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ABSTRACT

The recent detection of solar equatorial Rossby waves has renewed interest in the study of gravito-inertial waves propagating in the
convective envelope of solar-type stars. In particular, the ability of these envelope gravito-inertial modes to couple with those trapped
in the radiative interior could open up new opportunities for probing the deep-layer dynamics of solar-type stars. The possibility for
such a coupling to occur is particularly favoured among pre-main-sequence (PMS) solar-type stars. Indeed, due to the contraction
of the protostellar object, they are able to reach high rotation frequencies before nuclear reactions are ignited and magnetic braking
becomes the driving mechanism for their rotational evolution. In this work, we studied the coupling between the envelope inertial
waves and the radiative interior g modes in PMS stars, focussing on the case of prograde dipolar modes. We considered the cases of
0.5M; and 1 Mg PMS models, each with three different scenarios of rotational evolution. We show that for stars that have formed with
a sufficient amount of angular momentum, this coupling can occur in frequency ranges that are accessible to space-borne photometry,
creating inertial dips in the period spacing pattern. Using an asymptotic analysis, we characterised the shape of these inertial dips to
show that they depend on rotation and on the stiffness of the convective-radiative interface.
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1. Introduction

The recent detection of equatorial Rossby waves (e.g.
Papaloizou & Pringle 1978; Saio 1982) in the Sun (Loptien et al.
2018) has reinvigorated interest in the study of the gravito-
inertial modes of oscillation in solar-type stars (e.g. Jain et al.
2024). In particular, Hindman & Jain (2023) demonstrate that
thermal Rossby waves, a class of gravito-inertial waves trapped
in the convective envelope (Hindman & Jain 2022; Hanasoge
2026) that are distinct from equatorial Rossby waves and also
referred to as convective modes, are able to couple with the pro-
grade g modes trapped in the radiative interior. The observation
and characterisation of such a coupling between radiative inte-
rior g modes and envelope inertial modes of oscillation would
open up new perspectives and allow us to probe the deepest stel-
lar layers. However, in a star rotating as slowly as the Sun, this
coupling can only act at very low frequencies, making a detec-
tion attempt observationally challenging in the context of astero-
seismology because it would require extremely long time series,
as well as exceptional instrumental stability at low frequen-
cies. On the contrary, young solar-type stars rotate significantly
faster before they enter the main sequence (e.g. Gallet & Bouvier
2015) and spin down under the action of magnetic braking (e.g.
Weber & Davis 1967; Skumanich 1972). This would enable the
eigenfrequencies of the inertial modes to extend towards larger
values, in frequency intervals more easily accessible to space-
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borne photometry (see e.g. Messina et al. 2024 for a candidate
signature in an M dwarf). With respect to other stages of evo-
lution, a relatively small number of studies have been dedicated
to the asteroseismology of pre-main-sequence (PMS) stars (see
Zwintz & Steindl 2022, for a review). As progenitors of the sys-
tems we observe on the main sequence, they are nevertheless of
primary importance to our understanding of the history of older
targets.

In this Letter we show that in PMS stars, g modes and enve-
lope inertial waves are able to couple in frequency ranges that
can reasonably be accessed by photometric instruments such as
Kepler/K2 (Borucki et al. 2010; Howell et al. 2014), the Transit-
ing Exoplanet Survey Satellite (TESS; Ricker et al. 2015), and
the PLanetary Transits and Oscillations of star mission (PLATO;
Rauer et al. 2025). In Sect. 2 we present the stellar models we
used for the study, while in Sect. 3 we compute the eigenfunc-
tions of the gravito-inertial modes and show that the radiative-
convective coupling induces an inertial dip that can be described
asymptotically by a Lorentzian profile depending on the rotation
frequency and on the stiffness of the convective-radiative inter-
face. Our conclusions and perspectives are given in Sect. 4.

2. Stellar models

2.1. Structure models

To illustrate the possibility of a coupling between g modes and
envelope inertial waves, we considered the case of a K-type
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and a G-type PMS progenitor at solar metallicity, with masses
M, = 0.5Mg and 1 Mg, respectively. Their properties are sum-
marised in Table A.1. We used the PMS evolutionary tracks com-
puted by Steindl et al. (2021) with the Module for Experiments
in Stellar Astrophysics (MESA; Paxton et al. 2011). These PMS
models assume constant accretion until a star reaches its cur-
rent mass, starting from an initial seed with mass 0.01 M. The
models were then evolved until the start of the hydrogen burning
phase at the zero-age main sequence (ZAMS). The evolutionary
tracks for the two selected models are represented in Fig. A.1
from the end of the accreting phase to the ZAMS. We consid-
ered the structure of the 0.5 My model at 21.4 Myr and of the
1 Mg one at 12.4 Myr. We note that we limited ourselves to the
case of structure models with a radiative interior and a convective
envelope, as the complex mode coupling that would be induced
by the combination of a convective core, a radiative interior, and
a convective envelope is beyond the scope of this work.

