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ABSTRACT

Context. Recent Parker Solar Probe (PSP) measurements have revealed that solar wind (SW) turbulence transits from a subsonic to a
transonic regime near the Sun, while remaining sub-Alfvénic. These observations call for a revision of the existing SW models, where
turbulence is considered to be both subsonic and sub-Alfvénic.
Aims. In this work, we introduce a new magnetohydrodynamic (MHD) model of transonic sub-Alfvénic turbulence (TsAT).
Methods. We used 3D MHD simulations initialized with parameters measured by PSP to investigate the properties of the new near-
Sun SW transonic turbulent regime. We then derived a reduced set of MHD equations in the transonic sub-Alfvénic limit to interpret
our numerical results.
Results. Our TsAT model shows that turbulence is effectively nearly incompressible (NI) and has a 2D + slab (quasi-2D) geometry
not only in the subsonic limit, but also in the transonic regime, as long as it remains sub-Alfvénic, a condition essentially enforced
everywhere in the heliosphere by the strong local magnetic field. These predictions are consistent with 3D MHD simulations, showing
that transonic turbulence is dominated by low-frequency quasi-2D incompressible structures, while compressible fluctuations are a
minor component corresponding to low-frequency slow modes and high-frequency fast modes.
Conclusions. Our new TsAT model extends existing NI theories of turbulence, and is potentially relevant for the theoretical and
numerical modeling of space and astrophysical plasmas, including the near-Sun SW, the solar corona, and the interstellar medium.
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1. Introduction

Satellite measurements near 1 au from the Sun and beyond have
revealed that solar wind (SW) turbulence is weakly compress-
ible, with density fluctuations that are typically less than 10% of
the background density, and subsonic velocity fluctuations δu,
with turbulent sonic Mach numbers MS = δu/cS . 0.1, where
cS is the sound speed (Roberts et al. 1987; Montgomery et al.
1987; Matthaeus et al. 1990, 1991). These observations stim-
ulated the development of nearly incompressible (NI) models
of SW turbulence, based on the MS � 1 assumption. In the
MS � 1 regime, compressible magnetohydrodynamic (MHD)
equations can be expanded about a low-frequency incompress-
ible state, with small amplitude high-frequency compressible
corrections quasi-linearly coupled to the dominant incompress-
ible flow (Matthaeus & Brown 1988; Matthaeus et al. 1991).

The SW dynamics is also affected by the strong
interplanetary magnetic field, making turbulence anisotropic
(Shebalin et al. 1983; Horbury et al. 2008; Wicks et al. 2010;
Adhikari et al. 2024), and sub-Alfvénic, with turbulent Alfvén
Mach numbers MA = δu/cA � 1, where cA is the Alfvén
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speed. Early NI models assumed MA ∼ O(1), but exten-
sions were developed that incorporate the MA � 1 condi-
tion, together with MS � 1 and varying plasma beta β =
2 c2

S /c
2
A (Zank & Matthaeus 1992b, 1993; Bhattacharjee et al.

1998; Hunana & Zank 2010; Zank et al. 2017). The main
conclusion drawn from these NI models is that subsonic
sub-Alfvénic turbulence exhibits a 2D + slab structure, mean-
ing that turbulent fluctuations consist of a majority of low-
frequency 2D incompressible component, plus a minority of
high-frequency 3D waves. Alongside NI models, purely incom-
pressible theories of MHD turbulence have also been developed,
including critically balanced turbulence (Goldreich & Sridhar
1995; TenBarge & Howes 2012) and reflection-driven turbu-
lence (Verdini et al. 2009; Chandran & Perez 2019), success-
fully describing some of the main features of the weakly
compressible SW turbulence.

The NI turbulent regime described so far potentially breaks
down near the Sun, where turbulent velocity fluctuations
are expected to increase in amplitude (Cranmer et al. 2017;
Adhikari et al. 2020, 2022), and β is small (Kasper et al. 2021),
implying cS � cA. This results in a larger MS , suggesting
that turbulence might become more compressible near the Sun.
Parker Solar Probe (PSP) measurements have recently shown
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that SW turbulence becomes transonic at about 11 R� (solar
radii) from the Sun, where MS ∼ 1 and MA � 1 (Zhao et al.
2025). This transition from a subsonic to a transonic turbulent
regime is accompanied by a significant increase in density fluc-
tuations, up to more than 20% of the background density.

