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ABSTRACT

Aims. The aim of the this work is to investigate electron acceleration in shocks and present an easy-to-use simulation model that can
be used to check resulting energetic particle populations from shock interactions.
Methods. A new open-source model is presented in the work for investigation of electron acceleration and electron beam generation
and for further research within the heliophysics community. The model is a one-dimensional Monte Carlo model with physical input
parameters, in which particles obey a transport equation in a large-scale field with focusing caused by magnetic field gradients and
in which the effects of a small-scale turbulent field on charged particles are described by pitch-angle scattering. The shock has a
finite thickness and an adjustable mean free path profile. Particles are injected monoenergetically and with energies sampled from a
Maxwellian distribution to investigate attained energies and beam generation.
Results. The simulation results indicate that particles can be accelerated to energies of >100 keV from a 1 keV monoenergetic injec-
tion with plasma and shock parameters corresponding to coronal shock environments. An electron beam linked to radio observations
of shock waves can also be generated with sufficiently high shock obliquities and, in particular, with a Maxwellian distribution of
particle injection energies. Moreover, as the model performs computationally well and corresponds to expectations based on physics,
it is an excellent tool for investigating energetic electrons and radio observations corresponding to the electron beams generated in
shock waves.

Key words. magnetohydrodynamics (MHD) – shock waves – turbulence – Sun: corona – Sun: coronal mass ejections (CMEs) –
Sun: particle emission

1. Introduction

The highly energetic processes of solar eruptions not only influ-
ence the near-Earth space environment but also provide critical
insights into particle acceleration mechanisms in astrophysical
plasmas. Diffusive shock acceleration (DSA; Axford et al. 1977;
Krymskii 1977; Bell 1978; Blandford & Ostriker 1978) has been
shown to be able to account for high-energy particle acceleration
in shock waves of solar coronal mass ejections (CMEs; see, e.g.,
Nyberg et al. 2024, and references therein), and accounts for
proton acceleration from thermal to high energies, but remains
inefficient in terms of electron acceleration. Nonrelativistic elec-
trons do not participate in DSA efficiently, as their mean free
paths are large (see, e.g., Dröge 2005) and, because of their low
mass, their speeds are high, leading to large DSA timescales. In
coronal and heliospheric shocks DSA timescales of nonrelativis-
tic electrons become large compared to the lifetime of the shock
and in the context of astrophysical shocks, the electron injec-
tion problem remains (see, e.g., Riquelme & Spitkovsky 2011)
as thermal electrons simply do not participate efficiently enough
to DSA.

Coronal shocks are typically driven by CMEs, propagating
through the solar corona and into the interplanetary medium.
As these shocks traverse the tenuous and magnetized plasma
of the corona, they can efficiently accelerate charged particles,
including electrons, to relativistic speeds. Observations have
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provided compelling evidence of electron acceleration associ-
ated with coronal shock waves (see, e.g., Mann & Klassen 2005;
Carley et al. 2013; Morosan et al. 2022; Dresing et al. 2022).
Electron acceleration in shocks has also been recently studied
by Xu et al. (2025). Additionally, radio observations of shocks
depend on anisotropic high-energy electrons generating Lang-
muir waves (see, e.g., Mann et al. 2018). Alongside the inves-
tigation of the attained energies, the electron beam generation
needs to be investigated when considering the performance of
models regarding particle acceleration in coronal shock waves.

Discussing electron acceleration models in particular, shock
drift acceleration (SDA) has been investigated as a potential
mechanism for electron injection to the DSA regime, but results
have pointed toward SDA not being sufficient in accelerating
particles (see, e.g., Vandas 2001). Thermal electrons are too low
in energy to be reflected from the shock or pass from the down-
stream to the upstream, leading to the need for a model that
explains low-energy electron energization in shocks. A mod-
ification of SDA, stochastic shock drift acceleration (SSDA;
Katou & Amano 2019; Amano & Hoshino 2022; Amano 2022;
Lindberg et al. 2023; Amano et al. 2024), has garnered attention
as a promising model to explain the injection of suprathermal
electrons into shock waves.

The SDA mechanism involves the interaction of charged par-
ticles with a shock wave in the presence of a magnetic field. SDA
is efficient in quasi-perpendicular shocks, where particles expe-
rience a magnetic gradient drift along the shock front and are
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accelerated by the upstream convection electric field. In the con-
text of the solar corona, where the magnetic field is highly struc-
tured and the plasma conditions vary significantly, the plasma
conditions might be good for SDA in some regions. To extend
these regions and give way to more particle acceleration, we
extend the classical SDA model to include stochastic effects, giv-
ing rise to the SSDA model. This model accounts for the strongly
fluctuating small-scale fields in the shock ramp, where particles
may undergo strong scattering, leading to a stochastic increase in
energy. Differing from DSA, in SSDA the particles are trapped
by the turbulence in the shock transition layer and are accelerated
by the convection electric field. Thus, unlike DSA, SSDA does
not depend on the level of turbulence in the ambient medium.

