gaus-
sian envelope centred on vy.x, With width tied to the envelope
full width at half maximum and a peak amplitude that scales with
global parameters (vax, Av). The per-degree amplitudes were
set by standard photometric visibilities as in Kuszlewicz et al.
(2019) and, for non-radial multiplets, by geometric inclination
(Bine) factors (Gizon & Solanki 2003). Formixed £ = 1 and £ = 2
modes, we modulated the nominal p-mode amplitudes by (1—-¢ )%
(Mosser et al. 2018; Basu & Chaplin 2017). The mode heights
in the power spectrum were computed from the time-domain
amplitudes and the linewidths using the finite-observation-length
correction of Fletcher et al. (2006). For mixed modes, we used
the mixed-mode generalisation that explicitly includes the iner-
tia ratio ¢ (Basu & Chaplin 2017), ensuring that g-dominated
mixed modes appear with an appropriately reduced height at a
fixed amplitude. Each mode contributes a Lorentzian profile to
the PSD, centred at the asymptotic frequency and with the height
and width described above.

The background of the synthetic PSD was modelled with
the usual super-Lorentzian granulation components and white
noise (e.g Kallinger et al. 2014). It was generated in the
time domain via a Gaussian-process representation of con-
vection and granulation following Kuszlewicz et al. (2019),
where a kernel encapsulates the covariance of stochastic surface
motions (e.g. Foreman-Mackey et al. 2017; Pereira et al. 2019;
O’Sullivan & Aigrain 2024). This data was Fourier transformed,
and the resulting PSD provided the granulation floor plus white
noise that forms the background in the PSD. On top of this back-
ground, the oscillation spectrum was added, producing a self-
consistent synthetic PSD where both the convective noise and
p-mode power originate from the same underlying time-domain
process. During the fitting procedure, the synthetic background
was then normalised using the same procedure applied to the
observed data (see Sect. 4.1). Since the same background nor-
malisation was applied consistently to both the observed and
synthetic spectra, the fit remained statistically self-consistent and
did not introduce any bias in the inferred mode frequencies.

3.2. Description of the Bayesian fitting procedure
3.2.1. Priors on p modes and ¢ = 1 mixed modes

Appendix C describes the method used to define prior ranges for
the rotational, p-mode, and ¢ = 1 mixed-mode parameters. These
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ranges are guided by both theoretical expectations and previous
observational studies.

3.2.2. Priors on the ¢ = 2 period spacing AIl, and phase g,

Using the fact that the period spacing AIl = LAII, is constant
(Tassoul 1980), we obtained

ATl = —-
TV

Hence, once we had measured AIl;, we chose to assign a flat
prior within 5% of the value of AIl, from Eq. (38).

As for g5, we have, to our knowledge, no theoretical
grounds to constrain it. Hence, we chose to use an uninfor-
mative flat prior between zero and one, as done for &, (see
Appendix C).

(38)

3.2.3. Priors on the ¢ = 2 modes coupling parameter ¢,

We examined what constraints could be put on ¢, the coupling
factor of £ = 2 modes, depending on the inclination angle of the
star compared to the line of sight (6i,.), which we estimated by
the preliminary fit of the £ = 1 modes (Appendix C). When the
¢ =2, m = 0 modes are visible, we used the technique described
in Sect. 3.2.4. When the angle of inclination makes the £ = 2 and
m = 0 modes not visible, we used the result of Sect. 3.2.5.

3.2.4. Priors on the ¢ = 2 modes coupling parameter ¢,
using the m = 0 modes

Using Eq. (15) of Ong & Gehan (2023), we obtained that for two
consecutive mixed modes (with the same ¢ order) of frequency
v, and vy,

tan (@Wl) tan (@W)
arctan —arctan| ——
qe qe
T (1 1
= —|— — — + All|. 39
All, (va Vi 6) (39)

Using trigonometric relations, we show that this formula is
equivalent to

tan (@W) — tan (('Dp,;,) 1
1
qe 1+ p tan (G)p,a) tan (G)p,b)
m (1 1
=—tan|——|— - —||, 40
an (AH[ (V}, Va )) ( )
which is conveniently a second-order polynomial in i
Hence, by defining
K=t n (1 1
=tan|—|— - —
Ang Vb Ya
A = Ktan (@M) tan (@M)
B = tan (®p,b) —tan (®p,a)
A = B* - 4AK, 41)
we obtained that g, is given by
2A
qc = : (42)
B+ VA

In order to obtain g, we thus needed AlIl,, Av, v,, v}, and the
position of the £ = 2 p mode that is obtained from the radial
mode frequency and dv .

