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ABSTRACT

The large-scale structure of the Universe and its evolution encapsulate a wealth of cosmological information. A powerful means of unlocking this
knowledge lies in measuring the auto-power spectrum and/or the cross-power spectrum of the galaxy density and momentum fields, followed by
the estimation of cosmological parameters based on these spectrum measurements. In this study, we generalize the cross-power spectrum model
to accommodate scenarios in which the density and momentum fields are derived from distinct galaxy surveys. The growth rate of the large-
scale structures of the Universe, commonly represented as fog, was extracted by jointly fitting the monopole and quadrupole moments of the
auto-density power spectrum, the monopole of the auto-momentum power spectrum, and the dipole of the cross-power spectrum. Our estimators,
theoretical models, and parameter-fitting framework were tested using mocks, confirming their robustness and accuracy in retrieving the fiducial
growth rate from simulation. These techniques were then applied to analyse the power spectrum of the DESI Bright Galaxy Survey and Peculiar
Velocity Survey. The fit result of the growth rate is fog = 0.440f8:g§2 at effective redshift z.¢ = 0.07. By synthesizing the fitting outcomes from
correlation functions, maximum likelihood estimation, and the power spectrum, a consensus value is yielded of fog(zeq = 0.07) = 0.450*9032, and

correspondingly we obtain y = 0.580*110, Q,,, = 0.301*09!1, and o5 = 0.83470932. The measured fos and y are consistent with the prediction of

the A cold dark matter model and general relativity.

Key words. cosmological parameters — large-scale structure of Universe

1. Introduction Qin et al. 2021; Whitford et al. 2023). However, due to the sig-
nificant cosmic variance inherent in low-redshift velocity sur-
veys, the constraints imposed on cosmological models through
this method are typically not tight.

An alternative approach involves estimating cosmological
parameters and subsequently comparing them with predictions
of cosmological models. In the field of cosmology, researchers
commonly aim to investigate the rate at which large-scale struc-
tures evolve, as well as the ratio between galaxy density and dark
matter density. The former quantity is associated with the struc-
ture linear growth rate, f, while the latter relates to the galaxy
biasing parameter, b. Furthermore, in practical applications, nor-
malized parameters fog and bog have attracted attention as
measurable quantities. og refers to the root mean square of
mass density fluctuations within spheres of 8 Mpch~!. Var-

One of the most profound scientific pursuits in cosmology
is to unravel the evolutionary processes that have shaped the
large-scale structures of our Universe. Galaxies exhibit peculiar
motions — superimposed on their Hubble recession velocities —
due to gravitational fluctuations arising from local variations in
the matter density field. These peculiar velocities serve as a cru-
cial observational probe, offering deep insights into the underly-
ing dark matter distribution and the dynamic history of cosmic
expansion and structure formation. Consequently, they have gar-
nered growing interest as an essential diagnostic tool for assess-
ing the accuracy and predictive power of cosmological models.
An approach to assess the cosmological models involves
measuring the low-order kinematic moments of the cosmic

flow field based on the radial components of galaxies’ pecu- ious methodologies have been proposed in prior studies to

liar velocities, and subsequently comparing these estimates i
with the predictions of the cosmological models (Kaiser 1988; ;::ﬁgell(céttl;sgogasr;l meters from galaxy survey data (Ishak 2019:

Strauss & Willick 1995; Feldman et al. 2010; Scrimgeour et al.

hni involves th i f th logi-
2016: Zhang etal. 2017; Qinetal. 2018, 2019b; Qin 2021: One technique involves the reconstruction of the cosmologi

cal density and velocity fields (Nusser et al. 1991; Kitaura et al.
2012; Wangetal. 2012), or the cosmography of the local
* Corresponding author: gin@cppm.in2p3. fr Universe (Courtois et al. 2013; Dupuy & Courtois 2023). The
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parameters fog and bog can be estimated by comparing the
observed peculiar velocities of galaxies with the reconstructed
velocity field (Carrick et al. 2015; Said et al. 2020; Boruah et al.
2022). However, systematic errors associated with this method
are difficult to quantify, and previous studies have indicated
that the errors tend to be underestimated (Turner & Blake 2023;
Blake & Turner 2024). Recently, artificial intelligence tech-
niques have increasingly been applied to field reconstruction
(Hong et al. 2021; Qin et al. 2023a; Wu et al. 2023), offering
novel opportunities in this research area. Moreover, since the
covariance matrix of the density and velocity fields can be for-
mulated in terms of fog and bog, these parameters can alterna-
tively be estimated by maximizing the likelihood function under
the assumption of a Gaussian distribution (Johnson et al. 2014;
Adams & Blake 2017; Laietal. 2023; Carreres et al. 2023;
Rocher et al. 2023; Ravoux et al. 2025). However, this method
remains computationally demanding. Another commonly used
approach is the two-point statistic method, which has played a
significant role in cosmology over the past decades. Based on
this method, fog and bog can be derived from the galaxy two-
point correlation functions, the velocity-correlation functions,
and the galaxy-velocity cross-correlation functions (Gorski et al.
1989; Howlett et al. 2015; Dupuy et al. 2019; Wang et al. 2018;
Turner et al. 2021, 2023; Qin et al. 2022, 2023b; Lyall et al.
2023). Nevertheless, these approaches tend to be computation-
ally intensive too.

Instead of studying the two-point correlations in configu-
ration space, we can also analyse them in Fourier space, i.e.
analysing the so-called power spectrum. The concept of the cos-
mological power spectrum was first introduced by Kaiser (1987).
The first measurement of the (galaxy) density power spec-
trum was carried out by Kaiser & Peacock (1991). The method-
ology for estimating the density power spectrum was later
refined by Feldman et al. (1994), forming the standard approach
widely used today. In addition to these foundational contribu-
tions, Yamamoto et al. (2006) and Bianchi et al. (2015) further
developed estimators for the multipoles of the density power
spectrum.

However, the linear growth rate of the structure, fog is only
primarily sensitive to higher-order components of the density
power spectrum, resulting in relatively weak constraints when
inferred from this method alone. To improve the estimation
of fog, the momentum power spectrum — initially explored in
Park (2000) — has recently gained widespread use in cosmology.
Howlett (2019, hereafter Paper I) adapted the momentum power
spectrum method to be implemented in a manner analogous to
the conventional density power spectrum approach. Qin et al.
(2019a, hereafter Paper II) successfully applied the momentum
power spectrum to constrain fog using data from the com-
bined 6dFGS peculiar velocity survey (6dFGSv; Campbell et al.
2014) and 2MASS Tully-Fisher (2MTF; Hong et al. 2019) sur-
vey. Building upon their research, Qin et al. (2025, hereafter
Paper III) advanced the existing methodology by extending it
to the cross-power spectrum of density and momentum fields
— both derived from a unified survey catalogue. Their work
achieved a successful estimation of fog through the peculiar
velocity data from the Sloan Digital Sky Survey peculiar veloc-
ity catalogue (SDSSv; Howlett et al. 2022). This paper marks
the fourth in the ongoing series. Herein, we further refine and
expand our analytical framework to model and measure the
cross-power spectrum in more complex cases, where the density
and momentum fields are drawn from distinct galaxy survey cat-
alogues, each exhibiting unique survey geometries, selection cri-
teria, and sample characteristics. Additional studies employing
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the momentum power spectrum include those by Park & Park
(2006), Appleby et al. (2023) and Shi et al. (2024).

We constrained fog using Data Release 1 (DR1) from the
Bright Galaxy Survey (BGS; Hahn et al. 2023) and Peculiar
Velocity Survey (DESI-PV; Carr et al. 2025; Ross et al. 2025;
Douglass et al. 2025) of the Dark Energy Spectroscopic Instru-
ment (DESI; DESI Collaboration 2025a,b). The DESI-PV DR1
stands as the largest peculiar velocity survey ever assembled
to date. This paper forms part of a comprehensive series of
results from DESI-PV DRI1 (Turner et al. 2025; Lai et al. 2025;
Ross et al. 2025; Douglass et al. 2025; Bautista et al. 2025;
Carr et al. 2025; Nguyen et al. 2025).

This paper is organized as follows. Section 2 presents the
data and mocks employed for measuring the power spectrum.
Section 3 introduces the estimators utilized to compute the
power spectrum. Section 4 delves into the theoretical models of
the power spectrum. In Sect. 5 we outline the fitting methodolo-
gies and validate our estimators and models through extensive
testing on mocks. Section 6 showcases the final parameter fitting
results derived from the survey data. In Sect. 7 we discuss the
parameter constraints in light of predictions and fits from other
data sets. Lastly, Sect. 8 offers a comprehensive conclusion sum-
marizing the key findings of the study.

In this paper, we adopt the AbacusSummit (Maksimova et al.
2021) cosmological parameters' n, = 0.96490, A, = 2.101198 x
1079, Q,, = 0.315192, Q,h* = 0.02237, Q4> = 0.12000, oy =
0.8113545, and Hy = 100 hkm s~ Mpc‘l, where h = 0.67360.
We adopt a flat A cold dark matter (ACDM) fiducial cosmologi-
cal model.

2. Data and mocks
2.1. The Dark Energy Spectroscopic Instrument

Located at the Kitt Peak National Observatory in Arizona,
USA, the Dark Energy Spectroscopic Instrument is a multi-
fibre spectrograph mounted on the 4-meter Mayall Telescope,
designed to explore the large-scale structure of the Uni-
verse and the expansion history of the Universe (Levi et al.
2013; DESI Collaboration 2016a,b, 2022; Miller et al. 2024;
Poppett et al. 2024). The DESI focal plane spans 8 square
degrees and is equipped with 5000 optical fibres, each of which
can be positioned onto individual targets within an observa-
tional field using robotic positioners (Silber et al. 2023). The
spectrographs span the near-ultraviolet to near-infrared spectrum
(3600-9800 A), delivering a spectral resolution that ascends
from 2000 in the blue camera to 5000 in the red camera.
The observing strategy is detailed in Guy etal. (2023) and
Schlafly et al. (2023). Following its Early Data Release (EDR;
DESI Collaboration 2024a,b), the survey has now progressed to
DR1 (DESI Collaboration 2025a,c). For this study, the galaxy
sample was drawn from the DESI DR1 catalogue. We used the
DESI DR1 large-scale structure catalogue® (DESI Collaboration
2025e).

2.1.1. The BGS data

The Bright Galaxy Survey (BGS; Hahn et al. 2023) Bright sam-
ple has undergone refinement by Turner et al. (2025), who intro-
duced tailored selection criteria to enhance its suitability for

' abacus_cosm000: https://abacussummit.readthedocs.io/

en/latest/cosmologies.html
2 https://data.desi.lbl.gov/doc/releases/drl/
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Fig. 1. Sky coverage in equatorial co-ordinates of the galaxies analysed
within this study. The black dots delineate the sky distribution of BGS
galaxies, the grey dots represent that of FP galaxies, and the blue dots
illustrate the distribution of TF galaxies. The purple band signifies the
galactic plane.
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Fig. 2. Redshift distribution of the galaxies employed in this paper. The
y axis is presented on logarithmic scales to enhance the clarity of the
data. The black bars depict the redshift distribution of the BGS galaxies,
the grey bars delineate the redshift distribution of FP galaxies, and the
blue bars illustrate the redshift distribution of TF galaxies. Additionally,
the yellow bars represent the redshift distribution of the entire DESI-PV
sample, which constitutes a combination of FP and TF galaxies.

analyses involving peculiar velocities. The final BGS data cat-
alogue employed in our study encompasses a total of 415523
galaxies, with an r-band absolute magnitude threshold set at
—17.7. The sky distribution of these galaxies is illustrated by the
black dots in Fig. 1. Furthermore, the redshifts of these galax-
ies, measured in the CMB frame, span the range from z = 0.01
to z = 0.1, as is depicted by the black bars in Fig. 2. The
galaxy mean number density, 7(r), is shown in the top left panel
of Fig. 3. The calculation of 7(r) is detailed in Bautista et al.
(2025). In this paper, the density field was derived from the BGS
catalogue.