In this study, we present a detailed investigation of electron
acceleration in coronal shock waves with different acceleration
regimes in place. We have developed a comprehensive model
that incorporates the key physical parameters of the coronal
shock environment, such as the magnetic field geometry, shock
speed, and plasma density. By simulating the interaction of elec-
trons with coronal shocks, we aim to investigate the efficiency
of DSA, SDA, and SSDA in producing the high-energy electron
populations observed in solar events and producing a beamed
electron population to further elucidate the radio observations of
shocks known to be caused by accelerated electrons.

2. Model

The simulation model presented in this paper is open-source1

and modular, allowing for implementation and investigation of
different kinds of plasma environments and can be used as a
basis for more complex scenarios in future studies. The model
is one-dimensional (1D) in space and based on the Monte Carlo
methodology, whereby particles are traced under guiding-center
approximation in a large scale field with focusing and whereby
the effect of a small-scale turbulent field on charged particles is
described by stochastic pitch-angle scattering (e.g., Vainio et al.
2000). The model describes particles accelerated in a shock
with a finite width (Fig. 1) and a variable turbulent environment
controlled by the parametrization of the mean free path of the
particles.

The spatial dimension of the simulation is along the shock
normal line, x. The shock has a finite thickness on the order of
an ion inertial length, di, which is apparent in the magnetic field
profile,

B(x) =

√
B2

x + B2
y(x),

Bx = const.,

By(x) = By,1 +
(
By,2 − By.1

)
·

1 + tanh x/d
2

, (1)

where subscripts 1 and 2 indicate upstream and downstream
values, respectively, x is the position in the shock normal direc-
tion, Bx is the magnetic field component along the shock nor-
mal vector, By is the magnetic field component perpendicular to
the shock normal vector, and d(= di) is the shock ramp width.
An ion inertial length was chosen as the shock ramp width for
simplification of the parametrization. Though the literature sug-
gests a value on the order of the ion gyroradius solved using
the upstream flow speed rc = ux,1/ωc,i (e.g., Livesey et al. 1984,
and references therein), the choice of the ion inertial length
(di = vA/ωc,i) only differs by a factor of the inverse of the

1 https://github.com/SeveNyberg/easi

Fig. 1. Depiction of the 1D simulation model geometry in HTF. The sin-
gular spatial dimension of the model is along the shock normal, denoted
as x. A finite-thickness shock is set at x = 0, with the upstream and
downstream of the shock modeled with free-escape boundaries far from
the shock. Particles travel along the magnetic field lines and particles’
position is tracked along x. Particle speed, v, pitch-angle cosine, µ, and
residence time, t − t0, within the simulation box are also tracked.

Alfvén Mach number, and as models, such as the one used by
Amano & Hoshino (2022), use a scaling factor on the order of
unity for the ion gyroradius for the shock thickness, this discrep-
ancy is negligible. The resulting obliquity profile is shown in the
first panel of Fig. 2, which is of the form

tan θBn(x) = tan θBn,1

(
1 + (rB − 1)

1 + tanh(x/d)
2

)
, (2)

where θBn,1 is the upstream shock normal angle and rB is the
magnetic compression ratio of the shock. The solar wind flow
profile was chosen to match the profile of the magnetic field, so
that in the global de Hoffmann–Teller frame (HTF) the magnetic
field, B, and the plasma flow velocity, u, are aligned also in the
transition region, and the convection electric field, E = −u ×
B = 0:

u(x) =

√
u2

x(x) + u2
y(x),

ux(x) = ux,1 − ux,1 ·
rg − 1

rg
·

1 + tanh x/d
2

,

uy(x) = ux(x) ·
By(x)

Bx
, (3)

where ux is the flow velocity component along the shock normal
vector, uy is the flow velocity component perpendicular to the
shock normal vector, and rg is the gas compression ratio of the
shock. The flow speed profile is shown in the second panel of
Fig. 2.

Electric currents cause numerous microinstabili-
ties in plasma (see, e.g., Muschietti & Lembège 2006;
Matsukiyo & Scholer 2006; Lemoine et al. 2014), which
can scatter electrons. Hence, as an ad hoc model motivated by
such instabilities, the scattering mean free path of the particles
was assumed to be proportional to the particle Larmor radius
and inversely proportional to the current density (Fig. 2, third
panel). A maximum mean free path was set to the simulation as
an input parameter. The mean free path in the ambient plasma is
independent of particle energy and, through the transition region
of the shock, of the form

