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ABSTRACT

We quantify galaxy correlations using two distinct three-dimensional samples from the first data release of the Dark Energy Spectro-
scopic Instrument (DESI): the Bright Galaxy Sample (BGS) and the Luminous Red Galaxy Sample (LRGS). Specifically, we measure
the conditional average density, defined as the average density of galaxies observed around a typical galaxy in the sample. To min-
imize boundary effects, we adopt a conservative criterion: the analysis includes only galaxies whose surrounding spherical volume
of radius r is fully contained within the survey footprint. For the BGS, we constructed four volume-limited subsamples in order to
eliminate biases arising from luminosity-dependent selection effects. In contrast, the LRGS is approximately volume-limited by de-
sign. The resulting samples spanned different depths, providing an opportunity to test the stability of statistical measurements across
survey volumes of increasing size. Our results show that the conditional average density follows a power-law decay, {(n(r)) o r08,
without exhibiting any transition to homogeneity within the survey volume. The large statistics of the DESI samples also allowed us to
demonstrate that finite-size effects become significant as r approaches the boundaries of the sample volumes. We consistently found
that the distribution of density fluctuations follows a Gumbel distribution — characteristic of extreme-value statistics — rather than
a Gaussian distribution, which would be expected for a spatially homogeneous field. These findings confirm and extend the trends
previously observed in smaller redshift surveys, supporting the conclusion that the galaxy distribution does not undergo a transition
to spatial homogeneity within the probed scales, up to r ~ 400 Mpc/h.
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1. Introduction

The spatial distribution of galaxies is a fundamental observable
for probing the large-scale structure of the Universe. Accurately
characterizing its statistical properties poses a significant chal-
lenge, as this distribution exhibits complex, highly inhomoge-
neous features and includes the largest structures ever detected
in the cosmos, representing one of the most compelling mani-
festations of complexity in nature (see, e.g., de Lapparent et al.
1986; Geller & Huchra 1989; Gott et al. 2005; Tully et al. 2014;
Valade et al. 2024).

A key question, debated for decades (de Vaucouleurs
1970; Pietronero 1987, Lemson & Sanders 1991;
Coleman & Pietronero 1992; Davis 1997; Pietronero et al.
1997; Sylos Labini et al. 1998; Wuetal. 1999; Joyce et al.
2005; Hogg et al. 2005; Sylos Labini et al. 2007; Sarkar et al.
2009; Sylos Labini 2011; Scrimgeour etal. 2012; Pandey
2013; Alonsoetal. 2014; Whitbourn & Shanks 2014,
Sylos Labini et al. 2014, Conde-Saavedra et al. 2015;
Alonso et al. 2015; Sarkar & Pandey 2016; Pandey & Sarkar
2015; Shirokov et al. 2016; Laurentetal. 2016; Park et al.
2017; Ntelis et al. 2017; Gongalves et al. 2018a,b; Heinesen
2020; Teles et al. 2021; De Marzo et al. 2021; Kim et al. 2022;
Andrade et al. 2022; Diasetal. 2023; Valadeetal. 2024,
Pashapour-Ahmadabadi et al. 2025; Einasto 2025a,b), concerns
the scale at which the galaxy distribution can be considered
statistically uniform. Determining this scale is essential for
assessing whether the observed structures are compatible with
current models of galaxy formation. Addressing this issue
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requires statistical methods that are free of strong assumptions
and based on the most conservative hypotheses, in order to
minimize luminosity-selection biases and finite-size effects. In
this respect, one must consider several subtle points.

The first requirement is that the statistical measure should
not rely on the assumption that the average density is well
defined within a given sample — an assumption which, opera-
tionally, implies that the sample volume is sufficiently large so
that the average density measured in any of its sufficiently large
subvolumes yields statistically consistent values, modulo small-
amplitude fluctuations. For instance, if the survey volume is a
sphere of radius R, the presence of a void or of a large-scale
structure with a size comparable to a significant fraction of R
would cast doubt on the validity of this assumption. In gen-
eral, the presence of large-scale voids and/or extended structures
necessitates a critical assessment of whether a well defined aver-
age density exists within the sample.

This can be tested operationally by measuring the condi-
tional average density, (n(r)), which quantifies the average den-
sity within a sphere of radius r centered on a typical point of the
distribution. Specifically, it is defined as the average of the local
number density obtained by centering a sphere of radius r on
each point in the sample. This statistic does not assume a priori
the existence of a global mean density and therefore provides a
robust characterization of spatial inhomogeneities and correla-
tions in the most general case.

A second crucial requirement in the analysis of spatial corre-
lations is that the sample under study must be free from signifi-
cant luminosity-selection effects and boundary condition effects.
Luminosity-selection effects arise, for example, when a sample
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is constructed by selecting all galaxies with apparent luminosi-
ties brighter than a given threshold. Such a selection introduces a
bias since at any fixed distance, intrinsically brighter galaxies are
overrepresented compared to fainter ones. To mitigate this effect,
one must construct volume-limited (VL) samples, which only
include galaxies that would be observable throughout the entire
survey volume, thereby ensuring uniform selection in luminosity
space (see, e.g., Gabrielli et al. 2005 and references therein).

Boundary condition effects are related to the way the con-
ditional density is computed. To adopt the most conservative
approach, one must include as center points only those galax-
ies for which a sphere of radius r is fully embedded within the
sample volume (see, e.g., Gabrielli et al. (2005) and references
therein).

Both types of selection effects impose stringent limitations
on the effective number of galaxies that can be used for statisti-
cal analysis. Therefore, it is essential to work with large, three-
dimensional samples that have uniform and contiguous angular
coverage.

In analyses of galaxy distributions across various surveys
using the conditional density method, it has been consistently
found that, up to scales of approximately 20 Mpc/h — where sta-
tistical reliability is high due to the possibility of inscribing a
sufficient number of independent spheres within the survey vol-
ume — the conditional average density of the galaxy distribu-
tion follows a simple power-law behavior, (n(r)) o r77, with
an exponent y = 1. A spatially homogeneous distribution would
correspond to ¥y = 0. At larger scales (up to ~100 Mpc/h), the
statistical evidence for the continuation of this power-law behav-
ior becomes weaker, but there is no clear indication of a transi-
tion to spatial uniformity (see Joyce et al. (2005) and references
therein).