2.1.2. The DESI-PV data

Due to the peculiar motions of galaxies, the apparent distance of
a galaxy, denoted as d, deviates from its true comoving distance,
dy. This discrepancy is measurable and can be quantified through
the logarithmic distance ratio, defined as n = log,, ‘di—;. It can be
converted to the line-of-sight peculiar velocity using the veloc-
ity estimator Eq. (A.1). Within the DESI-PV survey, two dis-
tinct populations of galaxies are observed: spiral galaxies, also
known as late-type galaxies, and elliptical galaxies, referred to as
early-type galaxies. The n for late-type galaxies is derived from

BGS data | %:010

0.04 0.008

DESI-PV data

0.03 0.006 q
0.004
0.002

0.000 1

BGS mock DESI-PV mock

0.006 q

0.004

0.0021

. s o il 0.000 1
0.02 0.04 0.06 0.08 0.10 0.02 0.04 0.06 0.08 0.10

4 4

Fig. 3. Galaxy mean number density, denoted as 7i(r), as a function of
redshift, z, for both the BGS and DESI-PV data and their correspond-
ing mocks. Notably, the data points are derived from their respective
random catalogues to ensure a smooth representation. The grey square
with error bar represents the mean value and standard deviation of the
data points within each redshift bin.

the Tully-Fisher (TF; Tully & Fisher 1977) relation, whereas for
early-type galaxies it is inferred from the fundamental plane
(FP; Djorgovski & Davis 1987, Dressler et al. 1987) relation. In
DESI-PV, the TF sample (Douglass et al. 2025) comprises a total
of 6,806 late-type galaxies. The sky distribution of these galaxies
is illustrated by the blue dots in Fig. 1. Furthermore, the redshifts
of these galaxies span the range from z = 0.015 to z = 0.1, as
depicted by the blue bars in Fig. 2. In contrast, the FP sample
(Ross et al. 2025) consists of 73 822 early-type galaxies. Their
sky distribution is marked by grey dots in Fig. 1, and their red-
shifts span the interval from z = 0.01 to z = 0.1, as is shown in
the grey bars of Fig. 2.

The DESI-PV catalogue is a combination of the TF sample
and the FP sample. The zero-point calibration bridging these two
datasets has been rigorously investigated by Carr et al. (2025),
ensuring a physical alignment. The redshift distribution of this
combined sample is illustrated by the yellow bars in Fig. 2.
Meanwhile, the galaxy mean number density, 7(r), is depicted
in the top right panel of Fig. 3. In this study, the momentum
field was constructed from the DESI-PV catalogue. In accor-
dance with the reasoning articulated in Turner et al. (2025), we
imposed a redshift cut of z.,, = 0.05 on the TF galaxies when
measuring the power spectrum — excluding those galaxies lying
beyond this threshold — to mitigate systematic biases inherent in
the TF velocity measurements. This identical redshift cut was
consistently applied across both mocks and random catalogues,
ensuring coherence and comparability throughout the analysis.
Following Turner et al. (2025), a 40-clipping was applied to the
measured n values of the DESI-PV data too.

2.2. Mocks

A considerable number of mocks is indispensable for validat-
ing the algorithm and accurately estimating the uncertainties in
the power spectrum and associated parameters. Bautista et al.
(2025) offers a comprehensive set of 675 BGS mocks, meticu-
lously designed to mirror the characteristics of the BGS data. In
parallel, 675 FP mocks have been constructed to emulate the FP
data, alongside 675 TF mocks tailored to align with the TF data.
Each set of BGS, FP, and TF mocks shares the same observer,
resulting in a total of 675 mock sets. These mocks were derived
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from the AbacusSummit simulation, and the fiducial value of
fos for these mocks is 0.466 at an effective redshift of z = 0.2.

The FP and TF mocks were generated with the specific aim
of replicating the selection function and survey geometry, the
FP relation, the TF relation, and the galaxy clustering observed
in the FP and TF data, respectively. The DESI-PV mocks were
formed by combining the TF and FP mocks. The galaxy mean
number density, 71(r), of DESI-PV mocks is illustrated in the bot-
tom right panel of Fig. 3. The galaxy mean number density, 7(r),
of BGS mocks is illustrated in the bottom left panel of Fig. 3.

2.3. The random catalogues

The random catalogues for both the data and mocks are also sup-
plied by Bautista et al. (2025). In order to precisely extract cos-
mological parameters from the power spectrum, it is imperative
to appropriately account for the survey geometry of both BGS
and DESI-PV. Employing fast Fourier transforms to measure the
power spectrum in the context of a non-periodic and incomplete
survey geometry leads to a convolution of the true power spec-
trum with the survey’s window function. To address this, the ran-
dom catalogue was employed to estimate the window function,
thereby enabling the application of an equivalent convolution to
our theoretical model during the data fitting process. The random
catalogues for FP and TF were generated independently, with the
objective of more faithfully replicating the distinct observational
features of the TF and FP surveys, respectively. The random cat-
alogue for DESI-PV was constructed by combining the random
catalogues of TF and FP.

3. The estimation of the power spectrum
3.1. The field functions

In this paper, we investigate the redshift-space power spectrum
of galaxies, encompassing both the auto-power spectrum and
cross-power spectrum of the galaxy density and momentum
fields. The density field was derived from the BGS catalogue,
whereas the momentum field was obtained from the DESI-PV
catalogue. Within our paper series, the density (contrast) field is
defined by

pr)—p

— s

o(r) =

ey

where p(r) is the mass density at position r = [r,,7,,7.], and p
represents the average mass density of the Universe. The line-of-
sight momentum field is defined by

p(r) = [1 +6(r)]o(r), @)

with v(r) denoting the line-of-sight peculiar velocity at position
r. The auto-density power spectrum, P°, the auto-momentum
power spectrum, PP, and the cross-power spectrum of the density
and momentum fields, PP, were originally formulated as two-
point correlations of ¢ and/or p in Fourier space, as expressed
in

2r)* 6P (k — K)P°(K) = (5(k)6" (K')) 3)
2n)*6P(k = k)PP (k) = (p(k)p*(kK)) )
2n)*6P(k - K)P°P(K) = (5(k)p* (K)), ®)

respectively, where 6”(k — k') indicates the Dirac 6 function and
“*’ denotes the complex conjugate. k is the wave vector.
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We favour the momentum power spectrum over the veloc-
ity power spectrum because, in principle, the velocity field is a
continuous entity defined everywhere in space, even in regions
devoid of galaxies. However, our measurements are limited to
locations where galaxies (and thus mass) are present, effec-
tively yielding a mass-weighted or momentum-based power
spectrum. In regions devoid of galaxies, we record zero velocity
not because the velocity is truly zero, but due to the absence of
tracers. Additionally, the momentum power spectrum retains the
same fundamental information as the velocity power spectrum,
and with additional non-linear contributions introduced by the
(1 + 6) term that are incorporated into the theoretical modelling.

Following the methodology outlined in Feldman et al.
(1994), which constitutes the standard approach widely adopted
today, the estimator for the density field is presented in

ws(r) [n5(r) — an,(r)]
A, . ©6)

In this formulation ws(r), ns(r) and ny(r) represent the weight
factor, the number density of galaxies, and the number density
of random points at position r. The number of random points
is @ times greater than the number of galaxies. As serves as the
normalization factor, defined by

A2 = f wim)az(r)d’r, (M

which ensures that the amplitude of the measured power aligns
with it in a Universe unaffected by survey selection effects. The
computation of the mean galaxy number density, 75(r), at posi-
tion r is detailed in Bautista et al. (2025) or see Fig. 3. As is
indicated in Eq. (6), to estimate the density field it is necessary
to subtract the random catalogue. This is because we measure the
density contrast field, 6, which can only be accomplished if we
possess knowledge of, and are able to subtract, the mean number
of galaxies within each grid cell, estimated from randoms of that
cell.

Similarly, following the derivation in Paper I, the estimator
for the momentum field is given by
w11, (r)u(r)

A, ’
where w,(r) and n,(r) denote the weight factor and the number
density of galaxies at position r, respectively. A, functions as the
normalization factor, defined by

A} = f wh ()7 (r)d r, ©)

which again adjusts the amplitude of the measured power to con-
form with it in an idealized Universe without survey selection
biases. The computation of the mean galaxy number density,
fip(r), at position r is also detailed in Bautista et al. (2025) (or
see Fig. 3). Notably, no random catalogue is subtracted when
estimating the momentum field. This is because that the mean
velocity at any spatial point is inherently zero; consequently,
subtracting a random catalogue during the construction of the
momentum field would be equivalent to subtracting zero.

In this paper, we define the Fourier transform of the field
functions presented in Eqgs. (6) and (8) through the following
formulation:

F(K) = ‘l/ f F(r)e*rd’r,

and inversely,

Fo(r) =

FP(r) = ®)

(10)

F(r) = f F(K)e *T k. (11)

@ry
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3.2. The estimators of the power spectrum multipoles

The observed redshift of a galaxy comprises two dominant con-
tributions: the Hubble recessional redshift resulting from the
cosmic expansion, and the peculiar velocity redshift arising from
localized gravitational influences. Consequently, the inferred
position of a galaxy based on its observed redshift does not rep-
resent its true comoving position; instead, it reveals a distorted
position that is referred to as the ‘redshift-space position’. This
phenomenon is widely recognized as redshift-space distortion
(RSD).

Redshift-space distortions disrupt the spherical symmetry of
the power spectrum with respect to the line of sight. To cap-
ture this anisotropic behavior, a prevalent methodology involves
decomposing the redshift-space power spectrum, P(k), into a
series of Legendre polynomials, L,(w), i.e.

Pk) = Z P(k)L(), (£=0,1,2,3,4,...). 12)
¢

In this decomposition, the angular dependence of the power
spectrum, P(K), is encapsulated within the Legendre polynomi-
als, Ly(u), while the amplitude information of P(k) are encoded
in the multipole moments, P,(k), commonly referred to as power
spectrum multipoles. Here, u = #k = cos 6 denotes the cosine of
the angle between the unit wave vector, ﬁ, and the line-of-sight
unit vector, F.

Following the formalism established by Yamamoto et al.
(2006) and Paper I, the estimators for the auto-density and auto-
momentum power spectrum multipoles are defined by

PY(k) = [FP(R)F} (k) = A (13)
and
P{(k) = |FP(R)F]" ()| = A, (14)

respectively. The indices ‘0 and ‘p’ corresponds to the auto-
density and auto-momentum power spectrum, respectively. The
associated shot-noise contributions are described by

_ Q1+a)2¢+1)

NP 2y wy(r)s () Le(uyd’r (15)
20+ 1

N = v f wh ()7, () (X)) Le(u)dr, (16)

respectively.

As is outlined in Appendix H.l1 (or see Paper III), the
estimator for the cross-power spectrum multipoles is defined
through?

PP = Il RF R~ P RFE R A4, a7)

with the corresponding shot-noise term detailed in

op _ 2041
£ AsApV

f ws (0w, () min{7is(r), i, (0K Le(u)dr.
(18)

In this context, ‘6p’ specifically refers to the density-momentum
cross-power spectrum, while ‘Im’ denotes the imaginary part of

3 There is a small typos in Eq. (19) of Paper III, while the code used in
Paper III is correct.

a complex number. Given that both the time evolution of grav-
itational interactions and the initial conditions of the Universe
remain invariant under the transformation 6 — —¢ and v — —v,
the cross-power spectrum between the density and momentum
fields must also exhibit invariance under such transformations.
This leads directly to the identity P‘;p = —P‘;” *, which holds
exclusively for purely imaginary functions. See Appendix B for
more details.