λtrans =
λ1

2
[(1 −Cds) tanh (−x/d) + 1 + Cds] , (4)
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where λ1 is the (global) ambient mean free path in the upstream
and Cds the downstream mean free path scaler in relation to the
upstream value. The microinstabilities were taken into account
as a separate scattering rate (v/λshock) that was linearly super-
posed with the scattering rate tied to λtrans:

v

λ
=

v

λtrans
+

v

λshock
, (5)

giving us the mean free path

λ =

(
1

λtrans
+

1
λshock

)−1

, (6)

where

1
λshock

= A
cα
vγ(v)

1
di cosh2(x/di)

√
1 + tan2 θBn(x)
1 + tan2 θBn,1

· (7)

Here, A is a (dimensionless) normalization factor to tune the
minimum allowed mean free path at the shock for a specified
energy (for the monoenergetic injection cases in this investiga-
tion the chosen energy is the injection energy of 1 keV), c is the
speed of light, α = mi/me · VA,1/c, v the particle speed in the
plasma rest frame, γ the particle’s Lorentz factor, and θBn(x) the
local magnetic field obliquity according to Eq. (2). The mini-
mum mean free path case presented in Fig. 2 corresponds to
the limit of the mean free path being less than the thickness
of the transition region of the shock wave, i.e., the ion inertial
length, di.

The model has a finite simulation box size, with free escape
boundaries in both the upstream and downstream. By default,
the simulation box size is determined by the diffusion length of
the particles along the magnetic field line calculated at injection
energy

Lbox = λ1vinj cos2 θBn,1/
(
3ux,1

)
, (8)

where vinj is the injection speed of the particles in the plasma
rest frame. A free escape boundary in the upstream acts as a
proxy to global focusing, allowing particles to escape the shock
vicinity, and has been investigated in depth by Annie John et al.
(2024). The free escape downstream can also be used as a proxy
due to the particles’ eventual advection out of the box into the
downstream.

Particles are injected from the upstream boundary of the sim-
ulation box in the plasma rest frame, mono-energetically in the
first part of the results (Section 3.1) and with a speed sampled
from a Maxwellian distribution in the second part of the results
(Section 3.2). The Maxwellian injection was done by sampling
the particle injection speeds from the flux-weighted particle
distribution

dn = CM · (v‖ + u1) exp

− v2
‖

+ v2
⊥

2kBT/m

 dv‖2πv⊥dv⊥,

v < vmax, vmax > u1, (9)

where CM is a normalization factor, v‖ the parallel component
of the particle velocity, u1 the local upstream plasma speed in
the shock frame, v⊥ the perpendicular component of the parti-
cle velocity, kB the Boltzmann constant, T the upstream plasma
temperature, me the electron mass, v the particle speed in the
plasma rest frame, and vmax the maximum speed sampled from
the distribution, after which the pitch-angle cosine was solved
from Eq. (A.16).

Fig. 2. Zoom-in on the shock transition region of the simulation show-
casing the local magnetic field obliquity, the local plasma flow speed
in HTF, and the mean free path profile dependent on the gradient of
the magnetic field with the input parameters of the simulation listed in
Table 1.

Particle distribution obeys the focused transport equation
(for comprehensive equations see, e.g., Wijsen 2020), incorpo-
rating small-angle scattering off of magnetic field fluctuations
(here assumed to be elastic in the local-rest frame of the plasma)
and focusing in the transition region of the shock due to the
magnetic field gradient present. The simulation input parameters
were chosen to correspond to typical coronal conditions and are
listed in Table 1. The plasma beta in the simulations was solved
by using the ambient temperature and Alfvén speed:

β =
4kBT
mpv

2
A

· (10)

The chosen parameters are not intended to be used for exper-
imental validation of the model, but rather as a choice of
reasonable input. A detailed description of the simulation imple-
mentation is described in Appendix A.

3. Results

The simulation ran until all injected particles escape the simula-
tion box. Particle position x, speed v in HTF, pitch-angle cosine µ
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Table 1. Physical input parameters of the simulation run presented.

Input parameter Value

Upstream flow speed in the shock rest frame, ux,1 1400 km s−1

Alfvén speed in the upstream, vA 150 km s−1

Shock obliquity, θBn 87◦

Temperature, T 2 MK
Particle density, np 9 · 107 cm−3

Injection energy of particles, Einj 1 keV
Upstream ambient mean free path, λ1 1 R�

Notes. The parameters were chosen to match a coronal shock environ-
ment.

Fig. 3. Particle energy spectrum in the plasma rest frame for escaping
particle populations upstream and downstream of the shock for differ-
ent minimum mean free paths at the shock. The box size used in the
simulations corresponds to the injected particles’ diffusion length, Lbox
(= λ1vinj cos2 θBn,1/

(
3ux,1

)
≈ 3.5 · 105 di), upstream and downstream of

the shock along the magnetic field line.

in HTF, and other additional variables such as the residence time,
t − t0, were saved and used to analyze the results of the simula-
tions. Additionally, time-integrated phase space histograms (see
Fig. 5 and text below) were saved and used to analyze the sys-
tem’s steady state in phase space (see Appendix B for details).
Results are plotted in either the plasma rest frame or HTF. The
frame is reported in each context where it is relevant.