Notably, Hogg et al. (2005) analyzed the Luminous Red
Galaxy Sample (LRGS) from the Sloan Digital Sky Survey
(SDSS) survey and found that a power-law with exponent y = 1
provides a good fit to the conditional density up to at least
20 Mpc/h, covering approximately a decade in scale. At larger
scales, the conditional density continues to decrease but with
a shallower slope, flattening around ~70 Mpc/h and remaining
nearly constant up to the maximum probed scale of 100 Mpc/h.
The transition between these regimes is gradual: The inte-
grated conditional density at ~20Mpc/h remains about twice
the asymptotic value measured at the largest scales. Hogg et al.
(2005) interpreted this behavior as indicative of a slow crossover
toward homogeneity occurring on scales > 100 Mpc/h. However,
this trend may also reflect the presence of long-range correla-
tions without clear evidence for convergence to homogeneity
within the observed volume (Joyce et al. 2005). As we discuss
below, a crucial issue in measuring the conditional density on
scales comparable to the sample size is controlling for finite-size
effects, which can introduce significant systematic errors.

Sylos Labini et al. (2007) investigated the average condi-
tional galaxy density in the Bright Galaxy Sample (BGS) of
the SDSS Data Release 7 (SDSS DR7). Consistent with earlier
analyses by Joyce et al. (2005), Hogg et al. (2005), they found
that, over a broad range of scales, both the average conditional
density and its variance exhibit nontrivial scaling behaviors. In
particular, for scales 20 < r < 80Mpc/h, the conditional den-
sity displays a weak dependence on the system size. However,
Sylos Labini et al. (2007) identified nontrivial finite-size effects
arising from the presence of large-scale structures that, at suf-
ficiently large scales, hinder the determination of a truly repre-
sentative volume average. Building on this, Antal et al. (2009)
demonstrated that the density fluctuations are well described by
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a Gumbel distribution, characteristic of extreme-value statistics
— in clear contrast to the Gaussian distribution expected in a
spatially homogeneous configuration. They also introduced tests
to quantify finite-size effects on scales comparable to the sur-
vey volume, finding that such effects are particularly relevant in
the case of the SDSS DR7 BGS. Together, these results support
the presence of long-range correlations and scale-invariant struc-
tures in the galaxy distribution, extending up to scales of at least
~100Mpc/h.

Since the work by Antaletal. (2009), many authors
have mapped the large-scale structure of galaxies with the
goal of placing constraints on the scale of homogeneity by
employing a wide variety of observational datasets and sta-
tistical methodologies. However, results have been incon-
sistent: Some studies report a relatively small homogeneity
scale of 19 ~ 50-70Mpc/h (see, e.g., Sarkar et al. (2009),
Scrimgeour et al. (2012), Ntelis et al. (2017), Dias et al. (2023)),
while others find significantly larger values, such as 1, =
140 Mpc/h (Pandey & Sarkar 2015) or even 4y ~ 250 Mpc/h
(Sarkar & Pandey 2016). These discrepancies largely arise from
the diversity of statistical techniques and datasets employed
across the literature, as well as from the use of different defi-
nitions of the homogeneity scale itself.

In particular, the methods used to investigate large-scale
homogeneity include the following:

— Multifractal analysis of the galaxy distribution in volume-
limited (VL) subsamples from SDSS DR6 (Sarkar et al.
2009);

— Galaxy counts in magnitude-limited samples from deep, nar-
row pencil-beam surveys at z =~ 1, with limited angu-
lar coverage — such as the WiggleZ Dark Energy Survey
(Scrimgeour et al. 2012). We note that the procedure adopted
in the WiggleZ analysis, which corrects counts-in-spheres
in a non—VL sample by normalizing to the expectation for
a homogeneous distribution with the same completeness,
implicitly assumes large-scale homogeneity. As a result,
the method effectively builds in the conclusion it seeks to
demonstrate, amounting to a form of circular reasoning. This
correction scheme has been adopted in more recent studies
(e.g. Gongalves et al. 2021);

— Reconstruction of the local density field from redshift distri-
butions and number counts (Whitbourn & Shanks 2014);

— Statistical tests of large-scale homogeneity using photomet-
ric redshift surveys (Alonso et al. 2014);

— Entropy-based measures of inhomogeneity in SDSS DR12 to
evaluate the scale of the transition to homogeneity (Pandey
2013; Sarkar & Pandey 2016);

— Fractal analysis of the galaxy distribution in the FORS
Deep Field survey, although without systematic correc-
tions for luminosity-selection effects or boundary conditions
(Conde-Saavedra et al. 2015);

— Use of the angular homogeneity index applied to the 2MASS
Photometric Redshift Catalogue (Alonso et al. 2015);

— Homogeneity analysis in the redshift range 2.2 < z < 2.8
using the BOSS quasar sample (Laurent et al. 2016);

— Counts-in-spheres analysis of the CMASS galaxy sample
from the BOSS survey to probe the transition to homogene-
ity (Ntelis et al. 2017);

— Assessment of homogeneity using the SDSS-IV DR14
quasar sample over the redshift range 0.80 < z < 2.24
(Gongalves et al. 2018a);

— Investigation of scaling properties in galaxy supercluster
catalogs through the Mandelbrot-Zipf law (De Marzo et al.
2021);
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— Measurement of the angular scale of cosmic homogeneity
using the LRG sample from SDSS DR16 (Andrade et al.
2022);

— Estimation of the homogeneity scale using spectroscopic
samples of blue galaxies from SDSS (Dias et al. 2023).

In general, the differing conclusions reached in the literature
can be attributed to the use of heterogeneous statistical tools
and the absence of a unified treatment of key observational
effects, such as luminosity-selection biases, survey geometry,
and boundary conditions. Crucially, many of these studies do
not adopt the most conservative approach described above —
namely, the use of fully three-dimensional, VL samples, sta-
tistically unbiased estimators, and a rigorous control of both
selection effects and boundary artifacts. As a result, the inferred
values of the homogeneity scale in such analyses may be sys-
tematically biased by methodological limitations. This is partic-
ularly important in redshift surveys, which are inherently limited
both in the number of objects and in the coverage of the redshift
volume.