Recent MHD simulations of subsonic turbulence have
revealed that turbulent fluctuations mainly consist of low-
frequency quasi-2D modes, rather than waves (Gan et al.
2022; Arrò et al. 2025). Low-frequency fluctuations are typi-
cally interpreted as coherent structures (Karimabadi et al. 2013;
Pezzi et al. 2017; Papini et al. 2021; Arrò et al. 2023, 2024;
Espinoza-Troni et al. 2025) produced by an inverse energy cas-
cade (Arrò et al. 2025). The prevalence of low-frequency quasi-
2D fluctuations over Alfvén waves (AWs), slow modes (SMs),
and fast modes (FMs) is consistent with NI models of tur-
bulence (Zank & Matthaeus 1992b, 1993; Zank et al. 2017),
and with SW observations (Perrone et al. 2016; Roberts et al.
2017; Zhao et al. 2023; Zank et al. 2024). However, it is unclear
whether this picture of turbulence continues to hold also in the
newly observed MS ∼ O(1) near-Sun regime, and to our knowl-
edge, no model of transonic SW turbulence has ever been devel-
oped.

In this work, we studied transonic sub-Alfvénic turbulence
using a 3D MHD simulation initialized with typical near-Sun
SW parameters. We find that even in the transonic regime, turbu-
lence is dominated by low-frequency quasi-2D incompressible
structures, while compressible fluctuations are a minor compo-
nent in the form of low-frequency SMs and high-frequency FMs.
These results are consistent with a new MHD model of transonic
sub-Alfvénic turbulence (TsAT) that we derived, showing that
turbulence in the MS ∼ O(1), MA � 1 regime is effectively NI,
with a 2D + slab structure, similarly to subsonic turbulence.

2. Simulation setup

We performed our simulation using the MHD code Athena++
(Stone et al. 2020). We considered a domain of size Lz = 3Ly =
3Lx = 6 π (in arbitrary units L0), sampled by a uniform peri-
odic mesh with 256 × 5122 points. The plasma is initially at
rest, with uniform density ρ0 and guide field B0 = B0̂z. Pres-
sure P is isothermal, with β = 2 c2

S /c
2
A = 0.045. Turbulence

is driven using the Langevin antenna method (TenBarge et al.
2014), with driving frequency ω0 = 0.8 τ−1

A and decorrelation
rate γ0 = −0.7 τ−1

A (where τA = L0/cA). Injected velocity and
magnetic field fluctuations are incompressible1 and polarized in
the plane perpendicular to B0, with 1 ≤ k‖Lz/2π ≤ 3 and 1 ≤
k⊥Lx/2π ≤ 4, where k‖ and k⊥ are wavenumbers parallel and per-
pendicular to B0. Viscous and resistive dissipation are included,
with kinetic and magnetic Reynolds numbers Re = Rm = 4000.
The continuous driving produces a quasi-stationary turbulent
state after about 20 τA, characterized by density, velocity, and
magnetic field fluctuations with rms amplitudes δρrms/ρ0 ' 0.22,
δurms/cA = MA ' 0.155, and δBrms/B0 ' 0.153. The tur-
bulent regime we considered is that of strong turbulence, as
magnetic and velocity fluctuations are large enough to make non-
linear effects dominant. Velocity fluctuations are transonic, with
MS = δurms/cS ' 1.03. We drive turbulence to be imbalanced,
with cross-helicity σC = 〈2 u · δB/√ρ〉/〈u2 + δB2/ρ〉 ' 0.64,
where δB = B − B0, and 〈·〉 is the box average. Imbalanced tur-
bulence with σC > 0 is obtained by injecting more energy in the
form of fluctuations with k‖ > 0, and less energy into modes with

1 No density fluctuations are injected by our driver, they develop as a
consequence of the turbulent cascade.

Fig. 1. Temporal evolution of magnetic and kinetic energy variations
∆Emag and ∆Ekin. The green shaded area represents the time interval
used to calculate wavenumber-frequency spectra.

k‖ < 0 (TenBarge et al. 2014). These parameters are consistent
with observations of near-Sun transonic sub-Alfvénic turbulence
(Zhao et al. 2025).

3. Results

In this section we analyze the spectral properties of our turbu-
lence simulation in wavenumber-frequency space, investigating
the presence of waves and structures. Then we derive a new
MHD model of transonic sub-Alfvénic turbulence to interpret
our numerical results.

