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ABSTRACT

Aims. Free-streaming of cosmic neutrinos affects the distribution and growth of cosmic structures on small scales. This enables the
sum of neutrino masses M, to be constrained from clustering studies. We investigate the possibility of disentangling massive neutrino
cosmologies with the three-point correlation function (3PCF) for the first time.

Methods. We measured the isotropic connected 3PCF ¢ and the reduced 3PCF Q of halo catalogs from the QUIOTE suite of
N-body simulations, considering M, = 0.0,0.1,0.2, and 0.4eV in different redshift bins. We developed a framework to quantify
the detectability of massive neutrinos for different triangle configurations and shapes, and applied it to a case compatible with a
stage-1V spectroscopic survey. We also compared our results with the analysis of simulations without neutrinos, but with different o
values, to test whether the 3PCF can break the well-known degeneracy between the two parameters.

Results. We found that as a result of free-streaming, the strongest signal is found for quasi-isosceles and squeezed triangles; this
signal increases for decreasing redshifts. Among these configurations, elongated triangles, tracing the filamentary structure of the
cosmic web, are the most affected by massive neutrinos, with a 3PCF signal increasing with M,. A complementary source of signal
comes from right-angled triangles in Q. Importantly, we found that the signatures of a og variation appear to be significantly different
on elongated triangles in ¢ and right-angled triangles in Q, suggesting that the 3PCF can be used to effectively break the M, — o
degeneracy. These results open the possibility to use the 3PCF as a powerful complementary tool for constraining neutrino masses in

current and future spectroscopic surveys such as DESI, Euclid, 4MOST, and the Nancy Grace Roman Space Telescope.
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1. Introduction

Neutrinos have nonzero mass, as first confirmed by the detection
of their flavor oscillations (Fukuda et al. 1998), providing clear
evidence for physics beyond the standard model, where neutri-
nos are typically assumed to be massless. This has important
implications for cosmology.

According to the Big Bang paradigm, a thermal neutrino
relic component, known as cosmic neutrino background, should
exist, contributing to the total radiation energy density at early
times, when still relativistic, and to the total matter density
after the nonrelativistic transition (Lesgourgues & Pastor 2006,
for a comprehensive review). Since gravity is sensitive to the
sum of neutrino masses M, = };m; cosmology is com-
plementary to oscillation experiments, which instead measure
the splitting of neutrino masses squared Ami2 in determining
the neutrino absolute mass scale, still one of the open prob-
lems of particle physics (see Navas et al. 2024, for a compre-
hensive review). Furthermore, reaching an accurate description
of the imprint left by neutrinos on cosmological observables
is essential to avoid systematics in the determination of cos-
mological parameters in current and upcoming spectroscopic
surveys, such as the European Space Agency Euclid mission

* Corresponding author: andrea.labate4@unibo.it

(Euclid Collaboration: Mellier et al. 2025), the Dark Energy
Spectroscopic Instrument (DESI; DESI Collaboration 2016),
the 4-metre Multi-Object Spectroscopic Telescope (4MOST;
de Jong et al. 2019), and the Nancy Grace Roman Space Tele-
scope (Dore et al. 2019).

Due to their low masses, cosmic neutrinos have high ther-
mal velocities even in the nonrelativistic regime; this has
a significant effect on structure formation. Perturbations of
the massive neutrino density field are indeed washed out on
scales smaller than their free-streaming scale Az (Bond et al.
1980; Lesgourgues & Pastor 2006), which is proportional to
the average distance traveled by neutrinos during one Hubble
time due to their thermal velocity. For a neutrino species of
mass m;, Adgs evolves with redshift z according to the relation
(Lesgourgues et al. 2013)

Hy(1 leV
D L e M

Agg * 8.1 ———
" Hz) —m;

where H(z) is the Hubble parameter at redshift z, and Hy is
its present-day value. On scales much larger than Ag, neutrinos
behave like cold dark matter (CDM).

