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ABSTRACT

Context. Hubble constant tension, together with the recent indications of dynamical dark energy proposed from the Dark Energy
Spectroscopic Instrument (DESI) baryon acoustic oscillation (BAO) measurements, poses significant challenges for the standard
cosmological model.

Aims. We investigate the possible redshift evolution of dark energy and the Hubble constant through a data-driven approach, and
assess whether such evolution can alleviate the Hubble constant tension.

Methods. We perform a model-independent reconstruction of the dark-energy equation of state w(z), jointly with an evolving Hubble
constant Hy(z). The analysis combines the DESI DR2 BAO dataset with multiple Type Ia supernova samples and evaluates the
statistical preference for the reconstructed model using Bayesian evidence.

Results. The reconstructed w(z) varies with redshift and exhibits two potential phantom crossings at z ~ 0.5 and z ~ 1.5. Meanwhile,
H, decreases continually from local to high redshift, alleviating the Hubble constant tension effectively. The joint w(z) — Hy(z) model
is favored over the wCDM (ACDM) framework, with a logarithmic Bayes factor, In 8 = 5.04 (8.53). The results remain stable under
different prior choices and dataset combinations.

Conclusions. Our data-driven reconstructions suggest redshift evolution in both w(z) and Hy(z), offering a potential route to mitigate
the Hubble constant tension. Future BAO measurements from Euclid and next-generation CMB experiments will provide critical tests

of these results and bring deeper insights into the nature of dark energy and the evolution of cosmic expansion.
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1. Introduction

The standard cosmological paradigm, the cosmological con-
stant A and the cold dark matter (ACDM) model, successfully
explains most cosmological observations. However, the Hubble
constant tension and possible evidence for dynamical dark
energy pose significant challenges to this standard cosmolog-
ical framework (Perivolaropoulos & Skara 2022; Abdalla et al.
2022; Di Valentino & Brout 2024; Di Valentino et al. 2025;
Wang et al. 2026). Combining Cepheid-based distance measure-
ments from the James Webb Space Telescope (JWST) and the
Hubble Space Telescope (HST), Riessetal. (2025) reported
a local Hubble constant of Hy = 73.8 + 0.88kms™' Mpc~!
via the distance-ladder method (Riess et al. 2021, 2022), which
deviates from the ACDM prediction inferred from the cos-
mic microwave background (CMB) (Planck Collaboration VI
2020) at the ~60 confidence level. Meanwhile, the recent
baryon acoustic oscillation (BAO) measurements from the Dark
Energy Spectroscopic Instrument (DESI) data release 2 (DR2)
(DESI Collaboration 2025) prefer a dynamical dark energy
model with Chevallier—Polarski-Linder (CPL) parameterization
over ACDM at a 2.8—4.2¢ confidence level when combined with
CMB and type Ia supernova (SN Ia) data. A ~50 level tension
has been reported by Scherer et al. (2025) when adopting differ-
ent parameterization for w(z).

* Corresponding author: yzfan@pmo.ac.cn

Both the Hubble constant and dark energy govern the accel-
erating expansion of the Universe, describing its local expansion
rate and the physical mechanism behind cosmic acceleration.
The dark-energy equation of state (EoS), w = P/c*p, serves as a
crucial diagnostic: w = —1 corresponds to vacuum energy within
the ACDM model. For dynamical dark energy, w evolves with
time and can be categorized into various models according to
their trajectories in the w phase space (Dymnikova & Khlopov
2000, 2001), including quintessence (Ratra & Peebles 1988),
phantom (Caldwell 2002), quintom (Feng et al. 2005), k essence
(Armendariz-Picon et al. 2000), and others. For the phenomeno-
logical quintom model (Feng et al. 2006), an oscillating evolu-
tion of w(z) naturally arises, accompanied with a varying Hj.
Several studies suggest that late-time transitions in dark energy
could alleviate the Hubble tension by reducing local H, val-
ues (Benevento et al. 2020; Di Valentino et al. 2021; Pang et al.
2025). However, combining the latest DESI DR2 BAO and CMB
data, a lower Hubble constant, Hy = 63.7*)7kms™' Mpc™!,
was obtained (DESI Collaboration 2025), thereby exacerbating
the Hubble tension. Furthermore, whether current data provide
robust evidence for dynamical dark energy remains an open
question (Giare 2025; O Colgdin & Sheikh-Jabbari 2025).

