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ABSTRACT

Context. Space missions such as Kepler have brought new constraints, along with new questions, on stellar evolution. A key issue
is the unexpected spin-down of low-mass stellar cores, pointing to an efficient angular momentum transport mechanism in which
magnetic fields are likely to play a role. This has renewed interest in the origin and impact of magnetic fields in stars.

Aims. This paper is the first in a series investigating magnetohydrodynamic instabilities that might contribute to angular momentum
transport and magnetic-field evolution in stellar radiative zones. Here, we focus on shear-driven instabilities and, specifically, the
Goldreich-Schubert-Fricke (GSF) instability and the magnetorotational instability (MRI), which could play key roles in the internal
dynamics of stellar radiative regions.

Methods. We performed a detailed local linear stability analysis using a numerical approach that extends beyond classical limiting
cases and incorporates stabilizing effects such as stratification and magnetic tension, enabling the exploration of more realistic flow
regimes. These local results were then validated through a global mode analysis in a Taylor-Couette configuration. Together, these
methods allow us to identify unstable regions, quantify growth rates, and assess the astrophysical relevance of the instabilities. Finally,
we applied our results to evolutionary models of subgiant and young red giant stars constrained by recent observations.

Results. We recovered the known standard MRI (SMRI) and azimuthal MRI stability criteria and quantified how stratification, mag-
netic tension, and diffusion affect their growth. In strongly sheared regimes, we derived a new criterion for the magnetised GSF
(MGSF) instability and clarified how magnetic and stratification effects narrow the unstable domain, illuminating the transition from
SMRI to MGSF. We also provided approximate growth time formulae that identify which instability (SMRI or MGSF) dominates
under given stellar conditions and can be directly implemented in 1D stellar evolution codes to model angular momentum transport
more realistically. Global Taylor-Couette calculations validate the local Wentzel-Kramers-Brillouin analysis, confirming that it is able
to reliably predict unstable regions and mode behaviour.

Conclusions. In its application to subgiants and young red giants, our results show that shear-driven instabilities can grow rapidly
for magnetic fields below 100 kG. The analytical criteria indicate where SMRI or MGSF modes should occur depending on the shear
amplitude and location. Conversely, strong axial fields (~100 kG) confined to the hydrogen-burning shell suppress instabilities unless
the shear lies sufficiently far from the shell. These findings support incorporating our instability criteria and growth estimates into
stellar evolution models to assess the efficiency of shear-driven transport.
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1. Introduction

Solar-like oscillations in low-mass stars provide crucial informa-
tion about their internal structure and dynamical processes. For
example, mixed modes in evolved stars have revealed that red
giant cores spin down along the red giant branch (Mosser et al.
2012), contrary to what would be expected under local con-
servation of angular momentum (AM). This discrepancy high-
lights our incomplete understanding of AM transport within stel-
lar radiative regions, a long-standing problem in stellar physics.
The issue is also unresolved at earlier evolutionary stages (e.g.
Maeder 2009; Fuller et al. 2019; Aerts et al. 2019) and one of
the most striking cases is the nearly solid-body rotation of the
Sun’s radiative zone (e.g. Garcia et al. 2007; Gough 2015). Sev-
eral mechanisms have been proposed to account for the miss-
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ing AM transport (see Aerts et al. 2019, for a review), including
transport associated with magnetic fields and their connection
to internal dynamos (e.g. Eggenberger et al. 2019; Gouhier et al.
2022; Petitdemange et al. 2023). However, no consensus has
yet been reached thus far regarding the origin of the missing
transport (see Fuller et al. 2019, for a review). Regarding the
role of magnetic fields, not only does the associated transport
remain uncertain, but, more broadly, the origin and strength
of large-scale magnetic fields in stars are still a matter of
debate (e.g. Braithwaite & Spruit 2017). This is illustrated by the
observed dichotomy between strong and weak magnetic fields
in intermediate- and high-mass stars with radiative envelopes
(e.g. Auriere et al. 2007; Lignieres et al. 2009), as well as by the
absence of detectable magnetic fields in rapidly rotating Be stars
(Wade et al. 2016).

To advance our understanding of both the observed diver-
sity of magnetic fields and the associated AM transport,
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magnetohydrodynamic instabilities (MHDIs) are a key phys-
ical ingredient that must be properly modelled within stel-
lar radiative zones. Depending on the specific conditions,
these instabilities can either destroy or sustain magnetic fields
(Lignieres et al. 2014; Braithwaite & Spruit 2017), directly
transport AM for instance through the magnetorotational insta-
bility (MRI) (Balbus & Hawley 1991), or redistribute AM indi-
rectly through the turbulence or dynamo action that is gen-
erated, as in the case of the Tayler instability (TI) (Spruit
2002; Zahnetal. 2007). In this context, numerical simu-
lations have provided valuable insights into the non-linear
behaviour of MHDIs and their efficiency in transporting AM
(e.g. Barker et al. 2019; Guseva et al. 2017; Daniel et al. 2023;
Petitdemange et al. 2023). However, because they are domi-
nated by viscosity, such simulations do not enable us to probe
realistic stellar regimes. Consequently, scaling relations derived
from numerical studies must be carefully extrapolated to stel-
lar conditions (e.g. Jietal. 2023). Therefore, linear analyses
remain essential, as they capture the onset of instabilities, pro-
vide general scaling relations, and guide prescriptions for 1D
stellar evolution models. Indeed, simple prescriptions can be
incorporated into 1D stellar evolution codes to account for the
AM transport generated by MHDIs. Their impact is commonly
represented through effective diffusivities (e.g. Cantiello et al.
2014; Wheeler et al. 2015; Griffiths et al. 2022), making these
parametrisations dependent on a solid theoretical foundation.

Among MHDIs, we can distinguish shear-driven instabil-
ities (SDIs), which extract energy from differential rotation,
from magnetically driven instabilities, which are powered by
magnetic free energy. This first paper in the series focuses on
SDIs and, in particular, the magnetorotational instability (MRI,
Balbus & Hawley 1991) as well as the Goldreich-Schubert-
Fricke (GSF, Goldreich & Schubert 1967; Fricke 1968) insta-
bility. Our emphasis on the GSF instability is motivated by
recent asteroseismic inferences suggesting the presence of strong
shear in evolved stars (Mosser et al. 2012; Deheuvels et al. 2014;
Di Mauro et al. 2016; Fellay et al. 2021). Moreover, the GSF
instability is often invoked as a source of angular momentum and
chemical transport (e.g. Herwig et al. 2003; Barker et al. 2019;
Chang & Garaud 2021) and is already implemented in some stel-
lar evolution codes (see Paxton et al. 2013). This underscores the
need to clarify the conditions under which it would develop in
the presence of a magnetic field, as well as to determine its asso-
ciated properties.

Indeed, previous studies have shown that magnetic fields
can stabilise GSF modes in certain regimes (Caleo & Balbus
2016; Caleo et al. 2016; Dymott et al. 2024). In this work, we
extend these results to more general flow conditions, provid-
ing a new stability criterion and growth rate estimate that can
be directly implemented in 1D stellar evolution models of mag-
netic stars, thereby allowing GSF-driven AM transport to explic-
itly account for magnetic stabilisation. At the same time, if a
magnetic field is present, the flow might also become unsta-
ble to the MRI (Velikhov 1959; Balbus & Hawley 1991); more
precisely, to the standard MRI (SMRI) in the presence of a
purely axial magnetic field, or to the azimuthal MRI (AMRI)
when the field is predominantly azimuthal. In contrast with the
GSF instability, the MRI is a weak-shear instability that requires
a decreasing angular velocity outward, making it particularly
relevant in regimes characterised by low differential rotation.
While previous linear studies have identified thermal stratifi-
cation as a stabilising factor (Menou et al. 2004; Philidet et al.
2020), we derived a general estimate to evaluate the efficiency
of MRI development and show that the interplay between mag-
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netic and thermal background fields can significantly slow its
growth.

Local analyses provide a powerful tool for predicting MHDIs
in stellar radiative regions, but they suffer from limitations.
This is the case, in particular, in differentially rotating spheri-
cal geometries where the curvature, boundary conditions, and
the finite size of the domain can inhibit or suppress their growth.
To assess the limitations and the range of validity of our local
approach, we examine the stability of Taylor-Couette configu-
rations with two differentially rotating cylinders, which offer a
controlled framework for testing whether these modes can exist
in practice (Hollerbach & Riidiger 2005; Guseva et al. 2015).
Such geometries have also been widely used to investigate AM
transport and dynamo action driven by MHDIs (Guseva et al.
2017; Riidiger & Schultz 2025). In this framework, the radial
structure of the background flow is known to strongly influence
the development of both MRI and GSF modes, providing valu-
able insight into the conditions required for these instabilities
to operate in stellar radiative zones. More precisely, using this
global approach, we show that the growth rates predicted by the
local analysis provide a reliable indicator of the location of the
SDI onset.

This paper is organised as follows. Section 2 presents the
local linear analysis and the underlying assumptions, along with
general estimates for MRI growth rates and onset conditions.
Section 3 describes the transition between the SMRI and GSF
regimes, as well as the properties of the modified magnetised
GSF. In Section 4, we determine the extent to which these local
estimates can be applied to global linear instabilities using a
magnetised Taylor-Couette model, which allows us to capture
finite-domain effects. Section 5 applies these results to subgiant
and red-giant models and Section 6 summarises our main find-
ings and perspectives.

2. Local stability analysis and application to the MRI
2.1. Eigenvalue problem

Motivated by previous studies (e.g. Acheson & Gibbons 1978;
Hollerbach & Riidiger 2005), we exploited the cylindrical sym-
metry of rapidly rotating flows and adopted cylindrical coordi-
nates (R, ¢,Z), which provide an appropriate local description
near the equatorial region (see Fig. 1). The analysis was carried
out for a stably stratified regions within a static inertial frame,
where we adopted the Boussinesq approximation. Therefore, the
governing equations for momentum, induction, and tempera-
ture advection-diffusion, together with the divergence-free con-
ditions, are expressed as:

V-U=0, V-B=0, ()
U w-vw=-Y , TXBIXB AU, ()
ot P PHo

OB

S5+ (U-VB = (B-V)U +1AB, 3)
‘Z—f +(U- V)T = kAT. @)

Here, U is the velocity field, B the magnetic field, P is the pres-
sure, p the density, T the temperature, y the coefficient of thermal
expansion, g the gravity, and v and « are the kinematic viscosity
and thermal diffusivity, respectively.