2.2. Rotational evolution

The rotational evolution of the two models was computed a
posteriori, considering that the radiative-convective coupling
timescale for the transport of angular momentum is short
enough to assume solid-body rotation (e.g. Spada et al. 2011).
We accounted for wind braking and for a disc-coupling phase
at the end of the accretion phase. We considered the cases of
a slow, an intermediate, and a fast initial rotation rate, with
Quinit = 3.2, 8, and 18 Qg, respectively. This rotation rate was
set to be constant during the disc-coupling phase, which lasts
6 Myr in the slow and intermediate cases, and 2 Myr in the fast
case. Then, during the PMS phase, the star spins up due to con-
traction, although a fraction of its angular momentum is already
lost due to stellar magnetised wind. The prescription used to
account for the magnetic braking of the stellar surface comes
from Matt et al. (2015, 2019). The free parameters of this pre-
scription have been calibrated to reproduce the surface rotation
of the Sun (Eggenberger et al. 2019). The Q, iy values and the
relative disc-locking timescales for the fast and slow rotators
have been calibrated to reproduce the spread of surface rotation
rates observed for stars in open clusters and stellar associations
(Gallet & Bouvier 2015).

The rotational evolution during the span of the evolutionary
tracks represented in Fig. A.1 is illustrated in Fig. A.2. For the
reference age and structure we considered here, for the 0.5 Mg
and 1 My models, respectively, the models with a low initial rota-
tion rate have a rotation frequency of Q, = 4.5 and 4.7 Q; mod-
els with intermediate rotation have Q, = 12.0 and 11.6 Q; and
models with fast rotation have Q, = 38.4 and 45.4 Q. This
final set of values corresponds to ratios of Q,/Q. = 0.11 and
Q,/Q. = 022, where Q. = (GM,/R3)'/? is the critical Kep-
lerian frequency. Although this places the fast case at the limit
of the Q, /Q. <« 1 assumption, in the following, we neglect the
impact of the centrifugal acceleration in order to model our star
using 1D non-deformed profiles and, therefore, to preserve the
simplicity of the physical scenario we aim to describe here.

3. Mode coupling

In the following, we use the equatorial model presented
in Appendix B.l1 (see also Ando 1985; Mathis et al. 2023;
Jain et al. 2024). We restricted the problem to the equatorial
frame in order to account for the full Coriolis force (Ando 1985;
Mathis et al. 2023). This allowed us to grasp qualitatively the
physical picture of the impact that the non-traditional compo-
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nent of the Coriolis force has on these waves, which are con-
fined close to the equator (Jain & Hindman 2023). We numeri-
cally solved the linearised Euler equations in the Cowling (1941)
approximation, assuming spherical symmetry for the equilib-
rium quantities:

2
dé, 1( m{) 1 dlnp 1 (S; ,
- (=2+ )+ = +—|= -1, d
dr (r M +F1 dr ¢ +pc§ w? P M)
dp’ 1 dl 2Q
L _ple? =N —20r)e + | =SR2 2 @)
dr Iy dr wr

where w is the wave local angular frequency, r the stellar
radius, p the equilibrium pressure, p the equilibrium density,
¢, the sound speed, N? the Brunt-Viisild frequency, I'| =
(0ln p/d1np),q the adiabatic exponent, Q) the rotation profile,
and ¢ = 2Q + r(dQ/dr) the stellar vorticity. The local frequency,
w, is related to the inertial frequency, wi,, through the relation
w = wip, — mL. The perturbed quantities for which eigenfunc-
tions are searched for are &,, the radial displacement, and p’, the
Eulerian pressure perturbation. Finally, m is the azimuthal num-
ber, and £ is the global horizontal degree; the Lamb frequency,
S, can therefore be written as S% = {(f + 1)c?/r?, with a sound

speed of ¢, = /"1 p/p. In the case without rotation, Egs. (1)
and (2) simply correspond to the second-order system of stel-
lar oscillations in the Cowling approximation (e.g. Aerts et al.
2010). In the following, we consider dipolar prograde modes
with £ =m = 1.

As discussed in Appendix B.2, the propagation of the
gravito-inertial waves will be constrained by the shape of the
buoyant and Coriolis cavities, which are related to the N and 2Q
frequencies, respectively. Roughly, from Eq. (B.38), for dipo-
lar prograde modes, the mode will have an oscillating behaviour
when

m2

{l+1

w’ <N2+4§22(1 - )=N2+292. 3)
In Fig. 1 we show the propagation regions of the waves as a
function of frequency. We note that in the bulk of the convective
envelope, |[N?| < 4Q?, where 4Q? is the squared Coriolis fre-
quency. In the radiative interior, N> > 4Q? in the slow case but
not in the fast case. In addition, below a given radius, we have
N? < 4Q2. It is also visible that the convective envelope of the
0.5 M, model has a larger extension, with its bottom located at
rez = 0.38 Ry, while r., = 0.59 R, for the 1 Mg, stellar model.
The method we used to numerically compute the eigenfunc-
tions of our stellar models is detailed in Appendix B.4. For each
stellar model, we first searched for eigenfunctions that are solu-
tions to the system defined by Eqgs. (1) and (2), considering the
full extent of the stellar structure. We then restricted the domain
to the extent of the convective envelope. The eigenfunctions
were computed with the open source mascaret' module, which
implements a double shooting scheme to identify the eigenval-
ues of the system (Press et al. 1992). At low frequencies, we
limited our search to w/(2r) = 1puHz, which corresponds to a
period in the co-rotating frame of about 11.57 days. Given that
m = 1, in the inertial frame, the eigenfrequencies will be shifted
towards larger values. We computed AP as the period spacing
between the periods in the co-rotating frame, P, of modes with
consecutive radial order . For the three rotation regimes, the AP

' The code source is accessible at
sybreton/mascaret and the
//mascaret.readthedocs.io.

https://gitlab.com/
documentation at https:


https://gitlab.com/sybreton/mascaret
https://gitlab.com/sybreton/mascaret
https://mascaret.readthedocs.io
https://mascaret.readthedocs.io

Breton, S. N., et al.: A&A, 707, L16 (2026)