The shot noise observed in the auto-power spectrum origi-
nates from the discrete nature of galaxies as tracers of the under-
lying density and momentum fields. In the case of the cross-
power spectrum, shot noise arises due to the potential overlap of
galaxies used in the estimation of both the density and momen-
tum fields. This form of noise is proportional to the sample con-
taining fewer objects (Smith 2009).

The expressions for the estimators of auto-power spectrum
multipoles have been thoroughly examined by Bianchi et al.
(2015). Nevertheless, our formulations of the field function def-
initions and Fourier transform definition deviate slightly from
that of Bianchi et al. (2015). Consequently, below we restate the
corresponding expressions for clarity and consistency. For con-
venience, we adopt the methodological framework proposed by
Bianchi et al. (2015) and introduce the following function:
Ti(k) = f k- B Fre™dr, (19)
where ¢ = 0,1,2,3,4,.... Consequently, based on Eq. (13) or
Eq. (14), the corresponding even-multipoles of the auto-power
spectrum are expressed in (see Appendix H.3 for more discus-
sion)

1Ay ,
Pott) = 5, [ SR FOOT 00 - 0)
5 dQy . .
Pat) = o [ G F0[37300 - T30 e

9 (dQ
Pk = o f 4—7TkF(k) [35Tj;(k)—30T;(k)+3T;;(k)], (22)

where dQ); denotes the solid angle. See Appendix D for the
expressions of Ty, 7>, and Ty. It is important to note that, unlike
in Bianchi et al. (2015), the normalization factors As and A,
are inherently incorporated within the field functions in our for-
mulation, and our definition of Fourier transformation diverges
from them too. For multipoles with £ > 0, the shot noise
becomes negligible and can be safely ignored (Blake et al. 2010;
Howlett 2019). If ignoring the wide-angle or general relativis-
tic effects, only the even-multipoles of the auto-power spec-
trum are non-zero (Bianchi et al. 2015; Beutler & Di Dio 2020;
Castorina & White 2020).

In this paper, building upon Eq. (17) and Eq. (19), we derive
the associated odd-multipoles for the cross-power spectrum, as
expressed in

3 dey Im{F? T} (k) — FPR)T] (K))

Pk =3 | - > o @Y
7 doy, Im{F?(K)TS*(K) — FP(K)TY (K)}
Py = ﬁfﬂ[“ >
5% _ 6 p*
_3x Im{FP(K)T7*(kK) — F°(K)T| (K)} . 24)

2
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See Appendix D for the expressions of 7| and T3. For similar
reasons, only the odd-multipoles exhibit non-vanishing contri-
butions to the cross-power spectrum, and the influence of shot
noise diminishes to a negligible extent for £ > 0.

3.3. The FKP weights

In Feldman et al. (1994), the authors introduced a weighting
scheme for the density power spectrum aimed at minimizing
the fractional variance of its estimation. This method is widely
known as the Feldman-Kaiser-Peacock (FKP) weighting scheme
and is given by

1

M
ws(r. k) 1+ (0P (K)

(25)

Building upon this work, Paper I proposed an analogous weight-
ing strategy tailored specifically for the momentum field, given
by

1
(V2(1)) + 71y (0) Py p(K)

wp(r, k) = (26)

where (v%(r)) accounts for both intrinsic scatter and measure-
ment errors associated with peculiar velocity estimates and can
be calculated using Eq. (A.3).

The FKP weights were derived under the assumption that
the power spectrum follows a Gaussian distribution. However,
FKP weights may not represent the optimal choice when the
power spectrum is not Gaussian. As is demonstrated in Sect. 6
of Paper I, varying the value of Ppkp(k) alters the effective sur-
vey depth of the galaxy survey. Different choices of FKP weights
influence the trade-off between upweighting higher redshift data
— thereby increasing cosmic volume and reducing power spec-
trum variance — and upweighting nearby objects where veloc-
ity measurement errors are smaller. Following Paper I, Paper 11,

and Paper III, we set Pg, = 1600h~>Mpc® and P, =

5 x 10°h73 Mpc® km? s72 for the density and momentum fields,
respectively, to achieve optimal measurement accuracy.

3.4. Grid correction and Nyquist frequency

To compute the field functions of Eq. (6) and (8) from galax-
ies, it is necessary to assign the galaxies to a three-dimensional
grid. This gridding process effectively convolves the field values
with a top-hat window function in each spatial direction, result-
ing in each Fourier mode being multiplied by a Sinc function.
To mitigate this effect, following the methodology outlined in
Abate et al. (2008), Johnson et al. (2014), and Adams & Blake
(2017), we applied a correction factor by dividing each voxel
corresponding to a wave vector of k = [k, k,, k.] by the follow-
ing Sinc functions for the Fourier transformed field functions
(i.e. F(K) and T,(k)):

3 ka» 1 kﬂL!f 1 k:L:
- 8 sm( 5 )SIH(T)SIH(T)
®) = LL,L. k, k, k.

27

where L,, L,, and L, denote the size of the voxel in the x, y, and z
directions, respectively. In this study, we constructed the galaxy
grid using a voxel size of L, = L, = L, = 2Mpc h~! within a
cubic box of size L = 800 Mpc i#~! centred on the observer. This
configuration provides sufficient spatial coverage to include the
galaxies observed in the DESI survey.
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Furthermore, we consider only those Fourier modes corre-
sponding to wave numbers, k, that exceed the Nyquist frequency,
defined by

b S
K =min{—,—,—}. 28
Ny Lx Ly Lz ( )
This ensures that the sampling rate meets the minimum require-

ment for an undistorted estimation of the power spectrum.

4. The theoretical model of the power spectrum
4.1. The models of power spectrum

Kaiser (1987) developed a linear model for the density power
spectrum, commonly referred to as the Kaiser formula (see
Appendix C), which has been extensively utilized over the past
few decades. Building upon this foundation, Koda et al. (2014)
extended the analysis to the power spectrum of peculiar veloc-
ities, and incorporated empirical damping terms into the lin-
ear models in order to more accurately account for non-linear
motions of galaxies. However, these linear and quasi-linear mod-
els are effective only for k < 0.15 2 Mpc~', where measurement
errors tend to be larger.

To more effectively capture non-linear effects and extend
the analysis into regions with smaller measurement errors, we
employed one-loop perturbation theory models for the power
spectrum in this paper. These redshift-space power spectrum
models were initially developed by Vlahetal. (2012, 2013),
Okumura et al. (2014) and summarized in Appendix A of
Paper I and updated in Sect. 4 of Paper III. Following the
theoretical framework outlined in Vlah et al. (2012, 2013) and
Paper I, the density power spectrum model is described by

P°(k, 1) = Poo + 1*(2Po1 + Pop + P11)

1
+ 4" (Po3 + Pog + P1p + Pi3 + szz)- (29)
Based on the theoretical formulation presented in Okumura et al.
(2014) and Paper I, the momentum power spectrum model is
given by

la(z)H(2)]?
kZ

Additionally, the cross-power spectrum model was also derived
in Okumura et al. (2014). However, according to Chen et al.
(2025, Eq. (D.2) therein), there exist minor inaccuracies in
the derivation of the cross-power spectrum expression in
Okumura et al. (2014, Eq. (2.19) therein), and consequently in
Paper III. In this paper, we derived the corrected version, which
is given in

PP(k,p) = [Pi1 + 12 (2P12 + 3P13 + Py)]. (30)

PPk, ) =

a(z)H(2)
—x H Py + P + Py

3 3 1
+ﬂ2(§P()3 + 2P04 + §P12 + 2P13 + EPzz)]. (31)

Notably, this is the imaginary part of the cross-power spectrum
model. The new formulations for P,,,, (im,n = 0,1,2,3,4) are
presented in Sect. 4.2. In the aforementioned equations, the scale
factor was determined from

1

a(z) = —. (32)
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Assuming ACDM, the Hubble parameter is given by

@_E()—\/— m_QA

where Hy, Q,, and Q, are the Hubble constant, matter density
parameter, and dark energy density parameter in the present-day
Universe at effective redshift z.gq = 0.

The models described in Eq. (29), (30), and (31) represent
highly general frameworks, with the sole underlying assump-
tion being the local plane-parallel approximation. These models
do not presuppose the ACDM paradigm. To derive the ACDM-
specific models, one simply needs to employ ACDM theory in
the computation of E(z) (in Eq. (33)), and the growth factor D(a)
(in Eq. (44)), as well as the linear matter power spectrum, Py,
(as was mentioned in Sect. 4.2). However, one is entirely at lib-
erty to utilize alternative theoretical approaches to calculate P;,
D(a) and E(z), thereby generating power spectrum models cor-
responding to other cosmological models.

To obtain the theoretical models for the power spectrum mul-
tipoles, one can substitute Eq. (29), (30) and (31) into the follow-
ing:

+ Qn, (33)

2¢ + 1
Puk) = ¢ 2”

1
f P DL (34)

which essentially performs a Legendre transformation corre-
sponding to Eq. (12). The aforementioned theoretical models
for the power spectrum can be readily converted into models
for the galaxy two-point correlation function, the velocity corre-
lation function, and the galaxy-velocity cross-correlation func-
tion using the HANKL package* (Karamanis & Beutler 2021);
see Turner et al. (2025) and Appendix C for more discussion.
The momentum correlation is equivalent to the velocity corre-
lation in linear scales, as demonstrated by Eq. (2) of Paper I;
therefore, the model of the velocity correlation function can be
converted from the model of the momentum power spectrum
approximately.

4.2. The new loop terms for the cross power spectrum

The loop terms, P,,, (m,n = 0,1,2,3,4), in Eq. (29), 30,
and 31 were initially formulated by Vlah et al. (2012, 2013),
Okumura et al. (2014), Paper I and Paper III. Their models,
however, were specifically tailored for situations in which both
density and momentum fields originate from the same galaxy
survey dataset.