Figure 1 shows the temporal evolution of magnetic and
kinetic energy variations ∆Emag = Emag(t)−Emag(0) and ∆Ekin =

Ekin(t) − Ekin(0) (in ρ0 c2
A L3

0 units). We see that both ener-
gies grow and saturate after about 20 τA, indicating that turbu-
lence has reached a quasi-stationary state (green shaded area).
Figures 2a and b show (k‖, ω) and (k⊥, ω) projections of the
magnetic field wavenumber-frequency spectrum PB (where ω
is the frequency), calculated over time interval [20 τA, 120 τA],
with data sampled every ∆t = 0.1 τA. The two projections cor-
respond to PB(k‖, ω) =

∫
PB(k⊥, k‖, ω) dk⊥ and PB(k⊥, ω) =∫

PB(k⊥, k‖, ω) dk‖. Similarly to subsonic turbulence, we find
that in the transonic regime most magnetic field fluctuations cor-
respond to low ω modes, while AWs, SMs, and FMs (dashed
lines) are a minor component. Low ω fluctuations are highly
anisotropic, with a much wider distribution in k⊥ than in k‖,
implying a quasi-2D geometry. Since low ω fluctuations do not
follow the dispersion relations of waves, we call them non-wave
modes (NWMs). The spectrum PB(k‖, ω) is skewed toward pos-
itive ω because of the high σC , making turbulence imbalanced
(Lugones et al. 2019; Arrò et al. 2025). The observed energy dis-
tribution is consistent with critically balanced turbulence, as dis-
cussed in more detail in Appendix A. Figures 2c–d show (k‖, ω)
and (k⊥, ω) projections of the density wavenumber-frequency
spectrum Pρ. We see that even density fluctuations mainly con-
sist of low ω quasi-2D NWMs, dominating over SMs and FMs.
To understand whether NWMs are incompressible or compress-
ible, we analyzed the velocity wavenumber-frequency spectrum,
separating the velocity field u into its incompressible and com-
pressible components, ui and uc, with ∇ · ui = 0 and ∇ × uc = 0
(Bhatia et al. 2012). The ratio of the rms amplitudes of uc to ui
is δuc,rms/δui,rms ' 0.15, meaning that incompressible fluctua-
tions are globally stronger than compressible ones. Figures 2e
and f show (k‖, ω) and (k⊥, ω) projections of the incompress-
ible velocity spectrum Pui , while panels (g) and (h) show the
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Fig. 2. (k‖, ω) and (k⊥, ω) projections of PB (a)–(b), Pρ (c)–(d), Pui (e)–(f), and Puc (g)–(h). The dashed lines indicate dispersion relations of
Alfvén waves (AW) and slow modes (SM) for k⊥ = 0, and fast modes (FM) for k‖ = 0.

corresponding projections of the compressible velocity spectrum
Puc . We find that ui is almost entirely made up of NWMs, with
a small contribution from AWs, and little to no energy asso-
ciated with SMs and FMs. On the other hand, uc essentially
consists of SMs and FMs. The (k‖, ω) projection of Puc , panel
(g), reveals the presence of SMs at low ω, and a regular wavy
pattern extending toward higher ω, corresponding to the pro-
jection of FMs in the (k‖, ω) plane. The (k⊥, ω) projection of
Puc , panel (h), shows the presence of high-frequency FMs, and
some energy distributed around low ω, corresponding to the
projection of SMs in the (k⊥, ω) plane. Low-frequency SMs
extend over a much narrower k⊥ range and are much weaker in
amplitude than incompressible NWMs observed over the same
frequency range in Pui . Therefore, we find that NWMs are
incompressible and account for the majority of magnetic and
density fluctuations.

A more quantitative estimate of the relative energy content
of NWMs with respect to MHD waves can be obtained using
the method described in Gan et al. (2022). This method consists
in using wavenumber-frequency spectra, identifying as waves
all those modes whose frequencies lie within 10% above and
below the theoretical frequencies calculated from MHD disper-
sion relations of AWs, SMs, and FMs. The remaining energy is
considered to be associated with NWMs. For this analysis, we
excluded fluctuations lying in the injection range 1 ≤ k‖Lz/2π ≤
3, 1 ≤ k⊥Lx/2π ≤ 4, as they are produced by the driver and do
not develop as a consequence of the turbulent cascade. Using this
approach, we find that AWs contain 36.79% of the total energy,
SMs and FMs represent 1.02% and 0.53% of fluctuations, while
the remaining 61.66% is made up of NWMs. This analysis shows
the dominance of NWMs with respect to MHD waves, but we
point out that the method we employed overestimates the energy
content of AWs and SMs. The reason for this is that the disper-
sion relations of AWs and SMs at low k‖ correspond to modes
with very small ω that overlap with NWMs, lying in the same

frequency range. Hence, part of the energy that this method con-
siders to be associated with AWs and SMs in reality comes from
NWMs.