3.2.5. Priors on the ¢ = 2 modes coupling parameter g,
using the £ = 1 mode coupling parameter g,

When the inclination angle of the rotation axis is such that the
m = 0 components of the multiplet splittings are not visible, we
cannot use the above method to yield an estimate of g,. Indeed
the previous method relies on the frequencies of the pure mixed
modes not affected by dynamical processes, which is not the
case for the components of a multiplet with [m| > 0. Hence,
we derived an upper bound of ¢, as a function of g;. In order to
do so, we used the approximation that in the evanescent zone,
N < w < 8y, where N is the Brunt-Viisild frequency and
S¢ the Lamb frequency. In the approximation of a thick evanes-
cent zone, the transmission coefficient can be approximated as
(Unno et al. 1989; Takata 2016a)

L
ro

I¢ thick ~ (—) )
re

where r is the turning point between the g-mode cavity and the
evanescent zone, which is independent of ¢, and r; is the turning
point at the limit between the evanescent zone and the p-mode
cavity.

While this thick evanescent zone approximation may not
be applicable to £ = 1 modes, we know from Takata (2016b)
that #hick > ?frthin, Where foupin is the transmission coeffi-
cient computed with the asymptotic equation that is appropriate
when the evanescent zone is thin (Takata 2016b; van Lier et al.
2025). Hence, this approximation is appropriate in the search
of an upper boundary on ¢;. At fixed frequency, the monotonic
increase of S, with ¢ implies r, > r; and therefore

VBV
zzz(—") <(—°) ~ 1. (44)
r r

(43)

Using the fact that (Takata 2016a)

1—,/1—t§

qe = , 45)
1+ J1-2
We finally obtain
V3
4q
1- B (<q1+11)2)
q2 < : (46)
4 V3
1+ 1_((41111)2)

3.2.6. Likelihood adopted in the Markov chain Monte Carlo
approach

In our Markov chain Monte Carlo approach, we adopted the like-
lihood appropriate for a power spectrum whose noise follows
a X2 distribution with two degrees of freedom (Woodard 1984;
Toutain & Appourchaux 1994; Breton et al. 2022). The corre-
sponding log-likelihood is

ln£=—Z AI;

i l

L +111Ml‘:|,
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where P; denotes the observed power and M; is the model power
at a frequency bin i. The Bayesian inference procedure then
adjusts the asymptotic parameters so as to maximise this likeli-
hood, thereby ensuring that the resulting synthetic PSD matches
the observed one as closely as possible. The different compo-
nents of the model are presented in the paragraphs above.

3.2.7. Adopted fitting strategy

In order to fit the asymptotic pattern to asteroseismic data, we
used a three-step approach. (i) In order to find priors on pressure
mode parameters, we ran the global asteroseismic code PyA2Z
(Liagre et al., in prep., based on the A2Z code Mathur et al.
2010), which gives guesses of the large frequency separation,
Av; the frequency of maximum power, Vpax; and the p-mode
phase shift, £ (as well as the period spacing, All;, of £ = 1 g
modes). (ii) We fitted the radial mode pattern and the first order
split £ = 1 mixed-mode pattern following Sect. C.1 (i.e. we fit-
ted Av, &, 0vo 1, @, Ally, g1, 4,1, Qcore> Qenvs Bo,1, and Gine, which is
the inclination angle of the rotation axis compared to the line of
sight for KIC 8179973) to get the parameters needed to obtain
priors on £ = 2 modes from Eqs. (38), (42), and (46). (iii) Once
we had the priors on all parameters (listed in Table C.1), we per-
formed the global asymptotic fit of the PSD (£ = 0, 1,2 modes
with rotation) following Appendices C.2 and C.3. We chose not
to include ¢ > 3 modes in our model, as their amplitudes are
very small.

While the mixed ¢ = 1 mode parameters and pressure mode
parameters were already fitted in the first two steps of the pro-
cedure, we chose not to freeze them during the global fit to
avoid biases in the inferred rotational and / = 2 parameters. This
resulted in a global fit, the corner plot of which can be found in
Appendix C.4.