AP (min)

200

180

160

140

T T T T
— N2>0 N%2<0
o 10-6+ T
| AT R m s mrmmms ]
V) oo YL Y, 7/ 777 /7 7777
el (Vo) gt gesdl sph s gy s phispy
N AR ey
N S S S i 2 P2 LIRS &
10 S S S A L
SIS LT T TS S
10-15 SLLLL LS TTS S LSS S LSS S
T T T T
=
&
=
=
10—15 1 1 d ra
0.0 02 04 06 08 1.0
/Ry

Fig. 1. Modulus of the squared Brunt-Viisild frequency, |N?|, for the
0.5 M, model (top) and the 1 My model (bottom). Regions where N? >
0 are in gray, and regions where N? < 0 are in red. The squared Coriolis
frequency, 4Q?, is indicated by the horizontal dashed line for the slow
(orange), the intermediate (yellow), and the fast (blue) cases, while the
horizontal dotted lines correspond to 2Q?. The propagation region of
gravito-inertial waves as a function of frequency is highlighted by the
hatched areas (orange dots and blue hatches for the slow and fast cases,
respectively).

versus P diagram we obtained for the computation considering
the full extent of the stellar structure is represented in Fig. 2.
For comparison, we also show in Fig. B.2 the inertial period
spacing, APj,, versus wji, diagram (AP, is the directly observ-
able quantity). In the fast and intermediate cases, the AP pattern
is strongly affected by the coupling with the envelope inertial
modes. The periods of the eigenmodes obtained when restrict-
ing the computation to the convective envelope are highlighted
in Fig. 2. Around the eigenfrequencies of these envelope eigen-
modes, the coupling between the g modes trapped in the radiative
interior and a gravito-inertial mode from the envelope is clearly
visible as sudden drops in the AP pattern, referred to as iner-
tial dips (Ouazzani et al. 2020; Saio et al. 2021). Away from the
dips, the AP pattern also significantly differs between the slow
and the fast cases, reflecting the contribution from the Corio-
lis acceleration to the mode dynamics: in the radiative interior,
the Coriolis contribution enforces the effective stratification of
the medium, reducing the period spacing between consecutive
modes (see Eq. (B.36)). In addition, notwithstanding the strength
of the coupling, all modes with P > 1/(2€Q,) are in the sub-
inertial regime and the corresponding waves remain propagative
even in the convective envelope. Concerning the slow rotation
case, there is no inertial dip at periods shorter than 12 days for the
1 My model. Nevertheless, the first inertial dip is visible around
P = 11days for the 0.5 Mg model. It is possible to show that
each of these inertial dips can be described asymptotically with
a Lorentzian profile (Tokuno & Takata 2022; see Appendix B.3
for the derivation in the case of our equatorial formalism),

APyo /[

AP = APy |1 - :
(P= P, +0/ V32 + 0%+ APyo/n

“

where AP, is given by Eq. (B.49), and the parameter o~ depends
on Q and on the stiffness of the squared Brunt-Viisdld fre-
quency, dN?/dr, at the convective—radiative interface, as shown
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Fig. 2. Top: AP vs P diagram for the £ = m = 1 modes in the 0.5 M,
model in the co-rotating frame. The dots correspond to the modes com-
puted considering the full extent of the stellar structure, with the slow
case in orange, the intermediate case in yellow, and the fast case in
blue. The vertical dashed lines mark the period of the modes computed
considering only the convective envelope. The position of the Corio-
lis frequency, 2Q, is highlighted for the slow, the intermediate, and the
fast cases (vertical thick lines in orange, yellow, and blue, respectively),
while the V2Q frequency is indicated with the vertical dotted lines.
The location of the modes with the eigenfunctions represented in Fig. 3
is marked with the light blue stellar symbol. Bottom: Same as the top
panel but for the 1 My model.
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Fig. 3. Comparison between the eigenfunctions of the n = —46 (orange)
and n = —40 (dotted grey) modes. The eigenfunction of the n = —4
envelope mode is shown in dashed blue.

by Egs. (B.51) and (B.75). As illustrated in Fig. B.1, this asymp-
totic approximation describes the shape of the inertial dips we
obtained from the numerical computations fairly well.

We note the existence of a first dip for both structure models
in the fast case, which is not connected to the eigenfrequency
of the envelope modes. We interpret this by recalling that in the
central regions of the star, the shape of the resonant cavity is
strongly modified by the Coriolis force with respect to the Q = 0
case (see Fig. 1). This first dip therefore most likely reflects the
sensitivity of the mode to this deformation.

Finally, in Fig. 3 we compare two eigenfunctions of the
0.5 My model, noting that the location of the two modes in the
AP versus P diagram is highlighted in Fig. 2. The first one,
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with a radial order of n = —46, is strongly coupled with the
envelope mode with n = —4, whereas the second one, with
n = —40, is weakly coupled. The oscillating character of &, in
the convective envelope is clearly visible for both the strongly
and weakly coupled modes, with several radial nodes located
above r., = 0.38 R, highlighting the fact that both modes are
in the sub-inertial regime. We note that the eigenfunction of the
strongly coupled mode closely follows that of the envelope mode
in the convective zone.