To further assess the relative importance of waves with
respect to NWMs, we compared the frequency spectra of u, ui,
and uc at different propagation directions. Figure 3a shows the
total velocity spectrum Pu, together with Pui and Puc , as func-
tions of ω, for quasi-parallel modes with (k⊥ = 1, k‖ = 10). We
see that Pu has four peaks, two of which correspond to forward
and backward propagating low-frequency SMs (black vertical
dashed lines), with Pu ' Puc , while the other two smaller peaks
correspond to a superposition of high-frequency FMs and AWs
(red and blue vertical dashed lines), with Pu ' Pui . Thus, parallel
propagating fluctuations are dominated by low ω compressible
SMs, with a smaller high ω incompressible contribution from
FMs and AWs. In Figure 3b we compare Pu, Pui , and Puc for
quasi-perpendicular modes with (k⊥ = 25, k‖ = 5). In this case,
Pu ' Pui , with a low ω peak that does not match the frequency
of waves, and with negligible high ω compressible contribu-
tions from FMs. The largest peak corresponds to incompressible
NWMs, representing the majority of perpendicular fluctuations.
Finally, Figure 3c shows Pu, Pui , and Puc for oblique modes
with (k⊥ = 8, k‖ = 8). At this propagation direction, low fre-
quencies are dominated by SMs, with Pui ' Puc , while higher
frequencies show a significant contribution from AWs, with
Pu ' Pui , and from FMs, with Pui ' Puc . Hence, modes with
k⊥ � k‖ mainly consist of incompressible NWMs, while paral-
lel and oblique fluctuations are essentially low-frequency SMs
and high-frequency AWs and FMs.

Overall, we find that transonic sub-Alfvénic turbulence is
mostly incompressible, with low-frequency quasi-2D NWMs
dominating over waves. This seemingly counterintuitive behav-
ior can be understood by taking the MS ∼ O(1), MA � 1 limit
of compressible MHD equations. Following the method outlined
in Zank & Matthaeus (1993), we consider the normalized MHD
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Fig. 3. Frequency spectra of u, ui, and uc at (k⊥ = 1, k‖ = 10) (a), (k⊥ = 25, k‖ = 5) (b), and (k⊥ = 8, k‖ = 8) (c). The vertical dashed lines indicate
the corresponding frequencies of Alfvén waves (blue), slow modes (black), and fast modes (red).

equations[
∂t + (u · ∇)

]
ρ = −ρ(∇ · u), (1)

ρ
[
∂t +

(
u · ∇

)]
u = −

∇P
M2

S

+
1

M2
A

(
∇ × B

)
× B, (2)[

∂t + (u · ∇)
]
P = −γP(∇ · u), (3)[

∂t + (u · ∇)
]
B = (B · ∇)u − B(∇ · u), (4)

with γ being the polytropic index. In looking for turbulent solu-
tions to these equations, three timescales are identified, namely
TT = λ/U0, associated with the convective turbulent dynamics
(where λ is a characteristic length scale of turbulence), the acous-
tic timescale TS = λ/cS , and the Alfvénic timescale TA = λ/cA.
In the MS ∼ O(1), MA = ε � 1 regime, Equation (2) becomes

ρ
[
∂t +

(
u · ∇

)]
u = −∇P +

1
ε2

(
∇ × B

)
× B, (5)

with TT /TS ∼ 1/MS ∼ O(1) and TT /TA ∼ 1/MA � 1, implying
that turbulence and SMs evolve on similar slow timescales, while
AWs and FMs are much faster. With such timescale separation,
we can assume that turbulent solutions consist of two compo-
nents, a majority low-frequency turbulent state, and a minority
component containing high-frequency fluctuations. Following
this ansatz, the strategy is to find a low-frequency solution to
MHD equations in the ε → 0 limit, and then to introduce small
amplitude corrections, thus building an approximated solution
valid for small but finite ε. The majority low-frequency compo-
nent, labeled ∞, can be obtained using Kreiss’s theorem (Kreiss
1980), stating that time derivatives of low-frequency solutions
must be independent of ε. We thus consider a low-frequency
solution of the form

ρ = ρ0 + ερ∞, u = u∞, P = P0 + εP∞, B = B0 + εB∞, (6)

where ρ0, P0, and B0 = B0̂z are constants. Starting from ρ, its
time derivative gives

∂tρ
∞ = −∇ ·

(
ρ∞u∞

)
−
ρ0

ε

(
∇ · u∞

)
. (7)

In order for ∂tρ
∞ to be independent of ε, u∞ must be incompress-

ible, i.e., ∇ · u∞ = 0. Incompressibility results in the sourceless
advection equation

