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ABSTRACT

Context. Spectroscopic and spectropolarimetric observations, which rely on the Doppler effect, only provide access to the line-of-
sight component of the solar plasma velocity (i.e., v,). However, many dynamic processes in the solar atmosphere involve strong
horizontal motions (i.e., in the plane perpendicular to the line of sight: vy, v,). Existing methods for estimating horizontal velocities
are generally insensitive to variations in height (i.e., the z-coordinate), providing them only on a single plane perpendicular to the line
of sight: v.(x, ), v,(x, y).

Aims. Motivated by the fact that modern analysis techniques (i.e., Stokes inversion) allow us to retrieve the height dependence of
v, and B, our goal is to infer also this height dependence for the horizontal velocity field in the solar atmosphere. As a first step,
we present, develop, and test a method for the two-dimensional case on the (y, z) plane so as to show that the z dependence can be
successfully retrieved.

Methods. The components of the two-dimensional magnetic induction equation are discretized via finite differences, leading to an
overdetermined system whose solution provides v,(y, z). The method assumes that B, its time variation B, as well as v, are known.
This is currently possible through modern Stokes inversion techniques applied to spatially and temporally resolved spectropolarimet-
ric observations.

Results. Using analytically prescribed values and two-dimensional magnetohydrodynamic simulations of the solar surface, we
demonstrate that, in these idealized cases, the horizontal velocity component in a two-dimensional domain, v,(y, z), can be suc-
cessfully recovered with a mean error of about 1%. We observe that in the regions where either the modulus of the velocity or its
horizontal components are close to zero, its retrieval worsens in comparison to the rest of the domain.

Conclusions. The proposed method successfully retrieves the horizontal velocity field in the (y, z) plane, thereby establishing the

foundation for future extensions to three-dimensional reconstructions of the horizontal velocity field.
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1. Introduction

Through the widely employed techniques of spectroscopy and
spectropolarimetry (which rely on the Doppler effect), it is only
possible to infer the line-of-sight velocity of solar plasma. For
simplicity, we refer to this velocity component, using Cartesian
coordinates, as v, at the disk center. However, many interest-
ing phenomena that occur in the solar atmosphere involve the
presence of large velocities in the plane perpendicular to the
observer’s line of sight. We refer to these as v, and v, compo-
nents of the velocity field. Some of these phenomena include
flows at a sub-granular scale (Steiner et al. 2010), the pres-
ence of swirling motions (Bonet et al. 2010), diverging flows
from magnetic reconnection events (Thaler & Borrero 2023),
and magnetic tornadoes (Wedemeyer-Bohm et al. 2012). Apart
from these phenomena, determining horizontal velocities (vy, v,)
is extremely important because they can be employed to esti-
mate the flux of magnetic energy and helicity from the photo-
sphere into the corona (Welsch et al. 2007; Fu & Welsch 2014;
Kazachenko et al. 2015; Tilipman et al. 2023) as well as to

* Corresponding author: helenavc@leibniz-kis.de

improve the inference of electric currents in the solar atmosphere
(Pastor Yabar et al. 2021; Borrero & Pastor Yabar 2023).

The most widely used technique to determine veloci-
ties in the solar atmosphere in the plane perpendicular to
the line of sight is the local correlation tracking technique
(LCT; November & Simon 1988; Simon et al. 1988). This is
an optical technique that uses time-resolved monochromatic
intensity images, typically at a continuum wavelength where
no spectral lines are present. The LCT has been success-
fully employed to determine motions on the solar surface
in a variety of photospheric structures, such as granulation
(Simon et al. 1995), pores (Hirzberger et al. 2002), sunspot
penumbra (Denker 1998; Sobotka & Siitterlin 2001), sunspot
moats (Vargas Dominguez et al. 2008), and vortices (Bonet et al.
2010), among others. Newer techniques include the use of deep
learning neural networks (Asensio Ramosetal. 2017) and a
local correlation tracking technique based on Fourier analysis
(FLCT), which has been applied to time-resolved images of the
continuum intensity (Fisher & Welsch 2008) as well as to time-
resolved maps of the line-of-sight component of the magnetic
field B, (Welsch et al. 2004; DeForest et al. 2007; Welsch 2015;
Kosti¢ et al. 2026).
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Assuming that the horizontal velocity inferred using LCT,
referred to as uy, is equivalent to real plasma velocities u; = v,
(Kusano et al. 2002) or related to them via w, = v;, — (v,/B;)B,
for example, as proposed by Démoulin & Berger (2003), the ver-
tical component (i.e., z-component) of the induction equation
in ideal magnetohydrodynamics (MHD) can be incorporated to
determine the full velocity vector v using different techniques
(Welsch et al. 2004; Longcope 2004; Schuck 2008). These are
referred to as inductive techniques, and they assume that the time
derivative of B, is known (i.e., obtained from a time series of
line-of-sight magnetograms).

All the aforementioned methods share a common feature:
They all retrieve the full velocity vector' v in a (x, y) plane at a
fixed height (or single z height) on the solar atmosphere: v(x, y).
In this paper, we present an extension and modification of these
methods where all three components of the induction equation
are employed, enabling the inference of the horizontal compo-
nents of the velocity at multiple heights in the solar atmosphere:
vi(x,y,2).