In this work, we analyze several samples from the first data
release of the Dark Energy Spectroscopic Instrument (DESI),
which has surveyed an unprecedented cosmological volume. We
focus on two specific datasets: The BGS and the LRGS. From
the BGS, we constructed a series of VL subsamples containing
galaxies of different absolute luminosities and with progressively
increasing depths, whereas the LRGS is already approximately
volume-limited and benefits from high-precision photometric
calibration. The resulting set of samples spans a wide range
of depths, providing an opportunity to test the stability of
statistical measurements across survey volumes of increasing
size.

The Dark Energy Spectroscopic Instrument is a next-
generation spectroscopic survey installed on the 4-meter Mayall
Telescope at Kitt Peak National Observatory. It is equipped with
5000 robotically controlled optical fibers and covers a wide spec-
tral range (360-980 nm), enabling simultaneous observations of
thousands of targets. DESI’s primary scientific goal is to map the
large-scale structure of the Universe by obtaining redshifts for
tens of millions of galaxies, quasars, and Lyman-a forest sys-
tems over approximately 14 000 deg®. The first-year data release
(DR1) of DESI includes over five million high-quality redshifts
spanning the range 0.1 < z < 2.1. Owing to its unprecedented
combination of survey volume, redshift coverage, and spectro-
scopic data quality, DESI currently represents the most power-
ful galaxy clustering survey to date (Hahn et al. 2023; Ross et al.
2025; Adame et al. 2025a,b; DESI Collaboration 2025).

However, currently, no studies have investigated the condi-
tional density in DESI data. Instead, analyses of clustering have
primarily relied on the standard two-point correlation function
(Adame et al. 2025a,b), a statistical tool that presupposes that
large-scale homogeneity of the galaxy distribution is reached in
the samples under consideration (Gabrielli et al. 2005). Explor-
ing alternative, less assumption-dependent statistics — such as the
conditional density — may thus provide complementary insights
into the nature of the cosmic structure and the validity of the
homogeneity hypothesis.

The paper is organized as follows. In Sect. 2, we detail
the statistical methods used to measure the relevant quanti-
ties in the survey. In Sect. 3, we describe the construction
of the samples. Sect. 4 presents the results of the analysis of
the conditional density and its probability distribution func-
tion. Finally, in Sect. 5, we discuss our findings in the con-
text of standard cosmological models and summarize our main
conclusions.

2. Methods

The standard definition of the two-point correlation function,
&(r) = (6(r)6(0)) , (D

relies on the assumption that the average density ngy is well
defined and strictly positive in the infinite-volume limit. Here,
the density contrast is defined as

5(r) = "(r)n—o_”o

@

However, for systems exhibiting long-range correlations, it is
possible that ngp = 0 in the infinite-volume limit, which renders
the definition of £(r) ill-defined and physically meaningless.

In any finite sample of volume V containing N particles,
the sample average density ny, = N/V is necessarily positive.
The crucial question is whether n; remains stable as V increases
— that is, whether the system reaches statistical homogeneity
within the sample volume. This issue can only be rigorously
tested using unnormalized statistical quantities, such as the con-
ditional average density (n(r)), which do not rely on the a priori
assumption of a nonzero ng (see, e.g., Gabrielli et al. 2005, and
references therein).

2.1. Conditional galaxy density

To address the issue of an inhomogeneous galaxy distribution,
we condition the local densities to be measured around galaxies.
We denote the number of galaxies in a ball of radius r around
galaxy i as N;(r), where i = 1,...,C(r), and C(r) is the number
of galaxies which can act as a center of a ball. Then the condi-
tional galaxy density around galaxy i is

Note that this density is typically different for each center i, and
it has an empirical distribution of densities.

The simplest quantities characterizing this density distribu-
tion is its mean

1 C(r)
wm=35;mn 3)
and its variance

1 C(r)
#m=aﬁgmw%mmw. )

For an uncorrelated homogeneous point distribution, like a Pois-
son point process with N(r) number of galaxies in a ball of
radius r, one has (N(r)) = Var[N(r)] « r?, which leads to
(n(r)) ~ constant and X2(r) o r~3, moreover the fluctuations
become Gaussian for large r.

For a correlated but still homogeneous point distribution, the
conditional density remains (n(r)) = const., and one focuses on
the behavior of the normalized variance

a0 = () B0
(n(r))* (n(r))*
This depends on the nature of the correlations between density

fluctuations (see Eq. (1)). For instance, if the power spectrum
of density fluctuations P(k) — i.e., the Fourier conjugate of &£(r)
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— behaves for k —» 0 as P(k) « k" (with n > —3 to ensure
integrability), then one finds (Gabrielli et al. 2002, 2005)

y=G+m if —3<n<1

ar(r)«c{rtlogr ifn=1
r4 ifn>1,

where n = 0 corresponds to the uncorrelated (Poisson) case. The
case n = 1 corresponds to the large-scale correlations character-
istic of standard cosmological models, for which the normalized
mass variance decays faster than in an uncorrelated density field.
In addition, for —3 < n < 0 the correlation function behaves as
&(r) oc r~3* at large scales, and in this regime the normalized
mass variance decays more slowly than for an uncorrelated den-
sity field.

Note that the average conditional density at scales smaller
than the average nearest—neighbor distance is approximately
related to the behavior of the nearest-neighbor probability den-
sity w(r), i.e., the probability w(r)dr that the nearest neighbor of
a given galaxy lies at a distance in the interval [r, r + dr], through
the relation

w(r)
4772 (l - for w(s) ds) '
Indeed, for the nearest galaxy being in [r, r + dr], there should be

no galaxy closer, but there should be one in the shell [r, r + dr],
and by assuming independence of these two events, we obtained

(n(r)) = &)

w(rdr ~ (1 - f ' w(s) ds) x 4nr*(n(r))dr
0

which leads to Eq. (5).

For a Poisson point process with rate with (n(r)) = nog, the
probability of not finding a galaxy in a ball of radius r is just
e 3 and by differentiation we got
drngr?
3 b

which indeed satisfies Eq. (5). In contrast, for a correlated distri-
bution with {n(r)) o< r~7, the short—distance tail behaves as

(6)

w(r) = 4nr’ng exp(—

w(r) o r*77 . (7
In this regime the condition for w(s)ds < 1 is satisfied, and
Eq. (5) therefore holds.