Furthermore, Egs. (1) to (4) are perturbed around a back-
ground state. Each field is decomposed into a reference com-
ponent and a perturbation, such that for a given quantity A, we
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Fig. 1. Sketch of the system under study. In the inertial frame, the dif-
ferentially rotating flow is confined between two shells, subjected to a
radial thermal gradient and immersed in a magnetic field with both axial
and azimuthal components.

obtain A = Ag(R,Z) + A’ (R, $,Z,t). We assume that the ref-
erence state is characterised by a cylindrical rotation profile,
so that Uy = RQ(R)es and we decompose the magnetic field
into axial and toroidal components By = By (R)ey + Bzey.
The reference temperature profile 7 (R) is assumed to be spher-
ically symmetrical and the induced gravitational disturbances
g’ are neglected. Within the Boussinesq framework, the buoy-
ancy term is directly proportional to the temperature perturba-
tion and the background temperature gradient is taken to be
positive to represent a stably stratified medium. For the per-
turbations, we performed a local analysis at the equator, using
the Wentzel-Kramers-Brillouin (WKB) approximation follow-
ing Eckhoff (1981) and Friedlander & Lipton-Lifschitz (2003).
Hence, the perturbations were developed as

A’ = a exp[ot + i(kgR + m¢ + kz2)], &)

where a represents the eigenmode’s relative amplitude in the lin-
ear regime, m is the azimuthal degree, kg, kz are the radial and
axial wavenumbers, o is the complex growth rate defined by
o = o, — i(w + mQ), with o, the growth rate (if o, > 0) or the
decay rate (if o < 0), w is the frequency, and mQ the frequency
shift due to the relative motion of the perturbation (analogous
to the Doppler effect). In line with the WKB approximation, the
quantities associated with the background are considered uni-
form over the wavelength and curvature terms are neglected so
that kg, kz > 1/R,m/R'. In the following, the wavenumber and
its components are scaled by 1/R and the complex growth rate,
o, is scaled by the local rotation frequency, Q, whilst keeping the
same notation for the sake of brevity. The alignment of the mode
with the rotation axis is quantified with @ = kz/k, where k is the
mode wavenumber. In addition, the background gravity (go) is
considered to be uniform and can be expressed more generally
as the Brunt-Viissild frequency, N = /ygodrT).

Using Eq. (5) together with the short wavelength approxima-
tion for the perturbation into Eqs. (2) to (4) leads to the eigen-
value problem,

HV =0V, ©6)

' Additionally, in radiative zones, density scale height H, =
|dlnp/dR|™" ~ R (hydrostatic equilibrium gives N> = g/H,), so the
Boussinesq condition kgH,, > 1 is consistent with the WKB assump-
tion. Similarly, one can define a shear scale Hg = |[dInQ/dR|"! =
R/(2|Ro]), such that the WKB approximation requires kgR > 2|Ro|.

where we can use the solenoidal constraints in Egs. (1) to reduce
the system to five independent perturbations. The perturbation
vector, V', is therefore defined as

B/ Bl T , T
v = (u;e v, —& s Y0} ™
VPro  +pHo Q
while the matrix operator, H, is expressed as
H = ®)
—Ekk2 2&2 SB —27-34502 Clz
-2(1 +Ro) -Ekk? 277 Bs(Rb+1) Sp 0
Sp 0 —Ek,k* 0 0 |
-2754Rb  Sp 2Ro —Ek,k* 0
—(N/Q)? 0 0 0 —Ek,k?

where we adopted the notations as described in Table 1.

The diagonal terms in H correspond to viscous, magnetic,
and thermal diffusions, expressed with Ek = v/ QR? and Ek, =
Ek/Pm, Ek, = Ek/Pr. The terms Sp = i(Tpz + Tgge), With
T8z = kz VAZEK/Pm and T4 = m+/AyEk/Pm, represent the
magnetic stress coupling the velocity and magnetic perturba-
tions. The angular velocity shear is defined as Ro = (R/2Q)dzrQ2
and only regimes with Ro < 0 are to be considered. Similarly,
the magnetic shear is given by Rb = (R? /2By)dr(By/R). The
term 2Ro represents the driving source of the magneto-rotational
instability, while —2(1 + Ro) represents the source of the hydro-
dynamic shear instabilities. To avoid any magnetic kink instabil-
ities, our focus was exclusively on the stabilizing effect of mag-
netic pressure and set Rb = —1. We also note that in the limiting
isothermal case where buoyancy effects vanish and the GSF can-
not develop, the formulation was reduced to that of Kirillov et al.
(2014).

To maintain physical consistency, we imposed a geomet-
ric constraint on the admissible modes, such that their wave-
lengths needed to remain smaller than the characteristic sys-
tem size (i.e. kkR > 27 and kzR > 2n). This condition is
slightly more permissive than the strict requirement for the valid-
ity of the WKB approximation. Furthermore, to exclude modes
that are strongly damped by viscosity, we required the viscous
damping rate to remain smaller than the typical growth rate (i.e.
vklze, vk% < |Ro|Q; see Sect. 2.2.2). With the numerical method
described in Appendix A, we then solve the eigenvalue problem
given in Eq. (6) for a set of wavevector. We then retained the
mode with the largest growth rate, as it is expected to govern
the onset of the instability. This method only allows us to study
low azimuthal wavenumber (m < kgR, kzR). Our results can be
viewed as indicative of the trends one might expect when extend-
ing the analysis to larger values of m. However, such an extrap-
olation implicitly assumes that curvature and other m-dependent
effects remain negligible.

2.2. Magneto-rotational instabilities (MRI)
2.2.1. Validation of the local approach

We present here the SMRI parameter domains using the same
representation as Philidet et al. (2020). To do so, we reformu-
lated the eigenvalue problem in terms of adapted dimension-
less parameters (see Table 1). The key numbers considered are
the Ekman, axial Elsdsser, Prandtl, magnetic Prandtl, stratifica-
tion, and shear numbers, denoted (Ek, Az, Pr, Pm, (N/Q)?%, Ro).
For the SMRI, non-axisymmetric perturbations differ from the
axisymmetric case only by a frequency shift of +mQ, so the
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Table 1. Dimensionless parameter set (Prandtl, magnetic Prandtl,
Ekman, Elsédsser, azimuthal Elsdsser, stratification, and shear-rate num-
ber), with typical values used in DNS and estimates for stellar radiative
regions.

Parameter DNS Stellar rad. reg.
Pr=v/k 107! 1073
Pm=v/n 1 1073

Ek = v/(QR?) 1073 1071

Az = B2/ (ppoQn) 1 1075-10"
Ay = Bg/(ppoﬁn) 1 107°5-10"
(N/Q)? = ygodrTo/Q? 1 1-10°
[Ro| = [(R/2€Q)drQ}| 1072-1 1073-100

Notes. For the DNS regimes see for instance the parameters used in
Petitdemange et al. (2023). For the stellar radiative regions, based on
the theoretical analyses of Zahn (1992), Spruit (2002), Mathis & Zahn
(2005), and summarised by Maeder (2009), order of magnitudes of
flow properties. The magnetic strengths considered account for the large
variety of magnetic fields observed (Reiners 2012).

study is restricted to m = 0. Figure 2 shows the phase diagram
of system stability in the (Pm, Az) plane for parameter values
typical of DNS and stellar radiative regions.

The main limits within the phase diagram are well-
known (see Chandrasekhar 1960; Acheson & Gibbons 1978;
Balbus & Hawley 1991): below a given Pmy,, the instability
does not develop. Above that critical value one can also see that
the system is only unstable if Az is in a certain window, whose
width increases with Pm. The upper bound in terms of Az cor-
responds to an excessive magnetic strength. The lower bound in
terms of Az is imposed by magnetic diffusion. In addition, as
shown by Menou et al. (2004) and Philidet et al. (2020), strati-
fication has a stabilizing influence on SMRI modes, setting the
threshold value Pm,,;, that depends on the competition between
shear and stratification. Combining these representations, we
recovered the three well-known criteria, namely,

k2
4k—§1>m [Ro| < (k%AZ + m2A¢) EKk, @)
Pm Pr
2 2 2 .o
Ro| |1+ (k2Az + mAy) | < TV G
4Pm |Ro| < Pr(N/Q)>. (iii)
©

The limits obtained with our numerical method are in very
good agreement with the theoretical criteria. As can be seen
by comparing the two panels of Fig. 2, the range of Ay val-
ues that permits the development of the SMRI is much broader
in realistic stellar regimes than in typical DNS regimes. This
reflects the fact that diffusive processes are comparatively inef-
ficient in radiative regions, so the window of unstable modes is
wider. In Appendix B, we display the stability domain of the
same regime parameters towards AMRI?, where the azimuthal
Elsdsser Ay = Bé /(puo€2n) has to be considered instead of Az.

2 Tt requires m # O in order to generate a finite azimuthal magnetic
tension (mB,/R) that drives the instability. The case B, # 0 with m = 0
does not excite the AMRI but can instead give rise to pinch or kink-type
instabilities from the magnetic gradient dgrB,, which are of different
nature and outside the scope of this work.
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Fig. 2. Top panel: Growth rate, o, normalised by Q in the (Pm, Az)
plane of the axisymmetric SMRI, for a regime typical of DNS. See
details in Table 1, with Ro = —0.05,(N/Q)* = 1,Ay = 0. The
three dashed lines correspond respectively to the three criteria Equa-
tion (9). The blank region corresponds to the stable parameter domain.
The dotted lines correspond to Az, Azy, from the Eq. (12), when
Azy > Azp. Bottom panel: Growth rate, o, normalised by Q in the
(Pm, Az) for a regime of radiative stellar region (see Table 1, with
Ro = -0.05, (N/Q)? = 10, A4 = 0).