This new method presumes that the full magnetic field
vector B(x,y,z,f) and the line-of-sight component of the
plasma velocity v,(x,y, z,t) are known. Nowadays, these phys-
ical parameters can be inferred, both in the photosphere
(Borrero et al. 2025) and chromosphere (Kaithakkal et al. 2023),
through advanced inversion techniques for the polarized radia-
tive transfer equation (Pastor Yabar et al. 2019; Borrero et al.
2021) when applied to observations of the Stokes vector in
photospheric and chromospheric spectral lines as a function of
time, I(x, y, A, ), and carried out with modern spectropolarime-
ters (Dominguez-Tagle et al. 2022; van Noort et al. 2022).

In this paper, we present the first application of this newly
developed method to the two-dimensional velocity and magnetic
vector fields, both confined to the (y, z) plane. The description of
the method is provided in Sect. 2. In Sect. 3.1 we apply it to
analytically prescribed solutions for the velocity and magnetic
fields, whereas in Sect. 3.2 we apply it to a two-dimensional
MHD simulation of the solar surface. A discussion on the errors
in the inference of horizontal velocities in two dimensions is pre-
sented in Sect. 4. Finally, we present a summary of our findings
in Sect. 5.

2. Numerical method
2.1. General remarks

Our ultimate goal is to infer the horizontal velocities vy, v, (i.e.,
those perpendicular to the line of sight direction). To this end, we
used the induction equation under the assumption of ideal MHD
(i.e., zero magnetic diffusion):

B
8—:VX(VXB).

ot 1

This equation describes how the magnetic field evolves over
time in the presence of a velocity field and is satisfied at all times.
Therefore, we can specify a particular instant in time, #y:

0B

| =Blo) = Vx (v(t0) x B(ty) -

fo

@)

' Throughout this paper, vector quantities are indicated in bold roman

letters, whereas components along each spatial axis are in italics: A =
(Ay,A,, A;). Matrices are represented by the symbol A, and their ele-
ments are referred to as A;;
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As mentioned in Sect. 1, it is possible to observationally infer
B, B and v.. Hence the solution of this equation will provide the
horizontal components (i.e., perpendicular to the line of sight) of
the velocity: v, and v,.

2.2. Two-dimensional induction equation in the (y, z) plane

Although the remarks in Sect. 2.1 apply to the general three-
dimensional case, the goal of this paper is to first test our method
in two dimensions, the (y,z) plane, where the z-direction cor-
responds to the observer’s line of sight. To this end, we set
vy = B, = 0, and thus the horizontal velocity to be retrieved
becomes v,(y,z). Under these assumptions, the two nontrivial
components of the induction equation can be written as

. 0
B, = a—z(vsz - v.By) 3)

. 0

B, = (9_y(UZBy -, B,), “4)
where for simplicity f# is not indicated anymore. We further
assumed that the Stokes inversion provides B, B, B"y, B., and
v,. With this, we obtained an overdetermined system with one

unknown, v,, and two equations for each point of the two-
dimensional domain.

2.3. Discretization and matrix form

We used the finite differences method with a five-point centered
stencil throughout the entire domain to solve the induction equa-
tion numerically. With this, the first derivative of a continuous
function, f, along direction r at point i can be written as

a_f _ fi—2 - 8fi—l + 8fi+l - fi+2
or 12h, ’

®

where A, is the stencil length along direction r. Applying this
stencil to Eqgs. (3) and (4), we obtained

B, G, j) + a%(usz) T Bl(zlh]) v,(i, j = 2)
) ZB;Z Dot i— 1)+ aa_iz uli.p
+ 220D+ 1= 20+ D) (©)
B.(i.j) - 5%@3» LT ‘Bf ghj) Wi =2.J)
+ %hiy’j)vy(i -1~ 68% i’j”y("’ D
ey S 2. @)

9B,
where %=

z |, .

and %L ~are also evaluated according to Eq. (5).

Equations (6) and (7) provide the basis to write an overdeter-
mined linear system of equations where v, (i, j) are the unknown
quantities. The coeflicients that multiply the unknown v, in the
equations above are renamed a; ; or b; ;, depending on whether
they appear in the equations pertaining to B, or B, respectively.
These coefficients are also given a superscript that refers to the
grid point at which the horizontal component of velocity they
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multiply is evaluated. In addition, the independent coefficients
(i.e., those that do not multiply v,) are renamed c;fj and cﬁj. The
superscript a or b indicates whether the independent coefficient
appears in the equation for By or B,,. From Equation (6), we
defined

ij-2 _ B:(i, )
bl 12h,
ij-1 _ 2B:(i, ))
Mo 3k
i,j aBz
= €]
2 0z i
gt = 2B,(i, J)
ij 3h,
w2 _ B0, ))
bl 12h,

e D
;= B,(, j) + a—Z(UZBy) '

ij

Likewise, for the b;; and cfj coefficients appearing in Equa-
tion (7),

i2j _ B )
i.j 12h,
il = 2B.(i, j)
ij 3h,
.. OB
b= z 9
1,] 6y i ( )
Bt — _2B.(i, ))
i.j 3h,
Bt B.(i, j)
i.j 12h,
. d
b .o
¢ =B, J) — —:By)
i,j < =Yy
Oy i
With this, Egs. (6) and (7) become
o =dl G j- )+ oG- 1)
+ ai; vy, j) + aﬁf' vy (i, j+ 1)
+ a0, j+2) (10)
o= b;’jz’j o, (i =2, j) + bi’jl’f 0,0 — 1, j)
+ b vy )+ b vy 1 )
+ b 0,0+ 2, )). an

In matrix form, the system of equations can be written as
A - x = ¢, where A is constructed from the known coefficients
a;; and b; ;. This matrix has dimensions 2 - N - M X N - M for
a domain of N X M grid points. x is the vector of unknowns
with dimensions N - M X 1, while ¢ corresponds to the vector of
independent coefficients (C?,j’ C'fj) with dimensions 2- N - M x 1.

