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ABSTRACT

Context. Galaxy clusters are the largest gravitationally bound systems, and they continue their growth through mergers in a hierar-
chical ACDM Universe. Therefore, we can describe the merger stage of a cluster as the dynamical state of clusters. Previous studies
have investigated this phenomenon, but several limitations remain, including reliance on dichotomous classifications, constraints on
the number of indicators used, absence of reliability, and incompatibility of methods between observation and simulation studies.
Aims. To overcome the limitations, we developed an enhanced and observation-applicable cluster dynamical state classification
method using the Bayesian classifier with the class-conditional distribution Gaussian mixture model using the N-cluster Run sim-
ulation data.

Methods. The Bayesian classifier was designed for two merger stages (merger and relaxed) as well as three merger stages (recent
merger, ancient merger, and relaxed) to provide a more detailed interpretation of the merger processes. After the best classifier model
was constructed, we applied it to the observation data to test its performance and usability.

Results. In the results, using a larger number of indicators yields better results, with their order of importance being: magnitude
difference, center offset, sparsity, Kuiper V statistic, and mirror asymmetry. Additionally, our analyses show that a projected classifier
(built on the 6D space, but evaluated on lower dimensional projections) consistently produces better outcomes than non-projected
classifiers (i.e., classifiers built directly on the corresponding low dimensional spaces), which means limited observation data can be
used to classify with enhanced performance. Furthermore, the new classification method outperforms our previous research.
Conclusions. This new method can suggest a way of overcoming previous limitations and provides new insights by providing the
reliability of dynamical state classification results. We expect this enhanced method and its findings can be used in observational

studies to better understand the evolution of galaxy clusters and the mass assembly history of the Universe.

Key words. galaxies: clusters: general

1. Introduction

In the hierarchical structure formation paradigm of the ACDM
Universe, matter grows from the assembly of small components
and consists of large structures through the merger of large sys-
tems (Kravtsov & Borgani 2012). Galaxy clusters are the largest
gravitationally bound systems in the nearby Universe and con-
tinue to experience active mass assembly through mergers. Since
mergers create conflict and disturbances among the components
of the system, we can understand the process of cluster merger in
terms of virialization (or relaxation), which reflects the dynami-
cal state of clusters.

The distribution of galaxy clusters and their dynamical states
serves as a direct indicator for estimating the evolution of mat-
ter in the Universe. Additionally, it plays a crucial role in
understanding the evolution of galaxies in densely populated
environments (e.g., Thompson et al. 2015; Zenteno et al. 2020;

* Corresponding author: hwkim1011@gmail.com

Aldas et al. 2025). Therefore, measuring the dynamical states of
galaxy clusters with large survey data is essential for connect-
ing various studies related to large-scale and small-scale cosmic
evolution.

Numerous studies have explored the dynamical state of
galaxy clusters; however, there are limitations in accurately
describing the continuous transitions of dynamical states and
in utilizing large photometric survey data. Due to the lim-
ited data available for clusters, criteria for defining dynam-
ical states are often simplistic, classifying them as either
relaxed or unrelaxed based on a single criterion. Alterna-
tively, researchers need to combine different observational
results across various wavelengths, which can be both costly
and time-consuming (Casas et al. 2024). Recent studies have
sought to address these limitations by integrating multiple
indicators (Zhoolideh Haghighi et al. 2020; Yuan & Han 2020;
De Lucaetal. 2021; Lietal. 2022; Campitiello et al. 2022;
Haggar et al. 2024; Casas et al. 2024). These studies have pro-
vided valuable insights for how to improve dynamical state
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classification methods. However, it is often difficult to quantify
the reliability of their classification results and sometimes the
definition of the dynamical states was not clearly defined.

In our previous study (Kim et al. 2024), we aimed to develop
more steps of criteria for the detailed separation of the dynamical
states based on the merger stage of galaxy clusters. We attempted
to describe these criteria by analyzing the success rate of sepa-
ration along a one dimensional axis (1D), which is a rotated axis
derived from a multidimensional indicator distribution, used to
quantify reliability. This approach successfully classified clus-
ters into recent, ancient, and relaxed merger stages, but it also
has some limitations.

We were not able to consider more than four indicators
simultaneously due to the constraints of mathematical calcula-
tions involved in the rotation matrix, the process required sub-
stantial computational time. We were limited to providing 1D
recipes, as the method was too complicated for broader applica-
tion, which lost some part of the information.

To address these limitations, we are exploring a new
approach that utilizes the Bayesian classifier with class-
conditional Gaussian mixture model (GMM) through machine
learning techniques to apply it to a large volume of optical sur-
vey data.

This paper is organized as follows. Section 2 introduces our
simulation and observational data, along with the merger stage
sampling methods for the classification class. In Section 3, we
describe six dynamical indicators and the Bayesian classifier
with the class-conditional GMM implemented using a machine
learning approach. Section 4 presents the explanation of the
modeling process, as well as the results of applying the classifier
to the observational data. In Section 5, we discuss the depen-
dency of indicators on redshift and mass, compare our current
findings with our previous study, and describe potential limita-
tions. We conclude our study in Section 6. The following cosmo-
logical parameters are assumed throughout this paper: Q,, = 0.3,
Qp =0.7,Q, =0.047, and i = 0.684.

2. Data
2.1. N-cluster Run simulation

Our goal in this work is to develop a practical observation-based
method by utilizing realistic stellar component parameters of the
brightest cluster galaxy (BCG). To achieve this, we employed
simulation data from the N-cluster Run, consistent with previ-
ous research (Kim et al. 2024). The N-cluster Run simulation is
a cosmological N-body dark matter-only simulation that consists
of 64, each 120 Mpc A~! length cubic boxes. It has 169 snap-
shots with 100 megayear time resolution from z = 200. Smallest
particle mass is 1.07189 x 10° My h~!. The Gadget3 (Springel
2005) code is used for cosmological N-body/SPH simulations,
and the 6D friends-of-friends (FoF) algorithm, ROCKSTAR halo
finder (Behroozi et al. 2013), was used to define the halos of
galaxies and clusters.

The N-cluster Run simulation is the dark matter-only simu-
lation that uses the assumption of abundance matching to assign
stellar masses to halo masses. Abundance matching, by defi-
nition, matches the simulated halo mass functions to observed
stellar mass functions. By taking this approach, we ensure that
ACDM simulations will reproduce the observed stellar mass
functions over a wide range of redshifts. Our simulation results
are comparable with the observations for the specific dynamical
state indicators we used.
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Fig. 1. Top: Halo mass function of N-cluster Run simulation. Bottom:
Comparison with stellar mass function of the N-cluster Run simulation
and other studies. The Orange solid and cyan dashed lines represent the
simulation function from the N-cluster Run and the Illustris-TNG 100
simulation (Pillepich et al. 2018). Gray circles and blue triangles are
observational function from SDSS (Bernardi et al. 2013) and DESI Y1
data (Wang et al. 2024).

In this study, we expanded the sample size to three times
larger than that of the earlier study, using 30 boxes contain-
ing a total of 1845 galaxy clusters. The mass range of cluster
size halos is from 2.68 x 103 M, to 1.28 x 10'> M, and the
galaxy stellar mass range is 2.3 x 10° My to 1.59 x 10'! M,
Halo mass and stellar mass functions can be checked in Figure 1.
Redshift is only considered from O to 0.5 (5Gyr) to reduce
the redshift dependency (See in section 5.1). Further details
of simulation can be found in these papers (Smith et al. 2021,
2022a,b; Chun et al. 2022; Jhee et al. 2022; Kim et al. 2022;
Yoo et al. 2022; Chun et al. 2023; Awad et al. 2023; Dong et al.
2024; Chun et al. 2024; Kim et al. 2024) and on the publically
available data archive page'.

2.2. Definition of the dynamical states for the classification
class

Merger stages for the dynamical states are categorized using
the same approach outlined in the previous paper (Kim et al.
2024). We define the beginning of a merger as the moment
when the infall halo crosses one virial radius from the main
halo. This distance is calculated in 3D space (considering x, y,
and z coordinates). The time since infall is measured in one-
gigayear increments from the merger start epoch. To avoid con-
fusion from multiple mergers, we only considered a single major
merger (mass ratio greater than 1:5) within the redshift range of
0 < z < 0.5 as a disturbed sample. The relaxed state is defined

I https://data.kasi.re.kr/vo/N_cluster_run
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Table 1. Summary of the dynamical states used in this study.

. Merger
Dynamical state Receni — Ancient Relax
Time since infall 1Gyr >3 Gyr -
Merger mass ratio >1:5 <1:10

Notes. Mass ratio and time were used as criteria.

as having a merger mass ratio of less than 1:10 within the same
redshift range, which includes minor mergers. Minor mergers are
not considered as a separate state in this study because of their
weak signal. We find that minor mergers do not have a significant
effect on the dynamical state indicators.