3.1. Acceleration regimes

The model was run in different mean free path regimes to investi-
gate the plausibility of DSA, SDA, and SSDA as potential accel-
eration and beam generation mechanisms for electrons. DSA
and SSDA were simulated in large simulation boxes, with box
size corresponding the injected particles’ diffusion lengths in

Fig. 4. Particle energy spectrum in the plasma rest frame for escaping
particle populations upstream and downstream of the shock for differ-
ent minimum mean free paths at the shock. The box size used in the
simulations is 20 di upstream and downstream of the shock along the
magnetic field line.

the plasma rest frame, Lbox = λ1vinj cos2 θBn,1/
(
3ux,1

)
, in the

shock-normal direction with DSA corresponding to using the
ambient plasma and transition mean free path λtrans and SSDA
with the four different models of adjusted mean free paths at
the shock shown in Fig. 2. Figure 3 contains the energy spectra
of the particles in the plasma rest frame for electrons that have
escaped either upstream or downstream of the shock. The spectra
show acceleration from the injected 1 keV to hundreds of kilo-
electronvolts for λamb (black curve) and the factors 10−4 (blue
curve) and 10−5 (red curve). The smaller mean free paths at the
shock (orange and yellow curves) result in very little acceleration
and no particles escaping upstream of the shock. A flat spectrum
can be seen in the downstream of the three longer mean free path
cases (black, blue, and red curves), in the range of 2–10 keV.

Figure 4 presents the results for a smaller simulation box
(20 di to the upstream and downstream) with different mini-
mum mean free paths at the shock. The smaller box size elim-
inates DSA, as particles are not scattered back to the shock
after they have interacted with it, leaving only SDA and, with
small mean free paths at the shock, SSDA to be simulated. Only
the minimum mean free path factors of 10−4 and 10−5 result
in acceleration to tens of kilo-electronvolts in both upstream
and downstream, with λamb leading to energies of 10 keV in the
upstream. Again, the smaller mean free path factors result in no
particles escaping upstream, and very little acceleration in the
downstream population.

An efficient way to solve the steady-state particle popula-
tion inside the box as a function of position and momentum is
to gather a histogram of particle data by integrating the particle
path over time, i.e., updating the histogram at each time step
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Fig. 5. Depiction of the time-integrated phase space histogram of the
simulation. As a particle spends a time step, dt, traveling between spa-
tial histogram bins, the time spent in each bin, dt1 and dt2, is added to
each respective bin. dt is set to be small enough for particles to not skip
spatial bins when propagating through x.

using the varying time step size of the particle as the weight of
each count (Fig. 5, Appendix B). This allows one to compute
smooth steady-state solutions of the model using much fewer
Monte Carlo particles than when using snapshots.

Figure 6 shows the histogram data over position x, inte-
grated over the whole energy range attained by particles. In the
two shorter mean free path cases, the distribution of particles
upstream and downstream of the shock are consistent with the
gas compression ratio (rg ≈ 3.5) of the shock in the larger and
smaller simulation boxes, indicating that particles are mainly
advected across the shock as a fluid. There is a peak at the shock
for the larger-mean-free-path cases (black and blue curves) with
a width of ∼3 di for the larger and smaller simulation box, as
particles are interacting with the shock compression. This results
from the anisotropies of electrons at the shock transition. A small
foot can also be seen in front of the shock. For the larger box size,
the ratio of particle densities in the upstream and downstream
region is close to unity for the larger mean free paths, consistent
with DSA.

The data collection of the histogram can be done multi-
dimensionally. Our simulation model collects the particles in
a three-dimensional (3D) histogram with the axes of position
x, momentum p, and pitch-angle cosine µ. Figure 7 shows the
momentum-integrated histogram of pitch-angle cosine µ as a
function of position x in HTF for the different mean-free-path
cases excluding the factor of 10−8 for the larger simulation box
and Fig. 8 for the smaller simulation box. As the shock is nearly
perpendicular (θBn = 87◦, Table 1), HTF scans the magnetic field
line very fast, causing the semi-isotropic particle population in
the plasma rest frame at the edge of the simulation box to be
quite collimated toward the shock in the HTF (the top left corner
of each panel roughly corresponds to the injected population).
In the two longest-mean-free-path cases the pitch-angle cosine
mainly changes due to the conservation of the adiabatic invari-
ant at the shock, though some scattering also occurs already in
the upstream before the particles reach the shock. A collimated
electron population propagating away from the shock toward the
upstream can be seen in the two shorter-mean-free-path cases in
the larger and smaller box, with a very diffuse population of par-
ticles propagating away from the shock in the case with the factor
of 10−5. As the mean free path decreases, the upstream popula-
tion propagating away from the shock becomes more diffuse. No
particles escape from the downstream back to the upstream in
the shortest-mean-free-path case (bottom right panels in Figs. 7
and 8).