In the matrix X we will have two rows (one for each available
component of the induction equation used) associated with the
same unknown v, (i, j). The following piece of pseudo-code can

be used to build the Zk, elements of A as well as the ¢ elements
of the vector c:

1: r=0

2: fork=0,2-N-M-1,2do

> Coordinates of the grid point (i, j) are given by
i =int(r/M)

4: Jj =mod(r, M)
> Elements referring to B, (Eq. 3)

b

Alki-M+j-2)=a
Ak,i- M+ j—1)=a

Atk,i- M+ j) = ajﬁj{]ﬁ (12)
Alk,i-M+j+1)=a)"
Ak,i- M+ j+2)=a’?

c(k) = cjfj
> Elements referring to B, (Eq. 4)
Alk+1,(=2)- M+ j) = b
Alk+1,G = 1)- M + j) = b
A(k+1,i.M+j)=b§;jl (13)

Ak+1,G+1)-M+ j) = bjfj"f

Ak+1,+2)- M+ j) = bjﬁf]?’f

clk+1)=c;

5 r=r+1
6: end for

where the for-loop indexes refer to the ﬁtarting value, end value,
and step value. An example of the A matrix for a 10 x 10
domain is shown in Fig. 1. As explained above, for this partic-
ular example, A has a size of 200 x 100 (i.e., 200 equations for
100 unknowns). The color code indicates whether that particular
point on the matrix comes from Eq. (3) (red) or Eq. (4) (blue).

2.4. Boundary conditions

To define the boundary conditions while maintaining the deriva-
tive scheme given by Eq. (5) throughout the entire domain, we
introduced “ghost cells” around the boundaries of the domain

(see Fig. 2). Although ghost cells are not part of the domain
itself, we assumed a certain behavior of the unknown v, function
at those points. This behavior implies changes to the elements
of the matrix A and to the components of the vector ¢ related
to the points close to the boundary. Since we used a five-point
stencil scheme for the derivatives, the grid points whose coeffi-
cients will be modified are those withi = 0,1, N—2, N—1 and/or
j=0,1,M -2, M—1 (see Fig. 2), which refer to grid cells at the
corners or sides of the domain, respectively.

How the coefficients A,; of matrix A and the ¢; components
of vector ¢ are modified close to the boundary depends on the
actual boundary conditions employed. If we assume Dirichlet
boundary conditions, we must set the value of v, at the bound-
ary. For example, v, = fp, where fp denotes a fixed value and
the subscript D indicates that Dirichlet boundary conditions are
being applied. Consequently, the values of v, in the ghost cells
are no longer unknowns, and the terms of Egs. (10) and (11) that
involve v, at the ghost cells become independent coefficients.
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Matrix A

2, 3B, /ot
50"

75
%100 8B,/ot
125
150

175

0 50
r

Fig. 1. Structure of the matrix of the system AforaNx M =10x 10
domain defined by k rows and r columns. In red we show the position

of the Ay, coefficients related to Eq. (3) and in blue those related to
Eq. (4).

For that reason, we get new c coefficients (referred to as ¢** and
¢P*) that can be written as a function of the old coefficients (c?
and c’; given by Egs. (8) and (9)) as

con = cho—ayy’ fp(0.-2) = afy" - fo(0.-1) (14)
con = o= bog’ - fo(=2.0) = by - fo(=1,0). (15)

We note that in the case of Dirichlet boundary conditions,

the er elements of matrix A, built from a; ; and b; ; according to
Egs. (12) and (13), do not change.

On the other hand, we can assume symmetric boundary con-
ditions by defining f-; = fy and f_, = f;. These boundary con-
ditions also ensure that, at some point in between the domain and
the ghost zone, the derivative of v, is zero (Neumann boundary
condition). Unlike the case of the Dirichlet boundary conditions,
where v, = fp was assumed to be known, Neumann boundary
conditions link v, in the ghost cells to the unknown v, inside the
domain. For this reason, close to the boundary we must modify
the related A, elements of matrix A given by Egs. (8) and (9).
The new coefficients, a* and b*, derived from this assumption
can be written as a function of the old a and b coefficients (given
by Eqgs. (12) and (13)). Here we provide examples for a corner
point and a boundary line:

004 _ 00, 0-1
“. ot
0:0’ :a0:0+a0:0 if (i.7) = (0.0 16
bg,g,* =b8’8+b630 if 4,j) = (0,0) (16)
10,x  _ 210 , 1-20
boy™ = byo+byg
KA T an
iy i ., 1 1, = )
b(l):)/‘* - b(l)j + by’ ! !
PO % b ) = (1
P =MbY )AL = (1), (18)

where 1 < j < n—2in Egs. (17), (18). Finally, we note that in
the case of Neumann boundary conditions, the c; coefficients of
¢ remain the same.
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j=11
j=10
i=9
j=38
j=7
j=6

j=5
j=4
j=3

j=2

j=1
J=0

Fig. 2. Example of a 2D grid for a 10 X 10 domain. The solution of
the system is evaluated in the blue points. These points are called “inner
cells”. The boundary condition must be specified in all red points. These
are “ghost” or “boundary” cells. The white points in the corners are not
used in the scheme considered here. In a different numerical scheme,
they may play a role.