The limit of the unstable parameter domain corresponds also to
the limits of Eq. (9).

2.2.2. Growth rates of the MRI

The purpose of this sub-section is to derive general expressions
for the growth rates of both SMRI and AMRI to determine the
conditions under which an effective MRI can operate. Although
these approximate expressions only hold when the perturbations
remain small compared to the background quantities, they are
useful for estimating which type of instability is likely to dom-
inate and develop efficiently. While non-linear saturations may
modify the general dynamics, the expressions we develop next
are of interest for implementation in stellar evolution codes since
an instability must have a growth time (r, = o) shorter than
the typical stellar evolutionary timescale (T.yo1) to be effective.
Figure 2 shows the growth rate of the SMRI. Our calcu-
lation exhibits a plateau within which the instability behaves
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ideally and approaches its maximum growth rate (o), which is
equal to |Ro| Q for |Ro| < 2 and to 2 v|Ro| — 1 Q otherwise. This
plateau is bounded by lower and upper limits on the magnetic
field strength,

Azr =41 +Ro|, Azy = |Ro/Ropin|, (10)

with Rop, defined by Eq. (12). These limits are displayed
in Fig. 2 and correspond, respectively, to the magnetic field
strengths at which magnetic stress balances either diffusion com-
bined with the Coriolis effect, or magnetic tension competes
with stratification to counteract shear. The first limit is consis-
tent with the non-stratified case derived by Petitdemange et al.
(2008), while the second extends this framework by identify-
ing a new stabilizing regime arising from the interplay between
magnetic tension and buoyancy.

To go further, because this growth rate can serve both to
identify the dominant instability in simulations and to estimate
the associated angular momentum transport in stellar evolution
codes, we propose a simple analytical fit that provides accurate
values without solving the full eigenvalue problem across the
unstable parameter domain (Eq. (6)). Guided by the numerical
growth rates together with Eq. (9), we found that the following
expression best reproduces our calculation,

Az /\ZL)]_1
OsMRI = 00 |1+ 2(—+—’ , (11)
SMRI 0 Q AZ,U AZ
with
-2

Rop; Pr(N/Q)?
2 _ _ 'min . — .
0 —(1 Ro ) , [ROmin| —Pm (12)

For the regimes shown in Fig. 2 (top and bottom panels), the
approximated formula (Eq. (11)) is consistently close to the
numerical values of o, lying between o and 1.46 X 0. Across
all other regimes tested, osyrr reproduces the numerical growth
rates o7, fairly well. We also note that for a given flow regime, the
maximum growth rate occurs for a magnetic field strength Az ¢
such that A%,c = Az X Azy, as implied by Eq. (11).

For the AMRI (as detailed in Appendix B) the squared
growth rate scales as A4 /Pm for a given m. Consequently, unlike
the SMRI, they do not reach a plateau over a given range of mag-
netic field strengths. However, as for the SMRI, it is possible to
reproduce the numerical growth rates and it is expressed as

)2

_ m2A¢Ek|RO| A¢,L A¢ Ropin
oamrl = \[——F—— |1 - —— {1 "Ro

Pm A¢ A¢,U Ro
(13)
with
K1 Pr(N/Q)? Pm|Ro|
Agy = Bk—min (— 4 0220 ), —4—. (14
- m2 (|R0| 4|Ro| ) v =4 e (19

Equation (13) is consistently close to the numerical result with
o ranging between 0.307 and 3. It deviates significantly from
o only near the boundary of the unstable domain. The simple
expression o amgr further reproduces rather well the numerical
values o across all other regimes tested. Its worth noting that
both Eq. (13) and numerical results reach their maximum for
Ay,u/5 and when |[Ro| 3> Ropin one has oamri(Ag,c) ~ 0.
Since both Ay, and Ay depend on m, unstable azimuthal
magnetic fields satisfy Ay < Agy(m = 1). Moreover, if an
azimuthal wavenumber, m, exists such that m < kxR, kzR and

— 6=1,=0,m=0,|R,|=0.5

. — 6=0,=1,m=1,|Ro| = 0.5

108 . —— 6=10"2,=1,m =30, |Ry| = 0.5
N — 6=1,=0,m=0,|R,| =5

100

1074 10° 104 108 1012

N
Fig. 3. Growth time, 7,/7q (=Q/0,), as a function of A for different
magnetic-field configurations, parametrised by Az = 6?A, A, = B*A.
We consider regimes representative of stellar radiative zones (Table 1):
a weakly stratified, low-shear case (|Ro| = 0.5, (N/Q)? = 1) relevant to
the MRI, and a strongly stratified, high-shear case (|Ro| = 5, (N/Q)? =
5 x 10°) relevant to the GSF and MGSF instability (Sect. 3). The dotted
lines show the analytical growth rate estimates (Eqs. (11), (13), and

17)).

Ay ~ Ay /5, the characteristic growth time approaches the ideal
timescale, 7, ~ 7¢. This result agrees with the local prediction
from the local linear theory of Masada et al. (2006). For weaker
magnetic fields, high m values that fall outside the strict validity
of the local approximation are required; this point is discussed
in Sect. 4.

Figure 3 shows that the approximated expressions of the
growth rate (Egs. (11) and (13)) reliably reproduce the insta-
bility timescales across different magnetic configurations. With
respect to the helical magnetic field, for Az < Azc, the SMRI
and AMRI form distinct branches and the fastest mode dom-
inates; when they become simultaneously competitive, a rein-
forced hybrid mode may occur. For stronger axial fields (Az >
Azc), the AMRI is suppressed and only the SMRI remains,
while sufficiently large azimuthal magnetic stress (Ag > Ay max)
stabilises the SMRI itself. Overall, our findings show an excel-
lent agreement with the linear analysis of SMRI and AMRI
reported in Petitdemange et al. (2013) and further extend this
framework by incorporating stabilising thermal stratification.
Finally, we note that in the parameter regimes explored here, we
did not recover the helical MRI branch described by Liu et al.
(2006) and Kirillov et al. (2014)°. Instead, we found only a heli-
cally modified MRI, which differs only slightly from the SMRI
or AMRI. For this reason, we did not pursue the study of the
helical MRI further in the context of radiative stellar interiors.
In Appendix B, we provide additional details on the mode struc-
ture of the SMRI and AMRI and give local prescriptions for the
radial and vertical scales of the unstable modes.

3. Magnetised GSF (MGSF) instability
3.1. Transition from SMRI to GSF

We first considered the transition from SMRI to GSF in flows
where the magnetic field is too weak to significantly modify the
unstable domain. This allows us to identify how magnetic fields

3 Note that we reproduce Kirillov et al. (2014).
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Fig. 4. Top panel: Growth rate o./Q in the ([Rol, (N/Q)?) of the SMRI,
GSF and SH instabilities, for a regime typical of radiative regions (see
Table 1, Az = 100,A, = 0). The three dashed lines correspond to
instability thresholds, red for SMRI (Eq. (9)), blue for GSF, green for
SH. The dotted lines separate the dominant type of instability inside
the unstable domain from the mode properties. Bottom Panel: Stability
map in the (k, @) plane for a stellar regime with [Ro| = 3 and Az = 100.
Solid colored curves show the boundaries of the unstable domains for
several values of the stratification parameter (N/Q)?. The blue region
corresponds to the unstable range for (N/Q)? = 10, and the star mark-
ers indicate, for each (N/Q)?, the most unstable mode (corresponding
to the regimes indicated by the stars in the top panel). The black region
denotes modes excluded by our assumptions. The densely dashed hori-
zontal line indicates the upper limit of the GSF-unstable domain set by
magnetic stresses. The dashed lines show the modified stability bound-
aries due to the combined action of magnetic stresses and stratification,
shown here for (N/Q)?> = 5 x 10% and 5 x 10°. The loosely dashed
line marks the limit imposed by viscous diffusion. Labels indicate the
domains of SMRI;, SMRI, , and MGSF modes.

alter the properties of the instabilities and how, together with the
effect of stratification, SMRI modes can smoothly transition into
magnetised GSF (MGSF) modes.

In Fig. 4 (top panel), the phase diagram (|Rol|, (N/Q)?) is dis-
played for a sheared flow in a regime typical of radiative regions
(see Table 1) with Az = 100. The dashed lines show the bound-
ary between the stable and unstable domains for each instabil-
ity*. The SH modes correspond to large scales (small k), SMRI to
intermediate scales, and MGSF to smaller scales. For sufficiently

4 We recall that the standard GSF and SH criteria read 4 (Ro| - 1) >
Pr(N/Q)? and 4 ([Ro| — 1) > (N/Q)>.
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strong magnetic fields, SMRI modes (SMRI;) remain aligned
with the field, whereas MGSF modes become nearly perpen-
dicular, reflecting the balance between shear destabilisation and
magnetic stabilisation. As shown in Fig. 4 (bottom panel), weak
stratification produces a broad SMRI-dominated unstable range,
while stronger stratification narrows this range and shifts the ori-
entation of the most unstable mode. Since the transition from
SMRI to MGSF is continuous in the (k, kz/k) plane, the modes
evolve smoothly between the two, passing through SMRI-like
modes that become nearly perpendicular to the rotation and
magnetic-field axes (SMRI, ). This gradual re-orientation resem-
bles the behaviour reported by Dymott et al. (2024), who showed
that magnetic fields tilt the GSF-unstable domain and produce
SMRI modes aligned with the angular momentum gradient.

Once stratification stabilises the SMRI, the MGSF domain
is limited by resistive effects that impose an upper limit. In
addition, the magnetic stress restrict the mode orientation, the
viscous effects damp small-scale modes, and the magneto-
stratification excludes large-scale modes. These properties of the
MGSF domain and mode properties are quantified and detailed
in Appendix C.1.

3.2. Magnetised GSF: Stability criterion

While some stellar models appear compatible with the devel-
opment of GSF modes (e.g. Fellay et al. 2021), recent studies
have shown that magnetic fields can strongly damp these modes
(Caleo et al. 2016; Dymott et al. 2024). Because these results
were obtained in specific parameter regimes, our goal is now
to derive general stability criteria that explicitly account for the
stabilizing effect of an axial magnetic field, thereby allowing us
to assess the occurrence of GSF modes in a more realistic stellar
context.