We further divided the merger stages into recent and ancient
mergers to provide a more detailed description of the dynam-
ical state of clusters. The recent merger stage includes indica-
tors that change at the start of the merger (one gigayear after
the merger occurs), while the ancient merger stage encompasses
the transitional phase of mergers (beginning three gigayears after
the merger occurs). Table 1 summarizes the dynamical states
employed in this study.

In this work, we developed our methods using two dynam-
ical state categories (merger and relaxed) and three dynamical
states (recent merger, ancient merger, and relaxed) to compare
our results with previous studies and offer a detailed classifica-
tion of dynamical states. This information was used for training
the classifier and testing the performance of the method.

2.3. Observation data

To evaluate the application of our method using observa-
tional data, we utilized the Hectospec Cluster Survey catalog
(Rines et al. 2013, HeCS). This catalog comprises 211 clus-
ters located in the northern hemisphere, with redshifts rang-
ing from 0 to 0.3 and a mass range of 9.5 x 10"* M, to
6.13 x 10™ M. We chose total 135 clusters, 69 from CIRS
(Rines & Diaferio 2006), 25 from HeCS (Rinesetal. 2013,
HeCS), 8 from HeCS-red (Rines et al. 2018), 29 from HeCS-
SZ (Rines et al. 2016), 1 from KYDISC (Oh et al. 2018), 1 from
OmegaWINGS (Moretti et al. 2017), and 2 clusters from the
NASA/IPAC Extragalactic Database (NED). We excluded some
low statistics clusters from the original sample (Smith et al.
2023).

The average number of member galaxies per cluster is 100,
with a range from 23 to 1350. Due to observation limitations,
membership of clusters tends to contain a higher number of
bright red galaxies compared to faint blue galaxies. Neverthe-
less, the data possesses adequate spectroscopic completeness
(comp > 0.5 in r-band > 17.7) to allow for meaningful compar-
isons with simulation data.

Figure 2 shows the redshift and mass range of the observed
and simulated clusters we used in this study. The redshift range
of the simulation is much larger than that of the observation data
and the sample size is significantly different. This can offer one
proof that observation data can serve as a test sample of the sim-
ulation data-trained model.

3. Methods

In this section, we introduce six dynamical state indicators for
galaxy clusters and explain their significance. We then describe
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Fig. 2. Top: Mass versus redshift distribution of simulation data and
observation data. Dots show median values, and the shaded area shows
standard deviation values within redshift bins. Middle: Histogram of
redshift for both observation and simulation data. Bottom: Histogram
of Mass for both observation and simulation data.

the Bayesian classifier and class-conditional distribution with the
GMM method, which takes into account the 6D covariances to
model each dynamical state. In addition, we present the quantifi-
cation method along with precision, recall, and accuracy metrics.

3.1. Dynamical indicators

Different from our previous study that considered a spectro-
scopic indicator, we focused solely on photometric dynamical
indicators to expand the cluster dataset for this method appli-
cation. Previously, we utilized four indicators, but we have
now introduced two additional indicators based on recent litera-
ture. All indicators are affected by the projection effects, which
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Table 2. Summary of the dynamical states used in this study.

. Physical Effective Relaxation
Indicator .
parameter  range criterion
Sparsity (S) mass entire ~]
Stellar mass gap (AM., 12) mass center =0
Center offset (dog) position center ~0
Satellite stellar mass fraction (fj,, ) mass entire ~0
Kuiper’s V statistics (V) position  entire =0
Mirror symmetry (5) position  entire Lower

Notes. The first column describes the physical parameters used for indi-
cators, and the second column shows the region represented by each
indicator. The last column displays the relaxation criteria value for indi-
cators.

means they are sensitive to the plane of the sky direction. More
detailed explanations of the four previously used dynamical indi-
cators can be found in Kim et al. (2024) and the references cited
therein. A brief summary of all dynamical indicators is presented
in Table 2. Here, we provide brief descriptions of the four estab-
lished dynamical indicators and detailed explanations of the two
new indicators.

— Sparsity, expressed as
S = EM.(r100)/ZM.(rs0) (1)
where XM, (r1p9) and XM, (r50) are total stellar mass within 100%
and 50% of the virial radius of cluster, respectively. The BCG
location is the central point in observations, while the center of
mass is used in simulations. However, both values are similar
since the cluster halo center is treated as the BCG in the simula-
tion. The relaxed state of the cluster is expected to have centrally
concentrated galaxy distributions, thus the low sparsity means a
relaxed state.

— Stellar mass gap, expressed as

2

where M, p., and M, 2,4pc4 are the stellar mass of the BCG and
second brightest cluster galaxy, respectively. BCG dominant sys-
tem means relaxed state, thus the lower value means a relaxed
state.

— Center offset, expressed as

AM, 12 = M. snabeg/ Mo peg

3

where Ppcg is the position of the BCG, and Py, _yeighreq 15 the
stellar mass-weighted center of the cluster member galaxies. For
a fair comparison among clusters, we normalize distance with
cluster virial radius. Because a merger makes the miscentering
of BCG, the small value means the relaxed state.

doft = |1PcG — PM._weighted! [ Tvir

— Satellite stellar mass fraction, expressed as

Ju, = “

where M, ,,; and M, ., indicate member galaxy stellar mass and
cluster stellar mass, respectively. A massive clump of mass is
added to outskirts of main cluster when a merger happens; thus,
a small value is expected for the relaxed state.

In this study, we further include two different types of spatial
asymmetry indicators. Previous observational studies have been
considered symmetry of matter distribution as the relaxed state
and asymmetry as the disturbed state (e.g., Okabe et al. 2010;

M*,mt/M*,cl
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Zhang et al. 2010; Yuan & Han 2020). We tried to measure these
asymmetry features in the galaxy clusters using differences of
angular distribution and of mean length from neighbor galaxies.

— Kuiper’s V statistics, used to measure the angular asymme-
try of a galaxy distribution based on the difference between the
cumulative distribution of a random distribution and a sample
distribution, expressed as

V = abs|D™ + D*| 5)

where D* and D~ mean maximum and minimum difference
between a random cumulative distribution and a sample cumu-
lative distribution, given by

D™ = max[z; — (i — 1)/n],

Dt = max[i/n — z]

(6)
(N
where f is a continuous cumulative distribution function of x,
represented by z; = f(x;).

We measured the angular positions of member galaxies from
the BCG by setting north to zero degree and measuring angles
clockwise. The cumulative distribution of angles was compared
with the random cumulative distribution. The definition and
equation are available from Kuiper (1960).

If member galaxies are located homogeneously (relaxed), the
difference between the sample cumulative distribution and the
random cumulative distribution will be small.

— Mirror symmetry: an indicator that also provide informa-
tion about the positional asymmetry of member galaxy distribu-
tion. It measures the mean distance among member galaxies to
check the clumpiness of the distribution, given by

ﬁ =< ﬁi >,
Bi = logio(d'® /d™)

®)
©))

where d(s) is the mean distance from galaxy i to the fifth nearest

neighbors, and d’(s) is the same with d(s) but the opposite posi-
tion of galaxy i through BCG location. If the galaxy distribu-
tion is symmetric, the difference between dﬁs) and d’f.s) is small.
Thus, a small 8 value means a symmetric distribution and also
means relaxation. However, this indicator is highly sensitive to
the membership and completeness of the data (see Section 5.5).
We followed definition and equation from West et al. (1988) and
Casas et al. (2024).

The histogram distribution of each indicator from simula-
tion data is shown in the top panels of Figure 3, while the same
indicators from observation data are shown in the bottom pan-
els of Figure 3. Merging and relaxed clusters (plotted in differ-
ent colors) are not well separated in any of the indicators due to
projection effects. Although the histogram distributions are not
perfectly matched between simulation and observation, this is
caused from size difference between two data sets (see Figure 2).

3.2. Bayesian classifier and class conditional distributions
with a GMM

We utilized a Bayesian classifier where class conditional distri-
butions are estimated through an infinite GMM, to address the
limitations of our previous study. In our earlier methods, we were
unable to consider parameter spaces larger than four dimensions
and could not provide specific probability information for more
detailed merger stages. However, with the approach proposed in
this section as a classifier, we can model each merger stage in the
6D space of indicators. Additionally, it is possible to project the
6D class-conditional distributions into lower dimensional indi-
cator spaces.
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Fig. 3. Histograms of six dynamical state indicators on (Top) N-cluster Run simulation and (Bottom) HeCS observation data. Top: Black empty,
red, green, and blue colored histograms exhibit the number of galaxy clusters for total, recent merger, ancient merger, and relaxed dynamical state,
respectively. The overlap of the merger and relaxed sample histogram distribution shows the projection effects on each dynamical state indicator.
Bottom: Same indicator histograms as the top panels with different colors. Even though there are slight parameter range differences, the overall

parameter distribution seems similar to each other.