∂tρ
∞ + (u∞ · ∇)ρ∞ = 0, (8)

implying that if density fluctuations ρ∞ are present in initial con-
ditions, they are advected as a passive scalar, but no dynamical
generation of ρ∞ is possible. This allows us to set ρ∞ = 0. Anal-
ogously, ∂tP corresponds to a sourceless advection equation for

P∞, and we set P∞ = 0. As we show later, density and pressure
fluctuations are determined by the small amplitude compressible
corrections to the∞ component. The time derivative of u gives

∂tu∞ = −(u∞ · ∇)u∞ +
1
ρ0

(∇ × B∞) × B∞

+
1
ερ0

[
(B0 · ∇)B∞ − ∇(B0 · B∞)

]
, (9)

which is independent of ε only if

(B0 · ∇)B∞ = ∇(B0 · B∞). (10)

The above condition implies ∂zB∞x = ∂xB∞z and ∂zB∞y = ∂yB∞z ,
from which it follows that

(∇ × B∞) × B∞ = (∇⊥ × B∞⊥ ) × B∞⊥ , (11)

where ∇⊥ = (∂x, ∂y, 0) and B∞⊥ = (B∞x , B∞y , 0). Finally, the time
derivative of B gives

∂tB∞ = −(u∞ · ∇)B∞ + (B∞ · ∇)u∞ +
1
ε

(B0 · ∇)u∞, (12)

where the term containing ε vanishes only if

(B0 · ∇)u∞ = 0 → ∂zu∞ = 0, (13)

implying that u∞ is 2D. Combining all the above results, we
obtain the equations

∇⊥ · u∞⊥ = 0, (14)
ρ0

[
∂t +

(
u∞⊥ · ∇⊥

)]
u∞⊥ =

(
∇⊥ × B∞⊥

)
× B∞⊥ , (15)[

∂t +
(
u∞⊥ · ∇⊥

)]
B∞⊥ =

(
B∞⊥ · ∇⊥

)
u∞⊥ , (16)

where u∞⊥ = (u∞x , u∞y , 0), plus the sourceless advection equation[
∂t + (u∞⊥ · ∇⊥)

]
u∞z = 0, (17)

which allows us to set u∞z = 0, and equation[
∂t + (u∞⊥ · ∇⊥)

]
B∞z =

(
B∞⊥ · ∇⊥

)
u∞z , (18)

which implies B∞z = 0 since u∞z = 0. The closed system (14)–
(16) corresponds to 2D cold incompressible MHD2, describ-
ing the dynamics of the ∞ component. A major difference with
respect to subsonic models is that pressure fluctuations do not
affect the dynamics of the majority∞ component.

2 In the case of turbulence developing over a large-scale inhomoge-
neous background, the equation ∇⊥ · u∞⊥ = 0 is replaced by a more
general incompressibility condition (see, e.g., Zank et al. 2017).

A168, page 4 of 8



Arrò, G., et al.: A&A, 708, A168 (2026)

We now introduce small amplitude corrections to the∞ com-
ponent, labeled ?, of the form

ρ = ρ0 + ερ?, u = u∞⊥ + εu?,
P = P0 + εP?, B = B0 + εB∞⊥ + ε2B?. (19)

Substituting the above expansion into Equations (1), (3)–(5), and
subtracting (14)–(16), we obtain the leading-order equations for
the ? component[
∂t +

(
u∞⊥ · ∇⊥

)]
ρ? = −ρ0

(
∇ · u?

)
, (20)

ρ0
[
∂t +

(
u∞⊥ · ∇⊥

)]
u? + ρ0

(
u?⊥ · ∇⊥

)
u∞⊥ = −∇P?+

−
ρ?

ρ0

[(
∇⊥ × B∞⊥

)
× B∞⊥

]
+
(
B∞⊥ · ∇⊥

)
B? +

(
B?
⊥ · ∇⊥

)
B∞⊥+ (21)

− ∇
(
B∞⊥ · B

?
⊥

)
+

1
ε

[(
B0 · ∇

)
B? − ∇

(
B0 · B?)],[

∂t +
(
u∞⊥ · ∇⊥

)]
P? = −γP0

(
∇ · u?

)
, (22)[

∂t +
(
u∞⊥ · ∇⊥

)]
B? = ∇ ×

(
u? × B∞⊥

)
+

(
B?
⊥ · ∇⊥

)
u∞⊥

+
1
ε

[(
B0 · ∇

)
u? − B0

(
∇ · u?