When (n(r)) ~ const., the probability density function (PDF)
of the local density n;(r) is close to Gaussian, and thus one
focuses on the PDF of the density fluctuations 6(r) (see Eq. (2))
to characterize small deviations.

In contrast, when (n(r)) « r~7, the PDF of fluctuations is
not expected to be Gaussian. In this case, large deviations are
expected to occur with higher probability than in a Gaussian pro-
cess.

As mentioned above, one of the key challenges in measuring
the conditional density in a galaxy survey is the proper treat-
ment of boundary conditions. It is important to note that C(r)
in Egs. (3)—(4) depends on the scale r itself. A galaxy can be
used as a center only if the sphere of radius r centered on it is
fully contained within the survey volume. If this condition is not
satisfied, the corresponding count is excluded from the average,
as the probed volume would not be spherical, thus introducing
potential systematic distortions.
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Indeed, when the sampling volume is not spherical, it may
exhibit significantly different extensions along different direc-
tions, making it nontrivial to define the effective scale r that
enters into Eq. (3). This geometric asymmetry complicates the
interpretation of the measured density, and may bias the estimate
of (n(r)) if not properly accounted for. For this reason, a strict
boundary condition is applied: only spheres entirely embedded
within the survey volume are considered in the computation of
the conditional density.

As r approaches the radius of the largest sphere that can be
entirely embedded within the survey geometry, two effects arise:
(1) the number of usable centers C(r) decreases rapidly, and (ii)
the remaining centers tend to cluster near the geometric center
of the sample. In this regime, although there may still be multi-
ple centers contributing to the average, they all probe nearly the
same spatial region. As a result, the estimate of the average den-
sity becomes dominated by a small and spatially localized part
of the sample, leading to potential systematic effects due to the
loss of spatial representativity (see Sylos Labini et al. 2014 and
references therein).

In addition to the number of usable centers, C(r), we moni-
tored in our analysis the quantity denoted as foverlap, defined as
the ratio between the total overlapping volume of all intersecting
sphere pairs and the total volume of all spheres:

Voverlap,total

®

ﬁ)verlap Vsphere,lotal .
This parameter does not represent the fraction of the total spa-
tial volume actually covered by the spheres, but rather quan-
tifies the degree of redundancy arising from mutual overlaps.
In practice, foverlap = O indicates that all spheres are disjoint,
whereas foverlap = 1 corresponds to a configuration where the
total overlapping volume equals the sum of all sphere volumes
— meaning that each unit of volume is, on average, doubly cov-
ered. When foyerap > 1, the same spatial regions are intersected
multiple times by different spheres. In summary, foverlap Mmea-
sures the degree of pairwise volume redundancy rather than the
effective filling fraction, and values much larger than unity cor-
respond to highly overlapping configurations. From a statistical
standpoint, a large value of foverlap implies a significant corre-
lation among neighboring measurements, thereby reducing their
effective independence. This limits the reliability of estimators —
such as averages or variances — derived from such overlapping
volumes. In particular, if structures or voids exist on scales com-
parable to the size of the sample, a high degree of overlap may
introduce a systematic effect that dominates the measurement,
rather than merely contributing to its statistical uncertainty.

Finally, the minimal scale at which the determination of the
conditional density and its moments remains statistically mean-
ingful is set by a fraction the average distance between near-
est neighbors A. This characteristic scale, together with the full
nearest-neighbor distance distribution, was be carefully com-
puted and analyzed to assess the statistical validity of the mea-
surements.

It should be noted that, in the analysis presented below, the
statistical errors on the conditional density are computed as stan-
dard errors on the mean. However, at values of r comparable to
the size of the sample volume, the dominant source of uncer-
tainty is systematic, rather than statistical. Therefore, it is essen-
tial to perform finite-size tests by varying the sample volume and
carefully examining the stability of the results. This procedure
allows us to assess the robustness of the observed trends and to
identify possible biases arising from the survey’s geometry or
selection effects.
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In the following subsections, we analyze not only the average
and the variance of n;(r). We also study the full PDF of n;(r) in
order to obtain a more complete statistical characterization of the
galaxy distribution.

2.2. The Gumbel distribution

As it is useful for the analysis that follows, we briefly recall the
main properties of the Gumbel distribution, which is one of the
three classical extreme—value distributions (see, e.g., Antal et al.
2009 and references therein). The Gumbel distribution describes
the probability of the maximum (or minimum) among a set
of independent random variables drawn from a parent distri-
bution whose PDF decays faster than any power law, such as
an exponential distribution. It therefore naturally arises in sys-
tems where extreme fluctuations are governed by exponentially
bounded statistics.

The PDF of the Gumbel distribution, at a given radius, r, is
given by

1 n—u n—pu
o= Lo (252) - onf-252]. 0
B B B
where n = n(r), u is the location parameter and 8 > 0 is the scale
parameter.

By introducing the normalized variable

x= , (10)
B

the PDF takes the universal form

f(x) =exp[-x—e7"] , an

e

with cumulative distribution ¢~¢ . The mean and variance of the

Gumbel distribution (9) are

(ny = p+ 7B, (12)
2T
2= = (13)

where y ~ 0.5772 is the Euler-Mascheroni constant.

The Gumbel distribution thus provides a simple yet powerful
statistical model to describe fluctuations governed by extreme-
value statistics, in contrast to the Gaussian distribution expected
for homogeneous random fields.

3. The samples

The DESI Data Release 1 includes several spectroscopic galaxy
samples targeting different redshift ranges: the BGS at low red-
shifts, 0.1 < z < 0.4; the LRGS in the intermediate redshift
range, 0.4 < z < 1.1; the Emission Line Galaxy Sample (ELGS)
covering 0.8 < z < 1.6; and the Quasar Sample (QSOS), span-
ning 0.8 < z < 2.1 (Adame et al. 2025b). In the present analysis,
we focus on the first two samples (BGS and LRGS), leaving the
investigation of the ELGS and QSOS samples for forthcoming
work.