3.2.1. Bayesian classifier

We divided the simulation sample into training and test datasets,
using a 70:30 ratio, stratified by class (merger stage). The train-
ing data were employed to train and build class-conditional
distributions, while the test data were used to assess the clas-
sifier’s performance.

The Bayes classifier is based on the estimation of class-
conditional distributions p(x|Cy), where the distribution of points
belong to class C. While generally considered the optimal clas-
sifier, its performance relies heavily on the quality of the class-
conditional distributions in practice.

The naive implementation of the Bayes classifier assumes
conditional independence across features; however, this assump-
tion disregards correlations in the dataset that might be mean-
ingful in informing the classification. However, much more
nuanced estimations of the class-conditional distributions might
be obtained, given a sufficiently rich dataset. Thus, we did not
use the naive implementation in this work.

Given K classes Cy, it is possible to estimate the posterior
distribution, the probability that the x is originated from class
Cy, p(Ci|x) using the Bayesian rule of

PXICOPCY) _ _ p&ICP(CY)
p(x) K pXICHP(C)

where p(x|Cy) is the likelihood of the data given the model for
class Cy, p(Cy) the prior over class Cy and the denominator acts
as a normalization (often referred to as the model evidence).

Given a new sample x* then, the above equation assigns a
probability for that point to have originated from class Cy. If a
hard assignment needs to be performed, the parent class (esti-
mated label) is estimated as

P(Crlx) = (10)

C = arg, max p(Ci[x"). (11)

Once the Bayesian classifier is adopted, we only need to
specify a framework for the estimation of the class-conditional
distributions. This is reported in the following section.

3.2.2. Class-conditional distributions

At the core of the proposed methodologies usually lies the
GMM.

As it is particularly useful because it leverages the flexibil-
ity and regularities of the Gaussian distribution. The probability
density function (PDF) of a GMM can be written as

M
p(x10) = " mp(xi6y), (12)

k=1

where p(x|6y) = N(6;), probability of x can be described
with a normal distribution defined by parameter vector 6, =
[py, Zi](-e., the mean and covariance matrix of mixture com-
ponent, k, respectively). Here, © [6y,...,0] contains
parameters of all components. The parameter 7 is the mixture
coefficient for a component, k, of the mixture and must satisfy

M
m>0Vk=1,..., M; anzl. (13)
k=1

When the mixture coefficient for component k is larger than zero
and for all k is part of M, the summation of mixture coefficients
should be one. In both equations, the number of components in
the mixture is M.

When estimating the density of a dataset with GMM, the
main hyperparameter to be identified is the number of compo-
nents, M. Different routines exist to estimate it directly from
the data, leveraging information theoretic quantities such as the
Bayesian or Akaike information criteria (BIC or AIC). However,
estimation of optimal hyperparameter and parameters is a data-
intensive process that requires multiple splits of the set, resulting
in possible biases.

An alternative to classical GMM is the Infinite GMM
(Rasmussen 1999). This is a Bayesian formulation of the GMM
that imposes priors on the parameters, @, of the mixture compo-
nents and the corresponding hyperparameters. The net effect of
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this formulation is that the estimation of the effective number of
components in the mixture is delegated to an approximation of a
Dirichlet Process.

In practice, only the maximum number of components and
the concentration prior of the Dirichlet process need to be spec-
ified to constitute hyperparameters for the Dirichlet process-
GMM (DP-GMM). Higher values of the concentration prior
will enforce a higher number of components with large mixture
coefficients and vice versa. It is worth noting that the quality
of the obtained density is not necessarily affected by the num-
ber of components, but its complexity is. We adopted the ver-
sion implemented in the python sklearn library (Pedregosa et al.
2011).

In summary, the class-conditional distribution for each
merger stage, p(x|6;) has been constructed using a DP-GMM,
testing various parameters and identifying the optimal one via
out-of-sample likelihood. Using equation (10), we obtained the
corresponding posterior p(Cy|x), and we calculated the accuracy
by assigning unseen data (test set) to the most likely merger stage
(class) via equation (11).

The best model classifier was created for each merger stage,
developed for two and three merger stage classifications, and was
subsequently applied to the observational data under the same
merger stage conditions.

3.2.3. Confusion matrix and classification report

Because we divided the sample into training data and test data,
we can judge the performance of the classifier with precision,
accuracy, and recall values. We present a brief set of definitions
with equations for each quantifying values below. Here, capital
letters T, F, N, and P represent true, false, negative, and positive,
respectively. True and false represent the actual class of test
data, while positive and negative represent the predicted class of
test data. These concepts are used to measure the performance of
machine-learning classification by combining concepts of actual
and predicted classes, such as true-positive (TP), false-positive
(FP), and false-negative (FN). For example, when the classifier
predicts a cluster as relaxed, when it is actually in a relaxed
state, it counts as a TP classification result. However, if it is not
an actual relaxed state, it counts as FP and so on.

— Precision: to show how well the model predicts the positive
class, we use

TP
TP+ FP’

— Accuracy: to measure how well the model predicts the results,
we use

Precision = (14)

TP+TN (1s)
TP+TF+FP+FN’

— Recall: to measure how often the model correctly identifies
true positives from all the actual positive samples, we use

TP
TP+FN’

Precision can represent completeness of classification, while
accuracy indicates the purity of the classified results. Here, we
used average per-class accuracy to quantify performance,

Accuracy =

Recall = (16)

binary accuracy for each class label
number of class

Average per-class accuracy = a7)

By comparing these parameters, we could find the best model
classifiers for each merger stage. We selected the training and
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test data using random bootstrapping resampling to minimize
bias from the sample distribution. Thus, the precision, recall, and
accuracy values for each model were compared as the mean of
the iterated random resampling.

4. Analysis and result

In this section, we present the results of our new classification
method for both two-merger and three dynamical state classifi-
cations. First, we describe the best model condition, show the
results from projected classifier applications by different num-
bers of indicator, and give the best indicator combination results.
We also compare the performance of precision, accuracy, and
recall results with those from a non-projection model. Finally,
we demonstrate the application of this method to observational
data and present the classification results.

4.1. Best model analysis

Because the distribution of the merger stage samples of each
indicator resembles a shell structure, which makes it difficult to
separate subpopulations, we selected the GMM for this highly
overlapped class distribution. We made Gaussian models for
each merger stage sample, as illustrated in Figures 4 and 5. We
then combined the probabilities from each GMM to obtain the
class-conditional probability distribution.

By testing the full covariance matrix, we analyzed the 6D
correlations simultaneously. To improve the overall understand-
ing, we visualized this data using 2D correlation plots. Figure 4
and Figure 5 illustrate the 2D distributions for each dynamical
indicator across different merger stages. The upper 2D parame-
ter spaces show the position of highly weighted Gaussian com-
ponents of parameter distributions with purple ellipses, used to
model the parameter distribution. The histograms in diagonal
panels provide the distribution of each indicator, while the lower
2D parameter spaces show the probability contours derived from
the GMM.

To properly and efficiently model the distribution using the
Gaussian formula, we need several hyperparameters, including
random values for the starting point (e.g., (, Xx), a tolerance
value to exit the loop, and a weight concentration prior param-
eter to assign weights to the Gaussian distributions. We chose
the Dirichlet process for the weight concentration prior type
because (while the Dirichlet distribution models probability with
a fixed number of components) the Dirichlet process determines
the optimal number of components itself. The Dirichlet process
modifies the coefficients and gradually reduces the ones that
reflect less variance in the data. At the end of the training, due
to the Dirichlet process, the number of mixture coefficients that
are effectively meaningful for the construction of the model is
generally much lower than the total number of components in
the mixture. However, when we check the histogram of weights,
more than 80% of the weights are valued at less than 0.01. It
shows that although the Dirichlet process reduces some of the
lowest weight components, our model needs those lower weight
components to describe the entire distribution.

We tested all the hyperparameters, along with the number
of Gaussians made the most meaningful probability differences.
Thus, we mainly tested various combinations of the number of
Gaussian fittings to find the best model. Here, we mention that
the hyperparameter labeled as the "number of components" is the
maximum number of Gaussian components used in the Dirichlet
process. Also, Bayesian priors with equal percentages or sample-
proportional percentages lead to negligible differences.
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Table 3. Six indicator best model precision, recall, and accuracy values
by number of merger stages.