To this end, following the approach used to determine the
unstable mode range, we used the marginal stability equation
to examine two regimes. Compared with the standard criterion,
we incorporated additional stabilizing forces and by focussing
on the most unstable mode, we were able to derive new condi-
tions. We first considered a regime in which the additional sta-
bilizing forces are due to mixed diffusion and magnetic stress.
By identifying the mode (k, kz/k) that minimises stabilisation,
we obtained a first correction term (hereafter, C;, defined in
Eq. (16)) to the stability criterion. Second, we add the stabiliz-
ing forces due to viscous diffusion and the magneto-stratification
interplay. In this case, in a similar way, we obtained a second
correction term (hereafter, C,, defined in Eq. (16)). The detailed
derivation (described in Appendix C) finally gives a sufficient
MGSF stability criterion of

Pr(N/Q)? + C +C» > 4(Ro| - 1), (15)
where
C1 = 2 V2kzminA)*EK 2,
2 3/5 1/5
C, = %(3) (kéminEkA%Pﬁ [(N/©)? - 4PmiRol /Pr]3) .
(16)

The mode ki, designates the mode with the largest axial extent
allowed within the domain and, therefore, the non-dimensional
vertical wavenumber is expressed as kzmin = 27. In Fig. 5, the
phase diagram (|Ro|, (N/Q)?) of a stellar regime with a strong
magnetic field (Az = 10°) is displayed. The limits of the unsta-
ble domain are well reproduced by the criteria of the SMRI at
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Fig. 5. Ratio of the growth rate o, to the analytical formula
Testim = Max(0smri, 0 macsk), Which combines the predictions for SMRI
(Eq. (11)) and MGSF (Eq. (17)). The flow parameters correspond to
those of Fig. 4 (top panel), with A; = 10°. The white dotted lines
delimit the different instability domains (see Appendix C and Fig. C.1
for details). The black dashed line indicate the sufficient MGSF stability
criterion (Eq. (15)). The grey dotted line correspond to the combination
of the necessary criteria (Eq. (C.12)). See Appendix C.3 for details.

low shear values and MGSF at stronger shear values. The expres-
sions of the MGSF criterion (Eq. (15)) capture the limits of the
unstable parameter domain.

While the first corrective term, Cy, shifts the minimum shear
required for instability, the second term, C,, introduces addi-
tional stabilisation, particularly at low stratification and shear.
This behaviour also holds in more viscous regimes, such as those
corresponding to the DNS parameters listed in Table 1. When the
corrective terms C; and C, are omitted, the standard GSF crite-
rion is recovered.

The criterion derived in this section can be used to assess
the relevance of the MGSF instability in stellar interiors when
the poloidal component of the magnetic field is known or can
be reasonably estimated. A non-zero axial magnetic field (Az #
0) tends to stabilise configurations that would otherwise be
unstable (as noted by Caleo et al. 2016; Caleo & Balbus 2016;
Dymott et al. 2024).

3.3. Magnetised GSF: Growth rate

To go further, we aim to derive a simple estimate of the
growth rate of the magnetised GSF instability, enabling an
assessment of its efficiency in radiative stellar regions. Consider-
ing regimes that are GSF-unstable but MRI-stable, we examine
how the GSF growth rate varies with the flow parameters. As in
the previous section, we find an approximate formula given by

(1-cy* ( Az )"
=— —  [1+2—Z , 17)
TMaSE = D VIRoIB VRor=1) °
where
_ F‘I‘(N/Q)2 _ Ci+Cy ) (18)
T 4(Ro|-1) T~ 4(Ro| - 1)

We note that in Eq. (17), the first prefactor is mainly relevant
for regimes close to the marginal stability, whereas the second
reflects the general magnetic slowing.

We illustrate the validity of this analytical formula in Figs. 3
and 5, where we introduce O egim = max(osmr1, OMGSF)- ACross
the unstable parameter domain, 0 egim remain very close to the
numerical results o, supporting the validity of our formula
in strongly magnetised flows. In the middle of the transition
region, however, oeyim tends to underestimate o, because it only
accounts for the maximum of SMRI and MGSF, whereas both
instabilities can act simultaneously. Moreover, near and below
the SH criterion, the additional instability is not considered when
it converges more closely to 0.

The analytical formula (Eq. (17)) is consistent with the simu-
lations of Caleo & Balbus (2016), which show that the damping
time of transient modes in a magnetised background is inversely
proportional to the magnetic resistivity. The local analysis of
Dymott et al. (2024) likewise highlights the role of Ohmic dis-
sipation in weakening magnetic stabilisation. To illustrate the
need for this criterion, we consider the case of the Kepler 56
target: using the results of Fellay et al. (2021) together with a
magnetic diffusivity n = 7 (as in Caleo & Balbus 2016), we
obtained a very low stabilizing threshold for the magnetic field,
Buyose ~ 5G. This underscores the importance of accounting
for magnetic stabilisation when modelling GSF modes in stars,
particularly in stellar evolution models that include GSF-driven
angular momentum transport.

4. Global approach
4.1. Methodology

We now consider a flow between two differentially rotating
cylinders, at a radius of Ri,, Roux = 2R;, having different angu-
lar velocities, Qin, Qout, and temperature, Tiy, Toye, immersed in
amagnetic field, B = Bzez + By jn(Rin/R)ey. This problem is the
magnetohydrodynamic, radially stratified version of the Taylor-
Couette system. Such a configuration allows us to emphasise the
effects of azimuthal curvature and radial boundary conditions
and it is particularly suited to studying instabilities with short
axial wavelengths (large kz), which are comparatively less sen-
sitive to latitudinal curvature.

We extended the non-stratified linear stability code going
back to Hollerbach & Riidiger (2005), Hollerbach et al. (2010),
Child et al. (2015); we implemented a new temperature equation
and radial temperature gradient as described in Appendix. D.
Then we chose to focus on modes that are confined within the
bulk of the domain, excluding those that develop primarily near
the inner or outer boundaries. To ensure this, we applied no-slip
boundary conditions for the perturbed velocity field U’, perfectly
conducting boundaries for the magnetic field B’, and fixed-
temperature conditions for 77 (see Appendix D.1). We assume
perturbations to be of the form A" = a(R)exp[ot + i(m¢ + kzZ)].
We note that due to the large size of the matrix, (SN,, + 12)?
with N, € [30,60], only viscous and weakly stratified regimes
can be numerically solved.

4.2. Global MRI modes
4.2.1. MRI: Unstable parameter domain and growth rates

We first examined the conditions under which the SMRI arises
in the (Pm, A7) plane, focussing on the flow regimes shown
in Fig. 6 (top panel). The unstable parameter domain closely
matches the predictions of the local criterion (Eq. (9)) and the
growth rates, o, agree well with the analytical expression, o-syr1
(Eq. (11)), throughout the unstable region of Fig. 6 (top panel).
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Fig. 6. Top panel: Ratio o/0smrir-r,, in the (Pm, Az) plane of the
SMRI for regimes with Pr = 1073,Ek = 1075,Ro = -0.5,(N/Q)?> =
102. The estimate OsMRri,R=R,, comes from the local model Eq. (11) eval-
uated at R = R, and o, corresponds to the numerical values obtained
with the global code. The green, red and blue dashed lines correspond
to the criteria introduced in the local approach (Eq. (9)). Bottom panel:
Ratio o/ 0 amr1=r,, in the (Pm, A,) plane of the Azimuthal MRI for the
same regime than top panel and considering the fastest mode among the
set of azimuthal wavenumbers m € [1,2,5,7, 10] and o amgrr,r,, from
Eq. (13). The blue and green dashed lines corresponds to the criteria
for m = 1 (Eq. (9)). The dashed lines indicate the parameter region in
which a given azimuthal mode number, m, yields the maximum growth
rate.

We also find a similarly good agreement for the axial wavenum-
bers, kz, of the modes, yielding remarkably consistent mode
properties between the local and global analyses.

We then considered the AMRI in Fig. 6 (bottom panel)
and examined the stability of regimes in the (Pm,Ay4) plane
for modes with m € [1,2,5,7,10]. The expected scaling rela-
tions for thermal stratification and for the resistive limit were
successfully recovered. However, the diffusive limit (Eq. (9)ii)
departs significantly from the local prediction: in Fig. 6 (bot-
tom panel), Ay min remains two orders of magnitude above the
local estimate for m = 1, and roughly four orders of magnitude
above the local m = 10 estimate (not shown). At low azimuthal
wavenumber, Ay min 1S almost independent of the diffusive ratio,
Pm = v/n, in agreement with previous studies (Riidiger et al.
2010, 2015). We ruled out the variation of local background
parameters as the origin of this discrepancy and find instead
that the intrinsic non-axisymmetry of AMRI modes (e.g. cur-
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Fig. 7. Reconstructed radial velocity perturbations Ug(R, Z) of the most
unstable eigenmode in regimes with A; = 1.6,Ek = 1075,Pm =
1,Pr = 0.1, at R = Ry, and stratification amplitudes (N/Q)ZR:RGM of
1,1.3,1.5,2, and 2.5. The maximal shear is |Roy,¢| = 0.05. The corre-
sponding growth rate computed is given below the stratification value
considered. The red overlayed curves correspond to the analytical for-
mula (Eq. (11)). The vertical black dashed lines give the radius where
the mode amplitude peaks and the vertical red dashed lines give the
radius where the analytical formula reaches its maximum.

vature and azimuthal-drift effects) provides an additional sta-
bilizing influence that is absent from the local WKB analysis
(for the low Pm limit, see Riidiger et al. 2014). This could also
explain why AMRI is more sensitive to global properties than
SMRI. Whether this difference remains significant under stel-
lar conditions is left for future investigation. However, within
the unstable domain the growth rates o, remain close to o Amri,
except near the stability boundaries where additional non-local
stabilizing effects become important. Overall, our results indi-
cate that locally derived unstable domains and mode characteris-
tics remain applicable to global SMRI and AMRI configurations,
except in the regime of weak azimuthal fields, where additional
stabilizing forces become significant.