As mentioned above, a key requirement for the computation
of the conditional density is the selection of a sample volume
with a regular geometry. Given the nature of the observational
data, this geometry is best represented by a spherical sector, i.e.,
a portion of a sphere whose radial depth corresponds to the max-
imum extent of the sample, and whose angular coverage matches
the largest contiguous region of the sky covered by the survey.

Table 1. Limits Right Ascension and Declination (in degrees) and com-
pleteness of the three angular regions selected.

Region «a; > 61 6, compl
R3 195 229 -3 5 00985
R7 130 142 -3 5 00959
R25 127 225 -7 3 00958

3.1. Sample geometry and boundary conditions

The angular mask of the DESI DR1 sample is highly irreg-
ular, reflecting the complex geometry of the survey footprint.
To construct a subsample suitable for measuring the conditional
density, we identify several contiguous regions within the sur-
vey where the angular coverage can be considered approxi-
mately uniform. Among these, region R25 is the largest, while
regions R3 and R7 correspond to sub parts of R25 that also
extend slightly beyond its boundaries. The angular limits defin-
ing all selected regions are reported in Table 1.

Figure 1 shows the full angular projection of the DESI DR1
BGS and LRGS, together with the selected angular regions used
in this analysis.

To estimate the completeness of each angular region, we pro-
ceed as follows. The probability that the DESI instrument suc-
cessfully measures a redshift for a given target depends on its
intrinsic properties, sky position, and redshift. This probability
distribution is commonly referred to as the selection function. It
is typically anisotropic and exhibits a complex dependence on
redshift.

To model and correct for these effects, we use the DESI cat-
alogs that associate observed galaxies with corresponding ran-
dom catalogs, which Poisson-sample the same survey volume.
These random catalogs are weighted and subsampled to reflect
the selection effects present in the data. In doing so, they account
for the survey footprint, spatial variations in completeness (e.g.,
due to the number of observations per field), instrumental per-
formance, and other observational systematics.

To evaluate the completeness of each angular region, we
analyze the DESI random catalogs, which incorporate both the
angular survey mask and the redshift-dependent selection func-
tion defined over the observed footprint. Specifically, we divide
the angular footprint into Nra bins in right ascension and Ngin(s)
bins in sin(0), where ¢ is the declination. This binning produces:

Niot = Nra X Niines)

angular cells.

Each cell is bounded in right ascension by (a;, @;) and in
declination by (sin d1, sin d,). With this scheme, all cells subtend
the same solid angle:

Qcen = (@2 — 1) X (sin 63 — sin 61) = Ara X Agincs) - (14)

Due to the irregular geometry of the DESI angular mask, not
all cells are equally covered. For each well sampled cell i, we
computed the local density of random points as:

N;
9
chll

where N; is the number of random points in cell i. Variations in
n; reflect differences in angular completeness.
We defined the maximum observed density as:

n; =

n™* = max{n;}.
1
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Fig. 1. DESI DR1 angular projection of the DESI DR1 BGS and LRGS,
together with the selected angular regions used in this analysis.

Then, the completeness of angular region i, with generic solid
angle Q; > Q.;, was estimated as:

N; 1
ai ’ pmax .

compl; = (15)

In Table 1, we report the estimated completeness values for each
of the selected angular regions. To determine n™**, we applied a
very fine partition of the survey area, dividing it into 144 angular
cells of equal solid angle. The maximum local random density,
computed from this fine-grained grid, is then used in Eq. (15)
to evaluate the completeness of the three larger angular regions
employed in this study.

Note that, in order to ensure that selection effects are negli-
gible within the selected angular regions, we have repeated the
analysis of the conditional density, variance, and the PDF of
fluctuations using the corresponding random catalogs. We found
that, as expected, the conditional density and variance in the ran-
dom samples are consistent with those of a uniform distribution.
However, the PDF of fluctuations, while approaching a Gaussian
shape at sufficiently small scales, may still deviate at scales com-
parable with the sample’s sizes slightly due to residual effects of
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the survey selection function encoded in the construction of the
random catalogs themselves.

3.2. Bright Galaxy Sample

Figure 2 (top-left panel) shows the redshift distribution of the
magnitude-limited BGS samples. The effects of luminosity-
selection are evident in the shape of the histograms: for a uni-
form distribution in a Euclidean universe, one would expect
N(z) Z2. Instead, the observed distribution peaks and declines,
a feature determined by the survey’s selection function.

To mitigate such luminosity-dependent selection effects, it is
necessary to construct VL samples. These are defined such that,
within a given range of absolute magnitudes and redshifts, the
sample is complete — i.e., it includes all galaxies that would be
observable above the survey’s flux limit throughout the entire
volume. Volume-limited samples are thus essential for perform-
ing unbiased statistical analyses of the spatial distribution of
galaxies.

We first compute the apparent r-band magnitude, which is
not directly provided in the clustering catalog but can be derived
from the dereddened fluxes. The DESI catalogs provide fluxes in
nanomaggies (e.g., flux_r_dered), and the conversion to mag-
nitude is given by:

m, = 22.5 = 2.5log,,(flux_r_dered).

Assuming a standard flat ACDM cosmology with parameters
Hy = 70kms~! Mpc‘l, Q,, = 0.3, and Qp = 0.7, the luminosity
distance is computed as:

di(2)=(1+2) Hi (16)

fz dz/

0Jo O+ +Qp
where c is the speed of light. From the luminosity distance, we
calculated the distance modulus:

d,
=51 —1-5,
H OgIO(pC)

and finally the absolute magnitude in the r-band:
M, =m,—pu.

This procedure allowed us to assign an absolute magnitude to
each galaxy in the catalog, which is necessary for constructing
VL samples and analyzing the luminosity distribution.

The k-corrected absolute magnitude in the r-band is given
by:

d.

M, =mr_510g10 (_)_Kr(z)5 (17)

10pc
where K,(z) is the k-correction to the rest-frame r-band. To
compute K,(z), one can use the code originally developed
by Blanton & Roweis (2007), or rely on approximate methods
based on observed colors and redshift. A practical alternative is
to use an empirical approximation, valid for low-redshift galax-
ies (z < 0.3), such as:

K (z,g-r=25-z2—-15-(g—-r)-z, (18)

which has been shown to work reasonably well for SDSS BGS-
like samples.