In this paper, we generalize P,,, of cross-power spectrum
Eq. (31) to accommodate cases in which the density and momen-
tum fields stem from different surveys with differing obser-
vational properties. This generalization implies that the cross-
power spectrum Eq. (31) will incorporate multiple biasing
parameters. The corresponding new formulations for P, (of
Eq. (31)) are detailed in the subsequent equations:

Poo = B30 D Py + B D* (b4 Koo + BY K3y + 267 (Top + 3Jo0k* Pr))
1
+ ED4(b§b§1<01 + 207 (B3 Koo + BOK3y) + bOBUKS,
(35)

o s 5 s
+ DYDSKS, + bybYK, + 4%

2
3anLO-3)’

4 The HANKL PYTHON package: https://hankl.readthedocs.
io/en/latest/install.html

Poy = fD*(B3(PL +2D*(Ioy + b Lo + 3(Jo1 + b} J10)K*PL))

- D*(B3(Kyg + DY K1) + BOK Sy + BYBOKS, + bY Pr o)),
(36)

f Dz( 2PL + Dz(b?bll)l:;l + (2]11 + b(sbplw + 2[?(];[22

+2bP Iy + 6((B + By + J”)kzPL),uz)), (37)

Py3 = —f*K2D* (03 1> (P + D*Q2I1y +2(b + b))

+ 6K Pr(Jy1 + (B + b)) + 05 BV D (1P 15 + 131)),
(38)

1
Poy = —zfAbtlskzo'auTDz‘(Ioz + 12 Lo + 2K*P1(Joo + 1P J0))

1
*31 LD Poo(oh 7 + 03, (39)

where the indices ¢ and p denote the parameters for density and
momentum fields, respectively. The terms Py in the expression
of Py, should be calculated from Eq. (35) of this paper. Follow-
ing the derivation outlined in Paper III, we arrive at

Poy = 20D loy + (o + 2K PL(Jo + (2 J20)) — f2K 05 7 Poo
+ 2D (b3 (Koo + 17 Ka0) + B(K3, + 1K), (40)
Piz = f*D}(1a + 12 by = B3 + 17 0) + 2K*Pu(Joz + 2 J0))
= 03 Por + 21 D0 i (TIor + o + 3K P01 + J10)),
41)

where Py and Py; in the above equations should be obtained
from Eqgs. (35) and (36) of this paper, separately. By following
the derivation presented in Paper I, we also obtain

03 = —fzkzo'évs Py, (42)

1
Py = —f4D4(123 + 2P I3 + ) + f4k4a—§,vTP00 - fzkzcr?s,vr
(2P02 — 2D (B3 (Kao + 1P Ko) + BU(K3y + 1PK3))). (43)
In the above, the Pyy, Py, and Py, should be derived from
Eq. (35), (36), and (40) of this paper, respectively. The term D
represents the linear growth factor. Under the assumption of gen-

eral relativity (GR) and ACDM, its analytical expression is given
by (Heath 1977; Howlett et al. 2015)

D,(a)

D(a) = Doro (44)

where

Dy.(a) = E(a) f‘l fL, (45)
o a’H(a@)

and where Dy, symbolizes the D,.(a) of the present-day Uni-
verse at redshift z.g = 0. E(a) is given in Eq. (33). The terms I,
K, K;,,, 03, and o4 were derived from integrations of the lin-

ear matter power spectrum Py, following the approach detailed
in Vlah et al. (2012) and Paper 1. In this study, we utilized the
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CAMB? package (Lewis et al. 2000) to calculate P (k) assuming
ACDM, with the resulting Py (k) illustrated in Fig. C.1.

The parameters of the power spectrum models are summa-
rized in Table 1. Within the context of the cross-power spectrum
formalism Eq. (31), the fully parameterized model comprises ten
parameters. On the other hand, by equating the biasing parame-
ters and velocity dispersion parameters of the density field with
those of the momentum field, Egs. (35) to (43) simplify to the
expressions detailed in Appendix A of Paper I. As a result, we
obtain the P, for the auto-density and auto-momentum power
spectrum models (i.e. Egs. (29) and (30)) conform to the for-
mulations proposed by Paper I, Paper II and Paper III. As
was argued in McDonald & Roy (2009), Saito et al. (2014) and
Paper I, two higher-order galaxy biasing parameters can be deter-
mined from the linear bias using local Lagrangian relations:

4 32
= —=(b -1 =22 (b - 1). 4
by 7(191 )> b3u 315(191 ) (46)

They can also be set as free parameters when fitting the models
to the measurements to gain more flexibility from the models.
Furthermore, setting all of the loop terms, 1., Ky, K;,,,» 073,
and o4, to zero, in conjunction with setting the higher-order bias-
ing and velocity dispersion parameters to zero, leads to a reduc-
tion in the power spectrum models in Egs. (29), (30), and (31) to

the Kaiser formulas, as is demonstrated in Fig. C.2.

4.3. The window function convolution

In actual astronomical observations, our view is confined to
galaxies residing within a limited spatial volume and with a
particular sky completeness function. Consequently, the power
spectrum measured from galaxy surveys reflects only the char-
acteristics of this restricted volume, rather than representing the
entire Universe. However, theoretical formulations of the power
spectrum are typically based on the infinitely extended Uni-
verse. Therefore, in order to reliably infer cosmological parame-
ters from galaxy surveys, it is crucial to incorporate the impacts
of survey geometry and observational completeness when com-
paring theoretical models with measured power spectrum. This
necessitates the application of a convolution operation involving
the window function, as formally described by
P°(k) = W - Pk, 47
where the model power spectrum multipoles P (k") (¢
0,1,2,3,4,...) are concatenated into a single vector, P(k")
[Po(k"), Pi(k"), Py(k"), P3(k"), P4(k’), ...]. The term P¢(k) denotes
the convolved model power spectrum multipoles, which serves
as the counterpart for direct comparison with the measured
power spectrum multipole. The window function convolution
matrix, W, is characterized by dimensions (N; X Ni) X (Ng X Ny).
Specifically, N; denotes the number of k bins associated with
each measured power spectrum multipole, while N, represents
the total count of measured power spectrum multipoles. Fur-
thermore, Ny indicates the number of k' values employed in
computing each model power spectrum multipole, and Ny refers
to the overall number of theoretical power spectrum multipoles
considered.

The window function convolution matrix, W, was con-
structed using random catalogues, following the approach
detailed in Appendix H.2. Each entry of the matrix, W, was

5> CAMB: https://camb.info/
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defined according to

Wk, k' dQ k LY 48
[( )— _f km_z_[ m( )Zmz (25’+1)V ( )
where

10 (kK = (21)3 f Gk -K)S(k —K)Y. (K)dK, (49)
S (k-K) = ‘l/ f YL @Y @®amwr)e™ K ddr, (50)
Gk-K)= f w(m)i(r)e™ * K gy, (51)

where Yf;l(f') corresponds to the spherical harmonics, w(r) sym-
bolizes the FKP weight introduced in Sect. 3.3, and 7 stands for
the mean galaxy number density outlined in Sects. 2 and 3.1.

For the auto-power spectrum, w(r) and 7(r) should be com-
puted individually for both the density and momentum fields,
and the A2 should be computed from Egs. (7) or (9), respectively.
However, when considering the cross-power spectrum, and in
accordance with the arguments articulated in Appendix H.2, the
following substitutions must be made to the normalization factor
in Eq. (48):

A% > A4, (52)

along with the following corresponding modifications to
Eq. (49),
Gk -k)S (k- k') —

mm

;[G”(k K)S k- k) + GOk - k')SP”'*(R—R’),] (53)

mm’ mm’

where G° and G? are derived from Eq. (51), applied separately
to the density and momentum fields, whereas the terms SOt

and § f;jf are obtained through Eq. (50), also evaluated indepen-
dently for the density and momentum fields.

The window function convolution matrix was computed by
assigning the random points to a three-dimensional grid. In this
paper, we set n, = n, = n, = 140 for a cubic box size of L =
700 Mpc 7', in order to get a grid without empty voxels in the
region where random points are fulfilled.

Figure 4 illustrates the window function convolution matrix
across different types of power spectrum, including the den-
sity power spectrum of the BGS data ( left panel), the momen-
tum power spectrum of the DESI-PV data (middle panel), and
their cross-power spectrum ( right panel). Notably, as is revealed
in Fig. 4, the off-diagonal blocks of the W exhibit non-zero
values, signifying that the convolution of any given multipole
receives contributions from other multipoles. This interdepen-
dence implies that higher-order multipoles must be incorpo-
rated into the modelling framework, even if they are not directly
involved in the final fitting procedure. In this work, we include
all multipoles up to {max = 4 to ensure comprehensive and
accurate representation. As is shown in Fig. 5, the differences
arising from varying {y.x values are negligible, indicating that
¢ = 4 is sufficiently large to ensure convergence. We employed
k' € [0,0.4075]hMpc~" (with 300 bins) in computing each
model’s power spectrum multipole, which should be slightly
larger than the k € [0,0.3] AMpc™' that is associated with each
measured power spectrum multipole, in order to fully cover the
diagonal information of each block of the convolution matrix.
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Table 1. Parameters of the power spectrum models.

Parameter Explanation
f €10, +00) The linear growth rate of the large- scale structures, f = %.
by € [0, +c0) The linear biasing parameter.

by € (—o0, +00)

The second-order local biasing parameter.

by € (=00, +0)

The second-order non-local biasing parameter.

b3y € (=00, +00)

The third-order biasing parameter.

our € [0, +c0)[Mpc h_l]

The non-linear velocity dispersion for Py, Po4, P12, P2y and the vector part of Pj3.

oys € [0, +00) [Mpc h_l]

The non-linear velocity dispersion for Py; and the scaler part of Py3.

Notes. For the density field and the momentum field, each of them have the above set of parameters.

WP (k, k')

—-0.02

0.153 0.312 0.387 0.153 0.312 0.387 0.153 0.312 0.387
k' [h Mpc™]

0.153 0.312 0.387 0.153 0.312 0.387 0.153 0.312 0.387
k" [h Mpc™1]

WP (k, k')
WEP(k, k'

-0.02

0.153 0.312 0.387 0.153 0.312 0.387
k' [h Mpc™']

Fig. 4. Window function convolution matrix. The horizontal axis is presented on logarithmic scales to enhance the clarity of the data. The left
panel displays the convolution matrix for the density power spectrum of the BGS data. The middle panel illustrates the convolution matrix for the
momentum power spectrum of the DESI-PV data. The right panel exhibits the convolution matrix for the cross power spectrum between the BGS

and DESI-PV data.

600‘/\_ P8, tmax =0
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g 0.4
£.0.21
~ 0.0
0.05 0.10 0.15 0.20 0.25 0.30
k [h Mpc~*]

Fig. 5. Window function-convolved model power spectrum computed
with different £, values. The parameters of the power spectrum mod-
els are taken from Table 2.

5. Tests on mocks
5.1. Fitting method

In this study, we concatenated the density, momentum, and cross
power spectrum to effectively constrain the growth rate fog. By
concatenating the models of these three spectrum, i.e. Egs. (29),

(30), and (31), we derived a comprehensive framework compris-
ing 13 parameters in total. These encompass the growth rate,
fog, the biasing parameters [b;0g, bo0s, bsog, b3y07g] for both
the density and momentum fields, as well as the velocity disper-
sion parameters [0s , 07,7 ] for the density and momentum fields,
respectively. However, in practical applications, it is not nec-
essary to treat all 13 parameters as independent variables dur-
ing model fitting with measurements, because these models are
not equally sensitive to every parameter. Through the follow-
ing testing using mocks, we discovered that a streamlined set of
only five key parameters [ fog, bjos, byos, 0,7, 0ys ] suf-
fices to maintain robustness and precision in the fitting process
(see Appendix E for more discussion). This led us to adopt a
unified linear biasing parameter, b0, for both the density and
momentum fields, and a shared second-order biasing parameter,
byog, for both fields. Furthermore, we employed shared veloc-
ity dispersion parameters [0y, 0,s] across both the density and
momentum fields.

In our study, the covariance matrix of the power spec-
trum is derived not from the actual Universe, but from a
finite number of mocks. This limitation introduces an uncer-
tainty into the inverse of the covariance matrix. This issue
is referred to as the Hartlap effect (Hartlap et al. 2007). To
address this challenge, we adopted the methodology proposed
by Sellentin & Heavens (2016), which is different from the con-
ventional approach of directly minimizing the y*. Instead, we
employed a likelihood function based on the following modified
t distribution to derive more robust estimates of the parameters
6= [fO'g,blo'g,bz(J'g,(J'zT,O'gS]I

_N
X (PO
N-1]| °

L(Pl) o« [C|"2 [1 + (54)
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Fig. 6. Power spectrum and parameter fitting outcomes from the BGS and DESI-PV mocks. In the left panels, the filled circles represent the
averaged measurements of the density monopole, density quadrupole, momentum monopole, and cross dipole power spectrum, respectively,
across 675 mocks. The error bars reflect the uncertainty associated with a single realization. The fitted model power spectrum is overlaid as curves.
On the right, the marginalized histograms and two-dimensional contours of the MCMC samples for the cosmological parameters are shown, with
the MCMC fit results annotated at the top of each histogram (or see Table 2). The 2D contours delineate the 1, 1.5, 2, and 2.50 confidence levels,
while the shaded regions in the histograms indicate the 10~ confidence interval. The vertical dashed line marks the fiducial value fog = 0.466.

where N 675 is the number of mocks. Within this
framework, the y? is formulated according to y*(P,|6)
[P, — P:(0)] c'p,- an(e)]T, where P, signifies the measured
power spectrum, P¢ denotes the model power spectrum con-
volved with the survey window function, and C represents the
covariance matrix.