4. The first asymptotic fits of near-degeneracy
effects in quadrupolar mixed modes

4.1. Selection of candidates and data pre-processing

The first target we used to validate this new asymptotic formula-
tion of asymmetric rotational splitting is the one studied with
a numerical modelling approach by Deheuvels et al. (2017):
KIC 7341231. In order to find additional targets with mixed
¢ = 2 modes on which to apply our formulation of asymmetric
rotational splittings, we chose to focus on stars in the early red
giant or late sub-giant evolutionary stage, as they are expected to
exhibit higher coupling factors for both £ = 1 and £ = 2 modes
than more evolved stars. A convenient sample for exploring this
evolutionary phase is in Liagre et al. (2025), who re-analysed
aliased asteroseismic data from ~2000 long cadence Kepler light
curves and found a new sample of =350 young red giants with
Vmax above or close to the Nyquist frequency of the Kepler long
cadence data. While the sample presented in Liagre et al. (2025)
contains more than 300 stars with pulsations above the Nyquist
frequency and hence in the early red giant evolutionary stage, we
wanted to analyse stars with a short-cadence timeseries to avoid
misinterpreting aliased peaks as modes and with sufficient res-
olution and a signal-to-noise ratio to work well with our fitting
procedure. This significantly reduced the available number of
targets, and among those, we found that KIC 8179973 was the
most promising, as a visual inspection of the echelle diagram
of the star showed clear ¢ = 2 avoided crossings. We therefore
selected KIC 8179973 as another good candidate for a global fit
of £ = 1,2 mixed modes including near-degeneracy effects, as it
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exhibits mixed £ = 2 modes with an exceptional signal-to-noise
ratio.

The seismic analyses were done using short-cadence Kepler
light curves filtered at 20days and were obtained from the
Mikulski Archive for Space Telescopes (MAST) archive. They
were corrected with the Kepler Asteroseismic Data Analysis
and Calibration Software (KADACS; Garcia et al. 2011) to remove
outliers, correct any jumps and drifts, and stitch together the
quarters. All the observational gaps were interpolated using in-
painting techniques based on a multi-scale discrete cosine trans-
form (Garcia et al. 2014; Pires et al. 2015). We isolated the oscil-
latory signal in the PSD from the granulation background, which
dominates the PSD at frequencies around vy,,,. We implemented
the background normalisation procedure using the empirical
scaling relation established in Mosser et al. (2012b):

P

PSD (SNR) = ,
(2 (z=) " 6.37 x 108

(47)

where P represents either the observed or the synthetic power
spectrum density. This normalisation effectively flattens the
granulation background while preserving the relative amplitudes
of the oscillation modes. Subsequently, we isolated the region
of interest around vy,.x (the extracted frequency window spans
Vmax — 3Av < Vmax < Vmax + 4AV)

4.2. Results of the Bayesian asymptotic fitting

Figures 2 and 3 show the results of the fitting procedure
described in Section 3 obtained for the two stars. The results are
also reported in Table 1 along with the 10 uncertainties extracted
from the Bayesian analysis (the corner plots of the final fits can
be found in Appendix C.4). When the posterior was asymmet-
rical, we chose to report the highest value of uncertainty as the
error bar.

4.2.1. KIC 7341231

In Figure 2, we show our global fit of the mixed modes of
KIC 7341231 and highlight in panels b and c the identification
of £ = 2 modes on two consecutive radial orders. We vetted
the asymptotic formula and fitting framework by comparing the
results with the work of Deheuvels et al. (2017), which made
use of complete evolutionary models of the star to analyse the
radial order represented in panel b. We show that our fit is con-
sistent with all visible £ = 2 modes in the PSD, as first identi-
fied in Fig. 1 of Deheuvels et al. (2017) in the neighbourhood of
380 uHz.

Apart from the specific radial order analysed by
Deheuvels et al. (2017) in the vicinity of 380 uHz, the asymp-
totic fit allows for systematic identification of ¢ = 2 modes
across the four surrounding radial orders (see Fig. C.4), which is
a first for this star. In addition, we were able to properly identify
multiplet components even when modes overlap between
different angular degrees (£). For instance, in Fig. 2 panels a
and c, around 413 pHz, three modes of degree £ = 0,1,2 are
superimposed, and each peak has been successfully identified
individually through reconstruction of the asymptotic mode
pattern.

In Table 2, we show that our estimate of core and envelope
rotation rates are in agreement with model-based measurements
from Deheuvels et al. (2017) and consistent across radial orders.
We obtained about three times smaller uncertainties for the core
rotation rate and two times smaller for the envelope rotation rate.
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Fig. 2. Asymptotic fit of KIC 7341231. In both panels, the Kepler data
are in grey, and our asymptotic fit is in red. The radial, £ = 1, and £ = 2
modes are highlighted by the shading in green, blue, and yellow, respec-
tively. Panel a: Two orders showing mixed £ = 2 modes with asymmet-
ric splittings. Panel b: Zoom near 411 uHz on split £ = 2 modes. The
m = 0, +1, and +2 components are marked in yellow, orange, and red.
Panel c: Zoom near 381 pHz on split £ = 2 modes. The model is shown
with thick red lins, data are in grey. The m = 0, =1, and +2 compo-
nents of the £ = 2 mode are marked in yellow, orange, and red, and the
m = =1 components of the £ = 1 mode are marked in dark blue.