4.2.2. MRI: Mode location

Beyond determining whether modes are unstable, it is crucial
to predict where they preferentially develop within the flow. In
stars, this identifies the regions that most efficiently transport
angular momentum, mix elements, or amplify magnetic fields.
We first examined the location of SMRI modes between the
two differentially rotating cylinders. Fixing the boundary tem-
peratures and angular velocities through the diffusive equilib-
rium constrains the background profiles. Thus, we adopted the
thermal stratification N*(R) = N2_, (Rin/R)* ad hoc to test cases
with steep stratification. Figure 7 shows the radial velocity per-
turbations for different stratification strengths. The most unsta-
ble modes emerge at different radii, depending on the combined
effect of shear and rotation, and they consistently localise where
the analytical formula (red curves) peaks. The axial wavenum-
bers are slightly smaller than local estimates (see Table D.2).
Finally, the radial extent of the modes is non-negligible, owing
to diffusion, boundary effects, and the radial variation of the flow
parameters, which sharpens the local growth rate profile.
Across different regimes and profiles studied, we find that
the analytical formula of the SMRI growth rate (Eq. (11)) also
predicts the radial position of unstable SMRI modes. The numer-
ical results for o, lie between osvrr and 1.14 X ospr1, con-
firming the reliability of the local prediction. For the AMRI, the
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Fig. 8. Ratio 0, /0mgsFr=g,, in the (Az, Ek) plane for the MGSF, with
Pm = 0.1, Pr = 1072, Ro = -6, (N/Q)*> = 400, and A4 = 0 and the
resolution, N,, = 30. Shear and stratification are constant across the
domain, as are the Elsdsser and Ekman numbers. The green dashed line
marks the MGSF stability criterion (Eq. (15)).

agreement remains satisfactory in several regimes, although cur-
vature and boundary effects influence the instability location
in some extreme parameter regimes. Additional configurations
explored are presented in Appendix D.2. While future works
would need to validate this result with 3D global simulations,
we conclude that taking the growth rates as estimated by local
analysis constitutes a valuable proxy for estimating the location
where the instability preferentially develops within the flow.

4.3. MGSF in a Taylor-Couette geometry

Finally, we investigated the MGSF. The strong differential rota-
tion required by this instability leads to large radial variations of
Q(R), which would induce spatial variations of the local dimen-
sionless numbers. To retained a homogeneous force balance,
we therefore prescribed constant values of (Ro, (N/Q)?, Az, Ek)
throughout the domain, adjusting the coefficients so that the local
parameters remain fixed. This choice isolates the role of mag-
netic stabilisation.

Figure 8 shows the phase diagram in the (A, Ek) plane for
a flow configuration that is unstable to the GSF but stable to
the MRI. Although numerical constraints limit our ability to
explore stronger magnetic fields, the boundary of the unstable
region agrees well with the extended criterion in Eq. (15), which
includes magnetic stabilisation. The eigenvalue problem is com-
putationally demanding and sensitive to spurious modes: resolv-
ing GSF (and especially MGSF) modes requires fine radial dis-
cretisation’ to obtain converged growth rates consistent with the
local estimate (Eq. (17)). However, increasing the resolution also
reduces the numerical stability of the solver (see Appendix D.3
for details). Despite these numerical challenges, the stabilising
influence of magnetic fields is clearly reproduced: magnetic ten-
sion reduces the growth rate in accordance with the predicted
scaling. Compared with the standard GSF, magnetised regimes

5 For the local approach to be valid for global modes, one requires
krR > 2|Rol|, where kg is the typical radial wavenumber of the mode-
and Ro the local shear value. This condition translates into a numerical
resolution requirement, N,, > 2[Ro|.

involve smaller radial length scales, further reinforcing the need
for high spatial resolution to accurately resolve MGSF modes.

The global Taylor-Couette analysis confirms the validity of
the local approach. For the SMRI, both the stability thresholds
and the growth rate estimates agree very well with the global
results and they correctly predict the radial localisation of unsta-
ble modes across the domain. For the AMRI, some discrepancies
appear in the weak-field regime, but the local estimates remain
accurate throughout the unstable parameter domain. Finally,
extending the analysis to strongly sheared flows shows that mag-
netic fields can effectively stabilise GSF modes.

5. Application to low-mass subgiants and young
red giants

We applied our analysis to stellar conditions representative of
low-mass subgiants and young red giants. These evolutionary
stages are particularly interesting because asteroseismic obser-
vations provide estimates of both core and envelope rotation
rates (Deheuvels et al. 2014, hereafter D14). Thus, our aim has
been to determine whether fields comparable to those observed
in red giant cores (for a review, see Deheuvels 2024) could give
rise to shear-driven instabilities. We considered two stars from
sample of D14 (denoted as A and F; see also Table 2).

5.1. Stellar evolution models

The stellar structure models used for this work were com-
puted with the Cesam2k20° stellar evolution code (Morel 1997;
Morel & Lebreton 2008; Marques et al. 2013; Manchon et al.
2025). The physical ingredients were chosen to be as close
as possible to the one used by D14. Present models use
Grevesse & Noels (1993)’s determination of the solar chem-
ical composition, with opacity tables from the OPAL team
(Rogers & Iglesias 1992; Iglesias & Rogers 1996), adapted to
these abundances. The tables are supplemented, for low tem-
perature values, by the Wichita’ opacity tables (Ferguson et al.
2005). We note here that the chemical composition used by D14
to generate the opacity tables might be slightly different. The
equation of state (EoS) uses data from the tables published as
part of the OPAL 2005 EoS (Rogers & Nayfonov 2002). The
nuclear reaction rates follow the compilations from NACRE
(Aikawa et al. 2006), apart from LUNA (Broggini et al. 2018)
for the *N(p,¥)">O reaction. The convection is modelled with
the full turbulent spectrum formalism of Canuto et al. (1996).
The atmosphere was retrieved using the Eddington 7' (7) relation.
The effects of overshoot and rotation were not considered.

To recover observational parameters within uncertainties
given by D14, we had to slightly adjust the input parameter of
each model, within the range of values they considered for their
grid-based approach. This is due to the different version of the
code, small differences in the input physics, and round-off errors
in the value of the input parameters provided in D14. These
parameters are gathered in Table 2. From the models, the profiles
of Prandtl, Pr = v/k, and magnetic Prandtl, Pm = v/n, numbers
have been extracted, where v is the kinematic viscosity, n the
molecular magnetic diffusivity, and « the thermal diffusivity, fol-
lowing the formulations of Spitzer (1962), Mihalas & Mihalas
(1984).

® https://www.ias.u-psud.fr/cesam2k20/

7 https://www.wichita.edu/academics/fairmount_college_
of_liberal_arts_and_sciences/physics/Research/opacity.
php

A167, page 9 of 17


https://www.ias.u-psud.fr/cesam2k20/
https://www.wichita.edu/academics/fairmount_college_of_liberal_arts_and_sciences/physics/Research/opacity.php
https://www.wichita.edu/academics/fairmount_college_of_liberal_arts_and_sciences/physics/Research/opacity.php
https://www.wichita.edu/academics/fairmount_college_of_liberal_arts_and_sciences/physics/Research/opacity.php

Durepaire, V., et al.: A&A, 707, A167 (2026)

Table 2. Input parameters and surface properties of the stellar models of stars A and F in the D14 stellar sample, computed with the newest version

of Cesam2k?20.
Star M Age (Z/X)o Yo acom Ter logg
[Mo]  [Gyrs] - - - (K] -
A (KIC 12508433) 1.216 5.86 0.050 0.3 06 5292 385
F (KIC 9574283) 1.085  6.04 0.012 0.27 0.625 5117 3.58
5.2. Rotation and magnetic field models are expressed as
Asteroseimic observations provide estimates of mean core and S( Az Azr
surface rotation so that the exact profile is not accurately know. ~ TsMri = 7o |1 +Q A + )
. . ZU 7
Therefore, based on the core and envelope rotation-rate estimates
given in D14, we constructed two types of models, which we T =1+ 2Az 1 +2+v[Ro|B (22)
then tested. A smooth one as proposed by D14, MGSE = 70 VIRo[= 1 a-c¢3* )

mWFQﬁmm4m§, (19)
*

with r, the radius of the radiative-convective transition and a
sharper one assuming a strong decrease of angular velocity (see
also Belkacem et al. 2015) set with

(20)

Qg () = Oy + 200~ in (1 + erf(m m"))
2 Wy

where m is the local mass, m, defines the mass where the angular

velocity drops, and w; controls the width of the transition.

For the magnetic field, several estimates of the core magnetic
field of red giants have been debated (e.g. Fuller et al. 2015;
Mosser et al. 2017; Li et al. 2022; Deheuvels et al. 2023). For
some of them, strong radial fields of the order of 100 kG have
been detected near the hydrogen-burning shell. In the follow-
ing, we assume a poloidal magnetic field dominated by a dipolar
component, such that the axial and the radial field components
are of the same order, By ~ B,. We consider the axial compo-
nent at the equator of the magnetic field generated by a dipole,
expressed as

&m=&4%ﬁ @1

where By is the axial field value at the radius, r;,, where the
Brunt-Viissild frequency reaches its maximum. This approach
allows us to use instabilities onset properties expressed in terms
of Bz, while discussing the astrophysical case, where only the
radial field B, is observationally constrained near the hydrogen-
burning shell. The case of an azimuthal or toroidal magnetic field
will be addressed in a forthcoming study, where (in addition to
the AMRI) magnetic kink-type instabilities such as the Tayler
instability (TI) are expected to play a role.

Then, we can solve Eq. (6), using the local background val-
ues at each radius to determine the instability domains predicted
by our local approach. For all models tested, we found that
the SMRI and MGSF criteria (Egs. (9) and (15)), together with
the corresponding analytical expressions for their growth rates
(Egs. (11) and (17)), successfully identify the unstable regions
and accurately characterise their properties. We emphasise that
these semi-analytical formulas (Eq. (22)) reliably predict both
the existence and the timescales of the instabilities at very low
computational cost (without the need to solve Eq. (6)) and can
therefore be implemented directly in stellar evolution codes.
When the regime is unstable, the corresponding growing times
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with 79, O, Az, Azu, B, C as presented in Sects. 2 and 3.