2.5. Solution of the linear system

Having defined the matrix of the system A, the vector of inde-
pendent coeflicients ¢, and the boundary conditions, we could
then solve the linear system of equations and infer the unknown
horizontal velocity field v,(y, z) that is encoded in the vector X.
Owing to the fact that we have an overdetermined system with
2 - N - M equations and N - M unknowns, we solved the lin-
ear system in a least square sense: X = (ATA)"'ATc, where the
“1” symbol indicates the transpose of the matrix. The solution
of the linear system is found through the well-known LAPACK?
package, in particular the subroutine dgesv that uses LU decom-
position for a square matrix.

3. Comparison between analytical and numerical
solutions

3.1. Two-dimensional analytical magnetic and velocity fields

We defined a two-dimensional domain in the (y, z) plane. This
domain is discretized in N x M = 100 x 100 grid cells. Each grid
cell is considered to be squared &, = h, = h with a length of h =
10® cm. In this domain, we prescribe the following components
for the magnetic and velocity fields at instant #;:

B, = Bjexp %z 19)
B, = By exp %y (20)
2n(My — Nz)
Uy =01 COS{W} (21)
M 2n(My — Nz) 2my
UZ:UIN COS{W}-'-UzCOS{W , (22)

2 https://netlib.org/lapack/
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Magnetic field (B, B;)

400

350

300

250

200

z [Mm]
|B| [G]

150

100

0.0 0.2 0.4

y[Mm]

0.8 1.0

Fig. 3. Two-dimensional analytical magnetic field. The color map shows
the magnitude of the magnetic field ||B||. The green arrows show its
direction. The color bar is saturated at 400 G to show the lower values
of the magnetic field. The maximum value of the magnetic field at the
selected region is ~415 G.

where B; = 350 Gauss, B, = 200 Gauss, @ = —0.1, 4 = 104,
v = 10° em s7!, and v, = v;/2. We note that since B, does
not depend on y and B, does not depend on z, the solenoidal
condition for the magnetic field, V - B = 0, is trivially satisfied.
The detailed configuration of the magnetic field prescribed above
is presented in Fig. 3.

Equations (19)—(22) were then applied to Equations (3)—(4)
to find the analytical expressions for B, and B;. In the follow-
ing, we assumed B,, B, B,, B,, and v, to be known, leaving
the horizontal component of the velocity as the only unknown,
which we refer to as v,(y,z). To determine v,, we employed
vanishing Neumann boundary conditions instead of Dirichlet
boundary conditions (see Sect. 2.4) because the latter require a
knowledge of v, at the boundaries, which in practical applica-
tions we do not have. To this end, we employed the expressions
in Egs. (16)—(18) extended to all the points close to the boundary
(.e.,i=0,I,N-2,N-land j=0,1,M-2,M—1 foran Nx M
domain based on the indexing from Fig. 2).

With this, we applied the approach described in Sect. 2
to retrieve v,(y, z), which we then compared with the original
v,(y,z) given by Equation (21). Figure 4 shows the analytical
velocity field v = (v, v;) defined through Eq. (21) and Eq. (22)
(panel a) and the inferred velocity field v = (v,,v,) (panel b).
Although at first glance it seems that both velocities are very
similar, in the sense of direction and magnitude, one must bear in
mind that these plots do not provide a complete picture because
v, is the same in both panels (i.e., it was assumed to be known).

To further investigate the accuracy with which our method
can determine the horizontal component of the velocity field in
this analytical two-dimensional case, we show in Fig. 5 the rel-

ative error of the inferred velocity, defined as &5 = Iv” Uyl (left

panel), and the angle formed by the analytical and the inferred
velocity fields, defined as Z(v,v) = arccos(v - v/[|[v|||[V]]]) (right
panel).

As can be seen, the average and median errors, &5, Over
the entire domain are less than 1% and 1.5%, respectively. In
addition, the angles between the original velocity field and the
retrieved one, Z(v,V), are also very small — about 0.5° on aver-

age. Over the majority of the domain, the actual retrieval is much
better: g < 0.01%.

3.2. CO5BOLD numerical simulation in (y,z)

The analytical test in Sect. 3.1 features relatively simple mag-
netic and velocity fields (see e.g., Fig. 3). To test our method
with a more realistic scenario, in this section we perform a
similar test but using magnetic B(#y) and velocity v(zy) fields
from a two-dimensional MHD numerical simulation of solar
surface magneto-convection obtained from the COSBOLD code
(Freytag et al. 2012). The aforementioned simulation provides
us with B,(y, 2), B.(y, 2), v,(y, 2), and v,(y, z) at a fixed time step,
to. In addition, the simulation has vanishing B, and v,. Details
on how the 2D simulation was carried out are provided in
Appendix A.