4. Discussion and conclusion

The coupling between the radiative interior and the convective
envelope of the PMS stars appears analogous to the coupling
between the convective core and radiative envelope that was
seen in vy Dor stars (e.g. Ouazzani et al. 2020; Saio et al. 2021;
Tokuno & Takata 2022; Galoy et al. 2024; Barrault et al. 2025b).
Different scenarios lead to different observable consequences for
the mode amplitudes. On the one hand, convection might trans-
fer energy to the buoyant cavity through penetrative convection
(e.g. Alvan et al. 2014; Pingon et al. 2016; Augustson et al. 2020;
Breton et al. 2022) or bulk turbulence (e.g. Belkacem et al. 2009;
Lecoanet & Quataert 2013; Mathis et al. 2014; Augustson et al.
2020), as in the traditional g mode picture. On the other hand, con-
vection might be able to transfer its energy to the envelope iner-
tial modes more efficiently (Philidet & Gizon 2023; Fuentes et al.
2026). Therefore, if the excitation in the g mode resonant cavity
is the dominating process, the modes should be able to emerge
with similar surface amplitudes, even for those with a weak cou-
pling. On the contrary, if the excitation energy is channelled first
to the envelope inertial waves before propagating to the radiative
interior, the modes with a strong coupling should have a larger sur-
face amplitude. Given that PMS solar-type stars are magnetically
active, future works should be aimed at evaluating the impact that
an internal magnetic field will have on the shape of the dip (e.g.
Barrault et al. 2025a).

In this work we computed the eigenfrequencies for gravito-
inertial dipolar prograde modes in 0.5 M and 1 Mg PMS stars
to illustrate how the coupling between the eigenmodes of the
radiative interior and those of the convective envelope of such
objects will be affected by rotation. Although the fast rotation
regime introduces centrifugal effects that typically deform the
stellar cavity, we neglected them to isolate the Coriolis-driven
dynamics. The centrifugal distortion would introduce a system-
atic shift in the eigenfrequencies and slightly modify the cavity
geometry, but the fundamental mechanism of the core-envelope
coupling and the resulting period-spacing pattern would persist.
If the modes are sufficiently excited to induce detectable bright-
ness variations, for fast PMS rotators the coupling will occur in
a frequency range that is accessible to space-borne photometry.
The imprint it leaves on the mode pattern is expected to provide
important information on the mode excitation mechanism. In
addition, the analysis carried out in this work demonstrates that
these coupled modes should represent powerful seismic probes.
Indeed, while the shape of the inertial dips is directly related to
the stiffness of the convective—radiative interface, it will also be
possible to infer APy from the shape of the Lorentzian profile in
the AP pattern. This will allow us to further probe the character-
istics of the deep radiative interior.
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Appendix A: Model properties

The properties of the stellar models we consider in this work,
taken from the PMS stellar models with constant accretion com-
puted by Steindl et al. (2021), are summarised in Table A.1,
while the evolutionary tracks computed with MESA and the
rotational evolution history diagram are shown in Fig. A.1 and
Fig. A.2, respectively. The accretion rate considered to reach the
initial mass of each PMS model is 5 x 10° Meyr‘l. In addition,
Fig. A.1 shows the location of structure models exhibiting a con-
vective core for the Steindl et al. (2021) models ranging between
M, = 0.2 Mg and M, = 1.5 My. We note that low-mass mod-
els have a convective core in the first epochs after the end of
the accreting phase, while many models develop a small convec-
tive core just before entering the ZAMS. The lowest mass stars
become completely convective before entering the ZAMS. This
justifies that the configuration we consider in this work (radiative
interior surrounded by a convective envelope, with no convective
core) is mostly adapted to PMS stars spun up by contraction,
before they develop a convective core.

3250 K 05Ms .
Y 10M,
3.50f ==- ZAMS ]
3.75} i
3
3 4.00¢ .
i
(=)
204250 all W
< ~~\\ i‘,{ """':
450t o gl
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7000 6000 5000 4000
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Fig. A.1. Evolutionary tracks for the stellar models (0.5 M, in blue and
1 My, in orange) considered in this work, from the end of the accret-
ing phase to the ZAMS. The black thick lines shows the location of
the ZAMS. The location on the track of the stellar models we con-
sider in this work is highlighted by the star symbol. The other tracks
of the Steindl et al. (2021) PMS grid ranging between M, = 0.2 Mg
and M, = 1.5 M, are shown in grey for comparison, with the struc-
ture model saved during the MESA run indicated by grey dots, yellow
crosses, and teal plus signs. The crosses signal models which have a
convective core while the plus signs correspond to stellar structure that
are completely convective.

Table A.1. PMS model properties.

Mass (Mg) 0.5 1
Age (Myr) 214 124
M, (Mp) 0.5 1.0
R« (Rp) 0.62 1.10
Q, (Qg, slow case) 4.5 4.7
Q, (Qp, intermediate case) 12.0 11.6
Q, (Qg, fast case) 384 454

S ; : —
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_______________ ~ \’
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Fig. A.2. Rotational evolution computed for the 0.5 (blue) and 1 Mg
(orange) models. The rotational track with slow initial condition is rep-
resented with a dashed line, the track with intermediate initial condition
with a dotted line, and the track with fast initial condition with a thick
line. The location of the stellar models we consider in this work is high-
lighted by the star symbol.

Appendix B: Eigenfunction computation
B.1. System derivation

The problem is formulated considering the following set of equa-
tions in a differentially rotating star,

1

D,V =--Vp-Vd, (B.1)
P

p .