Since perturbations of the cosmological fluid are the seeds
for present-day observable structures, galaxy clustering repre-
sents an ideal probe for investigating the imprint of massive neu-
trinos on structure formation. In this framework, galaxies and the
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halos in which they reside are treated as tracers of the underly-
ing matter field; the relation between their spatial distribution
and the dark matter perturbations is known as the bias rela-
tion (Kaiser 1984; Bardeen et al. 1986; Desjacques et al. 2018).
The evolution of perturbations and the bias relation were treated
perturbatively by introducing linear and nonlinear terms in the
dark matter perturbations (Bernardeau et al. 2002, for a com-
prehensive review), with the latter becoming increasingly rele-
vant on small scales. Moreover, anisotropic effects relative to the
line of sight (LOS), both linear and nonlinear, are introduced
in the galaxy distribution by the peculiar velocities of galax-
ies, a phenomenon known as redshift-space distortions (RSDs;
Kaiser 1987; Hamilton 1992; Fisher 1995; Scoccimarro et al.
1999; Scoccimarro 2004; Taruya et al. 2010).

The statistical properties of the large-scale galaxy distribu-
tion are extracted by measuring the N-point statistics of the den-
sity field, starting with two-point statistics, specifically, the
two-point correlation function (2PCF) in configuration space
and its Fourier transform, the power spectrum, in Fourier space.
These statistics quantify the excess or deficit in the probability
of finding pairs of galaxies with respect to a random distribution
as a function of the distance between the two objects of the pair.

The effect of massive neutrinos on two-point statistics
has been extensively studied in configuration and Fourier
space. Neutrinos are found to suppress the total matter and
CDM power spectra below the free-streaming scale (Hu et al.
1998; Brandbyge et al. 2010; Viel et al. 2010; Castorina et al.
2015; Villaescusa-Navarro et al. 2018), to affect RSDs by
inducing a scale dependence in the linear growth rate f
and by modifying the root mean square of galaxy pecu-
liar velocities (Marulli et al. 2011; Verdiani et al. 2025), and
to induce a scale-dependent bias even at large scales
(Villaescusa-Navarro et al. 2014; Castorina et al. 2014). From
N-body simulations, Castorina et al. (2014) and Verdiani et al.
(2025) proved, respectively, that the linear bias depends solely
on the variance of the CDM density field (the so-called uni-
versality in the CDM component), and RSDs in the linear
regime are better described by assuming that the halo veloc-
ity field is unbiased with respect to the CDM velocity field
alone. The imprints of massive neutrinos were also studied by
cross-correlating cosmic voids and cosmic microwave back-
ground (CMB) lensing (Vielzeuf et al. 2023). In addition to
small scales, the effect of neutrinos has also been investigated
at the scales of baryon acoustic oscillations (BAO; Peloso et al.
2015; Parimbelli et al. 2021), recently focusing on systematics
that may arise in neglecting neutrino masses in BAO reconstruc-
tion techniques (Nadal-Matosas et al. 2025).

Cosmological analyses routinely use two-point statistics
to constrain the sum of neutrino masses, often in combina-
tion with CMB data to break parameter degeneracies (e.g.,
Sanchez et al. 2014, 2017; Grieb et al. 2017; Ivanov et al. 2020;
Semenaite et al. 2023; Moretti et al. 2023). The recent analy-
ses from DESI (Adame et al. 2025; Abdul Karim et al. 2025;
Elbers et al. 2025), combined with CMB data, yielded very strin-
gent 95% confidence level upper limits of M, < 0.07eV while
constraining M, < 0.4eV from two-point statistics alone.