An important point to mention here pertains to the mag-
netic diffusivity, n. Although CO5BOLD solves the induction
equation under ideal MHD, numerical diffusion is unavoidable,
and therefore, if we were to take the magnetic and velocity
fields at two different time steps, ¢, and 7_, separated by a small
At = t, — t_ and centered around ¢y, the ideal induction equation
would not be satisfied:

B(z,) - B(1-)
2At

For this reason, we do not evaluate the time derivative at f,
from two different snapshots (¢, and 7_) of the MHD simulation.
Instead we determine B(#) directly from v(¢y) and B(ty) using
the right-hand side of Eq. (2). This ensures that the induction
equation in ideal MHD is satisfied. This step can be justified
because at this point we are only interested in studying the per-
formance of the method described in Sect. 2 under ideal condi-
tions. We defer the investigation of the effects of numerical or
magnetic diffusivity, n.¢ (see Appendix A), for a future study,
which should also include the effect of having a finite A¢ such
that the limit in Eq. (23) is only approximately satisfied.

Next, we took a central region of N x M = 100 x 100 grid
points from the full domain of the simulation and determined
the horizontal component of the velocity v,(y, z) from the known
B, B, v, and by employing vanishing Neumann boundary condi-
tions. Figure 6 illustrates the magnetic field within this region,
whereas Fig. 7 compares the original and the retrieved velocity
fields. This last figure shows that the inferred velocity field is
perceptually identical to the original from the MHD simulation.

A more detailed study of the errors is presented in Fig. 8§,
where again the error in the inference of v, &5, and the errors
in the inference of the angle of the velocity field, Z(v,V), are
presented on the left and right panels, respectively. As can be
seen, now the mean and median values of the errors are smaller
than in the 2D analytical case (Sect. 3.1).

B(z) = lim # V X [v(10) X B(10)]. (23)

4. Discussion
4.1. Errors

In the previous sections, we showed that the method developed
in this work retrieves v,(y,z) with a very high accuracy: about
1% mean error in the inference of v, and less than 0.5° in the
inference of the orientation of the total velocity field. We have
referred to these two quantities as &5 and (v, V), respectively.
Interestingly, there are some specific regions where the val-
ues of &;, and /(v,V) are much larger than the mean and median
values. For instance, this is the case of the diagonal stripes in
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Fig. 4. Velocity field maps in the plane (y, z). Panel (a) shows the velocity field defined analytically: v = (v,, v,) (see Egs. (21) and (22)), whereas
panel (b) provides the inferred velocity field: Vv = (v, v;). The modulus of the vectors is encoded in the color of the arrows as indicated in the color

bar.

1.0

Mean: 0.82%

WL Median: 1.41% "

y [Mm]

/
02 04 06 08 1.0

50

1.0 - : 5
Mean: 0.6° 3
R4 \edian: 0.3° 4
0.6 3
Y
0.4 25
0.2 1

0.4 0.6 08 1.0 0
y [Mm]

Fig. 5. Errors of the inference of v, in the analytical 2D case. The left panel shows the relative error, &z, of the inferred velocity. The right panel
shows the angle between the analytical velocity (v) and the inferred one (V). See text for more details. Both plots also indicate the mean and the
median of these errors.

Fig. 5 (analytical case), where g5, and £(v, V) reach values as high
as 50% and 5°, respectively. Similar regions of large uncertain-
ties also appear in Fig. 8 for the case of the 2D MHD simulation,
albeit with smaller errors than in the analytical case.

To investigate the source of the large uncertainties in these

regions, it is convenient to notice that, as per their definitions,
&5, will always be larger in those regions where v, — 0, whereas
£(v,v) will be larger in regions where ||v|| — 0. It is also impor-
tant to note that [[v|| — 0 immediately implies v, — 0, but not
the other way around.
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With this clarified, we are in a position to assert that in
the analytical case (Sect. 3.1), &; and /(v,V) are the largest in
regions where |[v|| — O (see Fig. 4). In the case of the two-
dimensional MHD simulation (Sect. 3.2), the regions where the
errors are largest do not coincide with locations where ||v|]| — 0.
We can ascertain this because in the MHD simulations, the
minimum velocity is about 1km s~! (see color bar in Fig. 7).
In the regions where v, — 0, and thus where the velocity is
mostly aligned with the z-axis, &5, instead increases. Also, the
fact that the modulus of the velocity in the MHD simulations is
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Fig. 6. Two-dimensional CO5SBOLD simulation magnetic field. The
color map shows the magnitude of the magnetic field ||B||. The green
arrows show its direction. The color bar is saturated at 1500 G to show
the lower values of the magnetic field. The maximum value of the mag-
netic field within the selected region is #2245 G.

never zero implies that the angle between the velocity vector in
the MHD simulations and inferred velocity vector, Z(v, V), does
not increase as much as in the analytical example presented in
Sect. 3.1.

To showcase how well the horizontal component of the
velocity v, is inferred in a way that is independent from the mag-
nitude of v, or ||v||, we show in Fig. 9 scatter plots between the
real v, and the inferred values of the velocity v,. One can see that
in the analytical test (left; Sect. 3.1) and the test with MHD sim-
ulations (right; Sect. 3.2), the Pearson correlation coefficient (r)
is almost 1.0. Furthermore, almost all points of the 2D domain
fall almost exactly on top of the perfect retrieval line (i.e., slope
one) indicated by the black line.

4.2. Known degeneracies

Due to the structure of the induction equation, there are theoreti-
cally two degeneracies that can affect the retrieval of the velocity
vector. First, it is possible to add a gradient of a §calar function,
¢, to the cross product v X B without affecting B. Second, only
the velocity component perpendicular to the magnetic field con-
tributes to its variation over time.