= 4+V-pV)=0, (B.2)

ot
1
r—D,lnﬁ—D,ln,ﬁ:O, (B.3)
1

V20 = 4nGp , (B.4)

where the equation are: (in order) the inviscid Euler equation of
motion in an inertial reference frame, the equation of continu-
ity, the energy equation in the adiabatic limit, and the Poisson’s
equation. G is the gravitational constant and the Lagrangian
derivative D, corresponds to d/0t + V - V. The scalar fields p
(pressure), p (density), and ) (gravitational potential), are writ-
ten in all generality and may depend on the time 7 as well as any
spatial coordinate. In spherical coordinates (r, 6, ¢), associated
with the unit vector basis (&,, &, &,), the velocity field V is
V(r,0,¢,t) = rsin0Q(r, 0)é, + u(r,0,¢,1) , (B.5)
where u is the velocity field associated with the wave per-
turbation, related to the Lagrangian displacement, & through
(Unno et al. 1989)

0 0
u = (a_t + Q%)f - rsin0(& - VQ)e, , (B.6)
The linearised equations of motion, accounting for the Cori-
olis force are then, in the Cowling approximation (Unno et al.
1989; Mathis 2009), having expanded the scalar fields X as the
sum of an equilibrium quantity X and a perturbation X’, and
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assuming that all the equilibrium quantities and the rotation pro-
file Q2 depend only on r:

0 0 1 op’ g
—+Q —2Qsin6 ,
( % + 8(,0) sin Qu, = ,0 Fr
(B.7)
0 0 1 Bp
— +Q— |ug —2Qcosu, = —— , B.8
(6t + 3 )Mg cos u, o 20 (B.8)
0 0 . 1 ap
(6_t + Q&p)u“" + {u, sin 6 + 2Q cos Gug = _prsine 9 (B.9)

where g = d®/dr. The linearised continuity and energy equa-
tions are

0 0 do 1 6r%u,
—+Q—|p +u— —
(8t+ ﬁcp)p T +p(r2 or
1 i 0
. 8s1n6u9+ 1 ﬂ:o,
rsing 06 rsin6 dy
(B.10)
0 oN(p P 1l dinp dlnp
—+Q— - = =0. (B.11
(8t+ 6(,0)(F|p p)+u(F] dr dr ( )

Expanding the perturbed quantities X’ and the component of the
displacement and velocity fields in Fourier series such that

X(r,0,0,0 = > X' () expli(wint + kO = mp)] ,

k,m

(B.12)

where k is the latitudinal wave number, and wj;, is the inertial
frequency, connected to the local frequency, w, through

w(r) = win — m(r) . (B.13)
In this convention, m > 0 corresponds to prograde modes and
m < 0 to retrograde modes. Restricting the problem to the vicin-
ity of the equatorial plane (Ando 1985; Mathis et al. 2023), that
is considering 8 = m/2, allows writing

1 /
ot - 20u, = -~ P (B.14)
pdr p
ik
—w cfe =—-—p, (B.15)
or
iwu, + iwlE, = —p (B.16)
or
d 5 k
iwp’+iw—p§,+p iw f,+£ ——wé“e—ﬂu‘p =0,
dr dr r
B.17)
’ ’ N2
L 2 +—§r—0 (B.18)
I'ip p
where the Brunt-Viisild frequency, N, is defined as
1 dlnp dlnp
N? = ) B.19
[Fl dr dr ] ( )

This equatorial approximation is well suited to characterise
the behaviour of gravito-inertial waves that are confined
close to the equator (e.g. Townsend 2003; Bekki et al. 2022;
Jain & Hindman 2023) without neglecting the non-traditional
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component of the Coriolis acceleration. Equations B.15 and B.16
can be used to eliminate & and u,, in Eqs. B.14 and B.17 to yield

20 1dp’ /
(—w2+2§2§)§,— M= 22 _PY (B.20)
prw p dr p
q, .
iwp + iwﬁfr + pliw f, + 4
dr dr
ik* , iml im?
P& - ——p'|=0,
pl" w r pr w
(B.21)
which can be rewritten
d ! ’ ’
d’; = p(cf - 295)5, +——p' -pg, (B.22)
dé, dlnp 2 ml B+m? , p
= —L_Z_= —p - = B.2
dr dr r wr priw? P 0 (B.23)

and finally, using Eq. B.18 to express p’ in terms of &, and p’,
andg = —-1/px (dp/dr) :

! 1 dl 20
' ol = N 2arle, + [ L4I0P L 20m L gy
dr I, dr wr
dé, 1 ml\ 1 dlnp
= 22+ =2 ,
dr r " w +F1 dr 2
111 (K> + m*)c?
—————1|p", (B25

where, by making the identification £(Z + 1) = k* + m*> we obtain
the system defined by Eqgs. 1 and 2. In the case without rotation,
the global horizontal number £ can be identified to the spherical
degree £.

It should be noted that the behaviour of equatorial Rossby
waves (also known as planetary waves) is not captured by such a
model, because it does not include the topological S-effect (that
is, the variation with latitude of the strength and direction of the
Coriolis force) that is the direct cause for the propagation of the
related perturbations. Nevertheless, it fully accounts for spheric-
ity in the radial direction and the compressional S-effect respon-
sible for the propagation of thermal Rossby waves. It is analo-
gous to the millstone model presented by Jain et al. (2024) and
the eigenmodes it allows computing in convective envelopes are
among the mixed inertial modes they identified.