This is due to the fact that our fit is global (as also performed
for magnetic effects in Hatt et al. 2024). Indeed, uncertainties
in mixed-mode parameters are usually estimated through non-
parametric methods that do not exploit the full spectral infor-
mation and instead consider errors on individual frequencies
rather than the coherence of the global mixed-mode pattern (e.g.
Gehan et al. 2018; Kuszlewicz et al. 2023). The global Bayesian
fit also delivers better precision on asymptotic parameters in
Table 1. For this reason, we advocate for broad use of these
global fitting methods.

200} ]

[=]

PSD (SNR)

(Sl
(=]
T

T —
385 390

375 380
Frequency (nHz)
30— T T

ook | [T f

2 200f .

370

2 150 R

2 100} £

Pl

358 360
Frequency (nHz)

50

352

Fig. 3. Asymptotic fit of KIC 8179973. In both panels, the Kepler data
are in grey, and our asymptotic fit is in red. The radial, £ = 1, and
¢ = 2 modes are highlighted by the shading in green, blue, and yel-
low, respectively. Panel a: Two orders showing mixed £ = 2 modes
with asymmetric splittings. Panel b: Zoom near 352 uHz on split near-
degenerate { = 2 modes. The quadrupolar mixed m = 0, =1, and +2
components are marked in yellow, orange, and red, respectively. The
full fit can be found in Fig. C.7.

In order to assess the gain from adding constraints from £ = 2
modes to the fitting procedure, we estimated the Bayesian infor-
mation criterion (BIC; Schwarz 1978) by comparing the fit per-
formed with £ = 2 mixed modes and £ = 2 p modes only. To
that end, we fitted the data again with split mixed dipole modes
and pressure £ = 2 modes as usually done in the community
and compared that restricted model against the full fit of the
present work. The inclusion of mixed ¢ = 2 modes in the model
leads to a BIC that is 3726 points lower than when using only
mixed £ = 1 modes and pressure £ = 2 modes on the target
KIC 7341231. Because the differences in the BIC approximate

ABIC ~ -2 In(BF), (48)

where BF is the bayes factor, such a large ABIC corresponds
to overwhelmingly strong statistical evidence in favour of the
extended model. We do not report the absolute BIC values them-
selves, as they are not tied to any absolute scale and carry no
stand-alone interpretation. Only their differences have statistical
meaning for model comparison. This substantial improvement
in BIC therefore indicates very strong support for including the
mixed ¢ = 2 modes, suggesting that the extended model pro-
vides a significantly better representation of the observed oscil-
lation data. As a result, the physical inferences drawn from this
model (such as internal rotation rates) can be considered signif-
icantly more robust and better constrained than those inferred
from mixed ¢ = 1 modes only.
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Table 1. Best-fit parameters for KIC 7341231 and KIC 8179973 with
1o uncertainties.

> S@ar - gic7341231 KIC8179973
aram.

Ve (HZ) 408 + 15 347 + 12

Av (uHz) 29.00 + 0.01 23.00 + 0.01

e 0256 +0.004  0.425 + 0.006
Svo. (WHz) Z0.118£0.02  —0346+0.016
Svo2 (WH2) 341340021  2.182+ 0.025
Bos 0.009 £0.001  0.011 + 0.001
ATL (s) 111.180+0.025 97.011 + 0.008
7 0379 £0.001  0.197 + 0.001
o 0310+£0.006  0.279 + 0.003
ATL (s) 64.422 0007  56.015 + 0.023
o 0.040 +0.001  0.020 + 0.001
£y 0.138 £0.004  0.135+ 0.02
Quore/27 (nHz) 781+ 4 672 + 8
Quy/27 (Hz) 5346 49+ 8

6. () 85 (fixed) 51+3

@ 0.009 £0.001  0.006 + 0.001
Bo. 0.008 £0.001  0.004 + 0.001

Table 2. Comparison of the rotation rates found in this work and
Deheuvels et al. (2017, Dh17 in the table).