To reconcile the discrepancies in Hubble constant mea-
surements between early- and late-time cosmological observa-
tions, several studies have constrained Hy by dividing the data
into redshift bins. Wong et al. (2020) first reported an appar-
ent trend of decreasing Hy inferred from the individual lensing
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systems. A possible dynamical evolution of Hj has since been
investigated using a phenomenological function (Dainotti et al.
2021, 2022, 2025), modified definitions of the Hubble con-
stant (Krishnan et al. 2021; Jia et al. 2025a), and direct binned
measurements (Krishnan et al. 2020; Malekjani et al. 2024;
O Colgiin et al. 2024; Lopez-Hernandez & De-Santiago 2025).
Similarly, the EoS of dark energy, w(z), has been widely recon-
structed in redshift bins without imposing an explicit functional
form (Zhao et al. 2012, 2017; Abedin et al. 2025). Evidence for
the oscillations in w(z) has been found using nonparametric and
analytical approaches (Gu etal. 2025; Goldstein et al. 2026),
respectively. Given the unknown essence of dark energy remains,
such nonparametric, data-driven approaches provide a robust
way to trace the evolution of w(z).

In this work, we simultaneously investigate a model-
independent dynamical dark energy and an evolving Hubble
constant for the first time. We do not assume any specific
forms for the dark energy and Hy, but instead reconstruct both
functions directly from the data using a data-driven approach.
The datasets we use include the DESI DR2 BAO measure-
ments (DESI Collaboration 2025), SN Ia observations from
the PantheonPlus compilation (Brout et al. 2022; Scolnic et al.
2022), the five-year Dark Energy Survey sample (DESYS)
(DES Collaboration 2024), and the Union3 compilation
(Rubin et al. 2025). Without assuming any specific functional
form, we employed a Gaussian process (GP) to reconstruct
w(z) and Hy(z) over the redshift range of 0 < z < 2.5. The
values of w and H are sampled in each redshift bin, enabling
a complementary analysis that balances model flexibility and
constraining power.

2. Methods

Considering a flat Universe (Qk = 0), the expansion rate is

HG@) _
Ho(2)

where Q,, Qpg are the present-time matter and dark energy
density parameters, respectively, and Hy(z) represents the Hub-
ble parameter evaluated in the corresponding redshift bin. Here,
Hy(z) can be regarded as an effective, redshift-dependent nor-
malization of the expansion rate, rather than a fundamental
Hubble constant. As is shown in Krishnan et al. (2021), the
Hubble constant can be represented as an integration constant
from the Friedmann equation within the Friedmann-Lemaitre—
Robertson—Walker metric (FLRW) cosmology. Therefore, Equa-
tion (1) reduces to the FLRW framework only when Hy(z) is a
constant. The energy density, ppg, that normalized to its present
value evolves as

x4 dZI
exp [3[0 1+ w(z)]1 +Z,]. (2)

The contributions from radiation and massive neutrinos are
neglected for simplification. The BAO distance observables
include the comoving distance, Dy(z), the Hubble distance,
Dy(z), and the angle-average distance, Dv(z), which can be writ-
ten as

12
PDE(2)
Qpg———
PDE,0

Qn(1+2)° +

, ey

PDE(2) _
PDE,0

¥4 CdZI
D =
M(Z) 0 H(Z')’ (3)
Du(z) = %

and Dy(2) = (ZDM(Z)ZDH(Z))I/S-
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The pre-recombination sound horizon at the drag epoch is
defined as rq = f * ¢s(z)/H(z)dz, where ¢ is the sound speed
in the primordial plasma. Following Brieden et al. (2023) and
DESI Collaboration (2025), it can be approximated as