5.3. Results

For evolved low-mass stars, structural evolution is essentially
driven by the core contraction with a typical timescale, denoted
as Texp. The spatial mean of this characteristic timescale is found
for stars A and F to be, Texpa ~ 425 Myr and Texpp ~ 239 Myr,
respectively. Comparing the instability growth times with this
characteristic timescale provides a measure of whether (and to
what extent) these instabilities can develop during the stellar evo-
lution phase.

Star A: In Fig. 9 (left panels), we present the results for
Star A. The top panel corresponds to a sharp rotation profile
and a moderate magnetic field (Bz,=;,, = 1kG), showing the
development of the MGSF. For stronger fields, magnetic stabili-
sation progressively suppresses the MGSF, leaving the SMRI as
the dominant instability, while for weaker fields the GSF pre-
vails®. When a strong magnetic field is considered (Bz,-,, =
100kG), the growth time is 7, ~ 46Kyr < Tegpa, suggest-
ing that the SMRI could develop within the thin shear region.
For the model with a linear rotation profile (bottom panel), only
the SMRI remains unstable and only in the outer layers where
stratification is relatively weak. In this case, the shear lies in a
weakly magnetised region, even when assuming a strong field of
Bz,=r, = 100kG in the hydrogen-burning shell. Consequently,
the growth time decreases when going from Bz,-,, = 1G to
100kG, reaching 7, ~ 149 yr in the upper radiative layers and
rising sharply with depth. From the other models tested and sum-
marised in Table D.1 (Appendix E), we conclude that for the
subgiant Star A, the development of a shear-driven instability
requires the shear region to be both narrow enough to sustain a
strong rotational gradient and located sufficiently far from the
hydrogen-burning shell to mitigate thermal and magnetic stabil-
isation.

Star F: In Fig. 9 (right panels), we present the result for
Star F. This more evolved star exhibits a larger rotation contrast,
Qin/Qout, implying stronger shear and a flow more prone to shear-
driven instabilities. In the top panel, we consider a sharp rotation
profile and a weak magnetic field (Bz,-,, = 1G). In the bot-
tom panel, we adopted a smoother profile with a stronger field
(Bz=r, = 100kG). For the sharp profile, both SMRI and GSF can
develop in distinct regions, with the GSF growing on the fastest

8 In the weak magnetic field limit, the MGSF corresponds to the stan-
dard GSF, the stability criteria, growth rates, and mode wavenumbers
are poorly affected by the magnetic field.
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Fig. 9. Growth rates of unstable regions for different rotation and Brunt-Viisild (BV) frequency profiles, shown in the background color scale,
are displayed for the stars considered. The type of shear-driven instability (e.g. SMRI, MGSF) is indicated in each panel. The BV profile exhibits
a narrow peak corresponding to the hydrogen-burning shell. Its position defines the reference radius, r,. The reference width, w,, is defined
as the radial distance over which the BV frequency decreases by an order of magnitude from its maximum at r,. Left panels: Star A, rop:

Bzo = 1kG,w,; = wp,rq4 = Srp. Bottom: Bz, = 100kG, linear rotation profile Q(r). Right panels: Star F, top: Bz =

Bottom: Bzy = 100kG, w,; = Swy, 1y = 2r.

timescale, 7, ~ 20 h. When the magnetic field exceeds 1 kG, how-
ever, only the SMRI persists, and its growth rate decreases signif-
icantly. With the smoother rotation profile and Bz,-,, = 100kG,
our analysis predicts SMRI growth on a timescale of 7, ~ 31.8 yr.
Shear regions located closer to the hydrogen-burning shell expe-
rience stronger stabilisation from stratification and magnetic ten-
sion, reducing their susceptibility to instability. Conversely, shear
zones further from this shell are less stabilised, favouring the
growth of shear-driven modes. This again explains why smoother
(linear) rotation profiles are particularly prone to fast-growing
instabilities in their outer radiative regions.

Overall, if a strong large-scale poloidal magnetic field of the
order 100kG is present in the hydrogen-burning shell of a low-
mass subgiant or young red giant (as observed in some red giants)
shear-driven instabilities can develop efficiently only if the shear
region lies sufficiently far from that shell. Interestingly, for all
tested models, the instabilities found have a growth time much
lower than the expansion timescale. Additionally, we found only
SMRI modes and no GSF or MGSF, when Bz,-,, > 1kG.

Although the degree of differential rotation can vary during
the post-main sequence evolution, it generally becomes stronger
in the early red giant phase for the models considered here. Con-
sequently, shear-driven instabilities are expected to grow more
rapidly in young red giants than in sub-giants. For the differ-
ent rotation and magnetic field configurations tested, we found
growth times ranging from a few months to several hundred
thousand years, highlighting the need to account for magnetic
and stratification effects when assessing the role of shear-driven
instabilities in stellar evolution. The simple estimates proposed
here can be implemented in 1D stellar evolution codes to eval-
uate, for instance, the efficiency of angular momentum trans-
port by SMRI through an effective viscosity, vsmrr = osmriR?,
where the instability develops at radius, R, with a growth rate
of osmri (similarly to Wheeler et al. 2015; Griffiths et al. 2022).
Since GSF and MGSF modes are found to be nearly perpendic-

lG,wd = 3wb,rd = 27‘1,.

ular, transport prescriptions derived from previous studies of the
GSF instability (e.g. Barker et al. 2019) might not be directly
applicable in the magnetic case. While our linear results may
provide qualitative guidance on the influence of magnetic fields,
dedicated non-linear simulations with a sufficiently fine mesh
would be required to establish a saturation theory for the MGSF
and, in turn, a reliable model for the associated angular momen-
tum transport.

6. Conclusion

We investigated shear-driven instabilities in stellar radiative
regions through a linear stability analysis of MRI and GSF
modes. Using a WKB approach, we first derived general esti-
mates for the local unstable modes, then extended the analysis to
global Taylor-Couette configurations to assess how these modes
arise in finite domains. Finally, we applied our results to stellar
models of subgiants and young red giants.

For the SMRI and AMRI, we recovered already known sta-
bility criteria and quantified the influence of stratification, mag-
netic tension, and diffusion on growth rates. In strongly sheared
regimes, we derived a new criterion for the magnetised GSF
(MGSF) instability and estimated how magnetic and stratifica-
tion effects reduce the range of unstable modes, clarifying the
transition between SMRI and MGSF.

In addition, we derived approximate formulae for the insta-
bility growth times, making it possible to determine which insta-
bility (i.e. SMRI or MGSF) is likely to dominate under given
stellar conditions. Implementing these formulae in 1D stellar
evolution codes, through the effective viscosity associated with
these instabilities, would enable a more realistic estimation
of angular momentum transport throughout stellar evolution.
Our results were further validated through stability analyses
of Taylor-Couette flows. The global modes confirm that the
local WKB framework accurately identifies where instabilities
develop and provides reliable estimates of their behaviour across
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the domain. This strengthens the applicability of the local results
to realistic stellar profiles.

When applied to sub-giants and young red giants, our anal-
ysis shows that shear-driven instabilities can grow on short
timescales for magnetic fields well below 100kG, suggest-
ing that these mechanisms may readily operate in such stars.
Depending on the magnitude and radial location of the shear, our
analytical formulae predict where SMRI or MGSF modes should
arise within the radiative zone. In contrast, strong axial mag-
netic fields of order ~100kG confined to the hydrogen-burning
shell can co-exist with shear-driven instabilities only if the shear
layer lies sufficiently far from the shell; in such cases, magnetic
tension and stratification act together to suppress most unstable
modes. Overall, these results motivate incorporating our insta-
bility criteria and growth rate estimates into 1D stellar evolution
models to evaluate the role and efficiency of shear-driven insta-
bilities throughout stellar evolution.

A follow-up paper will address magnetically driven insta-
bilities, focussing on Tayler-like modes (Tayler 1973; Spruit
1999; Skoutnev & Beloborodov 2024), thereby complementing
recent work on Tayler dynamos (e.g. Petitdemange et al. 2023;
Meduri et al. 2025) demonstrating efficient angular momentum
transport. The interplay between the MRI, MGSF and Tayler
instabilities and, more generally, the potential co-existence of
multiple instabilities across different spatial or temporal scales
remain an open question (Jouve et al. 2020; Chang & Garaud
2021; Meduri et al. 2024). In addition, the present approach pri-
marily describes the linear onset of the instabilities and can-
not independently constrain their non-linear saturation or the
associated angular momentum transport, which will be further
addressed in future non-linear simulations.
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Appendix A: Method for local linear analysis

We solve the eigenvalue problem (Eq. 6) for various set of
flow parameters (Ek, A, Ay, Pr,Pm, (N/Q)?,Ro) (see Table 1)
and different modes (kg,kz) up to 100 x 100 values in
([27; 108, [27; 10%]) when necessary. For a given parameter
regime, we seek to find the optimal mode, for a given azimuthal
number m, which maximises the value of the growth rate because
we expect the instability to be driven by the most unstable one.
The eigenproblem is solved using the Durand-Kerner method
(Durand 1960; Kerner 1966), which is a simultaneous multi-
fixed-points iteration algorithm. The principle is as follows: con-
sider Py the 5 order characteristic polynomial associated to
our problem, its roots o; and oy; the initial guesses of those
roots. Concerning the initial guesses, we start with a set of
arbitrary values, for subsequent calculations the initial guesses
0o, can be selected from previously calculated roots corre-
sponding to similar flow regime parameters and mode values.
Then, the algorithm works by iteration for each i, the guesses
at the step k are obtained with the relation: o%; = oy_1; —
Py(oi-1.)] T j2i(O k-1 — Ok-1,5)-

Then, to study the role of two parameters on a domain of
instability, we construct a mesh for those two parameters of inter-
est, using a 300 x 300 grid of logarithmically spaced values. For
each point in this grid, corresponding to a specific set of flow
regime parameters, we solve the eigenvalue problem (Eq. 6).