2 3
Merger stage Merger Relaxed Recent Ancient Relaxed
Numb of Gauss 150 150 100 100 50
Precision 0.9516 0.8938 0.7123 0.7176 0.9157
Recall 0.9462 0.9025 0.7601 0.6989 0.8785
Accuracy 0.9244 0.7816
Average 0.9252 0.7798

Notes. Numb of Gauss shows the number of Gaussian components used
for model indicator distributions.

Table 4. HeCS cluster classification results from two and three merger
stage classifiers.

2 3
Merger stage Merger Relaxed Recent Ancient Relaxed
Numbofecl 116 (105) 18(8) 58(18) 52(12) 25(4)
% 81 19 48 46 6

Notes. Numb of cl shows the number of clusters. Numbers in the paren-
theses represent the number of clusters having a higher than 90% prob-
ability.

The probability contours for each merger stage are displayed
in the middle panel of Figure 6. Each probability contour was
created based on the distribution of each merger stage, as shown
in the left panel of the same figure. The classification results are
presented in the right panel.

To mitigate specific sample distribution bias, probability
contours for each subsample were created with the mean dis-
tribution of subsamples from the bootstrap resampling method,
even though we used the full sample distribution for the Figure 6.
We resampled each merger stage by maintaining the same per-
centage as the entire merger stage sample ratio.

To compare the performance across models using different
numbers of Gaussians, we analyzed the mean values of preci-
sion, recall, and accuracy of the models for each subsample. The
differences among the resampled subsamples were less than 0.01
in probability values, which is smaller than the 0.1 probability
difference identified when varying the number of components.

We evaluated the classifiers based on the average values of
precision, recall, and accuracy. The results indicate that the two-
merger stage classifier achieves an average performance of 92%
in accurately reproducing the true class, while the three-merger
stage classifier demonstrates an average performance of 77% in
reproducing the true class. The best model conditions for the two
and three dynamical state are presented in Table 3.

4.2. Application on observation data

We applied this cross-conditional probability distribution to the
HeCS cluster catalog data. As shown in the left panel of Figure 7,
our classifier was modeled with simulation train data (white),
then applied to observation data (blue). We applied probability
contours (as shown in the middle panel of Figure 6) to the obser-
vation data and could get the classification result (as in the right
panel of Figure 6). Once the classifier has been modeled, apply-
ing it to observational data is quick and straightforward.

Figure 8 represents the spatial distribution of the dynamical
state of HeCS clusters as determined by the three-merger stage
classifier. Each class is assigned based on which class has the
highest probability relative to the others (see Appendix B). How-
ever, each cluster has its own set of probabilities for all merger
stages, allowing us to examine these probabilities as percentages.

To display the tendencies, we assigned a dynamical state
with the highest probability to each cluster. However, there
are many alternative ways to use these probability values to
assign a dynamical state. For example, we could define a high
confidence sample, where only objects with greater than 90%
probability are included. Alternatively, instead of assigning indi-
vidual objects to specific categories, we can use the probabilities
as weights. For instance, measuring specific properties of all the
clusters (e.g., the blue fraction), but also weighting their contri-
bution to the measurement by the merger or relaxed probability.
This approach fully avoids making an arbitrary choice for how
to classify the clusters and it is an especially useful approach
when the number statistics of clusters is low and splitting them
into separate categories could reduce the number statistic fur-
ther. Therefore, the fact that the model provides probabilities is
flexible and should be considered a strength of the approach.
Figure 8 displays the probabilities of each merger stage using
different colors. The color bars indicate the magnitude of these
probabilities.

Based on the results in Table 4, the two-merger stage clas-
sifier identifies a similar number of merger classifications as the
three-merger stage classifier, which means our classifier works
in a consistent way. Having a large fraction of merging clus-
ters in the observed sample could arise because of the way the
sample is selected. The HeCS cluster sample was selected from
X-ray dominant and massive clusters. And merging clusters have
a tendency towards larger masses than relaxed clusters, follow-
ing the known mass-dynamical state dependency (Ludlow et al.
2012; Raouf et al. 2019; Seppi et al. 2021).

Although the absolute number and percentage of merger
samples are similar for the two classifications, with 116 sam-
ples (85%) from the two-merger stage classifier and 110
(58+52) (82%) from the three-merger stage classifier, there is a
significant difference in the number of high-probability samples.
In particular, there are 105 for the two-merger stage classifier
compared to only 30 (18+12) for the three-merger stage classi-
fier.

This discrepancy can be further understood by examining the
precision, recall, and accuracy values shown in Table 3. The more
specific classification makes detection more challenging due to a
reduced training dataset, which results in the three-merger stage
classifier having lower precision, recall, and accuracy values, as
well as a smaller number of high-probability samples.

4.3. Model projection and number of indicator effects

The Bayesian classifier has the advantage of having class-
conditional distributions built in the high dimensional space. In
the inference phase, the class-conditional distributions can be
projected on the lower dimensional space spanned by the avail-
able indicators. The projections are more informative than the
GMM built on the corresponding low dimensional space, carry-
ing the high dimensional correlations through the projections.
For instance, even with just two indicator variables, we can
classify dynamical states using information from six indicator
spaces. Therefore, we projected classifiers for two-merger and
three-merger stages into the lower number of indicator spaces to
evaluate their performance (e.g., train six-indicator information

A262, page 7 of 17



Kim, H., et al.: A&A, 708, A262 (2026)

S AM. 12 fin, v orr B
300 B
pa { . }
w
. .
¢
o I}
. . 4 ’ .
o
11111111111111111111111111111111111111111111
. .
175 ré,
2
5 2
<
2 1
. 150 ¢
= o ]
@ - o Q A% ® .
,

‘o

111111111111111111111111111111

111111111111111111111

dorr

250

0
¢ ‘
50 ‘
o

2 1 0 1 2 3 4 5 2 1 o 1 z 3 a4 s

3
2 1 o 1 2 3 a4 3

- -2
-2 -
2 a1 o0 1 2 3 52 a4 0 1 2 s

JI
Y

Fig. 4. 2D Correlation plots for each indicator distribution by merger sample. The bottom-left corner and top-right corner give the scatter plots of the
indicator against the other. The diagonal shows the histogram of individual indicators. In the bottom-left panels, we overplot probability contours
(varying probability value in each panel). In the top-right corner, we overplot ellipses indicating the shape of the Gaussian for all components with
a weight concentration prior >0.1. We note that ellipses match the location of the high probability contours.

to classify 5, 4, 3, and 2 indicator classification). We compared
these results with those from non-projected classifiers, which uti-
lized the same amount of indicator information to train (e.g.,
trained two-indicator information to classify a two-indicator
classification).

Figure 9 presents the results for precision, recall, and accu-
racy based on different numbers of indicator information used.
The shaded area illustrates the variation of values from vari-
ous indicator combinations, highlighting the largest error value
compared to other errors. Notably, the projected classifier results
(represented by the solid line) consistently outperform the non-
projected classifier results (depicted by the dashed line) in both
two- and three-merger stage classifications, which means the
projected classifier can provide better classification results.

In terms of precision, the projected classifier shows an aver-
age improvement of 10% over non-projected classifier results.
The recall parameter has the largest 40% increase percentage for
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the relaxed dynamical state sample. Additionally, the accuracy
of the projected classifier demonstrates about a 10% better per-
formance, compared to the non-projected results.

In addition, we can revisit the finding that a larger number
of indicator combinations leads to better results. As a byprod-
uct of projection analysis, we can get the best combination
results for different numbers of indicator combinations. The
best combination, based on the number of indicators, is ranked
by magnitude difference, center offset, sparsity, Kuiper V, mir-
ror asymmetry, and satellite stellar mass fraction as shown in
Table 5. The order of indicators was chosen based on their over-
all performance in terms of precision, recall, and accuracy in
classification. We discuss the importance rank of the indicator in
Section 5.3.

Additionally, we applied projected classifiers to the HeCS
cluster data. Figure 10 illustrates the classification tendencies
based on the number of classified clusters. By an increase in the
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Fig. 5. 2D Correlation plots for each indicator distribution by relaxed state sample. Instructions are the same as Figure 4.

number of indicators, both the two-merger and three-dynamical
state classifiers show a decrease in the number of relaxed clusters
while indicating an increase in the number of merger clusters.
These results appear consistent with the six-indicator classifier
result.

The fraction of recent mergers remains roughly constant,
while the curves that vary (and even end up inverted) char-
acterize the relaxed and ancient mergers. This indicates that
the ancient mergers represent an intermediate state, which can
be mistaken for the relaxed cluster when using only a few
components.