Fig. 6. Time-integrated histogram as explained in Fig. 5 of particle
positions zoomed in to the vicinity of the shock for the simulation
box extending to the injected particles’ diffusion length upstream and
downstream (top) and the simulation box extending to 20 di upstream
and downstream (bottom) for different minimum mean free paths at the
shock.

3.2. Beam generation

The electron beam generation was investigated using a
Maxwellian injection, whereby particle injection speeds were
sampled from a Maxwellian distribution at a temperature of
2 MK in the plasma rest frame to correspond with other coro-
nal parameters of the shock. The mean free path profile, λtrans,
was first used with a large box size to keep the shock model sim-
ple. The modified mean free path at the shock was investigated
later. Different shock obliquities were investigated to see when
beam generation takes place. Some of the results of this section
are displayed in Appendix C.

To first observe the results of the chosen injection and other
parameters, the energy spectra of shock obliquities 70◦, 80◦,
85◦, 86◦, 87◦, and 88◦ were investigated. The upstream escap-
ing particle energy spectra in the plasma rest frame are shown
in Fig. 9. The lower-obliquity cases, namely the 70◦ and 80◦
cases, show particle acceleration extending up to tens of kilo-
electronvolts. With increasing obliquity the amount of particles
escaping upstream decreases, but the attained cutoff energies
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Fig. 7. Time-integrated phase space histogram of particles over particle position x and pitch-angle cosine µ in HTF for the simulation box extending
to the injected particles’ diffusion length upstream and downstream for the λtrans mean free path profile (first from left), minimum mean free path
factor of 10−4 (second from left), minimum mean free path factor of 10−5 (third from left), and minimum mean free path factor of 10−6 (fourth
from left).

Fig. 8. Time-integrated phase space histogram of particles over particle position x and pitch-angle cosine µ in HTF for the simulation box extending
to 20 di upstream and downstream for the λtrans mean free path profile (first from left), minimum mean free path factor of 10−4 (second from left),
minimum mean free path factor of 10−5 (third from left), and minimum mean free path factor of 10−6 (fourth from left).

increase to hundreds of kilo-electronvolts. Figure 10 shows the
energy spectra of particles escaping downstream. The attained
energies on the downstream side are otherwise similar, but the
highest-obliquity case shows a significant difference in cutoff
energy compared to its upstream counterpart.

Figures C.1 and C.2 show histograms that tracked particle
momentum parallel to the magnetic field traveling in the direc-
tion from the downstream toward the upstream in the plasma rest
frame (antiparallel direction). Additionally, slices along three
lines in the antiparallel component are shown denoted by col-
ored arrows and lines. A distinguishable, though faint, electron
beam is seen in the cases for 70◦ and 80◦ (Fig. C.1), but for the
cases of 85◦, 86◦, 87◦, and 88◦ the electron beam energy range is
pushed to the tail end of the spectra, parted from the core of the
injected population, allowing it to rise significantly above the
spectrum, with the beam density decreasing and beam energy
range increasing with increasing obliquity.

Finally, the 86◦, 87◦, and 88◦ cases are repeated but with
the mean free path profile corresponding to the profile with the
scaling factor of 10−4 in Fig. 2. The results in Fig. C.3 look to
be otherwise similar to the cases with the λtrans mean free path,
though the beam does not seem to form right at shock midpoint
(x = 0), but rather only in the upstream, and the beam densities
are smaller compared to the λtrans mean free path cases.

4. Discussion

The simulation model results in electrons being accelerated from
suprathermal energies (≈1 keV) to hundreds of kilo-electronvolts
in coronal environments when using the simulation box extend-
ing to the diffusion length of the injected particle’s upstream and
downstream of the shock and even with smaller simulation boxes
when using small mean free paths (red and blue curves in Fig. 2)
at the shock transition region. SDA otherwise accelerates par-
ticles very little, though it generates an electron beam relevant

for radio bursts observed in correspondence with coronal shock
waves also with the λtrans mean free path profile (black curve in
Fig. 2) in addition to the reduced mean free path cases. Addi-
tionally, the Maxwellian injection results (Figs. 9, C.1, and C.2)
would indicate that an electron beam is generated only when
electrons with an energy of hundreds of kilo-electronvolts are
generated for the chosen shock parameters, though this limit
seems soft and parameter-dependent.