Appendix B: MRI eigenmode properties

In Fig. B.1, we display AMRI unstable parameter domains and
their corresponding growth rate values, for both regimes listed
in Table 1, in the phase diagram (Pm, A4) with |[Ro| = 0.05 and
(N/Q)? = 1 and 10, respectively for the DNS regime and radia-
tive stellar regime. We find perfect agreement with the criterion
given in Eq. 9, as in the case of the SMRI, and the AMRI growth
rate estimate from Eq. 13 shows good agreement with the numer-
ical values.

A condition for the local approach to be valid is that the
unstable modes must remain small compared to the system size
and not larger than the typical domain over which the back-
ground parameters vary. This motivates us to derive reliable esti-
mates of the characteristic wave-numbers for both the SMRI and
the AMRI. For the SMRI, the mode scale corresponds to the bal-
ance between magnetic tension, diffusion, and shear. In contrast,
the AMRI is constrained by coupled diffusive frequencies that
depend on both the magnetic field strength and the stratification.
Since the azimuthal magnetic tension does not involve kz, the
AMRI mode scale is governed by different physical effects than
in the SMRI and, apart from secondary corrections, is essentially
independent of the shear. We note that for both SMRI and AMRI,
the most unstable mode has the lowest radial wavenumber of the
values considered, kg = kg min, and we focus our study on the
axial wavenumber k7. In the case of the SMRI (see Fig. B.2),
again two regimes can be distinguished from the ratio of mag-
netic diffusivity and resistivity. The estimate given below Eq. B.1
agrees well with that proposed by Sano & Miyama (1999) for
protoplanetary disks, and with Petitdemange et al. (2008) (mag-
netostrophic regime) and reproduces the numerical values,

L R= 2AzPm|Ro|
ZSMRIX = 6+ A% K

This estimate remains valid for more diffusive regimes (see
Fig. B.2 top panel).
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Fig. B.1. Top panel Growth rate o, normalised by Q in the (Pm, Ay)
plane of the axisymmetric AMRI, for a regime typical of DNS (see
Table 1, with [Ro| = 0.05, Az = 0,(N/Q)? = 1,m = 1). The three cri-
teria (Eq. 9) correspond to the limits of the unstable parameter domain.
The blank region corresponds to the stable parameter domain. Bottom
panel Same study but for the stellar radiative regime set of parameters,
[Ro| = 0.05,m = 1 and (N/Q)? = 10.

For the AMRI modes, Fig. B.2 (bottom panel) shows the
wavenumber k; across different regimes. The coupled diffusive
frequencies constrain the mode size as a function of magnetic
field strength and stratification. The following estimate repro-
duces well the observed variation,

(B.2)

m2 A Pr(N/Q)
Ek '

1
kz AMRIR = 3 [
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Fig. B.2. Top panel: Mode k corresponding to the SMRI modes dis-
played in Fig. 2 (top panel) Bottom panel: Mode & corresponding to
the AMRI modes displayed in Fig. B.1 (top panel).

Appendix C: Equations governing the magnetic
stabilisation of GSF-like instabilities

C.1. Marginal stability equation

When considering a purely axial magnetic field, the marginal
stability condition reads

GSF seed term SMRI seed term Magnetic stress
— ———
oIn (R*Q?)

e ———
olnQ k2B kg( B2 )2

+ _—
dlnR dInR k*puon? k> \ puonQ
Mixed diffusion  Viscous ~ GSF stabilisation
—_— — —_—
2BV Ky (N)2 C.1)
pronQ* kL k\Q

Magneto-stratification
LY (N )2 2
kK \Q/ K*ppony

Some contributions can be directly related to the three SMRI
stability criteria introduced in Eq. 9. The SMRI seed term is bal-
anced by:

— the magnetic stress, which yields the magnetic stress crite-

rion (i),
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— the combined effect of the GSF seed and stabilizing terms,
leading to the magnetic diffusion criterion (ii),
— the magneto-stratification term, associated with the stratifi-
cation criterion (iii).
In the following, we combine the last two terms under the com-
pact notation (N/Q)2 = (N/Q)?>+2(k/n)0InQ/dInR. The notation
for the last two terms is chosen analogously to the GSF stabiliz-
ing contributions. The viscous term is straightforward, while the
mixed diffusion term introduces a coupling between magnetic
strength (limited by diffusion) and viscosity, thereby connecting
both dissipative processes.
Then we can deduce that the GSF modes are constrained by,

ce lom (R k2 (pun o (R'02)
dlnR K2 ( )

02 B2 OlnR |’

-1
402 402
puonQ? |91n (R4Q?) , K B (5)2 a1n (R'Q?)
2By 0lnR k2 puonk \Q/«| OlnR
(C.2)
In a compact form these inequalities are expressed as
k<kmaxs @<@max, K <Ara, Foa<k, (C.3)
with
o~ 2(|Ro| - 1) _ 2VI[Ro|-1
max — AZEk ] max — AZ ’
(C4)
2+Ro[ -1 AZPr(N/Q)?,
Py = S, Ao = || ot
Ek 4Ek(|Ro| — 1)

C.2. MGSF asymptotic regimes

The minimisation of all stabilizing terms over the mode ranges
(kz,k) is not straightforward. Therefore, to quantify the addi-
tional stabilisation induced by an axial magnetic field, we dis-
tinguish two regimes. These two underlying minimisation prob-
lems arise because depending on the ordering of magnetic, vis-
cous and stratification effects (as specified by Eq. C.2), different
terms dominate the stabilisation.

1. First we consider the contributions of viscous and mixed
dissipative effects, together with magnetic stress. From the
marginal stability equation (Eq. C.1), the boundary of the unsta-
ble parameter domain is defined by the mode (kz, k) minimizing
the stabilizing function f(kz, k) that reads

- k 2 2
flkz, k) = PA + 2AEkk”. (C.5)
Because f increases monotonically with respect to kz, we use
this relation to fix kz and minimise f with respect to k. Solving
the resulting equation d;f = 0 for k* gives the unique positive
root, which we denote as ky,

AR
2Fk’

4 (C.6)

The corresponding minimum value of the function, f, is then,

C) = ming, 5 f = 2 V2A2EK" 2k i (C.7)
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2. In a second regime, we considered viscous diffusion and
the interplay between magnetic and stratification effects. The sta-
bilizing function is expressed as
EK2kS  KZAPr(N/Q),

+ .
K2 Ekk*

glkz, k) = (C.8)

The two interior stationarity conditions dg/dkz = 0 and dg/dk =
0 lead to incompatible relations between k and k;, and therefore
no interior extremum exists in the (kz, k) domain. The minimum
must lie on the boundary of the admissible region and we evalu-
ate g at kz = kz,in. Using the same method as before, the stabi-
lizing contribution is minimised with respect to k at

0 _ 2APr(N/Q)?, k;,
I 3EK?

so that the minimum value of g is

: (C.9)

5(2\"° 1/5
Cy = min(kz,k)g = E (g) [Ekké’min(APr(N/Q)z*)fi] . (C.10)

Finally, since g(kz, k,) is strictly decreasing as k; decreases,
the global minimum of g over the allowed domain is indeed
reached at the lowest admissible vertical wavenumber k; =
kz.min,» which validates our assumption.

C.3. MGSF stability criteria

In order to obtain a sufficient MGSF stability criterion, we con-
sider the minimisation relation ming, x(f + ¢g) > ming, ) f +
min, xg, combine the minimum values of f and g indepen-
dently, and get

Pr(N/Q)? + Ci + C> > 4([Ro| - 1).. (C.11)

To get a more strict criterion, we assume that the instability
boundary is controlled by the two asymptotic branches identified
above, and we evaluate the marginal stability ky and k,. This time
we consider the minimisation relation ming,=x,,, ek &, +
g) = ming, (f +g). By doing so we obtain the necessary MGSF
stability criteria,

Pr(N/Q)* + C) + %Cl +2Pr(N/Q)?, > 4(|Ro| - 1),
12C3 18C;

Pr(N/Q)* + C, + +
T(N/AY)" + G, 25Pr(N/Q)2, ' 125P2(N/Q)*,

(C.12)

The relevance of the last criteria (Eq. C.12) is illustrated in
Fig. 5, where the associated grey dashed line, representing the
most restrictive necessary condition, closely follows the numer-
ically determined boundary of the unstable parameter domain.
Finally, because of the dependence of C; o [(v/k)(N/Q)*]3/3, the
standard GSF balancing term (v/«)(N/Q)? ultimately dominates
at large stratification numbers. Moreover, since (N/Q)2 repre-
sents the effective stratification arising from the SMRI balance
(Eq. 9,iii), it is negative in the SMRI parameter regime. There-
fore, when estimating the minimal shear |R, ,,;,| required for the
onset of the MGSF instability, but not the SMRI, we obtain

8 9
|Romin| € [1 +Pm + ﬂ,l +Pm + ﬂ]
’ 32 32

(C.13)
In stellar radiative regions 1 > Pm, so only C; needs to be
retained, and this results applies throughout the entire MGSF
parameter domain.

> 4(|Ro| — 1).
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Fig. C.1. Mode wavenumber, k, and orientation, kz/k, for the instabil-
ities found in the regime of Fig. 5. Different instability domains are
identified as follows: SMRI, modes share the growth rates of SMRI|,
but are oriented nearly radially. As stratification increases, the SMRI
branch is stabilised and MGSF modes dominate. These MGSF modes
are clearly distinct from SMRI , exhibiting different growth rates, more
horizontal orientation (lower kz/k), and smaller spatial scales (larger k).

Appendix D: Method for global linear analysis
D.1. Taylor-Couette framework and model assumptions

In the standard Taylor-Couette framework (see Fig. D.1), the
background velocity and temperature fields satisfy the diffusive
equilibrium conditions, namely V?U, = 0 for the momentum
equation and V2T, = 0O for the thermal field. The basic profiles
are Qrc(R) = A + B/R?* and N%C = ygdrTo(R) = C/r, with
{ = Rin/Rous, € = Qin/Qo 50 that A = Q€ = £*)/(1 = &),
B = QuR; (1 -§)/(1 =), and C = RygdrTo(R) = yg(Tou —
Ti)/(In1/).