5. Discussion

In this section, we discussed indicator dependency by mass and
redshift and correlation among the indicators. Furthermore, we
present the comparison result with our previous method and this
study, the importance rank of indicators, and the systematics
from interlopers. Some caveats of Bayesian classification are
also discussed here.

5.1. Indicator dependency on mass and redshift

We tested dependencies of dynamical indicators from simula-
tion data by mass and redshift. For the mass dependency test, we
divided the cluster mass range 2 x 10'* ~ 2x 10'> M,, into seven
mass bins (see left panel in the Figure 11). All indicators show
distinct increasing or decreasing trends and the indicator exhibit-
ing the widest variance was sparsity. It is increased from 1.33 to
1.97, with a change of 0.64. The smallest variance was kuiper_V.
It changed from 0.11 to 0.05, decreasing by 0.6. Each indicator
was changed to 18% and 11% when those results were compared
to their percentage for the entire parameter distribution.
Redshift dependency was tested with four bins from redshift
0 to 0.5. Most of the indicators were changed by less than 0.1
value for the entire range (see right panel in the Figure 11).
Besides, some of the indicators do not show any prominent
trends by redshift changes. The largest variation was shown in
stellar mass ratio, which decreased by 0.08, and the smallest
variation was demonstrated in kuiper_V, which decreased by
0.04. Kuiper_V showed the least variation by mass and redshift
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changes; some indicators used the mass show large changes of
mean value by mass and redshift variation.

When we compare the variation by mass and redshift, mass
causes more variation than redshift. However, we used clusters
having larger than 10'* M, thus dependency is alleviated. It has
already been reported that dynamical states dependence on mass
of cluster from previous studies (Ludlow et al. 2012; Raouf et al.
2019; Seppi et al. 2021).

5.2. Comparison of performance with previous method

In our previous paper (Kim et al. 2024), we aimed to develop a
new linear combination method for dynamical indicators using
the rotation matrix. This approach was intended to enhance the
separation among different dynamical states. In this study, we
compared the performance of our Bayesian classifier with a
class-conditional GMM with our earlier method to demonstrate
the improvements achieved.

It is important to note that we cannot make direct compar-
isons due to the different classification and quantification meth-
ods employed and the different indicators used. Therefore, we
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standardized AM:, 1,

data (Blue). Right: classified results of observation
data. Each color represents different merger stages,
and check it in legend.

calculated the precision, recall, and accuracy values based on the
best linear combination axis in four dynamical indicator spaces
of two merger stage classifications in the previous method,
using zero as the reference point. These values are presented in
Table 6.

The results indicate significant improvements in all metrics
(precision, recall, and accuracy) for both merger and relaxed
state samples. The Bayesian classifier with GMM for class-
conditional distribution method exhibits 20%—40% increases in
precision, 6%—28% increases in recall, and 32%—41% increases
in accuracy compared to the previous method. Notably, the accu-
racy shows a remarkable enhancement, yielding twice as signif-
icant results as before.

Our previous method provides a continuous probability value
for each dynamical state along the x-axis. However, it could not
provide specific probabilities for individual clusters. This limi-
tation means that when two clusters share the same x-value but
differ in y-value, the method cannot distinguish between them
based on the y-value (i.e., the accuracy problem). In contrast,
this new classification method in this study can provide specific
probabilities for each cluster by considering multidimensional
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Table 5. Best indicator combination by number of combined
indicators.

Number of ind  Best combination

2 AM.. 12, dog

3 AM., 12, dois S

4 AM, 12, dogr, S, V
5 AM, 12, dot, S, V, B

Notes. Indicators are represented with the acronym. Information about
the indicator and acronym is in the section 3.1.

covariances. At this point, the new method could significantly
improve the accuracy value.

5.3. Importance rank of indicators

In the Bayesian classifier with GMM for a class-conditional dis-
tribution classification, it is not possible to measure the impor-
tance of individual indicators directly. However, we can infer
their relative importance based on the best combination results
from the comparisons presented in Section 4.3. The combina-
tions generally appear to be organized and show incremental
improvements, suggesting that the indicators have significant
differences in their contributions.

Despite this initial impression, our test revealed that the order
of the best combinations can change when varying sample sizes,
train-test sample ratios, and resampling numbers. One consis-
tently strong indicator is the stellar mass gap, which generally
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panel.

Table 6. Comparison with our previous study and this study using four
indicator combination classification.

Precision  Recall Accuracy
Previous method (Rotation method)

Merger 0.5 0.6104 0.4582
Relaxed 0.5 0.7217 0.5418
Current method (GMM)
Merger  0.9066 0.8979  0.8368
Relaxed 0.7671 0.7831 0.8368

ranks as the best overall. When considering two indicator com-
binations, the combination of stellar mass gap and center offset
is the strongest one, which remains unchanged.

On the other hand, other indicators seem to have similar
importance to each other within the error range and the best
combination results change by variable from three to five indi-
cator combinations. This is a consistent result with our previous
study, where we suggested that three indicators have comparable
importance within the same error range in the different classifi-
cation methods. However, the analysis methods also affect these
results; we discussed it in the appendix A.

Although the best combinations may vary in three to five
indicator combinations depending on variables such as the num-
ber of samples, the main probability contours remain relatively
unchanged. The region representing 90% probability stays con-
sistent. This fact demonstrates the superiority and stability of our
method.
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5.4. Systematics

In this step, we tested various kinds of systematic errors and their
effect on classification results. To mimic the observational sys-
tematics error, we tested the indicator distribution with a new
cluster galaxy sample by including a different range (1.2, 1.5,
2, 2.5Rvir radius) of line-of-sight interlopers within the three-
box samples. In the Table 7, the first table shows the percentages
of included interlopers. Naturally, when we considered a longer
line-of-sight distance, the sample includes more interlopers.

The second table shows classification results by differ-
ent line-of-sight distances for the interloper sample. When we
include more interlopers, fewer consistent classification results
are shown, indicating that the fraction of interlopers affects mis-
classification. This interloper effect is more pronounced during
the ancient merger stage. For example, the 1Rvir sample data
classified with 45, 22, and 29 clusters for recent merger, ancient
merger, and relaxed state. The 1.2Rvir sample classified with
38, 28, and 30 clusters for recent merger, ancient merger, and
relaxed state. Among them, 34, 18, and 28 clusters have con-
sistent classification results, and they are about 89, 64, and 93
percent the same as the 1Rvir sample classification. The ancient
merger showed the lowest consistency among others. Neverthe-
less, the consistency of classification is not significantly affected
by the interloper fraction and the percentage change is small.

The third table shows the two-sample K-S test p-value
changes for each indicator value. For instance, the first low
exhibits a two-sample K-S test p-value between the original
sample distribution and the 1.2Rvir interloper sample. A small
p-value (e.g., <0.05) indicates that the samples are unlikely to
come from the same distribution; most interloper samples differ
from the original sample indicator distribution. Although their
K-S test p-value of indicator distribution means they are differ-
ent indicator distributions, their classification results primarily
display a good consistency, meaning our classifier also performs
consistent classification across different interloper samples. It
also means that including interlopers does not significant change
the dynamical state classification.

Another possible systematic error is that observed galax-
ies may suffer confusion when they are projected too close to
another galaxy and cannot be separated from the other galaxy.
We tested this effect by assigning physical sizes of their stel-
lar disks to the simulated galaxies, following the stellar mass-
effective radius relation given in Mowla et al. (2019). We defined
confusion as the simulation when a smaller galaxy is totally
overlapped by a larger galaxy (the distance between the centers
of the two galaxies is smaller than the radius of the larger galaxy
minus the radius of the smaller galaxy). From three boxes con-
taining 113 cluster samples, we found that confusion happens
very rarely; namely, the average fraction of hidden small galax-
ies is approximately 0.16% of the member galaxies. This means
that this particular systematic error has a negligible impact on
the measurement of dynamical state indicators.

5.5. Caveats of the method

While we demonstrated improved performance in classification
and ease of application with the Bayesian classification method,
there are several assumptions and caveats to consider.

First, some indicator calculations are dependent on the depth
of data (~low magnitude limit) and radial coverage of mem-
ber galaxies within clusters. Typically, galaxy clusters consist
of a small number of massive galaxies and a large number of
low-mass galaxies. Mass-based or centrally effective indicators

Table 7. Systematics error test results from different line-of-sight range

interloper samples.