Among other radio burst generation parameters,
Holman & Pesses (1983) investigated shock obliquity in
the context of SDA. As the results of our investigation seem
to indicate that the SDA mechanism has a key role in beam
generation in all of the cases, the obliquity of the investigation
(Holman & Pesses 1983) is important to validate. To generate
a beam, the speed of the reflected particles needs to be higher
than the speeds of the thermal population, since the thermal
population will not participate in the reflection process but
simply pass through the shock. For particles to be reflected
from the shock their (shock-frame) pitch angles, α, need to be
outside the loss cone (sinα > sinα1,c), which is possible only
for particles fulfilling the condition

vi ≥ u1 sinα1,c. (11)

Here, vi is the (plasma-frame) speed of the particle before inter-
acting with the shock, u1 = ux,1 sec θBn, and the critical (shock-
frame) loss cone pitch-angle sine in the upstream is defined as

sinα1,c =

√
B1

B2
· (12)

Although the magnetic compression ratio is dependent on the
shock obliquity, it is used as a free parameter with the value of
B2/B1 = 3.4 (solved from the gas compression ratio, Alfvén
Mach number, and shock obliquity of the simulation) as it
does not significantly alter the results of the analysis. For the
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Fig. 9. Particle energy spectrum in the plasma rest frame for escaping
particle populations upstream of the shock for shock obliquities 70◦,
80◦, and 85◦ (top) and 86◦, 87◦, and 88◦ (bottom). The box size used
in the simulations corresponds to a 1 keV particle’s diffusion length
upstream and downstream of the shock along the magnetic field line.
The mean free path profile, λtrans, was used.

Maxwellian injection, the most likely absolute value of the speed
in a 3D Maxwellian distribution, vth =

√
2kBT/me, where kB is

the Boltzmann constant, is used to describe the thermal popula-
tion. Requiring the initial speed, vi, to be higher than the thermal
speed, vth, and solving for the critical obliquity at which particles
will be reflected,

vth < vi (13)

⇒
√

2kBT/me < ux,1 sec θBn

√
B1

B2
(14)

⇒ sec θBn >

√
2kBT/me

ux,1

√
B2

B1
, (15)

results in a minimum value of 84.4◦ for the obliquity for beam
generation, corresponding to the shown results when consider-
ing the slice at the shock (red curve) in Fig. C.1 having a beam
only in the cases from 85◦ onward and the slice in the upstream
(blue curve) being parted from the thermal injection population.
Holman & Pesses (1983) set the upper limit for the obliquity
in terms of the beam generation as the angle where one cannot
change to HTF, i.e., where the HTF speed exceeds the speed of
light, which in our case results in an angle of 89.7◦.

The reflection condition can also be interpreted so that it
gives the minimum value for upstream particle speed for a set
shock obliquity that would generate a beam. Using the reflected
speed one can then estimate the theoretical energy of the peak
intensity of the beam. The critical velocity for reflection in the
upstream plasma rest frame is vi sinα1,c and then the speed in
the shock normal direction after reflection is 2u1 − vi sinα1,c

Fig. 10. Particle energy spectrum in the plasma rest frame for escaping
particle populations downstream of the shock for shock obliquities 70◦,
80◦, and 85◦ (top) and 86◦, 87◦, and 88◦ (bottom). The box size used
in the simulations corresponds to a 1 keV particle’s diffusion length
upstream and downstream of the shock along the magnetic field line.
The mean free path profile, λtrans, was used.

which can be simplified to ux,1 sec θBn · (2 − B1/B2). Solving
the final speed, and thus the beam peak energy, for the obliq-
uities 70◦, 80◦, 85◦, 86◦, 87◦, and 88◦ results in peak energies
of 0.139 keV, 0.539 keV, 2.148 keV, 3.365 keV, 6.025 keV, and
13.857 keV, respectively. Comparing to Figs. C.1 and C.2 we
can see that the beam peak of the beam in the upstream (blue
slice) corresponds well to the numbers, except for the 88◦ case,
in which the theoretical value is roughly 30% larger than what
the model produces. This could be caused by the injection popu-
lation of particles modifying the spectrum, and thus the interpre-
tation made of the beam peak energy, though more investigation
is needed to establish a proper interpretation of the discrepancy.
This investigation is out of the scope of this paper and will be
addressed in future studies. The beam peak energies at the shock
(red slice) are always lower than the values in the upstream and
predicted theoretically. Therefore, we conclude that the beam
energy estimation corresponds well with the obtained results.