-0.13 -0.23 _
Qth ) ( thZ ) (Nei’f) 0.1 ’ (4)

0.02236

rq = 147.05 Mpcx( 01432 304
where h = Hp,=0/(100 km s Mpc‘l) and N.g is the effective
number of neutrino species. In this work, only the variations
in Qp and Q, are considered. The DESI DR2 BAO data cover
0.1 < z < 4.2 using multiple tracers: the bright galaxy sample
(0.1 < z < 0.4), luminous red galaxies (0.4 < z < 1.1), emission
line galaxies (1.1 < z < 1.6), quasars (0.8 < z < 2.1), and a
Lya forest (1.77 < z < 4.16). For the SN Ia samples, the Pan-
theonPlus compilation' (Brout et al. 2022; Scolnic et al. 2022)
contains 1701 light curves of 1550 distinct SNe Ia covering
0.001 < z < 2.26, the DESYS5 sample (DES Collaboration 2024)
includes 1635 SNe Ia within 0.10 < z < 1.13, and the Union3
compilation? (Rubin et al. 2025) provides 2087 SNe Ia covering
0.001 < z < 2.26. We used the observations that satisfy z > 0.01.
The luminosity distance is given by Dy (z) = (1 + 2)Dum(2).

We modeled the evolution of w(z) and Hy(z) over the red-
shift range 0 < z < 2.5. The upper bound of z = 2.5 is
a conservative choice that encompasses all the observational
datasets used in this analysis. The target range was divided into
29 bins of uniform width in the scale factor (¢ = 1/(1 + z))
space (Gu et al. 2025). To reconstruct smooth and continuous
functions of w(z) and Hy without assuming any explicit func-
tional form, we employed the GP as a nonparametric statisti-
cal method. The GP has been extensively applied in data-driven
astronomy (Holsclaw et al. 2010; Shafieloo et al. 2012; Li et al.
2021), demonstrating powerful strength to sample the space of
continuous functions. For prior assumptions, we adopted three
types of kernels and methods to construct the covariance matri-
ces, X: the Matérn kernel, Kyaem(da, v, [), Gaussian Kkernel,
KGaussian(0a, 1), and Horndeski theory (Horndeski 1974). The
general form of the covariance matrix is X;; = o*K(a; — a il D,
where o represents the amplitude of the function, a; denotes the
median point of the i-th bin in scale factor space, and [ governs
the correlation length scale. For the Horndeski-based covariance,
we adopted the prior covariance from Horndeski-based simula-
tions (Raveri et al. 2017), expressed as

Clai, aj) = |/C(a)C(a))R(ai, a;),

C(a;) = 0.05 + 0.847, &)
R(a, a;) = exp|~(IIna; - na;1/0.3)'?].

Following Gu et al. (2025), the covariance matrix, X, was calcu-
lated as

z=[a-s7cla-s)| . ©)

where I is the identity matrix and S is the transformation matrix
that averages over five neighboring w bins. The Horndeski-based
covariance matrix predicts a variable o(w) ranging from 1.6 to

! We use the PantheonPlus compilation accompanied by
the SHOES Cepheids, obtained from https://github.com/
PantheonPlusSHOES/

2 The likelihoods of the DESY5 and Union3 compilations are cal-
culated by the cosmological inference software cobaya (https://
github.com/CobayaSampler).
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Fig. 1. Reconstructed dark-energy EoS, w(z), and Hubble constant, Hy(z), from multiple datasets. The GP priors for w(z) and Hy(z) use Matérn-3/2
and Gaussian kernels, respectively. The panels in each column correspond to using the same datasets. Solid blue lines show the mean values of the
w(z) and Hy(z) distributions. The shaded blue regions indicate the corresponding 68% credible intervals. The dashed black lines marks w = —1.
The orange and green bands denote H, estimations from SNe Ia (Riess et al. 2022) and the CMB (Planck Collaboration VI 2020), respectively.