Tab. 2 shows the properties of the VL samples and Tab. 3
the properties of the main angular regions we considered for the
BGS. We also report the values of the average nearest-neighbor
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Fig. 2. Redshift and Nearest neighbors distributions. Upper panels: Redshift distribution of the BGS sample (left panel) and of the LRGS sample
(right panel). Bottom panels: Nearest neighbors distribution of the BGS sample (left panel) and of the LRGS sample (right panel).

Table 2. Properties of the VL samples

Sample Dpxx M, N A

VL2 450 -19 361017 1.2
VL3 680 20 647289 0.7
VL4 1010 -21 927335 0.5
VL5 1460 -22 845586 0.4

Notes. The first column lists the VL sample name; D,y is the maximum
comoving distance (in Mpc/h); M, is the limiting absolute magnitude; N
is the total number of galaxies in the sample; and A (in Mpc/h) denotes
the average nearest-neighbor separation.

separation. Figure 3 shows the projection onto the x—y plane
of the R25 region for the different VL samples. As the volume
increases — that is, moving from VL2 to VL5 — large-scale struc-
tures become less visually prominent, although they remain dis-
cernible whereas in Fig. 2 (bottom-left panel) it is shown the
whole nearest-neighbor PDF.

Note that our analysis has been performed in redshift space,
i.e., we did not apply any correction to reconstruct real-space
positions. However, these corrections are relevant only on small
scales, i.e., for r < 10 Mpc/h, whereas the samples considered
here cover a much larger range of scales.

Table 3. Number of galaxies N in the different regions for the different
volume-limited samples.

Sample Region N
VL2 R3 17489
VL2 R7 4103
VL2 R25 58582
VL3 R3 31454
VL3 R7 7222
VL3 R25 100209
VL4 R3 40724
VL4 R7 13457
VL4 R25 133960
VLS5 R3 38364
VL5 R7 13785
VLS R25 125315

3.3. Luminous Red Galaxy Sample

The LRGS is approximately volume-limited; thus, in principle,
no additional cuts in absolute magnitude or distance are required.
The top-right panel of Fig. 2 shows the redshift distribution N(z)

A254, page 7 of 13
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Fig. 3. Projection in Galactic coordinates on the x-y plane of the four volume-limited samples in the region R25: VL2, VL3, VL4, and VL5, from

left to right.

of the LRGS. The distribution peaks at z ~ 0.8 and it extends up
to z ~ 1.1 with a sharp cutoff at z = 0.4 (d., = 2100 Mpc/h).

The decline of n(z) beyond z 0.8 is primarily due to
selection effects, which reduce the completeness of the sam-
ple at higher redshifts. For this reason, we define the red-
shift limits of our analysis as 0.4 < z < 0.8 roughtly corre-
sponding to a well defined VL subsample. We have performed
several tests by varying the redshift boundaries of the LRGS
sample, and the results remain reasonably stable across these
variations.

Tab. 4 shows the properties of the LRGS in the same three
angular regions we considered for the BGS (see the bottom-right
panel of Fig. 2 for the whole nearest-neighbor PDF).

~
I~

4. Results
4.1. Average conditional density

Figure 4 displays the conditional average density (n(r)) (Eq. (3))
measured in the four VL subsamples — VL2, VL3, VL4, and
VLS — extracted from the BGS, as well as one extracted from
the LRGS. Each panel corresponds to one of the three angular
regions: R3, R7, and R25. Each curve corresponds to a different
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Table 4. Number of galaxies and average distance between near-
est neighbors (in Mpc/h) in the three different angular regions for the
LGRS.

Sample N A [Mpc/h]
R3 61218 21.8
R7 19723 22.7
R25 206 392 22.3

subsample, defined by progressively increasing maximum depth
and stricter absolute magnitude cuts. As the depth increases and
the galaxies become intrinsically brighter, their spatial number
density decreases and so the amplitude of (n(r)).

The average nearest—neighbor distance is A ~ 1 Mpc/h for
the BGS and =20 Mpc/h for the LRGS. The nearest-neighbor
distribution (Fig. 2) is fully consistent with the behavior of the
average conditional density (Fig. 4): for r < A, the slope y =~ 0.8
recovered from the conditional density agrees with the expecta-
tion derived from Eq. (5).

The comparison among these subsamples allows us to assess
the robustness of the statistical signal against variations in
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Fig. 5. Average conditional density for the LRGS in eight non-
overlapping subregions of R25. One may note that non-negligible fluc-
tuations, of order ~20%, characterize the variation of the average con-
ditional density among these subregions.

sample depth and galaxy luminosity, as well as to identify the
scales beyond which finite-size effects or selection biases may
begin to influence the measurement. The observed consistency
among the curves at intermediate scales, i.e., 100Mpc/h = r 2
1 Mpc/h, confirms the stability of the conditional density in this
regime, while deviations at large scales are primarily attributable
to differences in sample volumes and boundary conditions.

We note that the amplitude of fluctuations in the conditional
density decreases as the sample volume increases — that is, when
moving from R7 to R3 and to R25. This behavior reflects the
improved statistical stability afforded by larger samples, where a
greater number of independent centers and a wider spatial cov-
erage lead to a smoother estimation of (n(r)).

In the intermediate range of scales, the conditional density
decays as (n(r)) o« r~0%: however, the decay tends to become
progressively shallower as r approaches the boundary of the
sample, so that the deeper the sample, the larger the scale at

—8— =9 Mpc/h
—e— =14 Mpcg/h

1014

{n(r)

100,

0.27__. o= 9 Mpcth
0.0 --- n=1ampch
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Fig. 6. Conditional density in a CDM model. Upper panel: Behavior
of the average conditional density (in units of the mean density ng) in
a CDM model for different amplitudes, as characterized by the length
scale ry defined by &(ro) = 1. Bottom panel: logarithmic slope.

which this deviation sets in. This trend is clearly visible in the
logarithmic slopes shown in the bottom panels of Fig. 4. In all
angular regions the onset of the slower decay shifts to progres-
sively larger scales as the sample volume increases. We interpret
this behavior as a manifestation of finite-size effects.
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A way to minimize the finite—size effects associated with the
overlap of sampling volumes at large radii — which we examine
in more detail below — is to divide the sample into several dis-
joint angular regions. Specifically, for the LRGS we considered
the region R25 and partitioned it into eight non-overlapping sub-
regions by slicing its extent in right ascension. These subregions
encompass approximately the same volume, since the maximum
inscribed radius is constrained by the declination width, which
is identical to that of the full R25 region.