The spatial distributions seem to contain a structure that
could be interpreted observationally as a shock spike, but this
is not the case as the roughly 3 di wide spike in the spa-
tial distribution would correspond to less than a second in the
spacecraft frame, a timescale that is only approached by Solar
Orbiter’s (Müller et al. 2020) Energetic Particle Detector (EPD;
Rodríguez-Pacheco et al. 2020) with its 1 s cadence. The lack of
wave generation by wave-particle interactions, of perpendicular
diffusion, and of the convection electric field and other electric
fields in the model could affect the conclusions that can be drawn
from the model.
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5. Conclusions and outlook

The attained results of energies of >100 keV from a monoen-
ergetic injection of 1 keV electrons and the formation of an
electron beam in particle energies corresponding to theory
explaining radio observations of coronal shocks are promising
in understanding how relativistic electrons are being injected to
DSA in coronal shocks and how the electron populations needed
to generate the Langmuir waves for radio observations originate.
To really dive into the radio observations, one should investi-
gate the Langmuir wave generation by the beamed electron pop-
ulation self-consistently, and furthermore investigate the effects
that the newly generated wave population has on electron accel-
eration. Similarly, the lack of electric fields in the model could
affect the formed structures and attained energies. Regardless,
this ad hoc model is enough to investigate roughly particle pop-
ulations resulting from shock and plasma input parameters, and
as such, waves and electric fields are beyond the scope of the
present paper, but will be a subject of future development efforts
of the model.

With perpendicular shocks, perpendicular diffusion becomes
a topic of discussion as well. The more perpendicular a shock
is, the more perpendicular diffusion will affect particle transport,
and could substantially change the attained energies and beam
formation in these results. Including perpendicular diffusion is
another path for future development.

The modular model allows the user to test different kinds of
parameters for different plasma environments and shock waves,
to try different kinds of shock profiles to test how the interpreta-
tion of a shock front affects the results, and to implement more
physical mechanisms, such as wave-particle interactions and a
global magnetic field and its constituents, to see what kind of
processes would contribute significantly to reaching a complete
understanding of electron acceleration in heliospheric shocks.

The model as it is can be used to understand observa-
tions and make predictions and comparisons between spacecraft
to paint a more global picture of electron acceleration in the
heliosphere. The open-source model allows for further devel-
opment and implementation of additional physical mechanisms
and considerations to investigate all relevant phenomena related
to particle acceleration and its signatures in heliospheric plasma
environments by any interested reader. The model also works
as an excellent educational tool as the modular nature makes it
extremely readable and adjustable.
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Appendix A: Mathematical formulation of the model

The magnetic field profile along the simulation’s single dimen-
sion is chosen to be a hyperbolic tangent profile:

B(x) =

√
B2

x + B2
y(x),

Bx = const.,

By(x) = By,1 +
(
By,2 − By.1

)
·

1 + tanh x/d
2

. (A.1)

This leads to

1
L

= −
1
B
∂B
∂s

= −
1
B
∂x
∂s
∂B
∂x

=

= −
1
B

Bx

B
By
B
∂By
∂x

= −
BxBy(x)

B3(x)
By,2 − By,1

2d cosh2 x/d

µ0Jz(x) =
∂By
∂x

=
By,2 − By,1

2d cosh2 x/d
. (A.2)

The plasma flow profile is similarly chosen to be a hyperbolic
tangent profile:

u(x) =

√
u2

x(x) + u2
y(x),

ux(x) = ux,1 − ux,1 ·
rg − 1

rg
·

1 + tanh x/d
2

,

uy(x) = ux(x) ·
By(x)

Bx
. (A.3)

Then, the stochastic differential equations for the position x,
speed v and pitch-angle cosine µ would be

dx = vxdt =
Bx

B(x)
vµ dt

dµ =
1 − µ2

2L
v dt + scattering in the plasma rest frame. (A.4)

Scattering is done elastically in the plasma rest frame:

µn+1 = µn cos θ +

√
1 − µ2

n sin θ cos φ, (A.5)

where µn+1 indicates the resulting pitch-angle cosine after scat-
tering, µn the initial pitch-angle cosine before scattering, θ =√
−b ln(1 − R1) with b = 2 · dt′ · v′ · γu/λ(x), where R1 ∈ [0, 1)

is a sampled random number, dt′ the timestep in the plasma rest
frame, dt′ = (γ′/γ)dt, and γu the gamma factor related to the
HTF speed, and φ = 2πR2, where R2 ∈ [0, 1) is another sampled
random number.

The mean free path in the scattering process is taken to be
proportional to the Larmor radius and spatially inversely propor-
tional to the current:

λ = a · rL cosh2 x
d

= a ·
p′

eB(x)
cosh2 x

d
, (A.6)

where p′ = γ′mev
′ is the momentum in the plasma frame, e is

the elementary charge, and a ≥ 1 is a scaling constant.
We measure distances in the units of ion inertial length, di =

VA/ωc,i = c/ωp,i, and speeds in the units of c. This means that
time is measured in units of di/c. The dimensionless value of
electron cyclotron frequency is

ωc,e = α c/di ' α, (A.7)

where

α =
ωc,e

ωp,i
=

B1
√
ε0mi

me
√

n1
=

mi

me

VA,1

c
(A.8)

is a dimensionless property of the ambient medium, n1 is the

ambient number density and B1 =
√

B2
x + B2

y,1 the magnitude of
the ambient magnetic field. Thus, after fixing the value of α, the
choice of the value of Bx becomes irrelevant, and we can take
Bx ' 1 in the profiles, which means that