6.2 across bins. Accordingly, we adopted a constant o-(w) = 3 for
both the Matérn and Gaussian kernels, in order to ensure a con-
sistent comparison across different kernel and model assump-
tions. For the Hy(z) reconstruction, we set o(Hy) = 15 as a
weakly informative prior in the Bayesian inference, ensuring
that the reconstructed evolution of Hy(z) is driven primarily by
the data rather than by prior assumptions. The mean values are
assumed to be u(Hp) = 70 and u(w) = —1, respectively. In this
work, it should be noticed that GPs are employed as functional
priors on w(z) and Hy(z), rather than as a direct interpolation
technique. The correlation length, /, was not optimized by max-
imizing or marginalizing GP likelihoods. Instead, we scanned a
range of fixed values and assessed their performance by com-
paring the Bayesian evidence of the full cosmological model.
We applied a flat prior on Q,, and a Gaussian prior on £, with
Qn € [0.1,0.5] and Q,h* = 0.02196 + 0.00063 (Schoneberg
2024). Additional constraints require Hy(z) and w(z) to remain
within [50, 90] and [-6, 4], respectively.

Since all of the components involved in the DEST BAO and
SNe Ia measurements have been explicitly implemented, the
likelihood functions in the Bayesian statistical framework can
be written as

N 1 3 — i\
o= [ Jown|-3 (2222 |

1

1 %
Lone = exp [—EADTC‘1

stat+systAD] >

where (x;, y;) and o; are the DEST BAO measurements and their
uncertainties, D is the vector of SNe Ia distance modulus residu-
als, defined as AD; = p; — Hmodel(Zi), and Cgarrsys denotes the
statistical and systematic covariance matrices. To balance the
efficiency and accuracy, we employed the nested sampling algo-
rithm implemented in pymultinest (Buchner 2016) and set
2000 live points during Bayesian analysis.

3. Results

The evolutions of w(z) and Hy(z) were reconstructed simulta-
neously. Each was divided into 29 bins. The priors of w =
(w1, ..., wy)and Hy = (Hp, ..., Hoz9) were generated either
from the Horndeski theory or from the GP kernel functions,
expressed as m(wly, o, [) and n(Hy|u, o, [), respectively. Besides
o, the length scale, /, acts as another hyperparameter that reg-
ulates the smoothness of reconstructed functions. Larger [ val-
ues enforce stronger correlations, stiffening the model that will
ignore the details, while smaller / values soften the model but
may risk overfitting. We compare Bayesian evidences across sev-
eral configurations with different / values and find that Hy(z)
shows a clear decreasing trend. This preference for a smoother
function for Hy(z) leads us to adopt a Gaussian kernel with a
relatively large length scale. Detailed comparisons of the scale
length are provided in Section 4.

Figure 1 illustrates the reconstructed w(z) (top panels) and
Hy(z) (bottom panels) derived from various data combinations.
The priors of w were generated using the Matérn-3/2 kernel
with [ = 2.5 and v = 2/3 for the DESI + PantheonPlus and
DESI+ DESYS5 datasets, and [ = 0.9 for the DESI + Union3
case. The priors of Hy were generated using the Gaussian
kernel with [ = 2.0. These configurations yield the highest
Bayesian evidence among all tested / values, rather than being
fit through a GP or marginal likelihood optimization. In all
cases, w(z) exhibits clear redshift evolution with multiple peaks,
while Hy(z) demonstrates a significant decreasing trend from
~73 to ~70kms~! Mpc™', approaching the CMB-inferred value.
To quantify the model preference for dynamical dark energy
and an evolving Hubble constant, we computed the Bayes fac-