In this research, cosmological parameters were extracted
through a combination of the auto-density power spectrum
monopole, Pg, and quadrupole, Pg, the auto-momentum power
spectrum monopole, P?, and the cross-power spectrum dipole,
P Specifically, both P, = [P}, P3Pl P"] and P,
[Py, PSc, PP, P(fp “] are represented as 4N, vectors, while the
covariance matrix, C, spans a dimensionality of 4Ny x4Nj.. Addi-
tional measured multipole components of the power spectrum of
the survey data are found to be close to zero and exhibit high
noise levels; therefore, they are excluded from the parameter
estimation process in this work.

Parameter inference was conducted using the Metropolis-
Hastings Markov chain Monte Carlo (MCMC) methodology,
under uniformly flat priors defined over the interval fog €
(0,1.51, 1o € [0,3], brog € [-5,5], 02 € (0,350], and 0'35 €
(0,3502]. Our growth rate constraints were obtained through the
measurement of power spectrum in bins of k£ € [0.025, 0.3], with
bin widths of 0.0094 Mpc~!.

5.2. Fitting fog of the mocks

We began by fitting the power spectrum of the mock average.
As is illustrated in Fig. 6, the filled circles represent the aver-
age of the power spectrum measured from 675 mocks, while the
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solid curves depict the best-fit theoretical models. The density
power spectrum was measured from the BGS mocks, whereas
the momentum power spectrum was obtained from the DESI-PV
mocks. Each cross-power spectrum was computed using a BGS
mock and its corresponding DESI-PV mock (which has the same
observer as that BGS mock).

The MCMC resulting parameter estimates are summarized
in Table 2 and illustrated in the right panel of Fig. 6. Notably,
the estimated value of fog = 0.468*0%! closely aligns with the
mock fiducial value of fogsq = 0.466 at effective redshift z.g =
0.2. This agreement demonstrates that our fitting methodology
effectively recovers the true growth rate embedded in the mocks,
and that the power spectrum models perform robustly up to the
non-linear scale of ky.x = 0.3 4 Mpc" under current conditions.
In this analysis, we excluded the momentum power spectrum
quadrupole, Pg , as it is heavily dominated by noise in survey
data. To further assess the adaptability of our model, we also
conducted fits incorporating P’z’ using the mock average, where
P’z’ exhibits sufficient smoothness to yield a reliable fit. For a
more detailed exploration, please refer to Appendix F.

We proceeded to fit fog of 15 randomly selected DESI-PV
mocks and their corresponding BGS mock counterparts. As is
illustrated in the top panel of Fig. 7, the filled squares repre-
sent the MCMC estimates of fog derived from each of the 15
mock sets, all of which align closely with the fiducial fog value
(indicated by the dashed yellow line). The shaded blue band dis-
plays the fog constraint extracted from Table 2 (i.e. mock aver-
age), providing an independent reference for comparison. The
reduced y? values for all 15 measurements are found to be near
unity, underscoring the robustness of the model and confirm-
ing that it provides an excellent statistical fit to the mock data.
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Table 2. MCMC-fit cosmological parameter estimates derived from
mock average.

0'55 ¥?/dof.

9.625/(120 - 5)

2
byog oo

5.4 20
455758 1112

biog

0.025 0.081
083125051 0-8922( 680

fos

0.061
0'468t0.043

Notes. These parameter estimates derived from the BGS and DESI-PV
mocks are presented here. These estimates were obtained by fitting the
average of 675 BGS mocks and 675 DESI-PV mocks. The degrees of
freedom (d.o.f.) were calculated based on 120 data points and five free
parameters.

Figure 8 presents the growth rate constraints derived from fitting
the power spectrum using different wave number cut-offs kyax,
demonstrating that our models yield stable fits and reliable for
kmax < 0.35 hMpc~'.

6. Results
6.1. The systematic error of the FP data

In Fig. 9, we compare the measured momentum power spectrum
of the FP survey data with the average momentum power spec-
trum derived from 675 FP mocks. As the plot illustrates, the
momentum power spectrum from the FP data begins to devi-
ate. Specifically, it becomes elevated relative to the mocks start-
ing at k = 0.05 » Mpc™'. This discrepancy becomes even more
pronounced at k = 0.1 4 Mpc™!, where the data exhibits signifi-
cantly higher values than the mock predictions. This bias origi-
nates from a systematic bias in the measured n values of the FP
data. In particular, within larger galaxy groups, the measured 7
tends to be more negative, leading to this anomalous behavior in
the momentum power spectrum. This bias was initially identi-
fied by Howlett et al. (2022) through an analysis of the SDSSv
data and has since been confirmed in DESI FP data, as reported
by Ross et al. (2025). However, the underlying physical cause of
this bias remains elusive and not yet fully understood. In future
endeavours, a comprehensive galaxy group catalogue of DESI
will be meticulously constructed, serving as a pivotal foundation
for the calibration of this bias.

This systematic deviation also affects the estimation of fos,
as the DESI-PV catalogue is predominantly composed of FP
galaxies rather than TF galaxies. As is shown in the top panel
of Fig. 10, the filled blue squares represent the estimated val-
ues of the growth rate, fog (derived from the power spectrum
of the BGS and DESI-PV data), as a function of the cut-off
wave number, k5., of the momentum power spectrum. We fixed
kmax = 0.3hMpc™! for the density and cross power spectrum.
Notably, at kb, = 0.125hMpc™!, the measured fog abruptly
rises from approximately 0.4 to around 0.6.

To mitigate this bias, we have to adopt a conservative
approach by restricting the momentum power spectrum analysis
to k2., = 0.1 hMpc~! when fitting fog from survey data, while
retaining kmax = 0.3AMpc™! for the density and cross power
spectrum. The information encoded in the momentum power
spectrum is predominantly concentrated on the larger cosmolog-
ical scales, specifically at wave numbers below k < 0.1 4 Mpc™!
(Howlett 2019; Bautista et al. 2025). Consequently, adopting a
conservative cut-off at k?,, = 0.1 AMpc~' enables a robust anal-
ysis of the data without sacrificing significant signal content and
does not impact our main conclusion.

It is important to emphasize that k5, = 0.1 2 Mpc™' reflects
the reliability limit of the measured momentum power spectrum,
rather than a breakdown of the theoretical model. Indeed, the
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Fig. 7. foy fit results (represented by filled squares in the top panel)
from 15 randomly selected BGS mocks and their corresponding DESI-
PV mock counterparts. In the top panel, the dashed yellow line indicates
the fiducial value fog = 0.466 of mocks. The blue band represents the
fos value from Table 2. The bottom panel illustrates the reduced y?
values for each measurement, depicted by filled green circles.
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Fig. 8. fos as a function of the cut-off wave number. The filled blue
squares show the estimated fog as a function of the cut-off wave num-
ber, kmax. The dashed pink line is the fiducial value 0.466.

model of momentum power spectrum remains robust and accu-
rate up to kmax = 0.3 Mpc™ as demonstrated in Sect. 5.2. In
future studies, with access to an unbiased velocity survey, we
anticipate being able to extend the momentum power spectrum
analysis to ke = 0.32Mpc™!, thereby enhancing the precision
and constraining power of our cosmological inferences.

6.2. Result of fog

As is depicted in Fig. 11, the power spectrum fitting results for
the BGS and DESI-PV data are presented. In the left-hand pan-
els, the top, middle, and bottom subplots display the measured
density monopole and quadrupole, momentum monopole, and
cross dipole power spectrum, respectively, with filled circles rep-
resenting the measurements of the data. The curves illustrate the
theoretical model spectrum that have been fitted to the measured
data points. The goodness-of-fit is quantified by a reduced chi-
squared value of y?/d.o.f. = 116.563/(98 — 5) = 1.2534, indi-
cating a satisfactory agreement between the model and the data.
The derived cosmological parameter constraints are summarized
in Table 3 and illustrated in the right panel of Fig. 11. Notably,
the estimate for the growth rate is fog(zer = 0.07) = 0.440%) 0%
at the effective redshift z.¢ = 0.07. '
To compute the theoretically predicted value of fog, we fol-
lowed the formalism outlined in Howlett et al. (2015), wherein
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Fig. 9. Comparison of the momentum power spectrum derived from the
FP data (represented by filled magenta circles) with the averaged spec-
trum obtained from FP mocks (illustrated by filled blue circles accom-
panied by error bars).
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Fig. 10. In the top panel, the filled blue squares show the estimated
growth rate, fog, as a function of the cut-off wave number, k%, of
the momentum power spectrum. We fixed kp,x = 0.3 hMpc’1 for the
density and cross power spectrum. They were derived from the BGS and
DESI-PV survey data. The dashed magenta line indicates the average
of the filled blue squares. The dashed yellow line indicates the fiducial
value fog = 0.466 of mocks. The bottom panel illustrates the reduced
x? values for each measurement, depicted by filled green circles.

the growth rate as a function of redshift is expressed as

Dy (ax) D,(a)

fl@og(a) = Q,(a) o Dyro” Dof@)’

(55)

with
D?’(a) _ Y ’ _ Qm
D, (%) = exp (]{: Qn(a’)dina ), Qn(a) = —a3E(a)2’ (56)

and D,(a) obtained from Eq. (45). Under the framework of
GR, the growth index, y, was fixed at 0.55 (Linder 2005). Con-
sequently, with the Planck Collaboration VI (2020) cosmology,
the GR predicts a growth rate of fog = 0.446 at z.g = 0.07,
which aligns remarkably well with our measured value of fog =
0.440f8:8§2 at the 68% confidence level, underscoring the consis-
tency between theory and observation.

The refined estimate of the growth rate, derived by syn-
thesizing the fitting outcomes from the correlation function
(Turner et al. 2025), maximum likelihood estimation (MLE,
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Table 3. MCMC-fit cosmological parameter estimates derived from
data.

fog biog byog ofT 0'35 Xz/d.o.f.
0.080 0.021 0.049 9.8 28
0‘440’:0096 0.706:’0'018 O.799f0_060 53.6f&8 101.0f16 116.563/(98 - 5)

Notes. These parameter estimates were derived from the BGS and
DESI-PV data presented here. The degrees of freedom (d.o.f.) were cal-
culated based on 98 data points and five free parameters.

Table 4. Estimated values of y, Qy,, and o7.

Dataset v Qn o3

0.580+0'1 10 0.301 +0.011
038000 02000n
; -0.160 . —-0.017

O.834+0'032

oss2if)

DESI DR1 SF+BAO+PV
DESI DR1 SF+BAO

Lai et al. 2025), and the power spectrum of this paper, yields
a consensus value of fog(zeg = 0.07) = 0.450f8:8gg, in concor-
dance with theoretical predictions too. For a deeper exploration

of data synthesis, see Bautista et al. (2025).

6.3. Result of y

We present constraints on Linder’s growth index, y (see
Eq. (55)), assuming a ACDM background, obtained with
cobaya (Torrado & Lewis 2021) interfaced to MGCAMB
(Wang et al. 2023; Hojjatietal. 2011) using MG_flag=2.
In this setting, vy is mapped into the modified scale and redshift-
dependent Poisson factor u(a, k). In our analysis, we used DESI
DR1 ShapeFit measurements in six redshift bins, distance-scale
information from the post-reconstruction correlation function,
and the baryon acoustic oscillation (BAO) Ly likelihood used
in DR1 (DESI Collaboration 2025d)°. We sampled the back-
ground parameters in addition to y and report og as a derived
quantity. To mitigate projection effects, we applied a Big-Bang
nucleosynthesis Gaussian prior, w, ~ N(0.02218,0.00055),
and a broad Gaussian prior on ng centred on the Planck fit
value with standard deviation inflated by a factor of ten,
n(ng) ~ N(0.9649,0.042) (Planck Collaboration VI 2020). The
addition of PV fog measurements with DESI DR1 ShapeFit
breaks the og—y degeneracy and sharpens the constraints on all
parameters.