The results are shown in Fig. 5. One may note that non-
negligible fluctuations, at the level of ~20%, characterize the vari-
ation of the average conditional density among these subregions.
This finding is consistent with the behavior observed through the
conditional variance (see Fig. 8), further indicating that large-
scale fluctuations are not washed out by subdividing the sample.

The observation of a significant decay of the conditional den-
sity up to r ~ 400 Mpc/h suggests that the galaxy distribution
retains correlations on very large scales. For » > 200 Mpc/h,
however, the signal becomes increasingly affected by finite-size
effects due to the limited sampling of the survey volume. Nev-
ertheless, if the underlying fluctuations were truly small, such
finite-size effects would be negligible. This indicates that the
observed large-scale trends reflect genuine correlations, rather
than mere sampling artifacts.

4.2. The average conditional density in the cold dark matter
model

In order to compare our findings with the predictions of a stan-
dard cold dark matter (CDM) model, we considered the simpli-
fied case of a power spectrum of the form

k
1 + (kk)ﬂ'l
where A is a normalization constant, k; ~ 0.05 hMpc’1 is the
turnover scale, and m ~ 2.5 characterizes the small-scale (large-
k) behavior. For clarity, we adopt a power spectrum without
baryon acoustic oscillations, as these features are not essential
to the main arguments of this work.

The normalization constant A is chosen such that g(ro) =1
for ro = 9 and 14 Mpc/h, respectively, where &(r) is the correla-

Pk)=A (19)
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this quantity is of order one or larger, which signifies a lack of self aver-
aging and the presence of large scale structures.

tion function — the Fourier conjugate of P(k) — and

_ 3 (T
f@=;£§®f@. (20)

The conditional average density, normalized by the (well
defined) mean density ng in this model, is then
(M) = no[1+ )] . @1
Note that Eq. (19) corresponds to the prediction of linear theory.
However, our interest lies in the behavior at scales r > 50 Mpc/#h,
whereas nonlinearities in standard CDM models emerge only at
scales » < 10 Mpc/h, producing a modification of the small-scale
slope of £(r) without affecting the large-scale trends relevant here.

Results are shown in Fig. 6: one may note that there is a
smooth and well defined transition to homogeneity in both cases,
occurring at ~80 Mpc/h and corresponding to y — 0. The main
difference with the data (see Fig. 4) appears for r > 80 Mpc/h,
where the real samples exhibit both large fluctuations and a per-
sistent positive exponent, y > 0.

4.3. Conditional variance

The variance X*(r) measured in the R25 region for the four
volume-limited subsamples extracted from the BGS and for the
LRGS is shown in Figure 7. The difference in the small-scale
slope of the variance between the various samples arises from
the different average distances between nearest-neighbor galax-
ies, denoted by A, which are in turn determined by the dis-
tinct luminosity-selection criteria applied to each sample. For
instance, in the BGS sample we find A = 0.5 Mpc/h, while in
the LRGS sample A = 20 Mpc/h. The variance, similarly to the
mean (see Fig. 4), exhibits a nontrivial power-law behavior on
small scales, with £2(r) o« ¥, and it departs from this regime
on larger scales, where the scaling becomes X?(r) o« r~>*. The
scale at which the slope changes depends on the sample, indicat-
ing that this feature is driven by finite-size effects.

At scales larger than the average distance between near-
est neighbors, i.e., r > A, where shot noise from sparse sam-
pling becomes non-negligible, the variance exhibits a slower
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decay than expected for a homogeneous Gaussian field. Specif-
ically, we find Z%(r) o 24, in contrast to the standard scaling
22(r) oc 3. This slower decay reflects the persistence of fluctu-
ations over large distances, indicative of long-range correlations
in the galaxy distribution. Such behavior is consistent with the
evidence that clustering persists across a wide range of scales,
without a clear transition to homogeneity.

Fig. 8 shows the behavior of the ratio X(r)/{n(r)) for the dif-
ferent samples. The finite-size dependence of this quantity sug-
gests the presence of nontrivial volume effects, likely driven by
the inclusion of increasingly large structures as the sample vol-
ume increases. The consistency of this trend across both the
BGS and LRGS samples further strengthens the evidence for
a robust large-scale clustering signal. At large scales, this ratio
reaches values of order ~0.3, indicating that relative fluctuations
remain at the ~30% level even at the largest radii that are not
clearly affected by finite-size effects (i.e., up to ~200 Mpc/h).
Such a persistent level of variance demonstrates the absence of
self-averaging — reflecting the presence of large-scale structures
within the sample — and is fully consistent with the Gumbel-like
form of the galaxy-count PDF, as we discuss below.

4.4. Finite-size effects

We now explore in more detail the finite-size effects in the deter-
mination of the conditional density. The behavior of the num-
ber of centers, C(r), over which the conditional density (n(r))
(see Eq. (3)) is averaged, is shown in the left panel Figure 9 for
the following cases the different samples in the angular region
R25. The figure illustrates the typical trend in which C(r) remains
approximately constant at small and intermediate scales, but drops
sharply as r approaches the sample boundaries. This behavior
reflects the progressive loss of fully contained spheres and high-
lights the increasing impact of edge effects at large separations.

As expected, deeper samples correspond to larger effective
volumes and exhibit a smoother, less fluctuating behavior in the
conditional density (n(r)). The scale beyond which C(r) begins
to decline marks the limit beyond which estimates of the condi-
tional density become increasingly unreliable due to edge effects
and reduced statistical sampling.

The right panel of Figure 9 shows for the samples the behavior
of the quantity denoted as foverlap, defined as the ratio between the
total overlapping volume of all intersecting sphere pairs and the
total volume of all spheres (see Eq. (8)). As expected, the overlap
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and for different samples. Top left: VL4 at r = 20 Mpc/h. Top right:
VL5 at r = 50 Mpc/h. Bottom left: LRGS at r = 100 Mpc/h. Bottom
right: LRGS at r = 300 Mpc/h. The best-fit Gumbel distribution is also
shown.

increases rapidly when the radius r of the spheres used to compute
the conditional density approaches the radius of the largest sphere
that can be fully contained within the sample volume.