_ P@IMuccomg o) .
tor, B = P Mo The priors of the wCDM model are

consistent with those described previously. From left to right in
Figure 1, we obtained In 8 = 4.18, 3.39, and 2.13, respectively.
Compared with ACDM models, Bayes factors give In B = 0.69,
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Fig. 2. Reconstructed dark-energy EoS, w(z), and Hubble constant, Hy(z). Similar to Figure 1, but adopting a Gaussian kernel to define the GP
prior covariance for w(z). In the right panel, the blue region represents the results with a maximum Bayes factor with / = 0.05. The purple region
corresponds to [ = 0.2, assuming the same scale length as in the left and middle panels. A smaller / ( < 0.01) in the DESI + Union case may yield
stronger Bayesian evidence, but the resulting w(z) becomes too flexible to provide a clear constraint. Therefore, the right panel only shows the

results for / = 0.05 and [ = 0.2.
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Fig. 3. Reconstructed dark-energy EoS, w(z), and Hubble constant, Hy(z). Similar to Figure 1, but using the Horndeski theory to derive the w(z)
prior. The results in the left panel use a Gaussian kernel with / = 2.0 to derive the Hy(z) priors, while the others use / = 1.0 to obtain the maximum

Bayes factors.

7.67, and 1.54, respectively. As was pointed out by Jeffreys
(1939), InB > 2.3 (In B > 3.5) indicates a strong (very strong)
preference for one model over another, and InB > 4.6 is
regarded as decisive evidence. Thus, the DESI + PantheonPlus
and DESI + DESY datasets provide very strong and strong sup-
port for the joint w(z) — Hy(z) model, respectively.
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As a robustness test, the results using Gaussian kernels and
Horndeski theory are shown in Figures 2 and 3, respectively.
The priors of Hy were generated using the Gaussian kernel with
! = 2.0, except for the middle and right panels in Figure 3,
which use a Gaussian kernel with [ = 1.0. The Gaussian ker-
nel yields smoother reconstructions with a larger length scale,
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Fig. 4. Comparisons with different scale lengths under various prior assumptions. The red, orange, and blue scatters represent the Bayes factors
relative to wCDM models using DESI combined with the PantheonPlus, DESYS5, and Union3 datasets, respectively.

whereas the Matérn kernel allows for greater flexibility. The
Horndeski prior produces the most flexible w(z) evolution, cap-
turing more distinct features in the observations. In Figure 2, the
blue regions correspond to the priors of w that are generated by
the Gaussian kernel with / = 0.2 for DESI + PantheonPlus and
DESI + DESYS, and [ = 0.05 for the DESI + Union3 scenarios.
The resulting Bayes factors relative to wCDM (ACDM) model
are In B = 3.74 (0.23), 2.96 (7.24), and 2.86 (2.27), respectively,
again showing a very strong preference for DESI + PantheonPlus
and a strong preference for other datasets. The purple regions in
the right panels represent reconstructions with [ = 0.2, yield-
ing consistent shapes compared with other scenarios using dif-
ferent datasets but a smaller In 8 = 0.64. For the results using
the Horndeski prior shown in Figure 3, Bayes factors relative
to wCDM (ACDM) model are In B = 5.04 (1.55), 4.25 (8.53),
and 3.06 (2.47) for different datasets, respectively. Notably, the
DESI + PantheonPlus combination provides a decisive evidence
(In B > 4.6) favoring the w(z) — Hy(z) model.

All nine scenarios, constructed with different dataset com-
binations and prior assumptions, consistently indicate that both
the dark-energy EoS, w(z), and the Hubble constant, Hy, can
evolve with redshift. Compared with Equations (1) and (2), the
evolved Hj suggests that dynamical dark energy alone may not
be sufficient to fully explain the Hubble constant tension, poten-
tially indicating the presence of new physics beyond the stan-
dard cosmological model. Several deviations from the ACDM
model appear at distinct epochs. The reconstructed w(z) crosses
into the phantom regime (w < —1) around z = 0.5, consistent
with previous nonparametric DESI BAO analyses (Lodha et al.
2025). It returns to the quintessence regime around z =~ 1.0, and
then crosses again into the phantom region near z ~ 1.5. Partic-
ularly, all reconstructions show a preference for w(z) exhibiting
two phantom crossings. Furthermore, no clear non-monotonic
behavior is observed in Hy(z). Instead, all results present a
gradual decline from local to higher redshift, with different
amplitudes depending on the dataset and prior choice. The
DESI + PantheonPlus case with a Gaussian kernel yields the
smallest variation, from 73.11*020 to 71.60*]57 kms™' Mpc™',
while the DESI + DESYS5 case with the Horndeski theory gives
the largest one, from 75.81332 to 67.41fﬁgkms‘1 Mpc!.
Compared with the results based on the classical CPL param-
eterization (DESI Collaboration 2025), a lower Hj value is typ-
ically obtained when wy > —1, as a consequence of parameter
degeneracy inherent in the CPL model (Lee et al. 2022). Differ-
ently, our result alleviates the Hubble constant tension through

the downward evolution of Hy(z), enabled by a dynamical dark
energy with greater freedom than the CPL parameterization.