B.2. Propagation conditions

We can combine Egs. 1 and 2 to obtain an equation of the form

2
i§r+A()§

+B(ré =0, (B.26)
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where, under the assumption of solid body rotation,

sz
A(r) = 9 or*ct| =L -1 (B.27)
dr w?
1 S? 2 2 o) 4’
B(V)— E(E — l](N +4Q° —w )— (,_)2}"2
52
J2om[3 afa o (85 ) 2dmp
w |2 r|dr o |pc? | w? r, dr
,d(ldinp) 2 [2 1dlp]d |1 3 1
dr\I'y dr 2 |r Iy odr |dr|pc? | w?
2 1dlnp 1 (dlnp)\
- —— - = . B.28
rTy dr 12 ( dr ) (B.28)
We can then use the following change of variable,
& =CnNY¥{), (B.29)
with
1
C(r) =exp (_E fA(r)dr) , (B.30)
to write
ey .
— +k¥=0, B.31
a2 (B.31)
with the radial wave vector, ]AC%, given by
R dinC 1d°C
E=Br+A —— . B.32
P =B+ A+ Gga (B.32)

The wave function ¥ thus has an oscillating behaviour only in
regions where k> > 0 and is evanescent otherwise. In the low-
frequency w” < S limit we have

1 (57 IT+1)
P [aT - 1) = R B39
Cr)=p 22, (B.34)

So, similarly to Press (1981), we have ¥ = p'/?/2¢,, and if we
neglect the derivative of equilibrium quantities, we get

{l+1)

R~i= S N2 - oﬂ] , (B.35)
where we defined
NZp = N? +4Q%r7 (B.36)
with
2 12
Wm=@_~? ) | (B.37)
’ L +1)

In the limit N2 > 402, valid e.g. for the radiative inte-
rior, this yields the gravity wave propagation condition while
the 4Q2 > N? case corresponds to the pure inertial wave limit.
This would occur for example in a convectively neutral medium
where N2 = 0. In a realistic stellar convective envelope, the

super-adiabaticity of the fluid has to be accounted for, and the
wave can propagate only if
W' < N> +4Q°r7 (B.38)
where it should be kept in mind that N> < 0 in this specific case.
Close to the surface, where the derivative of equilibrium quanti-
ties are not small with respect to the other terms in Eq. B.32, the

propagation condition can be extended to something of the form
(Hindman & Jain 2023; Jain & Hindman 2023)

2Q

K+ —gke —h() >0, (B.39)
where we follow Jain & Hindman (2023) to define

1 1 2N?
— = B.40
A L g (B.40)

where we introduced the density scale height H, = —dr/dInp,
and k, = m/r is the azimuthal wave number, while the & term
depends on the derivative of the equilibrium quantities. Under
the Lantz-Braginsky-Roberts (Lantz 1992; Braginsky & Roberts
1995) anelastic approximation, it can be shown that 4 reduces to
the acoustic cutoff wavenumber, k>

1 de)

hzkz.s—(l

B.41
¢ 4H, ( )

dr

B.3. Inertial dips

In this section we adapt the procedure outlined by
Tokuno & Takata (2022, hereafter TT22) to derive an ana-
lytic approximation for the profile of the inertial dips observed
in Fig. 2.

B.3.1. Formulation in the radiative interior

We start by noting that, given the form of k,, for modes with

w? < 4Q%r7 | k, does not strictly cancel out in the vicinity of

the convective-radiative interface and close to the stellar centre.
Nevertheless, in the vicinity of these two regions, as long as the
Q value is not too large with respect to w, we have w ~ Neg and
k. small enough in order to apply the asymptotic treatment that
will allow us to obtain an analytic expression for ¥. We con-
sider that these pseudo-turning points are located at r, and rp,
located close to the stellar centre and to the convective-radiative
interface, respectively. Assuming that we have have the follow-
ing differential equation for ‘P,

d>vy

57 Tk ~0,

(B.42)

and that it is valid in the vicinity of both r, and 2, we therefore
have (Unno et al. 1989)

. 1/6
Yi(r) ~ ﬁ (% fru |k,|dr) : X [aAi(z)) + bBi(z1)], (B.43)
for r < rp and
1 (3] 16
Yy(r) ~ AL (5 fr |k,|dr) X [cAi(zp) + dBi(z2)] , (B.44)

2 Unlike the case discussed in TT22, the two (pseudo-)turning points
we consider here have the same nature and correspond to w ~ Neg.
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for r, < r. Here a, b, ¢, and d are constants to determine from
the boundary conditions. Ai and Bi are the Airy functions of first
and second kind while z; and z, are given by

3 " 2/3

lesgn(kf)(i f |k,|dr) , (B.45)
3 “,h 2/3

zZssgn(kf)(E ' f |k,|dr) ) (B.46)

First, we have b = 0 to ensure that the functions decay exponen-
tially below r,, close to the centre of the star. Then, by matching
¥, to ¥, at r, < r < rp, it comes that

i g . n’s
c=acos (L k.dr — 5) = asm(m) B.47)
d = —asin frhkdr—ﬂ = acos sl (B.48)
B .o 2] QAP )’ '

where, introducing for convenience the spin parameter s =
2Q/w, we have defined (Tassoul 1980)

. -1
# (fb Ngﬁdr) )
Ve + 1) \Jr, T

and we have computed the f k, term assuming that w <« N.
Next, we need to express ¥ and d¥/dr at r,. A Taylor expansion
around r, yields

& + 1) dN? ot +1)s*
ki ~ [—T—} (np=r)=—=5—p-r, (BS0)
rrw> dr | &,

where, under solid-body rotation, dN%./dr = dN?/dr, and we
followed TT22 to define

-1/3
rrb]

We note that for r close to r, with r < rp, dN?/dr < 0. We have

(B.51)