Figure 12 shows the fitting results for (y, Qy,, 03) obtained
from DESI DR1 ShapeFit (SF) + BAO, combined with our

PV consensus, fog = 0.45070032 (orange contours). We find
v = 0.580t8:{}8, Q, = 0.301t8:8}}, and og = 0.834i8:8§§. Our

result is consistent with GR. The PV fog information reduced
the errors of vy, Q.,, and og by *32%, ~33%, and ~20% respec-
tively, relative to SF+BAO alone (see blue contours or Table 4).
Our measurement of y falls notably below the values reported
by Nguyen et al. (2023) and Calabrese et al. (2025), who obtain
higher estimate values of y ~ 0.65.

7. Discussion

Figure 13 displays the evolution of the growth rate, fog, as a
function of redshift, z. The blue curve was derived from Eq. (55),
under the assumption of GR and a ACDM cosmological model

® For details regarding the ShapeFit compression, we direct readers to
Sect. 4 of DESI Collaboration (2025f).
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Fig. 12. Constraints on (y, Q.,,0%). DESI DR1 (SF+BAO; blue) and
its combination with PV consensus fog (orange). Shaded regions show
68% and 95% credible contours. The vertical dashed line marks the GR
prediction y = 0.55.

based on Planck Collaboration VI (2020). The filled green cir-
cle represents the measurement derived from this paper. In com-
parison with the results presented in Turner et al. (2025) and
Lai et al. (2025), our measurement exhibits slightly broader error
margins, a consequence of adopting a lower wave number cut-
off, k2.« = 0.1 hMpc™!, in the analysis of the momentum power

spectrum, relative to the higher thresholds employed in the other
two studies. The filled red diamond denotes the consensus out-
come of these three measurements. The other measurements
are: H17: Howlett et al. (2017); J14: Johnson et al. (2014); A20:
Adams & Blake (2020); Q19: Qin et al. (2019a); Q25: Qin et al.
(2025); B12: Beutler et al. (2012); As23: Appleby et al. (2023);
T23: Turner et al. (2023); D19: Dupuy etal. (2019); W18:
Wang et al. (2018); C15: Carrick et al. (2015); S20: Said et al.
(2020); Bp24: Boubel et al. (2024); Bs20: Boruah et al. (2020);
DESI: DESI Collaboration (2025c¢); SDSS: Alam et al. (2021);
B11 WiggleZ: Blake et al. (2011).

Although these measurements largely align with the predic-
tions of GR, a subtle discrepancy becomes apparent when they
are analysed in combination. To further investigate this, we inte-
grated the aforementioned measured fog values (i.e. all the data
points in Fig. 13; we only used the filled red diamond for DESI-
PV) with the Planck chain’ and performed a fitting analysis for
v. The resulting fit value of y = 0.63 + 0.02 was then trans-
formed into a corresponding range of fog values across differ-
ent redshifts and is presented as the orange-coloured curve in
Fig. 13. This result indicates a moderate tendency in the data
towards a higher y value, implying a potentially weaker gravita-
tional model compared to the predictions of GR (blue curve in
Fig. 13). However, it is important to note that the fit value and
associated uncertainty for this y should be interpreted with cau-
tion, as there exists considerable overlap — and thus covariance —
among many of the measurements in Fig. 13, which has not been
fully incorporated into the analysis. Nonetheless, as is shown in
Fig. 13, a minor tension remains between current observational
data and the theoretical predictions of GR, a discrepancy that

7 We use the chain base_plikHM_TTTEEE_lowl_lowE_lensing_1.
txt in CosmoParams_base-plikHM_R3.01 on https://irsa.
ipac.caltech.edu/data/Planck/release_3/ancillary-data/
as a prior on £,,,.
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Fig. 13. Growth rate, fos, as a function of redshift, z. The blue curve represents the theoretical prediction derived under the assumption of GR
(y = 0.55) and a ACDM cosmology calibrated using Planck Collaboration VI (2020). The filled green circle denotes the measurement obtained
in this study. The filled orange square corresponds to the result from Lai et al. (2025, using MLE), based on the same dataset, while the filled
blue pentagon reflects the measurement from Turner et al. (2025, using correlation functions), also utilizing identical data. The filled red diamond
corresponds to the consensus result of these three measurements. Additional observational constraints are illustrated by purple circles (using power
spectrum), purple squares (using MLE), a purple cross (using reconstruction), and purple pentagons (using correlation functions), representing
measurements from other surveys. The light blue pentagrams corresponds to the results from DESI DR1. The dashed orange curve indicates the
model fits to all the data points, with the shaded orange region depicting the associated uncertainties.

may be further clarified or resolved through future research and
surveys.

8. Conclusions

In this paper, we build upon the foundational research presented
in Paper I, Paper II, and Paper III by conducting a compre-
hensive joint analysis of the monopole and quadrupole moments
of the auto-density power spectrum, the monopole of the auto-
momentum power spectrum, and the dipole component of the
cross-power spectrum to measure the growth rate, fog. The den-
sity field was derived from the BGS, whereas the momentum
field was extracted from the DESI-PV. Our investigation yields
the following key findings:

1. We have systematically presented the power spectrum esti-
mators and the window function convolution matrix.

2. We have refined the theoretical model of the cross-power
spectrum and extended its applicability to scenarios in which
the density and momentum fields originate from different
survey catalogues.

3. Utilizing mocks, we demonstrate that the power spectrum
models exhibit robust performance up to the non-linear
scale of kpax = 0.3hMpc‘l when fitting fog using the set
[Pé,Pg,Pg,P‘]sp] and treating [fos, bios, byos, 0%, 0% ] as
free parameters.

4. Furthermore, our analysis of mocks reveals that the mod-
els remain reliable up to the non-linear scale of ky.x =
0.25hMpc™" when fitting fos using [P), PS, Ph, PY, P
and allowing [fos,bios, bros, b os, (T‘%,UT,O%S,O'?)’UT] to
vary freely.

5. Our results indicate that the systematic bias of FP data
enhances the measured momentum power spectrum at k >
0.1 hMpc~!. Consequently, we restrict our fitting range of
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the momentum power spectrum to k < 0.1 AMpc™' to miti-
gate this effect.

6. We obtain an estimate of the growth rate as fog = 0.440f8j8§2
at Z.¢ = 0.07. The refined estimate of the growth rate, derived
by synthesizing the fitting outcomes from Turner et al. (2025),
Lai et al. (2025), and this paper, yields a consensus value of
fog =0.450+0.055. These are in agreement with the predic-
tion of the ACDM and GR models.

7. We obtain an estimate of y asy = O.580j8'“8 (corresponding
to the consensus fog), which is in agreement with the pre-
diction of GR. Correspondingly, we find Q, = 0.301*001!

-0.011
and og = 0.834*0032.

There are several promising avenues for future research build-
ing upon this work. (1) Our methodology can be applied to Data
Release 2 of the DESI peculiar velocity survey, which is signif-
icantly more homogeneous and extensive than Data Release 1,
thereby enabling a more precise constraint on fog. (2) While
the current analysis assumes the local plane-parallel approxi-
mation, future efforts will focus on incorporating wide-angle
effects into both our models and estimators. (3) As is high-
lighted in Appendix G of this paper, the momentum power
spectrum and cross power spectrum lack Galilean invariance,
making them susceptible to potential systematic biases in the
data. To address this limitation, we aim to transition toward mea-
suring and modelling the pair-wise momentum power spectrum,
as has been proposed by Chen et al. (2025). (4) We have not yet
accounted for the gravitational redshift of galaxies. In forthcom-
ing studies, we intend to extend our framework to measure and
model this relativistic effect, following the approach outlined by
Beutler & Di Dio (2020).

Data availability

The data used to generate the figures in this paper are available
athttps://zenodo.org/uploads/17672675
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Appendix A: Peculiar velocity estimator

By employing the low-redshift approximation of the log-
distance ratio, and under the assumption that the true pecu-
liar velocities of galaxies are significantly smaller than
their observed redshifts, the line-of-sight peculiar velocities
can then be inferred from 7 through (Johnson etal. 2014;
Watkins & Feldman 2015; Adams & Blake 2017; Howlett et al.
2017; Qin et al. 2018; Carreres et al. 2023)

CZmod In 10

V= —1, A.l
I + Zmod 7 ( )
where zmog 1S given by (Davis & Scrimgeour 2014;
Watkins & Feldman 2015)
1 1 2 2
Zmod = 2|1+ (1 = go)z = 2(1 = g0 = 3¢5+ D"}, (A2)

and where z is the observed redshift of a galaxy. The acceleration
parameter is gg = 0.5(€,;, — 2Q4).

Following the methodology outlined in Watkins & Feldman
(2015) and Paper II, we adopt the following for Eq. 26

In(10)cz
1+z

2

(*(r)) =( 0',7) +300% km? s, (A.3)
where o, denotes the measurement error in the log-distance
ratio 7. 300> km? s~2 represents the intrinsic scatter in peculiar
velocities caused by non-linear galactic motions. As discussed
in Appendix A of Paper II, variations in the assumed value of
this intrinsic scatter have minimal impact on our results. The
(v*(r)) term for the DESI-PV random catalogue is computed by
Bautista et al. (2025).

Appendix B: Verifying P‘;” = —P‘;” * for cross-power
spectrum

In Sect. 3.2, we indicated that the estimator of the cross-power
spectrum given in Eq. 17 should satisfy the condition P‘;p =
—Pi” *. This property will be verified in the present section. To
begin with, let i denote the imaginary unit, such that > = —1.

Upon disregarding the shot-noise term and referring to Eq. 17,
we obtain
P — FPFY" — FOFY
=(Re{F"} + Im{F"}i) x (Re{F?} — Im{F?’}i)
— (Re{F°} + Im{F°}i) x (Re{F7} - Im{FV}i)
=Re{F"}Re{F} — Re{F"Im{F?’}i
+ Im{FP}Re{F’}i + Im{F”}Im{F%}
— Re{F*)Re{FV} + Re{F°}Im{F"}i
— Im{F°}Re{FV}i — Im{F°}Im{F "}
:(Re{F”}Re{F‘Z } + Im{FPIm{F?}

—_— o~

— Re[F°|Re{F?} — Im{F*}Im{F?})
+ (Im{F”}Re[F}} + Re(F*}Im{F?}

— Re{FP}Im{F%} - Im{F‘S}Re{Ff}) i (B.1)

which subsequently implies
PY o Im{FPFS* — FOFP")
= Im{F”|Re{F?} + Re{F°}Im{F?}
— Re{F"}Im{F}} — Im{F°}Re{F"} (B.2)
On the other hand, we have
PP — FP RS — FOFP
=(Re{F?} — Im{F7}i) X (Re{F}} + Im{F}}i)
— (Re{F°} — Im{F°}i) x (Re{F7} + Im{F"}i)
=Re{F"}Re{F} + Re{F"Im{F?’}i
— Im{FP}Re{FS}i + Im{F”}Im{F?)
— Re{F’)Re{FV} — Re(F°}Im({F7}i
+Im{F°)Re{F’}i — Im{F°}Im{F?}

—_
e

}
} (B.3)
which subsequently implies
P o Im{FP*F} — F**F?)

= Re{F?}Im{F?’} - Im{F”}Re{F?)