)]
, (23)

where higher-order powers of ε have been neglected.
Equations (14)–(16) and (20)–(23) represent the tran-

sonic sub-Alfvénic limit of compressible MHD3. The struc-
ture of these equations reveals several properties of transonic
sub-Alfvénic turbulence. We see that the majority ∞ com-
ponent is strictly 2D, incompressible, and contains only
low frequencies. On the other hand, the minority ? com-
ponent is 3D, compressible, and contains both low and
high frequencies since the time derivatives in Eqs. (20)–
(23) include both O(1) and O(1/ε) terms, corresponding
to timescales TS ∼ TT and TA, respectively. The phys-
ical nature of the ? component is better understood by
noting that the solutions to Eqs. (20)–(23) in the absence
of the ∞ component correspond to waves with dispersion
relations

ω2
A = k2 c2

A

ε2 cos2 θ, (24)

ω2
± =

k2

2

c2
M ±

√
c4

M − 4
c2

S c2
A

ε2 cos2 θ

 , (25)

where k = |k|, cos θ = k ·B0/k B0, and c2
M = c2

S +c2
A/ε

2. The sub-
scripts “A”, “−”, and “+” indicate AWs, SMs, and FMs. Since
ε � 1, we get

ω2
− ' k2c2

S cos2 θ, ω2
+ ' k2 c2

A

ε2 · (26)

Hence, the solutions we find correspond to low-frequency SMs,
with ω− ∼ O(1), and high-frequency AWs and FMs, with ωA ∼

ω+ ∼ O(1/ε). In the presence of a nonzero ∞ component, the
? component couples to the majority incompressible flow via
the quasi-linear terms in Eqs. (20)–(23). This coupling induces a
frequency broadening around the eigenfrequencies of the above
AWs, SMs, and FMs solutions (see, e.g., Yuen et al. 2025). Thus,
combining the∞ and ? components, we get a turbulent solution
with a quasi-2D geometry, where most of the energy is stored

3 Equations (14)–(16) and (20)–(23) can be rewritten in dimensional
units by setting ε = MA and by using the normalization described in
Zank et al. (2017).

in low-frequency 2D incompressible fluctuations, and a smaller
amount of energy is associated with frequency broadened waves,
consisting of low-frequency SMs and high-frequency AWs and
FMs. Hence, our model shows that transonic sub-Alfvénic turbu-
lence has a 2D + slab (quasi-2D) geometry and is effectively NI,
since the compressible component of the velocity u? is of order
O(ε) with respect to the main incompressible flow u∞⊥ . All these
properties predicted by our reduced model are in good agreement
with our numerical results. We note that by slab component we
mean the frequency broadened MHD waves, contained in the ?
component of the solution. However, in addition to the slab, the
? component also contains 2D-like features, inherited from the
∞ component via the quasi-linear coupling. Thus, the ? compo-
nent contains slab fluctuations, but it should not be interpreted
as being pure slab. In this sense, we use this slab terminology in
analogy with previous works. Furthermore, we note that Equa-
tions (14)–(16) are fully nonlinear, while Equations (20)–(23)
are quasi-linear, meaning that the∞ component is the main actor
in the turbulent cascade, as compared to the ? component. This
explains why the low-frequency NWMs observed in our simula-
tion exhibit a broadband k⊥ energy distribution, while the waves
have relatively small wavenumbers, thus suggesting a weaker
contribution to the cascade.

The origin and properties of density and pressure fluctua-
tions in transonic sub-Alfvénic turbulence can be inferred from
Equations (20) and (22). We see that ρ? and P? are gener-
ated by the ? component via compressible source terms propor-
tional to ∇ · u?. These source terms are O(1) since they contain
contributions from both low-frequency SMs and high-frequency
FMs. This is a major difference with respect to subsonic mod-
els, where density and pressure source terms are O(1/ε), as both
SMs and FMs are high-frequency waves in the subsonic regime.
After being generated by SMs and FMs, density and pressure
fluctuations are advected by the incompressible turbulent flow
u∞⊥ . As discussed in Montgomery et al. (1987) and Zank et al.
(2017), this advection implies that ρ? and P? have spectral
properties similar to u∞⊥ . This is consistent with the fact that
Pρ in our simulation does not contain only SMs and FMs, but
also NWMs corresponding to incompressible velocity fluctua-
tions (see Figure 2). Low-frequency density NWMs potentially
include zero-frequency entropy modes (Zank et al. 2023, 2024).
An important relation between ρ? and P? is found by combining
(20) and (22), which gives

[
∂t +

(
u∞⊥ · ∇⊥

)](ρ?
ρ0
−

P?