These two degeneracies suggest that the velocity field
inferred using the method presented in this paper may not repre-
sent the real velocity of the plasma. This raises the question of
how we can ensure that the retrieved velocity is the one we seek.

In two dimensions, neither degeneracy is very relevant. For
instance, in the (y, z) plane, we define v and B both perpendicular
to the x-axis. Then, v X B is parallel to the unit vector e,. More-
over, if we consider a scalar function, ¢, whose gradient can be
added to the cross product, v X B, then by definition, V¢ is also

parallel to e,. However, given that ¢ is only a function of (y, z),

it trivially follows that V¢ = 2%2e = 0.

In three dimensions, the two aforementioned degeneracies
can potentially play a much more important role. We anticipate
being able to retrieve the real plasma velocity field in 3D for
two reasons. First, v, is considered to be known (i.e., from the
Stokes inversion that measures it from the Doppler effect), and
this component of the velocity already includes contributions

from the parallel and perpendicular components of the veloc-
ity with respect to B. For this reason, the knowledge of v, breaks
the degeneracy, and it allows us to retrieve the full velocity field
through the induction equation. Second, our method can be gen-
eralized to include other MHD constraints, such as mass con-
servation. These additional constraints could help us obtain the
plasma velocity field independently of the term V¢ that can be
added to v X B. We will address these topics in more detail in
future work.

5. Conclusions and future work

We have developed a new method to infer the velocities perpen-
dicular to the line of sight in the solar atmosphere. This method
employs the full induction equation in ideal MHD and assumes
that the line-of-sight component of the velocity, v,; the magnetic
field, B; and its time derivative, B, are known as a function of
space and time. Nowadays, this can be achieved thanks to novel
Stokes inversion techniques applied to data from modern spec-
tropolarimeters (Kaithakkal et al. 2020; Liu et al. 2025).

As a consequence of using the three components of the
induction equation, the method also allows retrieval of the full
z dependence of the horizontal velocity. This is not possible
when employing only the vertical (z direction) component of the
induction equation (see, e.g., Longcope 2004).

As afirst step, we tested our newly developed method in two-
dimensions by first using analytically prescribed functions for
the velocity and magnetic fields and secondly by using velocity
and magnetic fields from MHD simulations of the solar surface
magnetoconvection. In these 2D cases, only two of the compo-
nents of the induction equation were used. Our results indicate
that in an ideal scenario, it is possible to retrieve the horizontal
component of the velocity with an average error of about 1%. In
regions where the horizontal component of the velocity is very
small, uncertainties in the direction and relative error in the mag-
nitude become significantly larger. Overall, Pearson’s correlation
coeflicient is very close to unity (» ~ 1) in both of the studied
cases. This allows us to conclude that our method can retrieve
the velocity correctly.

An important feature of the method presented in this paper
is that it can be easily extended to three dimensions by including
the third component of the induction equation. Although the dis-

cretization of the equations and the construction of the matrix A
follow the same procedure described in this paper (see Egs. (12)—
(13)), the matrix dimensions increase substantially as the domain
expands from two to three dimensions. Specifically, the size of

the matrix, A, changes from 2NM X NM to 3NML x 2NML
because the system of equations includes an additional dimen-
sion as well as an additional equation with two unknowns (vy,
v,) at each point of the domain. Inverting a matrix of this size
requires a considerable amount of computational time, but we
plan on undertaking this step next. Apart from extending our
approach to three dimensions, in the future we hope to inves-
tigate the accuracy with which we can infer the horizontal com-
ponents of the velocity under more realistic scenarios. Namely,
we plan to examine the presence of random or systematic errors
in the input parameters (v, B, and B) given by the Stokes inver-
sion, the effects of having a finite time sampling when determin-
ing B observationally, and the existence of a finite magnetic dif-
fusion. All of these additional sources of uncertainty will likely
overshadow the 1% uncertainty of the idealized scenarios inves-
tigated here.
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Acknowledgements. The work presented in this paper has been funded by a
grant from the Deutsche Forschung Gemeinschaft (DFG): project 538773352.
This research has made use of NASA’s Astrophysics Data System. The authors
are grateful to Petri Képyld, Maria Kazachenko, Brian Welsch, and Oskar Steiner
for useful discussions on the topic.

References

Asensio Ramos, A., Requerey, L. S., & Vitas, N. 2017, A&A, 604, A1l
Bonet, J. A., Marquez, 1., Sinchez Almeida, J., et al. 2010, ApJ, 723, L139
Borrero, J. M., & Pastor Yabar, A. 2023, A&A, 669, A122

A306, page 8 of 10

!.'“
0.4
y [Mm]

0.8

0.6 Fig. 8. Same as Fig. 5 but for the case of

the two-dimensional MHD simulation.