Parameter This work Dh17
Qecore /21 (nHz) 781 +4 771 £ 13
Qenv/2m (nHz) 536 45+ 12

4.2.2. KIC8179973

We performed the first fit of the radial and ¢ = 1,2 mixed-mode
pattern for KIC 8179973. This star presents a particularly asym-
metric pattern in the £ = 2 regions, as the multiplets are very
close to each other (see panels a and b of Fig. 3). The asymp-
totic prescription (Eq. 27) yields a very good interpretation of
the PSD, with all visible modes being accurately represented
(see also Fig. C.7). The values of Ally, g, 1, and g; are also in the
range of the expected values from scaling relations and measure-
ments of Mosser et al. (2017a), Kuszlewicz et al. (2023). The
small number of visible mixed ¢ = 2 modes is expected based
on the small mixed-mode density parameter (Gehan et al. 2018)
Ny = Av/(ATIp2, ) ~ 3.4 and the fact that the coupling fac-
tor (g») is very small. Furthermore, for this star, we used a
much less informative prior for g, as in the fit of KIC 7341231,
which shows the robustness of our fitting method. In addition,
AIl, and AIl; are compatible within 20~ following Eq. (38).
From the global fit, we obtained Q.o = 671 + §uHz and
Qenv = 49 + 8uHz, which are within the expected range for a
young red giant star (Gehan et al. 2018).

As for KIC 7341231, the uncertainties we obtained on
KIC 8179973 are significantly smaller than those typically
reported in similar studies (see e.g. Gehanetal. 2018;
Deheuvels et al. 2014). This improvement highlights the
strength of our global fitting procedure, which (i) minimises
the uncertainties by simultaneously exploiting information from
multiple modes and (ii) naturally mitigates the ambiguity
between noise and genuine power excesses thanks to the intrin-
sic pattern constraints of the analysis. Compared to a fit that
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includes only the pure £ = 2 p modes, the BIC derived from
the full asymptotic framework is lower by 3185 points. This
provides strong statistical evidence that the prescription includ-
ing mixed quadrupole modes and incorporating near-degeneracy
effects offers a superior inference of the underlying physical
parameters. This measurement of near-degeneracy effects in a
second early red giant paves the way for a fully automated fitting
pipeline based on asymptotic mixed-mode parameters across £.

5. Conclusions

This work is the first to infer the complete set of asymptotic
parameters of £ = 2 modes and the first to provide a fit of £ = 2
mode near-degeneracy splittings while not relying on a numer-
ical model of the structure of a star. In particular, it has led to
the first inferences of ¢,, All,, and &g 5, and with custom ways to
constrain the coupling factor g,, our work paves the way for an
automation of the fit and identification of £ = 2 mixed modes.

Our results for AIT; and AIl, in KIC 8179973 are consistent
within 20. However, in KIC 7341231, the values agree within a
few tenths of a second with non-overlapping errors, suggesting
either a small deviation from the asymptotic theory or the influ-
ence of surface effects that were not fully accounted for in this
work. Indeed, because the fit of asymptotic mixed modes is very
reliant on the position of the pure p-mode, a difference in the
surface effects affecting the £ = 1 and ¢ = 2 notional p modes
would suffice to explain a small difference in AIl. In addition,
our asymptotic formulation, including the £ = 2 modes, enabled
us to put stronger constraints on the rotation rates of our targets.
Indeed, in KIC 7341231 we measured an envelope (resp. core)
rotation rate of 57 + 11 nHz (resp. 777 + 10 nHz) with only £ = 1
modes, while with the addition of £ = 2 modes combined with
a global fitting framework, we obtained an envelope (resp. core)
rotation of 53 + 6nHz (resp. 781 + 4 nHz). Those values are
compatible with each other, and we also observed that the inclu-
sion of the mixed ¢ = 2 modes makes the uncertainty drop by a
factor approximately equal to two (2.5 for the core rotation and
1.8 for envelope rotation). This is mostly due to the inclusion
of more modes in the fitting procedure. There might also be a
different contribution from the sensitivity kernels of the £ = 2
modes. Specifically, their shallower turning points offer distinct
constraints from those of £ = 1 modes in the p-mode cavity,
suggesting a potential for improved radial resolution in future
inversions. This strengthening of the constraints on rotation rates
is further supported by the fact that including the mixed £ = 2
modes made the BIC of the fit of KIC 7341231 and KIC 8179973
drop by more than 3000 points, which is strong statistical evi-
dence that the use of the new formulation allowing a fit of £ = 2
mixed modes leads to a better physical inference. In addition, as
we have shown in Fig. 2, our fitting framework can distinguish
between entwined split modes of different £, which shows the
robustness of the fitting methodology.