. 3 r ol 1/6 81/21’;/2 55
e (5| w) = e ®
r 1/6
d 1 3
lim o\ | | eld =0, B.53
rl—>nr})dr[|k,|1/2(2|j,;| | r) } (B.53)
2317(F + D13
lim 42 - S+ DI B.sh
ror, dr Erp
SO
/2 _1/2 5
2 ar,'’“¢e s .
Wry) = 57 -=|., BS55
(rs) 3231(2/3) sU3[E(F + 1)]1/6 COS(QAPO 6) ( )
and
d¥ B 2 asl/3[3(f+ 1)]1/6 . s S
dr r=rp B 31/3F(1/3) 72/281/2 QAPQ 6/’
(B.56)

where I' denotes the Gamma function. In what follows, we
assume that this approximation for ¥ is valid at r, = rcz.
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B.3.2. Formulation in the convective envelope

To find an expression for the wave behaviour in the convec-
tive envelope, we look for a solution in the low-frequency limit,
W< S ?, assuming that the wave is trapped between two rigid
boundaries at the convective-radiative interface and at the sur-
face, so that

&r(rez) =& (Ry) =0 = Y¥(rez) = ¥(Ry) = 0. (B.57)

We also simplify the problem by assuming N> = 0 everywhere
in the convective envelope. This leads to

e+ [40°2 — o]
Om ’

r r2w?

(B.58)

where k2 > 0 everywhere when w < 2Qr;,,. We can therefore
write 'V as

R
W(r) = Ak;1% cos ( f k.dr + ¢) , (B.59)

where A is an arbitrary constant. The condition ¥(R,) = 0 yields
¢ = /2 and ¥(rcz) = 0O then provides the quantification condi-
tion as

sin (f k,dr) =0 = f k. dr = n,m,
rcz rcz

where n, is the radial order of the envelope inertial mode. Given
the N? = 0 assumption, we have an analytical solution for f k,:

(B.60)

f " kdr = —Vf(i”) [422, -] 1n(&) . (B6I)
so that
1/2 -1/4
0= A e 7]
xsin(\/Z’(?+ Ds|r2, - Hm ln(%)] . (B.62)

The latter is null at r¢z for the pure inertial wave trapped in the
convective envelope but not when we will be looking for a con-
tinuous solution at the convective-radiative interface. We also
have

d¥

. 1 1/4
412 14 1212 _ 1
. = Arg) T8 + D]V [r&m Sz]
— 1 1/2 R
xcos[w/€(£’+1)s r ——2] 1n(—*) .
mn ) rcz

B.3.3. Continuity condition

(B.63)

The Lagrangian pressure perturbation dp and the displacement
&, must be continuous at r¢z. Given that the equilibrium quantity
p and p are continuous, it is enough to ensure that ¥ and d¥/dr
are too, such that

Y(rez-) =¥(rezs+) » (B.64)
d¥ d¥
— = — (B.65)
dr| _ B
r=rez.- r=rcz+
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Substituting the terms by their analytical expression and dividing
Eq. B.64 by Eq. B.65, we get

an[ 5 TV L]
“""aar, ") V3] T
(31/3r(2/3)) 1 [r% _l]—l/z
L(1/3) ) [8 + 1)]V/6s13 | tm 52

— 11" (R
Xtan[\/€(€+ 1)s rz%‘m— ?} 1n(rc—;)] .

It is then possible to expand the right-hand term in the vicinity of
the point where it vanishes, located at s., which is defined as the
spin parameter of the isolated envelope inertial mode. We obtain

(B.66)

s T £ 1
t —_— |+ —, B67
an(QAPO 6) G-V 3 (B.67)
where the term V is given by
1/3
v :(3 F(2/3))IH(R—*)
I'(1/3) rez
[E(F + 1)1/ 1, 1\
X T 1+ s—g im S_Z . (B.68)

We now consider two neighbouring modes with spin parameters
s1 and s,, and periods Py and P, such that s, > sy, P, > Py,
where we recall that s = QP/xr. We also define s = (s1 + $2)/2.
We have (TT22)

(53 — 51)

—r=y<l1.
QAP, Ty <

(B.69)

If we follow Barrault et al. (2025b) and note S = 725/QAP, —
/6, we obtain the following relation from Taylor expansion:

tan(S + y) = tan(S) + y(1 + tan> ) ,
tan(S — y) = tan(S) — y(1 + tan> ) .

(B.70)
(B.71)

By subtracting Eqs. B.70 and B.71, considering the relation
derived in Eq. B.67, this leads to

eV 1] [72(s2 - 1) _
2”((3—@““@)” QAP, _”}_

1 1
£ - . (B.72)
Viso+(so—s1)/2—5. s1+(51—52)/2— 5,
Assuming that (s; — 5.)(s2 — 5:) = (5 — 5,)°, we recover
elVv 1\ 72(s3 — 1) £ SH— 8
1+ = + — —_— 7|,
G-5) 3 QAP V(5 —s.)?
(B.73)

which is Eq. 63 from TT22. The main difference is that the func-
tion V, which contains the properties of the envelope inertial
mode, is different. Defining AP = P, — P, P = Qs/n, and
P. = Qs,/n, we finally obtain our asymptotic relation for the
inertial dip profile:

AP,
AP = APy |1 - 0o /7 ,
(P=P,+0/ V3?2 +02+APyo/n

(B.74)

where
3re
= —. B.75
7= 3qv (B.75)

As in TT22 and Barrault et al. (2025b), this means that the iner-
tial dip can be described by the Lorentzian function defined in
Eq. B.74. In Fig. B.1 we show the Lorentzian profile computed
in the vicinity of each inertial envelope eigenmode obtained in
the fast rotating case, for both the 0.5 Mg, and the 1 M models.
The agreement between the asymptotic analytical solution and
the numerical solutions is very good and correctly describes the
shape of the inertial dip.