4. Conclusions and discussions

In this work, we have reconstructed the dynamical dark-energy
EoS, w(z), together with an evolving Hubble constant, Hy(z),
with nonparametric methods. Across multiple dataset combi-
nations and prior assumptions, we find consistent evolution
patterns: w(z) evolves with redshift and emerges into two poten-
tial phantom crossing, and Hy(z) decreases smoothly toward
high redshift. In particular, the DESI+ DESYS5 scenario with
the Horndeski prior gives the largest downward trend, AHy ~
8.4kms ' kpc~!, reaching Hy ~ 67.4kms~' Mpc. Compared
with the wCDM model and the ACDM model (w —1), the
Bayes factors are In B = 4.25 and 8.53, respectively, providing
a promising solution to relieve the Hubble constant tension. Fur-
thermore, the maximum Bayes factor among all scenarios com-
pared with the wCDM model reaches In 8 = 5.04, establishing
decisive evidence for w(z) — Hy(z) model.

The above results and discussions depend on the choice of
the characteristic scale length, /. To clarify the selection of / in
each case, we compared the Bayes factors relative to the wCDM
model for different scale factors, /, across multiple scenarios. As
is shown in Figure 4, the panels from left to right display the vari-
ations of In B in the reconstructions of w(z) using Matérn-3/2 and
Gaussian kernels, and of the Hy(z) using Gaussian kernels. In the
left and middle panels, the priors of Hy(z) were generated with
a Gaussian kernel of [ = 2.0, while in the right panel, the priors
of w(z) were derived from the Horndeski theory and the priors
of Hy(z) were constructed with a Gaussian kernel using variable
[. The variations of In 8 in the middle panel exhibit a moderate
increase with larger /, which may result from the reduced effec-
tive degrees of freedom introduced by smoother Gaussian-kernel
priors. The maximum values of In 8B correspond to the results
presented in Section 3. Detailed parameter estimation results are
listed in Appendix A.

Given that measurements of BAOs rely on the pre-
recombination sound-horizon scale and the degeneracy between
rq and Hjy, we examined the impact of ry on the construc-
tions of w(z) and Hy(z). Instead of adopting the fixed relation
in Equation (4), we assumed ry to be a free parameter with
a uniform prior of [120, 180] Mpc. Figure 5 shows the results
using the DESI + PantheonPlus datasets. The reconstructed w(z)
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Fig. 5. Reconstructions of w(z) and Hy(z) using the

DESI + PantheonPlus datasets. The prior of Hy(z) uses the Gaus-
sian kernel with / = 1.5. The shaded regions indicate the corresponding
68% credible intervals. The red, orange, and blue regions correspond
to w(z) priors generated from the Matérn-3/2 kernel (I = 2.5), the
Gaussian kernel (/ = 0.2), and the Horndeski theory, respectively.

remains consistent with previous cases, and Hy(z) continues to
exhibit the same decreasing trend. As was expected, the uncer-
tainties in Hy(z) increase because BAO measurements constrain
the product Hyry more tightly than the individual parameters
(DESI Collaboration 2025). For example, under the Horndeski
prior, Hy declines from 73.06%057 to 68.04*35¢ kms™' kpc™'.
Three different prior assumptions were used, including the
Matérn-3/2 kernel, the Gaussian kernel with [ = 0.2, and the
Horndeski theory. The Bayes factors relative to the wCDM
model are In B = 3.17, 2.66, and 4.02, respectively, correspond-
ing to two strong preferences for the w(z) — Hy(z) framework and
one very strong preference.