The results presented in the panels of Figure 9 are both com-
plementary and consistent: they indicate that measurements at
scales approaching the size of the sample may be significantly
affected by systematic effects. In particular, while statistical
errors may underestimate the true uncertainties in this regime,
a more robust approach is to assess the stability of the results
by varying the sample size. In this context, the comparison of
the conditional density and related quantities across the three
selected angular regions provides a critical test of the robustness
of the signal.

The behaviors of C(r) and foverlap(r) point to the same con-
clusion: as the boundary of the sample is approached, the volume
average becomes increasingly poorly sampled, and the corre-
sponding measurements are more prone to systematic biases.
This is clearly demonstrated by comparing the results across the
three angular regions: only by increasing the sampled volume
does the signal become more stable and well defined.
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We emphasize that finite-size effects are particularly relevant
in the presence of large-scale structures within the sample. In
such cases, enlarging the volume does not merely reduce statisti-
cal noise, but is necessary to properly sample the underlying dis-
tribution. This is indeed the case for the present samples, where
large-scale structures contribute nontrivially to the observed

signal.

4.5. Probability density function of fluctuations

Figure 10 shows for various values of the radius r and for differ-
ent samples, the PDF P(N, r), where N is the integrated number
of points in a sphere of radius r,

N(r) = f ' n(s)d’s .
0

One may note that, in all cases, the Gumbel distribution provides
an good fit to the data.

In order to compare different radii and samples we consider
the PDFs normalized according to

_Nom 22)

T
where p and 8 are the parameters obtained from the best fit to
a Gumbel distribution. Fig. 11 shows the results for » = 20 and
100 Mpc/h in different samples. One may note that, as the sample
volume increases — i.e., moving from VL2 to VL3, VL4, VLS,
and finally to the LRGS - the PDF is increasingly well approx-
imated by the Gumbel distribution. A similar trend is observed
when considering the different subsamples of the same dataset.

One finds that, as the sample volume grows — from VL2
to VL5 to the LRGS — the PDF at a given radius becomes
less affected by statistical fluctuations and develops a more pro-
nounced tail. This behavior is consistent with the trends found
for the first and second moments of the distribution, namely the
conditional average density and its variance.

At smaller radii (e.g., r = 20 Mpc/h), the measured PDF fol-
lows the Gumbel distribution more closely. This occurs because,
at such scales, the averaging volume is smaller and more finely
samples the local density variations, allowing for a more accu-
rate reconstruction of the underlying statistical fluctuations of n.

Figure 12 shows the collapse plot of the normalized PDF for
the LRGS in region R25, for different values of the sphere radius

s
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R. One may note a trend similar to that observed in the BGS sam-
ples: the larger the sampling volume, the narrower the range of
the normalized variable y spanned by the measured histogram.
This behavior is a typical finite-size effect, reflecting the fact that
the volume average is systematically influenced by the limited
extent of the sample. As the sample volume increases, fluctua-
tions are better sampled, and the PDF converges more closely to
the underlying statistical distribution.

5. Conclusions

In summary, the behaviors of the conditional density, the vari-
ance, and the PDF of fluctuations can all be interpreted as man-
ifestations of the non-homogeneity of the galaxy distribution.
These results are in agreement with those detected in smaller
samples by Antal et al. (2009) (and references therein).

Whether the observed power-law exponent y ~ 0.8 continues
to characterize the conditional density at scales » > 200 Mpc/h
remains uncertain. A slow transition to homogeneity, or a weaker
dependence on scale—possibly logarithmic—cannot be excluded.
Nonetheless, our results clearly demonstrate that a transition to
spatial homogeneity has not yet occurred within the explored
range, up to ~400 Mpc/h. This conclusion contrasts with those
of other authors — for example, Hogg et al. (2005), who also
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studied the conditional density while controlling for luminosity-
selection effects and boundary conditions. The deeper DESI
samples allow for a more accurate characterization of finite-size
effects, which likely influenced earlier determinations and may
have led to an underestimation of the scale of inhomogeneities.

The persistence of correlations and the absence of a clear
crossover toward homogeneity —i.e., toward y = 0 — at scales of
several hundred megaparsecs challenge the standard assumption
of large-scale homogeneity. A Gaussian random field, as typi-
cally assumed in standard cosmological models on large scales,
would predict a constant conditional density for radii larger than
~20Mpc/h (Sylos Labini 2011), a more rapid decay of the vari-
ance as oc > (and a normalized variance decaying as oc r~* for
r 2 100 Mpc/h; see Gabrielli et al. 2002), and a Gaussian form
for the PDF of counts-in-spheres.

These findings pose a fundamental challenge to standard cos-
mological models, as the FRW metric itself is derived under the
assumption of spatial homogeneity — an assumption not sup-
ported by the large-scale galaxy distribution observed in the
DESI sample.

One may argue for the existence of a uniform, unobservable
background that fills space, thereby justifying the assumption
of a well defined average mass density. However, even under
this hypothesis, it remains extremely challenging to reconcile
the observed spatial correlations — and hence the presence of
large-scale structures extending over hundreds of megaparsecs
— with the standard paradigm of galaxy formation. Within this
framework, gravitational dynamics in an expanding universe can
generate nonlinear structures only up to scales of approximately
Ao = 10 — 20 Mpc/h; beyond this scale, clustering remains in
the linear regime, and the density field is expected to retain the
same correlation properties as the initial conditions, i.e., anti-
correlations on scales r > 100 Mpc/h.

Therefore, the results presented here raise fundamental ques-
tions about the validity of the standard cosmological scenario,
particularly concerning the assumption of large-scale homo-
geneity in the matter distribution of the universe. Forthcoming
data releases from DESI and other ongoing galaxy sur-
veys (Euclid Collaboration: Scaramella et al. 2022) will provide
access to even larger spatial volumes. This will enable us to test
the robustness of the present findings with significantly larger
samples and improved statistical analyses, potentially corrobo-
rating the presence of persistent large-scale correlations in the
galaxy distribution.

Data availability

The DESI data employed in this work are publicly available
through the DESI collaboration. The analysis pipeline developed
for this study is available from the authors upon request.
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