- Re{F*}Im{F/} + Im{F°}Re{F7}

= —(Im{F7}Re{F}} + Re{F*}Im{F"}

— Re{FP}Im{F}} — Im{F°|Re(F7}). (B.4)

Comparing the above equation to Eq. B.2, one can logically infer

op _ O
that P =-P, .

Appendix C: The linear models of power spectrum
and the models for the correlation functions

Kaiser (1987) developed a linear model for the density power
spectrum, commonly referred to as the Kaiser Formula, given by

Po(k, ) = (by + fi2)*PL(k),

which has been extensively utilized over the past decades. Build-
ing upon this foundation, Koda et al. (2014) extended the analy-
sis to the power spectrum of peculiar velocities as well as cross-
power, they modelling the velocity power spectrum and density-
velocity cross power spectrum using

(C.1)

H 2
Py = Iyt (C2)
jaH
PP ) = by + £ T ), C3)

Furthermore, they incorporated damping terms into the above
linear models in order to more accurately account for non-linear
motions of galaxies, given by

PPk, p) = (by + fu* Y’ PL(b)D, (C4)
H 2
P = B o ©5)
iaH
PP(k, 1) = (b1 + fu?) kf EputoD,D, (C.6)
where the damping terms are defined by
D = ; D = sin(ko,) 7

ko,

g9 ! ’ )4
1+ 5(kuoy)?
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Fig. C.1. Linear matter power spectrum Py (k).
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Fig. C.2. Comparing the Kaiser formulas (filled circles), Eqs. C.1, C.2,
and C.3 to the linearized perturbation models (curves) Egs. 29, 30, and
31.

to account for non-linear motions of galaxies. The o, and o, are
the non-linear velocity dispersion parameters for the density and
velocity fields, respectively.

We initialize all loop terms—1I,,,, Ky, K, 03 and o4—to
zero, and similarly set the higher-order biasing and velocity dis-
persion parameters to zeros. In essence, we retain only fog
and b;os. Consequently, Eq. 29, 30 and 31 reduce to the clas-
sic Kaiser formulae expressed in Eq. C.1,C.2 and C.3, respec-
tively, as illustrated in Fig.C.2. For simplicity, we manually set
fog =0.437, byog = 0.564 and effective redshift z = 0 to gener-
ate this plot. In the middel panel of Fig. C.2, it becomes evident
that the momentum power spectrum quadrupole Pg (represented
by yellow dots and the yellow curve) surpasses the monopole
Pf)’ (depicted by blue dots and its curve). This arises due to the
absence of window function convolution effects in our current
consideration. Ilustrated in Fig.C.1 is the linear matter power
spectrum utilized in our analysis.

The mathematical framework for converting power spec-
trum to correlation functions primarily draws upon Turner et al.
(2025). In Fig.C.3, we present the model correlation functions
converted from the power spectrum models presented in Sect. 4
with parameters from Table 2.

Appendix D: The multipoles of the field function

The Eq. 19 can be further expressed in a more refined form as

D.1)

kyry + kyry + koo \¢ .
To(k) = f (—"r’f z:y ZrZ)F(r)e"“cPr
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Fig. C.3. Two-point correlation function models are derived from the
power spectrum models introduced in Sect. 4, using the parameter val-
ues listed in Table 2. The top panel illustrates the galaxy auto-two-point
correlation function jg’_gq, the middle panel presents the monopole of
the galaxy auto-velocity correlation function ¥, and the bottom panel
displays the dipole component of the galaxy-velocity cross-correlation
function &,

¢
Thus, by directly expanding the term (%) for £ =

0, 2 and 4, the even-multipole components of the Fourier-
transformed field function are explicitly presented in

To(k) = f F)e*Td*r = V x F(K) (D.2)
1

Ty (k) :ﬁ(ki Use + K2Uy, + KU
+ 2k, Uy + kikoUse + kyk.Uyo)) (D.3)

and
1
T4(k) :F(kinxx + K} Byyy + k!B, + 4Kk, By + Kok B

+ kyko By + kyk.Byy: + Kk By + K kyBzzy)
+ 6(kik; Byyy + Kok B.; + ko k2 By2.)

+ 12k kyk (kyByy, + kyBy., + szw)), (D.4)
respectively, and where
2
rir; . o, .
Uij = f S Fme™dr, Bijy = f ’ rj Fme**d®r, (D.5)
r

where i, j,n = x,y, 2.

Furthermore, guided by the theoretical framework proposed
in Paper III, based on Eq. D.1, the odd-multipole compo-
nents of the Fourier-transformed field function are formulated
as described in

T1(k) = % (keEy + kyEy + k.E.) (D.6)
T3(k) = l(k3Mxxx +ICM,,, + KM,

PERE y M yyy z zzz

+ 3ktky My + 3k M,

+ 3kyk My, + 3kyk My,

+ 3k2k Mo + 3Kk, M, + 6k kyk M.,.), (D.7)
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Fig. E.1. Fitting results obtained with

[ fos, blos, byos, blos, bhog,our,00s | (pink histograms and
2D contour plots). The blue counterparts are identical to those in Fig.6.

and where
; ; ririr, .

E; = f Srwe™d’r, M, = f L Fr)e* d’r
r r

where i, j,n = x,y, 2.

(D.8)

Appendix E: More tests using mocks

In Sect. 5.2 we demonstrate the adaptability of the power spec-
trum models by performing fits on [P, P3, P!, P”] using five
free parameters [ fog, byos, b,og, oy, oy ], which suf-
fices to maintain robustness and precision in the fitting process.
Alternatively, we can separate the biasing parameters between
the density and momentum fields—i.e., adopt seven free param-
eters [ fog, blog, bSos, blog, byos, our, os 1-without sig-
nificantly altering the resulting fos; see Fig.E.1. Consequently,
to maintain model simplicity and reduce parameters, we adopt
shared biasing parameters for both fields.

Appendix F: Fitting fog of mocks from
Sp

PP +P +P

0,2 + 0,2 + 0
In Sect. 5.2 we demonstrate the adaptability of the power spec-
trum models by performing fits on [P), PS, PY, P‘fp ]. Given that
the momentum power spectrum quadrupole Pg derived from the
FP mock average displays a sufficiently smooth behavior to sup-
port a robust fitting procedure, we extend our analysis to include
Pg in the parameter estimation, thereby enabling a more com-
prehensive determination of fo-g based on [P}, PS, P}, PY, P‘];” ].
As we incorporate additional data into the fitting process, it
becomes essential to enhance the flexibility of the power spec-
trum models accordingly. To achieve this, we introduce two
additional free parameters. Specifically, we distinguish the linear
biasing parameters between the density and momentum fields,
and similarly differentiate the velocity dispersion parameters
across these two fields. Consequently, the set of free parame-
ters is defined as = [fos, b{os, byos, b} 0'8’0'1%,1;730'35’0'?;,»T]’
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O N B O

kP%P(k) [105] k

0.15 0.20 0.25

k [ hMpct]

0.05 0.10

Fig. F.1. Same as Fig. 6 but for including the momentum power spec-
trum quadrupole P} in the fitting.
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Fig. F.2. Same as Fig. 6 but for including the momentum power spec-
trum quadrupole P in the fitting. The corresponding marginalized
parameter values are summarized in Table F.1.

resulting in a total of seven independent parameters. All other
parameters remain shared between the density and momentum
fields. Furthermore, to ensure model stability and prevent break-
down at nonlinear scales, we adopt a reduced k,;,, value of 0.25
h Mpc‘l, in contrast to that used in Sect. 5.2.

As illustrated in Fig. F.1, the filled circles represent the
average of the power spectrum measured from 675 mocks,
while the solid curves depict the theoretical models fit to the
measurements. The MCMC resulting parameter estimates are
show in Fig.F.2 and summarized in Table F.1. The fit value of
fog = 0.427*50°¢ which well aligns with the fiducial simula-
tion value of fog iy = 0.466 at effective redshift z,,p = 0.2.
This agreement demonstrates that our fitting methodology effec-
tively recovers the true growth rate embedded in the mocks, and

A219, page 19 of 23



Qin, F, et al.: A&A, 708, A219 (2026)

Table F.1. MCMC-fit cosmological parameter estimates.

fos 0427008 | Tour 34708
bjog  0.8367001 | o 12432
byos  1.04070120 | o2 3443
Moy 06700710 | y2/d.of  10.445/(125 - 7)

Notes. Corresponding to Fig.F.2, the MCMC-fit cosmological parame-
ter estimates are presented here.

that the power spectrum models perform robustly up to the non-
linear scale of k,,,,=0.25 h Mpc‘l under current conditions.

Appendix G: The Galilean transformation of power
spectrum

As elaborated in Paper III, the momentum power spectrum P? (k)
and cross-power spectrum P°P(K) are not invariant under the
Galilean transformation; that is, their values depend on the bulk
motion of the sample relative to the observational frame. Specif-
ically, for the momentum power spectrum, if a constant bulk
velocity shift e is introduced to the line-of-sight peculiar veloci-
ties, i.e., by substituting v(r) — v(r) + €, the momentum correla-
tion yields

(pc(r)p6(r'))
=((1 +6(r))(v(r) + e)(1 + 5(x"))(v(r’) + €))
=((1 + 6(r))o(r)(1 + 6(x"))u(r’))
+ {(1 + 8(r)v(r))e + (1 + S(r)v(r)s(r’))e
+{(1 + 8@ Nu(’))e + (1 + 6@ )v(x’)s(r))e
+ €+ (5()€” + (5())e* + (5(r)S(r'))e?
=(p(r)p(r')) + (p(r))e + (5" )p(r))e + (p(r'))e + (o(r)p(r'))e
+(B(0))e® + (5(r))e* + (5(r)d(r'))e + € (G.1)
In this expression, the average of the density contrast field, i.e.
(0(r)) and (6(x")) are zeros. The average of the momentum field,

i.e. (p(r)) and {(p(r')) are zeros too. Consequently, the above
equation simplifies to

(Pc(™)pc(')) = (p(r)p(r')) + (5(x")p(r))e + (5(r)p(r'))e
+(6(r)8(r))e + € (G.2)

Applying the Fourier transform to the aforementioned equa-
tion yields

1
(2m)s

l "
=2 f [<p(k)p*(k’)>+<6*(k')p(k)>e+<5(k)p*(k')>e

+ <5(k)5*(k')>ez]e-f"'fe"k""d3kd3k’ + E5Pk)6P (k)

f<pG(k)p*G(k/)>e*ik~reik’-l” d3kd3k/

(G.3)

in the final term, the 6° (k) and 6”(k’) cannot equal unity simulta-
neously, as we are exclusively considering the case k # k” in the
context of two-point statistic. Consequently, 6°(k)6”(k’) = 0,
and the above equation indicates

(P6K)pc(k) = (p(k)p" (k")) + (5" (K" )p(k))e

+(6(K)p" (K'))e + (5(K)6" (k') (G4
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Fig. G.1. Fitting results obtained using the Galilean-transformed power
spectrum models (pink histograms and 2D contour plots). The blue
counterparts illustrate the results derived without the transformation
(the same as Fig.11).

Substituting the definitions of the power spectrum provided in
Eq. 3, 4 and 5 into the above equation leads to

Pl (k) = PP(k) + P’ (k)e + P’ (k)e + € P°(k) (G.5)
Given that P? = —P°* (see Appendix B), the above equation
further reduces to

Pl (k) = P’(k) + € P°(k) (G.6)
which represents the Galilean-transformed form of the momen-
tum power spectrum. Analogously, the corresponding Galilean-
transformed cross-power spectrum is expressed as
PY(K) = P°P(k) + eP°(K) (G.7)
The bulk velocity € comprises two possible components: one
stems from coherent bulk motion of galaxies driven by local
gravitational fluctuations, and the other originates from poten-
tial systematic errors induced by observational or measurement
inaccuracies.