The asymptotic framework is also expected to simplify
future studies of magnetic signatures and yield new results using
not only the £ = 1 but also the £ = 2 modes to characterise
magnetic fields in the RGB. We expect that the measurement of
q» will help constrain the mode suppression phenomenon (e.g.
Fuller et al. 2015; Stello et al. 2016a; Mosser et al. 2017b) for
¢ = 2 modes (Stello et al. 2016b), as the loss in power of weak-
ened non-radial modes is expected to be linked to the trans-
mission coefficient from the p-mode cavity to the g-mode cav-
ity (Fuller et al. 2015; Loi 2020a; Miiller et al. 2025). Low and
radial-order-dependent values of AIl, should serve as a hint of
the presence of an internal magnetic field, as is the case for AIl;
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(Loi 2020b; Bugnet 2022; Deheuvels et al. 2023). In a follow-up
study (Liagre et al., in prep.), we will employ this new formu-
lation and framework together with first-order magnetic effects
(e.g. Gomes & Lopes 2020; Bugnet et al. 2021; Mathis et al.
2021; Bugnet 2022; Lietal. 2022; Mathis & Bugnet 2023;
Bhattacharya et al. 2024; Dasetal. 2024; Lietal. 2023;
Hatt et al. 2024; Bhattacharya et al. 2024) in order to disentan-
gle rotation-induced near-degeneracy asymmetries from mag-
netic ones in £ = 2 modes. This is particularly important, as it
should provide stronger constraints on the magnetic field topol-
ogy, as shown by Das et al. (2024).

We anticipate that ongoing and upcoming space missions
will continue to expand the sample of stars with good signal-
to-noise ratios observed in this intermediate evolutionary phase.
During its extended operations, the Transit Exoplanet Survey
Satellite (TESS; Ricker et al. 2014) mission improved its tem-
poral resolution, reducing the full-frame image cadence first
to 10 minutes and later to 3 minutes. The TESS data are cur-
rently being calibrated for seismology (Garcia et al. 2024, and
in prep.), which will enable large-scale and homogeneous seis-
mic analyses. Moreover, the upcoming PLAnetary Transits and
Oscillations of stars (Rauer et al. 2014) mission is expected to
enable the detection of a large number of solar-like oscillators in
the sub-giant and early giant phases from the calibration sample,
and recent yield predictions are consistent with this expectation
(Goupil et al. 2024). Using this global asymptotic description
along with the Bayesian fitting framework, we expect to not only
characterise the rotation profile of stars exhibiting mixed ¢ = 2
modes with increased precision but also the rotation profiles
of more evolved stars exhibiting near-degenerate £ = 1 modes
(using the full formalism or for instance relying on Eq. (A.8),
see also Ahlborn et al. 2025).
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Appendix A: Perturbative treatment of the near
degeneracy effects

Although not used for our study, we provide in this appendix an
explicit approximation to the solution of the eigenvalue problem,
as it could be used as a simpler and faster implementation of the
near degeneracy effects when they are not strong. In particular,
we show how we can use perturbative methods to approximate
the eigenvalues of the quadratic eigenvalue problem (Eq. 9).
This approach provides closed-form solutions that are valid in
the regime of weak near-degeneracy, i.e. when the off-diagonal
entries of R are small compared to the diagonal one but not
negligible (typically one order of magnitude less). In addition,
we demonstrate that it offers a new way to determine both the
core and envelope rotation rates from a single near-degeneracy—
asymmetric splitting.

The quadratic eigenvalue problem is equivalent to solving
the following set of coupled equations:

—wza,- +w Z R;ja; + w%’ia,- =0,Vi. (A.1)
J

Since at first order the splittings are symmetrical and the off
diagonal terms decrease rapidly, we expect } R;;a; ~ R;;a;
and because |R;| < wy;, at the zeroth order w = wy; (Where
we chose the positive branch of solutions). Hence, injecting the
zeroth-order solution into each equation of the system yields that
it can be approximated by

—w’a; + wo; ) Rijaj+wfa;=0,Vi (A2)
J

This can be expressed as a matrix equation, for example,

Aa = v’a, (A.3)

with

Ajj = wy,; 615 + woRi . (A4)

Then, using quantum perturbation theory, we find an explicit
approximate solution to this eigenvalue problem, yielding the
following expression for the frequencies:

Vim ® Vio
1 Qcore Qenv
2mvio(Gi|l - 5| 5—+ A -4

" mv"(g( L2) 2 T4 27r)

2 2.2 .2

o Seme L o Z4m Hles, (A.5)
2 [P—-1 21 ] &4 2 -2
i#] i,0 .0

This shows that the asymmetry in the splitting due to the near
degeneracy is a second-order effect. This formulation allowed us
to define an asymmetry parameter for one splitting:

l‘z—m + Vizm - 2V'ZO
5asym = . é 5 E
\ 8m Vio
¥; 2
_ Z cij (Qcore _ L Qenv)
\ Py iy — Viol 2 I*—1 2n
Qcore L? Qeny
= - . A.6
a( 2 L*-1 2n ) (A.6)