γP0

)
= 0, (27)

implying a linear correlation between pressure and density fluc-
tuations along u∞⊥ streamlines, known as the sound relation:

δP? = (γP0/ρ0) δρ? = c2
S δρ

?. (28)

This is another major difference with respect to subsonic models,
where a low-frequency P∞ is present, affecting the dynamics of
the ∞ incompressible flow, and related to ρ? by a pseudosound
relation of the form δP∞ + δP? = c2

S δρ
?. Equation (28) justifies

the use of an isothermal closure in our simulation.
We specify that with our simulation setup it is the turbulent

forcing that would initially produce B? and incompressible u?
fluctuations, with the forcing acting as a source term in Equa-
tions (21) and (23). These initial magnetic and incompressible
velocity fluctuations would then drive compressible u? fluctua-
tions with ∇ · u? , 0, and in turn density and pressure fluctu-
ations ρ? and P?. This way, density fluctuations would develop
as a natural consequence of the turbulent cascade, even if our
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incompressible turbulent driver does not directly inject density
fluctuations. This effect is known as the MHD Lighthill princi-
ple (Zank & Matthaeus 1993) and can be mediated by various
physical mechanisms, such as the parametric decay instability,
which generates SMs from injected AWs.

4. Discussion and conclusions

In this work we investigated the properties of transonic sub-
Alfvénic turbulence using a 3D MHD simulation initialized with
near-Sun SW parameters, as observed by PSP. Our analysis
shows that transonic turbulence is weakly compressible, mainly
consisting of low-frequency quasi-2D incompressible fluctua-
tions, with minor compressible contributions corresponding to
frequency broadened SMs and FMs. These numerical result are
in good agreement with the new MHD model of transonic sub-
Alfvénic turbulence (TsAT) that we have derived. Our model
shows that in the MS ∼ O(1), MA � 1 regime, turbulent solu-
tions to compressible MHD equations consist of a majority low-
frequency 2D incompressible component, plus a minority 3D
compressible contribution containing low-frequency SMs, and
high-frequency AWs and FMs.

The main conclusion of our work is that transonic sub-
Alfvénic turbulence lies in the NI realm, similarly to subsonic
turbulence4. This arguably unexpected result can be understood
via the following intuitive argument. We can imagine that the
formation of compressible fluctuations is determined by the
competition between two mechanisms: on the one hand, tur-
bulence tries to locally produce large density fluctuations on
timescales TT ; on the other hand, compressible SMs and FMs
tend to diffuse away density perturbations, propagating them
throughout the plasma. The transonic sub-Alfvénic MS ∼ O(1),
MA � 1 regime implies a temporal ordering where turbu-
lence and SMs evolve on a similar timescale TT ∼ TS , while
FMs propagate on the much faster timescale TA. Consequently,
SMs are not fast enough to diffuse away density fluctuations
produced by turbulence, but FMs are still able to counter the
formation of compressible fluctuations, since TA � TT . This
simple argument explains why transonic sub-Alfvénic turbu-
lence is effectively NI. We note that despite its NI nature, tran-
sonic turbulence exhibits density fluctuations ρ?/ρ0 ∼ O(ε) ∼
O(MA), and is thus more compressible than subsonic turbulence,
where ρ?/ρ0 ∼ O(ε2) ∼ O(M2

A) (Zank & Matthaeus 1993). This
different density ordering ultimately results from the fact that the
subsonic MS , MA � 1 regime implies TS , TA � TT , meaning
that both SMs and FMs contribute to the diffusion of density
fluctuations, while in the transonic regime the diffusion process
is less efficient, since it is mediated only by FMs. We expect
that a strong compressible dynamics with δρ/ρ0 ∼ O(1) would
occur only when turbulence is not just supersonic, but also super-
Alfvénic, with TT � TS , TA.

To summarize, we derived a new model that extends existing
NI theories of SW turbulence, relaxing the subsonic assumption
MS � 1. We found that turbulence is NI and has a 2D + slab
(quasi-2D) geometry, not only in the subsonic limit MS � 1,
but also in the transonic regime MS ∼ O(1), as long as it
remains sub-Alfvénic (MA � 1). Hence, our results suggest that
turbulence retains a NI and quasi-2D nature also in the near-
Sun SW, and possibly in the solar corona as well, where the

4 We specify that by “nearly incompressible” we mean that the velocity
field is mostly solenoidal, with |uc| � |ui|, even if density fluctuations
can be considered to be relatively large, with δρrms/ρ0 ' 0.22.

MA � 1 condition is enforced by the strong local magnetic
field, even if turbulence becomes transonic (Zank et al. 2018;
Adhikari et al. 2020, 2022). Our results have potential impli-
cations for the theoretical and numerical modeling of near-Sun
SW turbulence and its coupling with the solar corona. Our work
is also potentially relevant for astrophysical applications where
transonic sub-Alfvénic turbulence is expected to occur, as in the
interstellar medium (Cho & Lazarian 2002, 2003).