Interloper percentage from the original sample (%)

1Rvir Mean Median Std
1.2Rvir 14 9 13
1.5Rvir 19 16 13
2Rvir 23 22 14
2.5Rvir 26 25 14

Classification result/constant selection number (%)

Merger stage Recent Ancient Relax
1Rvir 45 22 29
1.2Rvir 38/34 (89.47) 28/18 (64.29) 30/28 (93.33)
1.5Rvir 40/33 (82.50) 28/15 (53.57) 28/27 (96.43)
2Rvir 39/32 (82.05) 25/14 (56)  32/28 (87.50)
2.5Rvir 39/32 (82.05) 27/13 (48.15) 30/26 (86.67)
K-S test p-value of indicators
orig-1.2Rvir  orig-2.5Rvir 1.2Rvir-2.5Rvir
S 0.895 0.443 0.796
AM, 1, 1.000 0.678 0.993
dof 0.443 0.344 0.993
fu. 0.895 0.068 0.344
Vv 0.993 0.962 0.796
B 0.068 0.002 0.260

Notes. The first table shows different interloper percentages by the size
of the line-of-sight distance. The column shows the mean, median, and
standard deviation of interloper percentages. The second table shows
the classification result difference. The column shows different merger
stage classification results. The third table shows the K-S test p-value of
each indicator for different interloper samples. Columns show original-
1.2Rvir, original-2.5Rvir, and 1.2Rvir-2.5Rvir line-of-sight interloper
sample, repectively. See details in section 5.4.

are not significantly affected, but position-based or cluster-wide
effective indicators can be heavily influenced by how low-mass
galaxies are considered.

Additionally, our method relies on modeling the distribu-
tion of indicator values based on simulation data. Although we
attempted to eliminate data distribution bias by iteratively resam-
pling the data, our predictions and training model are based on
the assumption that our simulation data accurately represents the
evolution of galaxy clusters.

Nevertheless, our method can be easily applied to other sim-
ulations and observations, and it is also a quick and straight-
forward process to add more indicators. Spectroscopic or X-ray
indicators can be incorporated using hydrodynamical simulation
data as long as the data can be adjusted to maintain a consis-
tent depth. Finally, this method can be effectively utilized across
various observational datasets.

6. Conclusions

In this work, we developed an improved method for classifying
dynamical states by utilizing a Bayesian classifier with GMM
for class-conditional distributions applied to the N-cluster Run
simulation data. This Bayesian approach allows us to address
the limitations of the previous linear combination method for
dynamical state indicators, including restrictions on the number
of combined indicators and the challenges posed by non-linear
decision boundaries across multiple indicator spaces.

Initially, we classified two merger stages (merger and relax-
ation) and three merger stages (recent merger, ancient merger,
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and relaxation) based on the merger mass ratio and time since
the merger within the simulation data. Subsequently, we calcu-
lated six optical indicators on the projected plane to simulate the
observational data.

We modeled each sample of merger stages individually using
a GMM. Next, we created cross-conditional distributions of
probabilities for both two- and three-merger stages (see Figure 4,
Figure 5 and Figure 6). The best configuration was determined
through comparisons of precision, recall, and accuracy values.
This trained Bayesian classifier was then applied to a reduced set
of indicator combinations and observation data (see Figure 8).

Our analysis revealed that varying numbers of Gaussian dis-
tributions are required to effectively model each merger stage
sample. The performances of the best models are as follows:
for the two-merger stage classification, the merger and relaxed
sample show average values about 0.92. In the case of the three-
merger stage, the recent merger, ancient merger, and the relaxed
sample exhibit an average value of about 0.77 (see Table 3).

When we applied the best classifier derived from six indica-
tor spaces to the lower number of indicator spaces, the results
consistently outperformed those of non-projected classifiers. It
means that even if we get a small number of indicators, we
can classify them with higher performance by utilizing this new
method (See Figure 9).

An increase in the number of indicator combinations leads to
improved classification results (See Figure 9). As a byproduct of
the projected classifier analysis, we can get the order of rank for
important indicators. Order is as follows: magnitude difference,
center offset, sparsity, Kuiper V statistic, and mirror asymmetry
(see Table 5). The first two indicators were the same as the result
of our previous research.

The new GMM method demonstrates enhanced performance
compared to our previous results, which utilized a linear combi-
nation of indicators via a rotation matrix. In our comparison of
four indicator combinations for two-merger stage classification,
the GMM method exhibits improvements ranging from 20% to
40% in precision, 6% to 28% in recall, and 32% to 41% in accu-
racy (see Table 6).

Using this enhanced method and results, we can enlarge our
research for the purpose of various future works. In this study, we
primarily employed optical indicators; however, we can enhance
our methodology by incorporating spectroscopic and X-ray indi-
cators using hydrodynamic and hydromagnetic simulations. Since
the inclusion of additional indicators typically improves clas-
sification accuracy, we anticipate that the use of spectroscopic
indicators will lead to more precise classifications, while X-ray
indicators will facilitate a more detailed separation of merger
stages.

Furthermore, we aim to create a map of the dynamical states
of galaxy clusters by utilizing public photo-z catalogs. Addition-
ally, we will assess the large-scale environmental impact on the
dynamical state of these galaxy clusters through this map. This
mapping, bolstered by the method and results presented here,
will enable us to explore the mass assembly history of the nearby
Universe.

This method is available on GitHub?, under a GNU general
public license.
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Appendix A: Comparison of best indicator
selection by different methods

In order to estimate the reliability of the learnt indicator impor-
tances, we tested the feature (indicator) importance proposed
in section 5.3 by performing two additional machine learn-
ing algorithms, derived within very different frameworks. Gen-
eralized Relevance Learning Vector Quantization (GRLVQ,
Hammer & Villmann (2002)) is a prototype-based classification
algorithm that compresses dominant properties of the classes
into a small set of representative points.

During the learning stage, the relative importance (relevance)
of the input features in discriminating between classes (merger
stages) is estimated. The framework has been generalized to met-
ric learning, where feature relevances are replaced by full metric
tensors, describing the dominant discriminative directions in fea-
ture space Schneider et al. (2009).

The restriction of the metric tensor to be diagonal with pos-
sibly different diagonal elements collapses to the GRLVQ for-
mulation. While the more general GMLVQ can be considered
as a feature construction method, (aggregating features into dis-
criminative directions), its diagonal restriction, GRLVQ, can be
interpreted as a feature selection algorithm, because no combi-
nation of the input features is performed.

Given the scope of this work, we opted for GRLVQ, as we
would like to compare the feature importances directly with the
sequence recovered in section 5.3. In this work we adopted the
MATLAB implementation available at Michael Biehl’s home-
page 3, with 5 prototypes per class, in order to account for non-
linear decision boundaries and data sparsity. We perform 500
independent repetitions of the classification over random sub-
samples of the training set and only keep the relevance profiles
of the top 40%, preserving 200 models in total. The distribution
of feature relevances, across the final 200 models is shown in
Figure A.1, top panel.

The second algorithm adopted for feature importance deter-
mination in a classification setup relies on fitting a random for-
est Breiman (2001) model to the data. A random forest is an
ensemble model that agglomerates the performance of multi-
ple decision trees by averaging them. The procedure introduces
randomness by constructing multiple decision trees over sam-
ples of the data and / or a subset of features. Decision trees
tend to overfit on the sample, capturing redundant information
disjointly. However, when averaging over the predictions, the
independent errors can cancel out, stabilizing the results and pro-
viding a lower variance estimator. While by design more opaque
than the methodologies presented in this work, RF is a com-
monly used algorithm for feature selection.

The adopted implementation is the one provided in the
scikit-learn package, with permutation importance estima-
tion over 200 repetitions, bootstrap over training and 100 base
learners (trees). Permutation importance compares the results on
any set (we used the full training set) to the model applied on
the same set with repeatedly permuted feature. Feature impor-
tances are shown in Figure A.1, bottom panel. It is reassuring to
verify that both methodologies recover a similar profile for the
feature importances over the training set. These are also compa-
rable with the ones discussed in section 5.3 up to noise.

In the figures, the importance of the indicators is clearly illus-
trated by the median value (represented by a white line) within
the violin plots. Consistent with the GMM results, the stellar
mass gap (AM, j,) consistently demonstrates the highest level

3 https://www.cs.rug.nl/~biehl/gmlvq
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Fig. A.1. Indicator importance test with different methods. Top: Violin
plot of indicator relevances from the GRLVQ method. Bottom: Violin
plot of indicator importances from the random forest method.

of importance. However, random forest identifies the center off-
set (d,sr) as the second most significant indicator, mirroring the
findings of the GMM analysis. On the other hand, GRLVQ ranks
the sparsity as the second most important indicator. Interestingly,
in GRLVQ, the center offset is ranked fourth in importance,
which is somewhat unexpected since many other studies have
identified it as the second most critical indicator (Raouf et al.
2019; Zhoolideh Haghighi et al. 2020; Haggar et al. 2020).