150
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£
E 120} l
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110+ i
100} o 0.5Mg, fast case |
— Eq. (B.74)
90 — L L 1 1 L L
90 i
=85f ]
g
o
< got ]
8 o 1My, fast case
751 Eq. (B.74) -
0 2 1 6 8 10 12
P (day)

Fig. B.1. Top: AP vs P diagram for the 0.5 M, model in the fast rotating
case. The asymptotic Lorentzian profile defined in Eq. B.74 are com-
puted in the vicinity of the eigenfrequency of each inertial envelope
mode. Bottom: Same as the top panel but for the 1 Mg model.

B.3.4. Frequencies in the inertial frame

The observed frequencies will be the ones from the inertial
frame, wiy, = w + mQ = 2nv;,, and we can define the corre-
sponding inertial period spacing, AP;,, as the period difference
between two consecutive periods in the inertial frame. In Fig B.2,
we show the AP, versus vj, diagram for both the 0.5 My and
the 1 Mg models, in the three rotation regimes, slow, interme-
diate, and fast. First, we can note that the profile of the inertial
dips is more pronounced in the case of the 0.5 My model. The
range of inertial frequency where the dips has to be searched also
depends on the rotation regime, with the dips occurring at higher
frequency for the fast rotating case (between 15 and 30 uHz),
than for the intermediate (below 8 Hz) and slow (below 3 uHz)
cases. While the low-frequency location of the first dip computed
in the 0.5 Mg slow case would make it challenging to charac-
terise, the frequency range of the dip occurrence in the interme-
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diate case should be much more easily accessible to observations
granted that the temporal baseline is sufficient and the instrument
is stable enough.

It can finally be seen that the modes where the inertial dips
occur are located between the first and second harmonics of rota-
tion. Indeed, as expected from the relation between the iner-
tial and co-rotation frequencies, for m = 1 modes, wy, will
asymptotically approach Q as w decreases (that is, as the mode
absolute radial order increases). Around these harmonics, sig-
nificant amplitude modulations from surface active regions can
be expected. Nevertheless, if detectable, the signature from the
gravito-inertial modes should be unambiguously distinguishable
from the rotation peaks. Indeed, they are not located at the exact
same frequency as the rotation peaks, and, more importantly,
they will be asymmetrically distributed with respect to them,
allowing for the characterisation of their regular pattern.

g 0B T
g filh
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4 ||||:: : : : : —— 05 l\[ ’ fast case E
iiiiiii E i i 1M, fast case
-1 i H F— I
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102 T
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—
C

i —— 0.5 M, intermediate case
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100 i - :
6 8 10
]_02 T T : T T
= |
g :
o !
4 101} —— 0.5Mg, slow case
1M, slow case ]
1 1 1 1 1 H
2.0 2.5 3.0 3.5 4.0
vin (vH2Z)

Fig. B.2. Top: AP, vs vi, diagram for the fast rotation case. The modes
computed for the 0.5 My and 1 My models are represented in orange
and blue, respectively, each dot corresponding to a mode. The eigenfre-
quencies of the envelope inertial modes are highlighted with the vertical
dashed lines, in orange and light blue, respectively. For each model, the
first and second harmonics of the rotation period are shown by the thick
and dotted lines, respectively. Middle: Same as top panel for the inter-
mediate rotation case. Botfom: Same as top panel for the slow rotation
case.
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B.4. Numerical approach
B.4.1. Adimensioned equations

Oscillation equations are more conveniently numerically solved
under an adimensioned formulation. By introducing the adimen-
sioned coordinate x = »/R and the new variables y; and y, as
defined by Townsend & Teitler (2013):

g = 2t (B.76)
r

= L (B.77)
pgr

where g is the gravitational field, Eqs. 1 and 2 can be adimen-
sioned, which yields

dy; . ml {l+1)
— =V, -l-1-=|y; + -V, , B.78
A [ 9 = |n P 9| Y2 (B.78)
d — 20 .
2 [C(Ez—Zﬁg)—A*]yl AT M= 3 U]yz,
dx w
(B.79)
where (see Dziembowski 1971)
M
3
=x— B.80
C=x M ( )
1 dlnp 1 pgr
=—= = —=—— B.81
9 Tydlnr Ty p (B.81)
4rpr’
= B.82
U Mr ? ( )
. N?
A== 5 (B.83)
g

with M, the mass contained wﬂhin the sphere of radius r. The
adimensioEed frequencies w, Q, and Z are defined as w(x) =
W(x)/Qe, (x) = Qx)/€, and (x) = {(x)/ Q.

B.4.2. Boundary conditions

The boundary conditions we use are the following. First, we
impose that the Lagrangian pressure perturbation, p, vanishes
at the surface of the star (x = 1),

d

Sp=p +&L =0, (B.84)
dr

which translates to

y1(D) —y2(1) =0. (B.85)

Next, to regularise the problem at the centre of the star, we chose
Q to be a smooth profile that vanishes at x = 0 :

Q(x) = (1 —exp[—x/x0DQ4 , (B.86)

where we choose xy = 1 x 10*. This way, given that for x — 0,
A* ~ X3, Vy ~ x%, and U ~ 3, the regularisation condition at the
centre is

Cw (0)y1(0) — &y2(0) = 0. (B.87)

Finally, we chose w(1) as the reference frequency to solve the
system.
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