A few remarks are needed regarding the derivation of our
TsAT model. We looked for turbulent solutions to compress-
ible MHD Equations (1), (3)–(5) in the MA = ε � 1 regime,
assuming that the real solution Ψ can be approximated as Ψ '
Ψ0 + ε Ψ1, where Ψ0 is a particular low-frequency solution
valid for ε → 0, while Ψ1 represents small amplitude cor-
rections containing high-frequency fluctuations. The choice of
Ψ0 is not unique in principle. Here we used Kreiss’s theorem
to obtain a Ψ0 that does not contain AWs and magnetosonic
modes, whose dispersion relations (24)–(25) depend on ε (these
waves are then reintroduced via Ψ1). This choice was inten-
tional, but it is also possible to retain low-frequency AWs and
magnetosonic modes in Ψ0. To do so, we wrote wavenumbers
as k = kS + ε kL, where kS represents small scales, while kL
is associated with long-wavelength fluctuations. Consequently,
MHD waves with dispersion relations (24)–(25) can be split
into two families, one including low-frequency long-wavelength
modes, with k ' ε kL and ω(kL) ∼ O(1), and the other
containing high-frequency short-wavelength fluctuations, with
k ' kS and ω(kS ) ∼ O(1/ε). Hence, by introducing two dis-
tinct length scales, the low-frequency long-wavelength branch
of MHD waves can be included into Ψ0 using Kreiss’s the-
orem, as discussed in Zank & Matthaeus (1992a), where this
approach was used to derive reduced MHD (RMHD). A simi-
lar method, involving a multiple length scale ordering, was used
in Schekochihin et al. (2009) to derive a NI version of RMHD
that retains the physics of SMs and their associated density fluc-
tuations. Moving low-frequency MHD waves from Ψ1 to Ψ0
leads to slightly different equations than those we derived, but
with analogous physical properties. Another important caveat
concerning our derivation is that the approach we used to intro-
duce corrections Ψ1 to Ψ0 is not a standard perturbation method,
since it leads to the stiff Equations (20)–(23), where the O(1)
and O(1/ε) terms are mixed. This issue can be avoided by
using multiple timescale perturbation theory, producing a hier-
archy of distinct equations for each order in ε, as discussed in
Matthaeus & Brown (1988). However, the method we used has
the advantage of giving a closed system of equations that is sim-
ple to interpret and provides important physical insights into the
transonic sub-Alfvénic turbulent regime.

Finally, we specify that our results deal with inertial range
turbulence at MHD scales, but kinetic scale dissipation has not
been addressed. The higher level of compressibility characteriz-
ing transonic sub-Alfvénic turbulence may affect the anisotropic
heating of ions and electrons via resonant wave-particle inter-
actions (Cerri et al. 2021; Verscharen et al. 2022; Squire et al.
2022; Pezzini et al. 2024, 2026), influencing dissipation and par-
ticle acceleration (Cerri et al. 2016; Hadid et al. 2017; Zhdankin
2021; Arrò et al. 2022; Adhikari et al. 2025). Moreover, it has
been shown that SMs and FMs are quickly damped at kinetic
scales in the SW (e.g., Li et al. 2001), potentially reducing the
overall compressibility of small-scale turbulent fluctuations and
influencing dissipation (Howes et al. 2012; Klein et al. 2012;
Narita & Marsch 2015; Verscharen et al. 2017). The kinetic
properties of transonic sub-Alfvénic turbulence will be investi-
gated in future works.
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Appendix A: Wavenumber-frequency signatures of
critically balanced turbulence

To check if our wavenumber-frequency spectra are consis-
tent with critically balanced turbulence, we use the method
employed in TenBarge & Howes (2012), comparing the criti-
cal balance curve ωCB ∼ k2/3

⊥ , with the normalized spectrum
Pu(k⊥, ω)/Pu(k⊥, 0), where Pu(k⊥, ω) has been obtained inte-
grating Pu(k⊥, k‖, ω) over k‖. According to TenBarge & Howes
(2012), if turbulence is in critical balance, most of the normal-
ized spectral power should lie below ωCB. We find that this is the
case in our simulation as well, as seen in Figure A.1, showing
that the vast majority of the normalized energy lies within ωCB
and −ωCB (black dashed lines). The asymmetry in the energy
distribution is due to the fact that our turbulence run is imbal-
anced.

Fig. A.1. Normalized velocity spectrum Pu(k⊥, ω)/Pu(k⊥, 0) compared
to the theoretical prediction for critically balanced turbulence ωCB∼k2/3

⊥

(dashed black line).
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