It is worth noting that there exist other techniques for feature
relevance estimation, and their results provide us with different
relevance, although the sample is the same.

Appendix B: Probabilities of dynamical states for
135 HeCS clusters
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Table B.1. Classification results with probabilities for the 135 HeCS clusters.

ID R.A. [deg] | Dec[deg] |z prob_recent prob_ancient prob_relax Classification
A85 10.42629 -9.4255 0.0557 | 0.640037863 0.359961014 1.12337564E-6 | recent
Al119 14.03449 -1.16356 | 0.0446 | 0.054177855 0.746171073 0.199651072 ancient
A160 18.25117 15.49587 |0.0432 | 0.518175643 0.476778397 0.00504595986 | recent
A168 18.81422 0.26408 0.0451 | 0.68586062 0.314139092 2.88538754E-7 | recent
RXJ0137 24.35443 -9.27309 | 0.0409 | 0.132576137 0.856829319 0.0105945442 ancient
A295 30.52788 -1.07177 | 0.0424 | 0.219856915 0.779028003 0.00111508208 | ancient
A602 118.50572 | 29.28468 | 0.0606 | 0.672619825 0.327380175 2.35411865E-26 | recent
Zw1665 125.83127 | 4.38181 0.0302 | 0.739103548 0.0447140134 | 0.216182438 recent
A671 127.13349 | 30.39547 | 0.0503 | 0.500018715 0.476520861 0.0234604243 recent
A736 136.85728 | 52.11515 | 0.0613 | 0.436803266 0.563196203 5.30777272E-7 | ancient
A743 136.613998 | 10.34499 | 0.1349 | 0.00194692059 | 0.998053079 2.58612304E-16 | ancient
A757 138.07681 | 47.71318 | 0.0514 | 0.0898227155 | 0.910177285 2.5002591E-12 | ancient
AT79 139.93795 | 33.67961 |0.0233 | 0.327149627 0.672424626 4.25747024E-4 | ancient
A957 153.42538 | -0.88957 | 0.0455 | 0.01157835 0.05951727 0.92890437 relax
A971 154.95695 | 40.98997 | 0.0923 | 0.04345605 0.45114644 0.50539751 relax
RXCJ1022.0+3830 | 155.59093 | 38.51348 | 0.0546 | 0.17852275 0.727484877 0.0939923738 ancient
A1035B 158.0307 40.30615 | 0.0801 | 0.75450419 0.24549581 5.0424738E-10 | recent
A1035A 158.12111 | 40.15202 | 0.0675 | 0.12325933 0.36992372 0.50681695 relax
A1066 159.88703 | 5.17495 0.0684 | 0.469852904 0.530144523 2.57237064E-6 | ancient
A1126 163.490295 | 16.850201 | 0.0846 | 0.0744666334 | 0.922689922 0.00284344419 | ancient
RXJ1053.7+5450 | 163.53052 | 54.82009 | 0.0727 | 0.356355718 0.643639334 4.94754996E-6 | ancient
Al142 165.23891 | 10.54781 | 0.035 | 0.626442245 0.373557755 7.50863968E-16 | recent
Al1173 167.30368 | 41.55554 | 0.076 | 0.30854207 0.14908457 0.54237336 relax
A1185 167.695007 | 28.705999 | 0.0336 | 0.865605213 0.134394772 1.50180724E-8 | recent
A1190 167.94585 | 40.85659 | 0.0755 | 0.212433489 0.787566511 5.66097724E-19 | ancient
A1205 168.46822 | 2.47489 0.0756 | 0.297358848 0.702641132 1.99117769E-8 | ancient
RXCJ1115.5+5426 | 168.83181 | 54.43409 | 0.0701 | 0.0889304297 | 0.873931866 0.0371377043 ancient
SHK352 170.41799 | 2.89252 0.0484 | 0.492581864 0.506748027 6.70108584E-4 | ancient
Al1272 172.468185 | 23.791901 | 0.1369 | 0.258610265 0.69595604 0.0454336953 ancient
Al1291B 173.03251 | 56.00072 | 0.0582 | 0.380989026 0.617303084 0.00170789032 | ancient
Al1291A 173.09313 | 55.97981 | 0.0508 | 0.814620967 0.07888229 0.106496743 recent
A1307 173.220795 | 14.469 0.0811 | 0.871381922 0.128618032 4.60984194E-8 | recent
Al314 173.6175 49.08409 | 0.0334 | 0.703567644 0.296426337 6.01962344E-6 | recent
A1367 176.152008 | 19.759001 | 0.0225 | 0.102721718 0.897278282 4.18227221E-22 | ancient
A1377 176.84635 | 55.73779 | 0.0515 | 0.05478425 0.20301787 0.74219787 relax
Al1424 179.38679 | 5.08769 0.0754 | 0.100770784 0.898467896 7.61319862E-4 | ancient
A1436 180.0136 56.23839 | 0.0648 | 0.253902132 0.746097807 6.07187946E-8 | ancient
Al446 180.499695 | 58.047501 | 0.1027 | 0.711391237 0.288608759 3.77024888E-9 | recent
MKW4 181.11626 | 1.84521 0.0204 | 0.110700574 0.824745487 0.0645539385 ancient
RXCJ1210.3+0523 | 182.57925 | 5.36913 0.0764 | 0.121366864 0.680044287 0.198588849 ancient
Zw1215 184.4464 3.6781 0.0772 | 0.01803745 0.19080395 0.7911586 relax
NGC4325 185.83697 | 10.58173 | 0.0257 | 0.965798606 0.0339030735 | 2.98320949E-4 | recent
Virgo 186.63401 | 12.72299 | 0.0036 | 0.147261552 0.852738448 1.0543114E-44 | ancient
A1552 187.45088 | 11.80133 | 0.0861 | 0.428855333 0.571144667 4.71422326E-22 | ancient
A1589 190.329605 | 18.571091 | 0.0709 | 0.664434937 0.33556493 1.3295129E-7 recent
A1650 194.64643 | -1.57374 | 0.0843 | 0.0309153071 | 0.947218836 0.0218658573 ancient
Coma 194.929504 | 27.93862 | 0.0234 | 0.706394967 0.282145349 0.0114596842 recent
A1663 195.72668 | -2.50067 | 0.0837 | 0.450082319 0.54990531 1.2371277E-5 ancient
A1668 195.939789 | 19.27149 | 0.0643 | 0.714405842 0.285593557 6.01481433E-7 | recent
MS1306 197.33011 | -1.62176 |0.0832 | 0.511744154 0.488148792 1.07054716E-4 | recent
Al1691 197.791107 | 39.217609 | 0.0721 | 0.508701832 0.488752284 0.00254588358 | recent
A1728 200.5719 11.2223 0.0899 | 0.142226009 0.857627907 1.46083364E-4 | ancient
RXJ1326.2+0013 | 201.57297 | 0.22139 0.0827 | 0.526492704 0.342611546 0.13089575 recent
MKW11 202.37998 | 11.78861 | 0.0228 | 0.773739453 0.226260547 1.93913741E-17 | recent
A1750 202.70777 | -1.87455 |0.0856 | 0.131356919 0.868643081 4.30725766E-18 | ancient
A1767 204.10951 | 59.16231 |0.0714 | 0.478922256 0.520474987 6.02756519E-4 | ancient
A1775 205.473999 | 26.372 0.075 | 0.224349972 0.773525399 0.00212462911 | ancient
RXJ1342+0213 205.522797 | 2.2275 0.0773 | 0.504029416 0.495675878 2.94706101E-4 | recent
A1773 205.54655 | 2.21104 0.0782 | 0.901262153 0.0987378465 | 1.00282057E-9 | recent
A1795 207.220703 | 26.5956 0.063 | 0.999986325 1.36754985E-5 | 1.33067178E-17 | recent
A1800 207.340195 | 28.1036 0.0755 | 0.03631206 0.25981161 0.70387632 relax
RXCJ1351.7+4622 | 208.00093 | 46.23678 | 0.063 | 0.755323635 0.244667349 9.01630019E-6 | recent
A1809 208.3093 5.16814 0.079 | 0.177711675 0.74510367 0.0771846557 ancient
A1831 209.823013 | 27.9729 0.075 | 0.00217499 0.0687389 0.92908612 relax
A1885 213.42432 | 43.65979 | 0.0882 | 0.275439969 0.525129628 0.199430403 ancient
A1925 217.117111 | 56.8829 0.1053 | 0.627960276 0.371779557 2.6016765E-4 recent