Then, the perturbations U’, B’ are expressed in terms of
poloidal and toroidal components,

U =V x(eer) + VXV X(fer),

B’ =V x (geg) + VX V X (heg), ®.D

and together with the thermal perturbation, 7’ (noted j in anal-
ogy with Child et al. (2015)), we recover the system of five cou-
pled linear equations. In the notation of Child et al. (2015), the
discretised system is expressed as

Y(Cae + C3f) + Cye + Csf = Ro(E1 + F1) + H,(Gy + Hy),

Y(Cse + Cyf) + Cse + Cof = Ro(Ep + F2) + H(Gy + Hy) + R ),
Pmy(Clg + Czh) + C3e + C4f = E3 + F3 + Rer(G3 + H3),
Pm’y(CQg + C3h) + C4€ + C5f =Es+F4+ Rer(G4 + H4),
R.P,yj=R,P.(N/Q)*Fs + Js.

(D.2)
where R, =  QuR}/v is the Reynolds number,
H, = BoR;,/ \Jounv the Hartmann number (with

B = By (6ez +,8(Rin/R)e¢)), and we denote J, = Aj,Js =

—[iR.P,m + A — (1/R)dg — 0%1j, Fs = Af and A = k% + m*/R>.
We expand the spatial structure of the perturbations onto a
truncated spectral basis of N,, Chebyshev polynomials, and
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Fig. D.1. Sketch of the system under study, showing a shear flow located
between two differentially rotating cylinders, subject to a radial ther-
mal gradient and immersed in a magnetic field with axial and azimuthal
components.

we find the eigenmodes using the same numerical method as
described in Section A.

For the velocity, we adopt standard no-slip boundary condi-
tions. For the magnetic field, we consider two types: perfectly
conducting boundaries, defined by bg = bys/R + drby = 0, and
insulating boundaries, defined by V X bl;,/ois = 0. In the insulat-
ing case, unstable modes can be confined in a thin region near the
inner cylinder, with components that neither decay nor oscillate
coherently. These correspond to wall modes and are not phys-
ically relevant, as coherent evolution of all field components is
expected in realistic flows. Since our goal is to apply these results
to stellar interiors, where no solid boundaries exist, the qualita-
tive stability properties are not expected to depend strongly on
the precise boundary choice. We therefore adopt perfectly con-
ducting boundary conditions in this study.

Unless specified, in the dimensionless parameters used
(Table 1) to specify the regime studied, we adopt the maxi-
mum values of the angular velocity, Brunt—Viisild frequency
and azimuthal magnetic field profiles, and the typical length
scale is R = VR;(Row: — Rin), following Riidiger et al. (2010).
For instance, we note Az = B% /(ouo2inn) and Ek = v/ (R* Q).

D.2. Other examples of mode localisation

In Fig. D.2 (top panel), we consider a steep Taylor-Couette ther-
mal profile, N> = N2_ &, (Rin /R)?, together with an ad hoc rota-
tion profile Q(R) chosen such that the shear Ro = (R/2Q)drQ
remains constant. The parameters are Ek = 1075,A = 1.6,Pm =
1,Pr = 0.1. For several shear values, we display the radial veloc-
ity perturbations, with the local growth rate estimate along the
radius shown in red. Discrepancies in the mode location are
interpreted as arising from the nearly flat local growth rate pro-
file, where non-local effects, such as curvature and boundary
conditions, influence the position. We also note that the radial
mode scale appears correlated with the sharpness of the local
growth rate profile. The numerical growth rate is again in good
agreement with the maxima reached by the analytical formula
(Eq. 11) in the domain. Their ratio lie in [0.98,1.16], and as
suggested by the local approach, the axial wavenumber scaling
kz o< /|Ro| is recovered, see Table D.2.

In Fig. D.2 (bottom panel), we perform a similar analysis for
the AMRI, for the same kind of N*(R) and Q(R) profiles, with
an azimuthal magnetic field and perturbations with azimuthal
wavenumber m = 2 and a different set of flow parameters,
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Fig. D.2. Top panel: Reconstructed radial velocity perturbations
UR(R, Z) of the most unstable SMRI eigenmode in the following regime,
Ek = 105,A = 1.6,Pm = 1,Pr = 0.1,8 = O for a radial stratifi-
cation (N/Q)*(R) = 1.3/R? and 5 different rotation profiles Q(R) =
Q,,72R° with a constant shear [Ro| of 0.1,0.2,0.25,0.3 and 0.5. The
fastest growth rate computed is given below the shear value considered.
The red overlayed curves correspond to the local estimate (Eq. 11).
The other perturbations Uy, Uy, By, By, B;, T’ are located in the same
regions. Bottom panel: Same for AMRI eigenmode with m = 2 and
in the following regime, Ek = 10°,A4 = 2.5 x 10*,Pm = 2,Pr =
0.001, (N/Q)*(R) = 100/R? and 5 different rotation profiles Q(R) =
Q,,r~ 2R with a constant shear |[Ro| of 0.1,0.2,0.25,0.3 and 0.5.

Ek = 105, A4 = 2.5 % 10*,Pm = 2,Pr = 0.001, (N/Q)* = 100.
We find a good correlation between the mode localisation and
the maximum of the local growth rate profile, with comparable
values. However, for parameter regimes closer to the stability
boundary in the parameter space, the correlation becomes less
robust, suggesting that curvature or boundary effects may play a
significant role.

D.3. Numerical stability of global MGSF modes

In Fig. 8, the global modes grow more slowly than predicted
by the local analytical formula (Eq. 17). We remark that the
GSF and MGSF growth rates are sensitive to the radial reso-
lution parameter N,, (here N,, = 40). Increasing N,, slightly
raises the ratio between numerical and local values, suggesting
that the preferred radial scale of GSF modes is very small and
requires high resolution to be properly resolved. This behaviour
is consistent with the local analysis of the MGSF (Fig. 4 bottom
panel), involving fine spatial scales. At the same time, higher
resolution enlarges the parameter range where spurious eigen-
values appear. For the regime displayed in Fig. 8§, we made sure
to achieve numerical convergence for the entire unstable param-
eter space.
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Table D.1. Stability properties for the Star A (r, = 0.0146R,,w, = 0.0234R,,Q;, = 3.17 x 10°s7") and the Star F (r, = 0.0092R,,w, =

0.0084R,, Q;, = 1.03 x 1073571 for different profiles (14, wa, Bz).

rq Wy BZ,O Ty k SDI Floc Ar

[rs] [wp]  [Gauss] [1/R.] sub-kind  [R,]  [R,4]

Star A

[1;5] 3 1 - - - - -

2 1 1 - - - -

3 1 1 9.85d 740x 10° G 0.118 [0.111;0.126]
10° 484 yr 728x 104 M 0.118 [0.113;0.123]
10° - - - - -

3 2 1 - - - - -

5 1 1 24.1d 147x10° G 0.213  [0.200;0.232]
103 l4lyr  582x10° M 0.213  [0.203;0.222]
10° 46 kyr 321x10° S, 0.213  [0.203;0.222]

5 2 1 7.04d 8.30x10° G 0.218 [0.202;0.239]
10° 126yr  412x10° M 0.220 [0.202;0.239]
10° - - - - -

linear - 1 157kyr  4.05x10° S, 0.58  [0.42,0.58]

linear - 10° 68 yr 1.62x 10* S, 0.58 [0.42,0.58]

Star F [

1 [1;6] 1 - - - - -

1.25 3 1 4.5d 587x10° G 0.056 [0.044;0.064]
10° - - - - -

1.5 3 1 1.83d 523x10° S, +G 0.074  [0.056;0.113]
10? 12.1d 1.31x10° S;+M  0.076 [0.056;0.113]
10° 32 kyr 128x10° S +S, 0.075 [0.056;0.091]

2 3 1 20 hr 4.66x 10 S +G 0.138  [0.094;0.189]
107 203hr  3.70x10° S;+G 0.138  [0.094;0.189]
10 1.27d 131x 10 S +M 0.138  [0.094;0.189]
10° 11.8yr 1.62x10* Sy +S,  0.138 [0.094;0.175]

5 10° 31.8yr 1.29x10* S;+S, 0.145 [0.081;0.199]
linear - 1 2.87d 415x10° S, +G 0.317 [0.082;0.374]
linear - 10° 353d 515x 10* S, 0.364 [0.082;0.374]

Notes. The column labelled as shear-driven instabilities (SDI) specifies the instability nature (G:GSF, M:MGSEF, S o, ; :SMRIj o, ;). The delimiters
+ specify the existence of different instability domains and the one that dominates is in bold. The column labelled as r;,. specifies the expected

main location of the instability and its maximal width, Ar.

Table D.2. Axial wavenumber of the most unstable SMRI modes.

Regimes of Figure D.2 Regimes of Figure 7
varies |Ro| (top panel) varies (N/Q)?

ROl [ kzgiob | kzsmrt || N/Q)* | kzgion | kzsvri
0.1 48.9 55.5 1 25.1 33.5
02 | 67.3 74.3 1.3 23.5 29.2
025 | 733 88.0 1.5 21.0 27.1
0.3 88.4 100.6 2 18.8 23.4
0.5 | 1104 | 130.0 2.5 17.9 20.8

Notes. We compare the mode wavenumbers obtained with a Taylor-
Couette solver and the local approach for kinds of regime were studied,
left columns varying |[Ro| constant in the domain, right columns varying
the stratification factor (N/Q)?.

Appendix E: Instability properties for different
models of subgiants and young RGB stars

In Table D.1, we summarise the instabilities and their properties
for models with the different rotation and magnetic-field pro-

files described in Sect. 4. The large variability in the instability
growth times indicates that stellar parameters shape instabilities
of widely differing efficiencies, highlighting the need to include
these effects in order to obtain realistic estimates of angular
momentum transport throughout stellar evolution.
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