Borrero, J. M., Pastor Yabar, A., & Ruiz Cobo, B. 2021, A&A, 647, A190

Borrero, J. M., Pastor Yabar, A., Schmassmann, M., et al. 2025, A&A, 699, A149

Calvo, F. 2018, Ph.D. Thesis, University of Geneva, Switzerland

DeForest, C. E., Hagenaar, H. J., Lamb, D. A., Parnell, C. E., & Welsch, B. T.
2007, ApJ, 666, 576

Démoulin, P., & Berger, M. A. 2003, Sol. Phys., 215, 203

Denker, C. 1998, Sol. Phys., 180, 81

Dominguez-Tagle, C., Collados, M., Lopez, R., et al. 2022, J. Astron. Instrum.,
11, 2250014

Fisher, G. H., & Welsch, B. T. 2008, ASP Conf. Ser., 383, 373

Freytag, B., Steffen, M., Ludwig, H.-G., et al. 2012, J. Comput. Phys., 231, 919

Fu, Y., & Welsch, B. T. 2014, AGU Fall Meeting Abstracts, 2014, SH41B-4133

Gustafsson, B., Edvardsson, B., Eriksson, K., et al. 2008, A&A, 486, 951

Harten, A., Lax, P. D., Leer, B., & v., 1983, SIAM Rev., 25, 35

Hirzberger, J., Bonet, J. A., Sobotka, M., Vizquez, M., & Hanslmeier, A. 2002,
A&A, 383, 275

Kaithakkal, A. J., Borrero, J. M., Fischer, C. E., Dominguez-Tagle, C., &
Collados, M. 2020, A&A, 634, A131

Kaithakkal, A. J., Borrero, J. M., Pastor Yabar, A., & de la Cruz Rodriguez, J.
2023, MNRAS, 521, 3882

Kazachenko, M. D., Fisher, G. H., Welsch, B. T., Liu, Y., & Sun, X. 2015, ApJ,
811, 16

Kosti¢, T., Mili¢, I., Rempel, M., et al. 2026, A&A, 705, A44

Kusano, K., Maeshiro, T., Yokoyama, T., & Sakurai, T. 2002, ApJ, 577, 501

Liu, G., Milié, 1., Castellanos Durén, J. S., et al. 2025, A&A, 697, L7

Longcope, D. W. 2004, ApJ, 612, 1181

Ludwig, H. G., Caffau, E., Steffen, M., et al. 2009, Mem. Soc. Astron. It., 80,
711

November, L. J., & Simon, G. W. 1988, ApJ, 333, 427

Pastor Yabar, A., Borrero, J. M., & Ruiz Cobo, B. 2019, A&A, 629, A24

Pastor Yabar, A., Borrero, J. M., Quintero Noda, C., & Ruiz Cobo, B. 2021,
A&A, 656,120


http://linker.aanda.org/10.1051/0004-6361/202558538/1
http://linker.aanda.org/10.1051/0004-6361/202558538/2
http://linker.aanda.org/10.1051/0004-6361/202558538/3
http://linker.aanda.org/10.1051/0004-6361/202558538/4
http://linker.aanda.org/10.1051/0004-6361/202558538/5
http://linker.aanda.org/10.1051/0004-6361/202558538/7
http://linker.aanda.org/10.1051/0004-6361/202558538/8
http://linker.aanda.org/10.1051/0004-6361/202558538/9
http://linker.aanda.org/10.1051/0004-6361/202558538/10
http://linker.aanda.org/10.1051/0004-6361/202558538/10
http://linker.aanda.org/10.1051/0004-6361/202558538/11
http://linker.aanda.org/10.1051/0004-6361/202558538/12
http://linker.aanda.org/10.1051/0004-6361/202558538/13
http://linker.aanda.org/10.1051/0004-6361/202558538/14
http://linker.aanda.org/10.1051/0004-6361/202558538/15
http://linker.aanda.org/10.1051/0004-6361/202558538/16
http://linker.aanda.org/10.1051/0004-6361/202558538/17
http://linker.aanda.org/10.1051/0004-6361/202558538/18
http://linker.aanda.org/10.1051/0004-6361/202558538/19
http://linker.aanda.org/10.1051/0004-6361/202558538/19
http://linker.aanda.org/10.1051/0004-6361/202558538/20
http://linker.aanda.org/10.1051/0004-6361/202558538/21
http://linker.aanda.org/10.1051/0004-6361/202558538/22
http://linker.aanda.org/10.1051/0004-6361/202558538/23
http://linker.aanda.org/10.1051/0004-6361/202558538/24
http://linker.aanda.org/10.1051/0004-6361/202558538/24
http://linker.aanda.org/10.1051/0004-6361/202558538/25
http://linker.aanda.org/10.1051/0004-6361/202558538/26
http://linker.aanda.org/10.1051/0004-6361/202558538/27

Vila Crespo, H., et al.: A&A, 707, A306 (2026)

Riva, F,, & Steiner, O. 2022, A&A, 660, A115

Schaffenberger, W., Wedemeyer-Bohm, S., Steiner, O., & Freytag, B. 2005, ESA
Spec. Publ., 596, 65.1

Schuck, P. W. 2008, ApJ, 683, 1134

Simon, G. W., Title, A. M., Topka, K. P., et al. 1988, ApJ, 327, 964

Simon, G. W, Title, A. M., & Weiss, N. O. 1995, Ap]J, 442, 886

Sobotka, M., & Siitterlin, P. 2001, A&A, 380, 714

Steffen, M. 2017, Mem. Soc. Astron. It., 88, 22

Steiner, O., Franz, M., Bello Gonzidlez, N., et al. 2010, ApJ, 723, L180

Steiner, O., Rajaguru, S. P., Vigeesh, G., et al. 2013, Mem. Soc. Astron. It. Suppl.,
24,100