Notes. Column 1 is the name of the cluster. Column 2, 3, and 4 are right ascension, declination, and redshift. Column 5, 6, and 7 are classified as
probabilities of being a recent merger, an ancient merger, and a relaxed state. Column 8 is the classification results based on probabilities.
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D R.A. [deg] | Dec [deg] |z prob_recent prob_ancient prob_relax Classification
MKW38 220.16614 | 3.47871 0.0271 | 0.136110546 0.863785966 1.03487573E-4 ancient
A1986 223.2798 21.894699 | 0.1171 | 0.316880783 0.440791085 0.242328132 ancient
A2018 225277924 | 47.298618 | 0.0872 | 0.585627947 0.406873041 0.00749901189 | recent
NGC5846 227.05705 | 1.63488 0.006 | 0.999479295 5.20704596E-4 | 1.44187962E-199 | recent
A2029 227.729004 | 5.72 0.0773 | 0.00245622869 | 0.997543771 2.30490863E-11 | ancient
A2051 229.141708 | -0.9484 0.1182 | 0.649787447 0.350017148 1.9540544E-4 recent
A2064 230.25587 | 48.65919 | 0.0738 | 0.026214446 0.970645181 0.00314037268 ancient
A2061 230.29936 | 30.68344 | 0.0783 | 0.11250645 0.487661379 0.399832171 ancient
A2065 230.600677 | 27.697411 | 0.0731 | 0.10615141 0.35014699 0.5437016 relax
A2063 230.7724 8.6025 0.034 | 0.376908194 0.623091806 1.13680227E-12 | ancient
A2067 230.77915 | 30.86867 | 0.0737 | 0.353303383 0.646696605 1.17375662E-8 ancient
A2107 234.909988 | 21.789 0.0412 | 0.0286956971 | 0.953826807 0.0174774962 ancient
A2110 234.93522 | 30.71472 | 0.0971 | 0.00256161 0.04162307 0.95581532 relax
RXJ1540+1752 235.037994 | 17.878 0.0898 | 0.0628375916 | 0.846787609 0.0903747997 ancient
A2124 236.22609 | 36.11548 | 0.0677 | 0.12020587 0.18492158 0.69487255 relax
A2142 239.61176 |27.1778 0.0903 | 0.115096715 0.581880853 0.303022431 ancient
A2147 240.578003 | 16.02 0.0362 | 0.226609149 0.773390851 3.68857026E-11 | ancient
A2169 243.46616 | 49.13285 | 0.0585 | 0.748795553 0.251204344 1.03403171E-7 recent
NGC6107 244.43291 | 35.05046 | 0.0311 | 0.0950265439 | 0.90421659 7.56866606E-4 ancient
A2199 247.16861 |39.54899 | 0.031 |0.00111579861 | 0.998855477 2.87247817E-5 ancient
A2197 24747738 | 40.6627 0.03 0.0396258942 | 0.960374106 3.03444977E-14 | ancient
A2245 255.6167 33.49741 | 0.0868 | 0.279561538 0.491027835 0.229410627 ancient
A2244 255.62392 | 34.02974 | 0.0997 | 0.479160523 0.520772372 6.7104917E-5 ancient
A2249 257.453461 | 34.440601 | 0.0849 | 0.785408401 0.21459128 3.19105226E-7 recent
A2255 258.13949 | 64.04196 | 0.0801 | 0.625892166 0.373836964 2.70869999E-4 recent
NGC6338 258.84217 | 57.42515 | 0.0286 | 7.79079588E-4 | 0.99922092 8.82664687E-179 | ancient
A2399 329.36164 | -7.81858 | 0.0582 | 0.170445486 0.825708281 0.00384623226 ancient
RXCJ2214.8+1350 333.66181 | 13.82983 | 0.0264 | 0.126760143 0.873239833 2.33967863E-8 ancient
A2428 334.08476 |-9.33194 | 0.0836 | 0.00375604 0.00731025 0.9889337 relax
A2457 338.938324 | 1.475905 | 0.0594 | 0.175505511 0.822034572 0.00245991723 ancient
A2593 351.10195 | 14.67236 | 0.0415 | 0.105504089 0.673077219 0.221418692 ancient
A2670 358.57848 | -10.4166 | 0.0761 | 0.0459604671 | 0.951919888 0.00211964476 ancient
RMJ005105d2p261716d7 | 12.76264 26.300369 | 0.2454 | 5.51925443E-5 | 0.999944807 1.74241614E-30 | ancient
A267 28.176201 | 1.0125 0.2291 | 0.33627185 0.24504184 0.41868631 relax
A329 33.6712 -4.5633 0.1394 | 0.08234686 0.08000516 0.83764798 relax
A383 42.014133 | -3.529228 | 0.1887 | 0.22371417 0.03361908 0.74266674 relax
RMJ072729d3p422756d1 | 111.884338 | 42.510319 | 0.1828 | 0.62915067 0.370258959 5.90371788E-4 recent
RMJ073720d9p351741d7 | 114.334702 | 35.284691 | 0.2109 | 0.309246481 0.685512272 0.00524124737 ancient
RMJ075100d8p173753d8 | 117.815193 | 17.65724 | 0.1863 | 0.0563556954 | 0.923706734 0.0199375704 ancient
RMJ075655d8p383933d2 | 119.263397 | 38.682671 | 0.2172 | 0.238118655 0.761881345 9.39004237E-17 | ancient
A611 120.236748 | 36.056541 | 0.2871 | 0.679111479 0.319920699 9.6782237E-4 recent
A646 125.546997 | 47.099998 | 0.1273 | 0.708474398 0.139301892 0.15222371 recent
RMJ083056d4p322412d2 | 127.69104 | 32.456001 | 0.2551 | 0.227580128 0.772382151 3.77211127E-5 ancient
RMJ083513d0p204654d9 | 128.760117 | 20.78112 | 0.177 | 0.833888154 0.166111846 7.42090537E-38 | recent
A689 129.356003 | 14.983 0.2789 | 0.985802424 0.0141975756 | 1.50913612E-12 | recent
A697 130.736206 | 36.362499 | 0.2812 | 0.329570509 0.456528968 0.213900523 ancient
A750 137.246902 | 11.0444 0.164 | 0.967950331 0.0320487566 | 9.12581044E-7 recent
MS0906 137.283203 | 10.9925 0.1767 | 0.999927604 2.39994167E-5 | 4.83968443E-5 recent
Zw2701 148.197998 | 51.890999 | 0.216 | 0.589192669 0.410804489 2.8421181E-6 recent
A963 154.259995 | 39.048401 | 0.2041 | 0.456273573 0.145916589 0.397809838 recent
A980 155.627502 | 50.1017 0.1555 | 0.524077135 0.255863666 0.220059199 recent
Zw3179 156.483994 | 12.691 0.1422 | 0.975054193 0.0101760738 | 0.0147697332 recent
A1201 168.228699 | 13.4448 0.1671 | 0.13068455 0.12726623 0.74204922 relax
A1204 168.332397 | 17.5937 0.1706 | 0.871004403 0.119056545 0.00993905251 recent
A1423 179.341995 | 33.632 0.2142 | 0.08861656 0.24239748 0.66898596 relax
A1902 215.422607 | 37.295799 | 0.1623 | 0.422842908 0.577157092 1.59232819E-10 | ancient
Al1914 216.506805 | 37.827099 | 0.166 | 0.444447906 0.257638653 0.297913441 recent
RXJ1504 226.032104 | -2.805 0.2168 | 0.222182524 0.777817352 1.24364201E-7 ancient
A2111 234.933701 | 34.4156 0.2291 | 0.897566334 0.102433666 1.07717568E-10 | recent
A2187 246.059097 | 41.2383 0.1829 | 0.02352511 0.01867846 0.95779643 relax
A2219 250.089203 | 46.705799 | 0.2257 | 0.153290656 0.845507317 0.00120202707 ancient
A2259 260.036987 | 27.6702 0.1605 | 0.04617962 0.00438242 0.94943796 relax
A2261 260.612915 | 32.133801 | 0.2242 | 0.151834309 0.626112179 0.222053513 ancient
RXJ2129 322.41861 | 0.0973 0.2339 | 0.06499979 0.21888057 0.71611964 relax
A2396 328.9198 12.5336 0.1919 | 0.548332595 0.187002887 0.264664519 recent
RMJ220107d7p111805d2 | 330.280731 | 11.29804 | 0.2379 | 0.208944773 0.597420249 0.193634977 ancient
A2631 354.420593 | 0.276 0.2765 | 0.01152513 0.00456453 0.98391034 relax
A2645 355.320007 | -9.0275 0.2509 | 0.99984829 1.51558279E-4 | 1.52101094E-7 recent
MS2348+2929 357.640015 | 29.497999 | 0.1542 | 0.697556381 0.302424022 1.95966146E-5 recent
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