We investigate whether the fitting outcomes exhibit sensi-
tivity to the parameter €. By substituting the power spectrum
models described in Sect. 4 into Eqs. G.6 and G.7, we obtain
the Galilean-transformed versions of these models. These trans-
formed models are then fitted to the measured power spectrum
of BGS and DESI-PV data. In this analysis, € is treated as a
free parameter with a flat prior over the broad range of € €
[-1000, 1000] km s~!. The resulting fits are visualized through
pink-colored histograms and 2D contour plots in Fig.G.1. For
comparative purposes, the blue-colored histograms and 2D con-
tours represent the fitting results obtained without applying the
Galilean transformation (identical to those shown in Fig.11). The
results from both approaches are in close agreement, and the fit
value for € is determined to be € = —15.94*3393 km s™', which is
statistically consistent with zero. Consequently, the influence of
the Galilean transformation is found to be negligible within the
context of our analysis.
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Appendix H: Deriving the estimator of power spectrum and the window function convolution matrix

Corresponding to Sects. 3.2 and 4.3, in this section, we present a detailed derivation of the estimator for the power spectrum and its
associated window function convolution matrix by taking the cross-power spectrum as a representative example. The mathematical
framework primarily draws upon Sect. 3.1 of Paper I, Sect. 3.2 of Paper III, and Sect. 2.2 of Blake et al. (2018).

H.1. Power spectrum estimator

We begin by introducing the Legendre transformation, denoted as (Blake et al. 2018)

L dQ

Fe(r) =(2¢0+1) fF(l’)Lg(k . f')4—k (H.1)
TT

Following the methodology outlined in Yamamoto et al. (2006) and Sect. 3.2 of Paper III and employing the Fourier transform

definition given in Eq. 10, we formulate our estimator for the cross-power spectrum under the "local plane-parallel approximation",
ie. Lo(k-t) = Lok - 1), as

|F°(k)FY” (k)| =‘l/ f For)e™ d*r— f Q€+1) f Fr(')Ly(k - f')dQ" ] —ikr By

20+ 1 (dQ I ,
= V;, f 4—; f &r f drF()FP () Lk - @), (H2)
Subsequently, the cross-correlation between the density and momentum fields is expressed as
« 20+ 1 (dQ R A ike(rer
AF°UOF] () = =7 f T f &r f &Br (PO FP (¢ )Lk - )T (H.3)
4

Building upon the methodology outlined in Sect. 3.2 of Paper III, and employing Eq. 6 and 8, we derive the cross-correlation
between the density and momentum fields as

ws(O)w, (1) (s (O, (K )0(r)) = (O, (FYo(x')))  (HA)

ws(r) [ns(r) — an,(r)] wp(r’)np(r’)v(r’)> 1

F(r)FP*(r')) = =
FOF ) = o y v

Drawing from the approach described in Park & Park 2006 and Paper I, the first term within the brackets of Eq. H.4 can be rewritten
as (ns(r)n, (X" ')y = is(r)n, (" )ésp(Ir — r'|) + min{iis(r), ﬁ,,(r)}(v(r))rSD (Ir — r’|). Given that the cross-correlation between galaxies
and random points is zero, the second term within the brackets of Eq. H.4 becomes zero, i.e. a{n,(r)n,(r")v(r’)) = 0. Consequently,
we obtain

o % NN 1
(FP(mFP () = Ao,

we(O)w, () [7is (07, () = 1'[) + min{is(r), 72, (1) o (x' )6 (fr — 1'))] (H.5)

By substituting the above equation into Eq. H.3 in place of (F°(r)F?*(r")), we arrive at
26+ 1

(IF‘s(k)Ff*(k)I)—— [ [y [ @rustem,mem,@ e - £pLi - e
+ f d*r' ws(r)w,(r) min{7s(r), ﬁ,,(r)}(u(r)>5D(r—r’)L;(R-f')eik'<r—f’>] (H.6)

Upon integrating the second term over the Dirac delta function about r’ using the relation f(r) = ‘—1, f F@)dP(xr —r')d’r’, we obtain

. 1 20+1 (dQ , hetrr
APWF] @) = s f k f & f P ws (0w (F (0 (i (I — LK - 1))

+ ws()w, (r) min{7ig(r), ﬁ,,(r>}<v(r)>L*<f< )

1 26+1 (dQ
A - f : f f &’ wa(r)w, () 7is (07 ()1 = 1/ DLE (k- e

+ f ws(r)w,(r) min{fis(r), i, (r) o)) L; (k - f)d3r] (H.7)
We define the function
NP = f ws(r)w, (r) min{iis(r), i, (0 Ko@) L (k - #)d°r = /;;A—f‘l/ x AP (H.8)

where the shot-noise term JVf‘” is formally introduced as Eq. 18 of this paper, allowing us to simplify Eq. H.7 into

1 20+1
AsA, 'V

I RFL () = [ [ ar [ rustom,msem,@ s - DLk - £k 4 507 (H9)
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The two-point correlation function maintains an intrinsic relationship with the power spectrum through

Ep(r —x']) =

1 e
P f PP (K)e * ) Bk (H.10)
T

Incorporating this relationship into Eq. H.9 to substitute &5, leads to

(F°(k)FL" (k)|
1 20+1 ko , b ey PR N s
iy f f Pri f 1w (s (7, () f PN ES L e 4 |
1 20+1 (dy e, , (K , -
“Th f E[( f ws(D)7ig(r)e T d’r) f &r f o )3P"”(k )Ly (K - ) KTy ()7, (1) + N7 | (H.11)
We define the function
Gk -K)= f ws(r)iig(r)e" KT (H.12)
as proposed in Eq. 51, Eq. H.11 can be reduced to
1 20+1 (dOQ
8 * _ k B 3P (1,7 N, —i(k—K’ 8 ’ )
(F°(Fy (k)|>_A§A,, v f V,f f(z PP LK - £)e K, ()7, ()G (k - K') + N7 | (H.13)

Expanding the power spectrum P°P(k’) in terms of Legendre polynomials using Eq. 12 of this paper, we derive

(F°(R)FY" (k)
1 20+1 ko / ’ L’ oy ,—i(k—K')r’ /N = ’ ’
“AA TV f V,f & f(z 7 ZP (KL (R - 1)Ly (K - e ST, (1) )Gé(k—k)+N6P]
2{"‘] dQ ’ ’ ’ ’ 7 YAV S
=A5A,,Vf "[Zf(z 5 P ()G (k ~ k)( fd*r wy(X)7ip (X )Lp (K - P)Ly (K - )77 4 N‘”’] (H.14)

Further defining the function
1 . . I
S? (kK) == | wy(®i,r)Lyk-t)L: K - #)e KTy (H.15)
144 vV P 14 t

the conjugate form of the above equation enables us to reformulate Eq. H.14 as

. 241 ko EH s , ,
(PR o) = 2 [ » | PG K- KOS K) + N (H.16)

which is similar to Equation 15 of Paper III3. We define the window function as

= 20+1 ko o ’ ’
W= A(;A,,vf Zf(z G (k- K)S g (k. K ) (H.17)

in the absence of this component, Eq. H.16 collapses to

) p* —
(F () F, (k) = P AoA,V

PP+ 47 (H.18)

i.e. we can formally express our estimator of the density-momentum cross power spectrum as P‘;p = |F°(k)F f (k) - %517 with
|FO(k)F f *(k)| given by Eq. H.2. Consequently, we re-formulate our estimator as

PP = SIm{FP RS (M [P RO (R — A, (H.19)

ensuring its symmetry under Pip = —P‘;p * as established in Appendix B.

8 Equation 15 of Paper III is not aligns precisely with Eq. H.16 due to their definition of Fourier transformation diverges from our definition Eq.
10
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H.2. Window function

We can expand the Legendre functions in terms of spherical harmonics following the approach outlined in Blake et al. (2018)

Lk - 1) = Z Yo k)Y (#) (H.20)

Substituting this expansion and its conjugate into Eq. H.15 yields

Pk K) = Z e (k) Z Y HS? I (k) (H.21)

25+ 1 25/ +1 pay

where § f;fm (k) is defined by Eq. 50 of this paper. Substituting this result back into Eq. H.17 leads to

do 4 < PH i s il
f Z (k)z ] /:_5/ G (k)G (k —K)S " (k)| (H.22)

AbA m=—{
which corresponds to Eq. 48 of this paper, and serves as the foundation for computing the window function convolution matrix. The
aforementioned expression of W corresponds to the term |F°(k)F f “(k)|. However, as suggested by Blake et al. (2018), in order to

derive the corresponding W that conforms to the format specified in Eq. H.19, we just need to substitute the term G°(k—k’)S fn’nf,g/*(k)
in the above equation with Eq. 53. Notably, the factor V in Equation 19 of Blake et al. (2018) (and Equation 38 of Paper III) is differ
from the above Eq. H.22 due to their definition of Fourier transformation and G° diverges from our definition presented in Eq. 10
and 51.

H.3. The expression of multipoles

To illustrate the methodology for computing Eq. 20 to 24, we consider the £ = 4 auto-power spectrum as a representative example
for computing the estimators defined in Eq. 22. In this specific case, Eq. H.2 simplifies to

|F(k)Fy(k)l
dQ 1
:_f k fd% fd%r’F(r)F (r)>< (35(]( r’)4 30(]( r/)2+3(k r,)O)Xelk(r r’)
=2 f oy, (1 f F(r)e™*d® )1 f & F )35k - £yt = 306k )7 + 30k - 1)) )
8 4 \V v’
By applying Eq. 10, the resulting expression becomes
|F(k)F ()l
9 [ dQ o o o N
:g f k Fk)— fd3r’F*(r’)(35(k . 1”)4 - 30(k - r/)z +3(k- r’)O)e_’k'r
dQ L o o - o N
:8?/’ f—kF(k) 35 f(k.rf)4F*(r’)e—tk-r d&r -30 f(k PR E)e Y B 43 f(k-r’)OF*(r')e"k'r Py o

Further incorporating the conjugate form of Eq. 19 for the cases where ¢ = 0, 2,4, this expression reduces to

; 9 dQ . - "
|[F(k)F, (k)| = v f 4—ﬂkF(k)[35T4(k) - 3075 (k) + 3T (k)] (H.25)
Substituting this expansion into Eq. 13 or Eq. 14 yields
9 dQ
Py(k) = v f—kF(k)BST (k) —3075(k) + 3T5(k)] - (H.26)

with A4} = 0, the above equation collapses precisely to Eq. 22.

A219, page 23 of 23


https://iopscience.iop.org/article/10.3847/1538-4357/ad9391

	Introduction
	Data and mocks
	The Dark Energy Spectroscopic Instrument
	The BGS data
	The DESI-PV data

	Mocks
	The random catalogues

	The estimation of the power spectrum
	The field functions
	The estimators of the power spectrum multipoles
	The FKP weights
	Grid correction and Nyquist frequency

	The theoretical model of the power spectrum
	The models of power spectrum
	The new loop terms for the cross power spectrum
	The window function convolution

	Tests on mocks
	Fitting method
	Fitting f8 of the mocks

	Results
	The systematic error of the FP data
	Result of f8
	Result of  

	Discussion
	Conclusions
	Data availability
	References
	Peculiar velocity estimator
	Verifying Pp=-Pp * for cross-power spectrum 
	The linear models of power spectrum and the models for the correlation functions
	The multipoles of the field function
	More tests using mocks
	Fitting f8 of mocks from P0,2+Pp0,2+Pp1 
	The Galilean transformation of power spectrum
	Deriving the estimator of power spectrum and the window function convolution matrix
	Power spectrum estimator
	Window function
	The expression of multipoles