Thaler, 1., & Borrero, J. M. 2023, A&A, 673, A163

Tilipman, D., Kazachenko, M., Milic, 1., et al. 2023, AAS/Solar Phys. Division
Meet., 55, 406.03

van Noort, M., Bischoff, J., Kramer, A., Solanki, S. K., & Kiselman, D. 2022,
A&A, 668, A149

Vargas Dominguez, S., Rouppe van der Voort, L., Bonet, J. A., et al. 2008, ApJ,
679, 900

Wedemeyer-Bohm, S., Scullion, E., Steiner, O., et al. 2012, Nature, 486, 505

Welsch, B. T. 2015, PASJ, 67, 18

Welsch, B. T., Fisher, G. H., Abbett, W. P., & Regnier, S. 2004, ApJ, 610, 1148

Welsch, B. T., Abbett, W. P., De Rosa, M. L., et al. 2007, ApJ, 670, 1434

A306, page 9 of 10


http://linker.aanda.org/10.1051/0004-6361/202558538/28
http://linker.aanda.org/10.1051/0004-6361/202558538/29
http://linker.aanda.org/10.1051/0004-6361/202558538/29
http://linker.aanda.org/10.1051/0004-6361/202558538/30
http://linker.aanda.org/10.1051/0004-6361/202558538/31
http://linker.aanda.org/10.1051/0004-6361/202558538/32
http://linker.aanda.org/10.1051/0004-6361/202558538/33
http://linker.aanda.org/10.1051/0004-6361/202558538/34
http://linker.aanda.org/10.1051/0004-6361/202558538/35
http://linker.aanda.org/10.1051/0004-6361/202558538/36
http://linker.aanda.org/10.1051/0004-6361/202558538/36
http://linker.aanda.org/10.1051/0004-6361/202558538/37
http://linker.aanda.org/10.1051/0004-6361/202558538/38
http://linker.aanda.org/10.1051/0004-6361/202558538/38
http://linker.aanda.org/10.1051/0004-6361/202558538/39
http://linker.aanda.org/10.1051/0004-6361/202558538/40
http://linker.aanda.org/10.1051/0004-6361/202558538/40
http://linker.aanda.org/10.1051/0004-6361/202558538/41
http://linker.aanda.org/10.1051/0004-6361/202558538/42
http://linker.aanda.org/10.1051/0004-6361/202558538/43
http://linker.aanda.org/10.1051/0004-6361/202558538/44

Vila Crespo, H., et al.: A&A, 707, A306 (2026)

Appendix A: Two-dimensional CO5BOLD
simulations

We used the CO5BOLD code (Freytag et al. 2012) in the box-
in-a-star setup to create a realistic 2D atmosphere. The code
solves the equations of ideal MHD for a fully compressible
gas in a Cartesian box using a finite-volume formulation with
an approximate Riemann type solver (HLLMHD; Harten et al.
1983; Schaffenberger et al. 2005; Steiner et al. 2013). The con-
strained transport method used in CO5BOLD ensures the mag-
netic field divergence free condition (V - B = 0) to machine
precision. Although, COSBOLD solves an ideal MHD induc-
tion equation, the effective magnetic diffusivity due to the dis-
cretization is found to be around 7.z ~ 3.0 x 100 cm? s7!
for a computational cell width of 10 km and at the bottom of
the photosphere (Riva & Steiner 2022). For our model, we used
a realistic solar-like equation of state taken from the CIFIST
project (Ludwig et al. 2009). The radiative transfer proceeds via
a short characteristics scheme as described in Steffen (2017),
with gray opacities from the MARCS model atmosphere pack-
age (Gustafsson et al. 2008), provided in tabulated form as a
function of gas pressure and temperature.

For this work, we selected a snapshot from a 3D magneto-
convection simulation computed using COSBOLD, which was
originally obtained by embedding a homogeneous, vertical field
of 50 G magnetic flux density in a relaxed model of convec-
tion (model d3gt57g44v50£fc from Calvo 2018). We extracted
a 2D slice in the (y, z) plane from this snapshot at a location in
the x-direction that contains a few kilogauss flux concentrations.
The selected computational domain spans 9.6 Mm x 2.8 Mm in
the (y, z) plane, with a cell size of 10 km in both spatial direc-
tions, of which a smaller domain is selected for our study (see
Fig. 6). In CO5SBOLD, all the quantities are defined at cell cen-
ters, except for the magnetic field components, which are defined
at the centers of their corresponding faces. A constant external
gravity field with g = 275 m s™2 acts along the z-direction. The
top boundary is open for fluid flow and outward radiation, with
the density decreasing exponentially in the boundary cells out-
side the domain. The vertical component of the magnetic field
(B;) is constant across the top boundary, while the transverse
component (B,) drops to zero at the same location.

The bottom boundary conditions for the magnetic fields are
the same as for the top boundary. For the side boundaries, we
used periodic boundary conditions, except for the magnetic field
in the x coordinate direction. For this direction, the x compo-
nent of the magnetic field is set to zero, and a constant extrap-
olation applies to the other two components. We note that even
though initially B, and v, are different from zero, the simulation
is advanced for an additional 1000 seconds of solar time, after
which B, and v, become negligible.

The bottom boundary for the thermodynamic quantities is
set up in such a way that the in-flowing material carries a con-
stant specific entropy of 1.775 x 10° erg g~! K~! resulting in a
radiative flux corresponding to an effective temperature (Teg) of
~ 5770 K.
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