The reconstruction of w(z) using both Matérn-3/2 and
Gaussian kernels shows consistent results with the Horndeski
prior, particularly the evidence of two phantom crossings. Based
on independent analyses, Gu et al. (2025) and Goldstein et al.
(2026) have reported oscillatory features in w(z) consistent with
our results. To validate the reconstruction method, we performed
the same procedure using the simulated data with observational
uncertainties matching those of PantheonPlus and DESI DR2.
As is shown in Figure 6, both the CPL parameterization and the
oscillation model can be accurately reconstructed using the same
kernel function. For the scenario using the CPL parameteriza-
tion, no pseudo oscillation arises, demonstrating the robustness
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Fig. 6. Reconstructions of w(z) and Hy(z) based on simulated injection.
The gray lines denote the injected models. For w(z), the dashed gray line
represents the CPL parameterization with w(z) = —0.5-2(1-1/(1+2))
and the dash-dotted gray line shows the oscillation model with w(z) =
0.8 sin[20(1—-1/(1+2z))]—1. For simplicity, the other injected parameters
are fixed with Q,, = 0.3, w,h?> = 0.02196, and M, = —19.5. For Hy(z),
the dashed gray line corresponds to Hy(z) = 73 —9.8(1 — 1/(1 +z)). The
shaded regions indicate the corresponding 90% credible intervals. The
prior of Hy(z) uses the Gaussian kernel with [ = 2.0, and the prior of
w(z) was generated from the Matérn-3/2 kernel (/ = 2.5).

of our method and the reliability of the physical transition signa-
tures identified in our results.

As one of the most general scalar-tensor theories involv-
ing second-order field equations, the Horndeski framework
has been widely investigated for its potential to alleviate the
Hubble tension by predicting a large H, (Petronikolou et al.
2022; Banerjee et al. 2023; Tiwari et al. 2024). After defining
the effective Hubble parameters through the expansion rate of
ACDM and wCDM models, Montani et al. (2025) and Jia et al.
(2025b) proposed that a running Hy naturally arises from evolv-
ing dark energy. Because phantom-crossing behavior can drive
a faster expansion phase, leading to large Hy, the concept of
an evolved Hy(z) is theoretically motivated. Furthermore, our
reconstructions of w(z) are compatible with various dynami-
cal dark-energy models. If dark energy can possess multiple
internal degrees of freedom, such as multi-field models (Hu
2005; Guo et al. 2005; Cai et al. 2008), modified vacuum mod-
els (Parker & Raval 2000; Caldwell et al. 2006), and interacting
dark-energy models (Billyard & Coley 2000), phantom crossing
can be generated properly.

Beyond traditional approaches, many novel astrophysical
probes covering a broad range of redshifts have been proposed
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to measure the cosmological parameters and the dark-energy
EoS. For instance, the spectral peaks of gamma-ray bursts
(merger events via gravitational-wave observations) can serve as
tracers (standard sirens) of cosmic expansion (Dai et al. 2004;
Abbott et al. 2017; Wang et al. 2023; Li et al. 2024), the dis-
persion measures of fast radio bursts provide independent con-
straints on Hp and w(z) (Zhou et al. 2014; Wang et al. 2025),
and the propagation speed of gravitational waves from multi-
messenger events can test large classes of scalar-tensor and dark-
energy theories (Ezquiaga & Zumalacérregui 2017). In addition
to w(z) and Hy, several other cosmological parameters have been
modeled as redshift-dependent functions to explain current cos-
mological tensions (O Colgdin et al. 2022; Fazzari et al. 2026;
O Colgiin et al. 2024). Looking forward, next-generation CMB
experiments (CMB-S4, the Simons Observatory, and LiteBIRD)
(Abazajian et al. 2022; Lee et al. 2019; LiteBIRD Collaboration
2023), together with high-precision BAO surveys such as Euclid
(Euclid Collaboration: Mellier et al. 2025), will substantially
tighten cosmological constraints and provide crucial insights
into the physics of dark energy and cosmic expansion.
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