We can also recover the symmetric splitting that would occur
without near-degeneracy effects:

Vv: o—y2
5 o = im i,—m
Ysy 4lmlv;p
1 Qcore QCDV
=(1-=|& 1-¢ . A.
( Lz)g 2r -4 2 (A7)

If we further define 8 = LZL—ila, n= %(i, A= (1-=1{), the two
parameters Oasym and vy can be linearly combined to obtain
the core and envelope rotational rates from only one splitting.

The appropriate linear combinations are the following:

Qcore 1
— = — (10 + B
21 ad +fn ( asym + 3 VSY“‘) (AS8)
env 1 ’
= ~10asym OVsym ) -
2n a//l+,[)’r](77 Y +a/vy)

This shows that in the case of a splitting with near-degeneracy
effects, both the envelope and core rotation rates are encoded
simultaneously in the morphology of the splitting. Without near-
degeneracy effects as usually studied in £ = 1 modes, we can
only access a linear combination of both rotation rates, and two
multiplets (ideally one p and one g dominated) are needed to
constraint both the core and the envelope rotations.

Appendix B: Vetting the asymptotic formulation

Qcore/21=
771.9732% nHz

Probability density
= s ]

—
=]
T

076 077 078 079 080 081

Qcore/211 (1HZ)

074 075

Qenv/2I1 =
45.5183 nHz

Probability density
2 g & 2 82

—
=]
T

0.04 0.05
Qeny/2m (nHz)

(=]

0.02 0.03 0.06 0.07

Fig. B.1. Histograms showing the result of the Monte-Carlo analysis
with the asymptotic formulation.
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To propagate the observational uncertainties of the mixed-mode
parameters into the inferred rotational components, we per-
formed a Monte-Carlo analysis with N = 10,000 realisa-
tions. For each realisation, we randomly drew the parame-
ters (v, vp, Ally, {4, {p) from independent Gaussian distributions
centred on the value reported in Deheuvels et al. (2017) and
with their respective uncertainties. For every random draw, we
then minimised the y? difference between the observed multi-
plet frequencies and the model frequencies computed following
Sect. 2.3.2, treating Qcore and Qepy as free parameters. The opti-
misation was carried out using the L-BFGS-B algorithm, with
the bounds v, € [0, 1] uHz and v,y € [0, 0.1] uHz. Only success-
ful minimisations were retained in the final sample. The resulting
posterior distributions of v, and v.,, were summarised by their
median values and their 16th—84th percentile ranges, which we
report as our final uncertainties.

Appendix C: Bayesian priors

C.1. Priors on pressure mode and mixed ¢ = 1 modes
parameters

The frequency of maximum power vy, is fixed to the value
given by PyA2Z, while we assign flat priors within +5% of the
initial guess for Av and All; to account for the uncertainties of
the PyA2Z pipeline, and we chose not to constrain &, as its value
is highly sensitive to any change in Av. We assigned the priors
on dvy ¢ around the values predicted by scaling relations provided
by Mosser et al. (2018), Corsaro et al. (2012). We assigned to ¢,
a flat prior between 0.15 and 0.4 based on the results of previous
studies such as Mosser et al. (2017a), Kuszlewicz et al. (2023).

For &y1, we chose a very uninformative flat prior between
0 and 1. In the same fashion we chose very uninformative flat
priors for By, and @ between —0.1 and 0.1. This range seemed
appropriate as the a and Sy, parameters found by Appourchaux
(2020) and Lund et al. (2017) in the same evolutionary stage
were under 1072, We assigned flat priors for rotation rates, with
values ranging from 0 to 1,000 nHz for the core and 0 to 100 nHz
for the envelope. These core rotation prior was derived from the
work of Deheuvels et al. (2017) for KIC 7341231 and informed
by a visual inspection of the splittings observed in KIC §179973.
For the envelope rotation, we again utilised the Deheuvels et al.
(2017) article for KIC 7341231, and assumed a core envelope
contrast of at least 10 in KIC 8179973. All of those priors are
summarised in table C.1.