By(x) ' tan θBn(x) = tan θBn,1 + (tan θy,2 − tan θBn,1) ·
1 + tanh x/d

2
,

B(x) '
√

1 + tan2 θBn(x),
uy(x) = ux(x) tan θBn(x),

u(x) = ux(x)
√

1 + tan2 θBn(x), (A.9)

and the hyperbolic cosine profile of the mean free path in dimen-
sionless units becomes

λ '
a
α
γ′v′

√
1 + tan2 θBn,1

1 + tan2 θBn(x)
cosh2 x

d
. (A.10)

The equation of motion in the spatial dimension becomes

dx =
vµ dt√

1 + tan2 θBn(x)
. (A.11)

Perpendicular magnetic field is compressed according to

By,2
By,1

= rg
M2

A − 1

M2
A − rg

≡ rB⊥, (A.12)

where MA is the Mach number in the HTF, so

tan θBn(x) = tan θBn,1

[
1 + (rB⊥ − 1) ·

1 + tanh x/d
2

]
, (A.13)

similar to

ux(x) = ux,1

[
1 −

rg − 1
rg
·

1 + tanh x/d
2

]
(A.14)

(At the limit of infinite Mach number, rB⊥ → rg.)
Finally,

1
L

= −
tan θBn(x)

[1 + tan2 θBn(x)]3/2

(rB⊥ − 1) tan θBn,1

2d cosh2 x/d
. (A.15)

Particles are injected from the upstream boundary of the sim-
ulation box, such that the pitch-angle cosine µ of each particle in
the plasma rest frame allows it to enter the box and propagate
toward the shock.

µ =
−u1 +

√
R (v + u1)
v

,

R ∈ [R2
min, 1), Rmin = max

(
0 ,

u1 − v

u + v

)
, (A.16)

where u is the upstream plasma flow speed in shock rest frame,
v is the particle injection speed in the plasma rest frame, and R
is a uniformly distributed random number such that all result-
ing pitch-angles propagate toward the shock at the edge of the
simulation box.
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Appendix B: Steady state result by integrating over
time

The steady state of the particle distribution is indeed found by
integrating the momentary particle distributions over time. Let
us consider the focused transport equation (Wijsen 2020)

∂ f
∂t

+ ṡ
∂ f
∂s

+ µ̇
∂ f
∂µ

+ ṗ
∂ f
∂p

=

(
δ f
δt

)
turb

+ Qδ(t), (B.1)

where f is the particle distribution function, t is time (in HTF),
s is distance measured along the field line, p is the particle
momentum, µ is pitch-angle cosine, (δ f /δt)turb implements the
effects of turbulent fluctuations, Q is the particle source func-
tion, and δ the delta function. In a finite simulation box when
t → ∞, the particle distribution function f → 0 as particles
escape the box in a finite amount of time. Thus, integrating the
above equation over time results in a steady state equation

ṡ
∂F
∂s

+ µ̇
∂F
∂µ

+ ṗ
∂F
∂p

=

(
δF
δt

)
turb

+ Q, (B.2)

where F =
∫ ∞

0 f dt. Here we have assumed that the time deriva-
tives and the turbulent scattering coefficients do not depend on
time explicitly. The time integral of the distribution in our simu-
lation corresponds to the binned distribution, where particles are
incremented to the distribution after each time step weighed by
the length of the time step in HTF.
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Appendix C: Results for electron beam generation with a Maxwellian injection

Fig. C.1. The reduced momentum distribution of particles propagating in the direction pointing from the downstream toward the upstream over
position x in HTF reported in the units of energy for shock obliquities of 70◦, 80◦, and 85◦. The right column displays energy spectra of slices taken
from the reduced momentum distribution in the left column, correspondingly for each row at the positions specified by the color coded arrows.
The mean free path profile λtrans is used.
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Fig. C.2. The reduced momentum distribution of particles propagating in the direction pointing from the downstream toward the upstream over
position x in the HTF reported in the units of energy for shock obliquities of 86◦, 87◦, and 88◦. The right column displays energy spectra of slices
taken from the reduced momentum distribution in the left column, correspondingly for each row at the positions specified by the color coded
arrows. The mean free path profile λtrans is used.
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Fig. C.3. The reduced momentum distribution of particles propagating in the direction pointing from the downstream toward the upstream over
position x in the HTF reported in the units of energy for shock obliquities of 86◦, 87◦, and 88◦. The right column displays energy spectra of slices
taken from the reduced momentum distribution in the left column, correspondingly for each row at the positions specified by the color coded
arrows. The mean free path profile with the scaling factor of 10−4 is used.
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