C.2. Priors on KIC 7341231

A global analysis using PyA2Z gives Av, vm,x, and a guess value
of AIT; using the stretched period method. The priors on those
parameters were then chosen according to Sect. C.1. Refined
values of AIl; and Av are obtained by fitting the mixed £ = 1
modes according to the method described in Sect. 3.2.7.Because
the angle of inclination is high, we had access to the m = 0 com-
ponents of each quintuplet. Hence, we decided to use the method
described in 3.2.4 to constrain g,. To use this method, we needed
to access the following parameters and their associated uncer-
tainties: All,, Av, v,, v, and the position of the £ = 2 p mode that
is given by vyp—dvg». Where v, and v;, are the positions of the m =
0 components of each multiplet and v is the frequency of the
closest radial mode. AIl, and its associated uncertainty was then
obtained following Sect. 3.2.2. In order to obtain dvy,, we fitted
a bimodal Gaussian model to the averaged collapse of the echelle
diagram. We obtained 6vp/Av = 0.120+0.002. We finally peak-
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bagged v,, v, and vy and obtained v, = 380.382 + 0.023 uHz,
vy = 382.627 + 0.01 uHz, and vy = 384.514 + 0.011 uHz.
Using those values and their uncertainties, we can use a Monte-
Carlo method to sample the distribution of g, according to equa-
tion (42). We obtained ¢, = 0.041 + 0.003. We decided to use a
uniform prior on g, within 3 sigma of the obtained value.

Furthermore, since we are only interested in reproducing the
frequencies of the star’s modes and an angle of inclination was
already fitted by Deheuvels et al. (2012), we adopt a fixed angle
of inclination of 85°, in order to limit the number of free param-
eters.

Table C.1. Flat prior ranges for the global fit of KIC 7341231 and
KIC 8179973.

P Star | p1c7341231  KIC 8179973
101

Vmax (WHZ) 408 (fixed) 347 (fixed)
Av (uHz) 29.1 + 5% 23+ 5%

& 0<1 0<1

6vo1 (uHz) 1<1 <1

51/()!2 (MHZ) 2<3 2<3

Boz 20.1<0.1 0.1<0.1
AT, (s) 1045<1155 92<102

qi 0.15<0.4 0.15<0.4
&gl 0<1 0<1

ATL, (s) AL /V3+5% AT/ V3 +5%
@ 0.041+0.009 <0.107

Eg2 0<1 0<1
Quore/2m (nHz) | <1,000 <1,000

Q. /27 (nHz) | <100 <100

1 -0.1<0.1 -0.1<0.1
Bo.1 0.1<0.1 0.1<0.1

C.3. Priors on KIC 8179973

A global analysis using PyA2Z gives Av, vm,x, and a guess value
of AIl; using the stretched period method. The priors on those
parameters were then chosen according to Sect. C.1. Refined val-
ues of AIl}, Av and a value of ¢; are obtained by fitting the mixed
¢ = 1 modes according to the method described in Sect. 3.2.7.
In KIC 8179973, the angle of inclination is such that the m=0
modes of the £ = 2 quintuplet are either absent or buried in the
noise of the star. Hence, we cannot use the same method as the
on used for KIC 7341231 to constrain ¢,. However, we can still
use simple analytical arguments to put a rough upper bound on
q» as a function of ¢q;.

g1 in itself is obtained by fitting the mixed £ = 1 modes
according to the method described in Sect. 3.2.7. We obtain
g1 = 0.197 £ 0.001 which yields that g, < 0.107 using the argu-
ments presented in Sect. 3.2.5. We use a uniform prior for the
orientation of axis of rotation of the star with respect to the line
of sight. This translates to a prior o sin(6i,.) for 8;,c between 0°
and 90°.

C.4. Corner plots and comparison data-model

We compared the frequencies obtained within our asymp-
totic Bayesian framework to the frequencies obtained by
Deheuvels et al. 2012, 2017 using a peakbagging code. Both
the asymptotic model and the peakbagged frequencies agree,
particularly around the central frequency (vpmax) as can be seen
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on figure C.1. This congruence is expected, as the asymptotic ans - oazayg
approximation becomes less precise further from v,x due to
increasing sensitivity to surface effects. Crucially, the physically
informed nature of our method allows it to account for small
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Fig. C.1. Echelle diagram comparing the oscillation frequencies derived
from the Bayesian asymptotic model (circles, this work) with the peak-
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Fig. C.2. Corner plot of the Bayesian fit of all the parameters for
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Fig. C.4. Echelle diagram showing the superimposed data and asymp-
totic model for the most prominent modes of KIC 7341231.
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o

Fig. C.6. Corner plot of the Bayesian fit of all the parameters for
KIC 8179973 (second part).
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Fig. C.7. Echelle diagram showing the superimposed data and asymp-
totic model for the most prominent modes of KIC 8179973.
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