However, two-point statistics provide a complete statistical
description of the galaxy field only under the assumption of
a perfectly Gaussian distribution (Bernardeau et al. 2002). To
quantify the non-Gaussian properties of the large-scale struc-
ture, higher-order statistics, such as the three-point correla-
tion function (3PCF; Peebles 1980; Fry & Gaztanaga 1993;
Frieman & Gaztanaga 1994; Jingetal. 1995; Jing & Borner
2004) and its Fourier-space counterpart, the bispectrum (Fry
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1984; Scoccimarro et al. 1999; Sefusatti et al. 2006), are needed.
Many sources of non-Gaussianity indeed act on the galaxy
distribution, originating from nonlinearities involving the
growth of perturbations (Fry 1984), RSDs (Hivon et al. 1995;
Scoccimarro et al. 1999), and galaxy bias (Fry & Gaztanaga
1993; Fry 1994; Frieman & Gaztanaga 1994), and poten-
tially from several inflationary scenarios (Verde etal. 2000;
Celoria & Matarrese 2018; Meerburg et al. 2019). In particu-
lar, nonlinear effects, with their associated non-Gaussianity, are
dominant on small scales. Since these scales are those on which
neutrinos leave most of their characteristic signatures, statis-
tics that quantify non-Gaussianity (i.e., higher-order ones) can
be used to extract additional information with respect to lower-
order ones.

Furthermore, two-point statistics are affected by degenera-
cies between parameters, in particular, by a strong degeneracy
between M, and the cosmological parameter og (e.g., Viel et al.
2010; Villaescusa-Navarro et al. 2018), the latter defined as the
present-day standard deviation of the linear matter density field
on a conventional scale of 827! Mpc. This degeneracy limits
the possibility of obtaining precise constraints on M, from two-
point statistics alone and requires exploring also higher-order
statistics.

The first measurement of a bispectrum from N-body simula-
tions including massive neutrinos was published in Ruggeri et al.
(2018), quantifying the neutrino-induced suppression on the bis-
pectrum and proving universality in the CDM component also
beyond linear bias. The study of the halo and galaxy bispectrum
from mock catalogs up to small scales proved its power in break-
ing degeneracies (including the M, —og degeneracy) and tighten-
ing cosmological parameter constraints compared to the power
spectrum alone (Hahn et al. 2020; Hahn & Villaescusa-Navarro
2021; Kamalinejad & Slepian 2025, 2026).

Early studies of 3PCF only focused on specific configura-
tions (Gaztafiaga et al. 2005; McBride et al. 2011; Marin et al.
2013; Moresco etal. 2014) or on the detection of acous-
tic features (Gaztafiagaetal. 2009; de Carvalho et al. 2020;
Moresco et al. 2021), due to the high computational cost
required by measures that rely on direct triplet counts. The
introduction of an estimator based on spherical harmonic
decomposition (SHD; Slepian & Eisenstein 2015a, 2018) has
significantly reduced the computational cost, enabling more sys-
tematic analyses (Slepian et al. 2017a,b, 2018). Another compu-
tational bottleneck concerns the modeling of the 3PCF, which
is obtained by Fourier-transforming bispectrum models. While
some perturbative approaches exploit one-dimensional fast
Fourier transforms (FFT) at leading order (Slepian & Eisenstein
2017; Sugiyama et al. 2021), more general methods require two-
dimensional FFT (Fang et al. 2020) to perform the inversion
(Umeh 2021; Guidi et al. 2023; Pugno et al. 2025; Farina et al.
2026). The computational times of these approaches for sam-
pling the parameter space properly are prohibitively long. This
issue, however, can be overcome by developing emulators
(Euclid Collaboration: Guidi et al. 2026).

In this evolving context, a systematic study of the effects of
massive neutrinos on the 3PCF is still lacking. In addition to
complementing bispectrum analyses, bridging this gap is crucial
because configuration-space statistics are less sensitive to pos-
sible systematics arising from survey geometry, which instead
introduce additional mode coupling in Fourier space that is far
more challenging to account for in the modeling and estimators
(Philcox 2021; Pardede et al. 2022).

We focus on the measurements of the halo 3PCF obtained
from a large number of mock catalogs from N-body simulations
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that include a massive neutrino component. This represents
the first measurement of 3PCF in simulations implementing
massive-neutrino cosmologies. In particular, we search for and
quantify the signatures imprinted by massive neutrinos on
the 3PCF, and we identify the structures that maximize the
detectability of a potential neutrino signal by taking advantage
of the power of the 3PCF to infer clustering as a function of
the triangle scale and shapes. Moreover, we exploit this capabil-
ity to disentangle the effect of massive neutrinos from variations
mos.

This paper is organized as follows. In Sect. 2 we provide
an overview of the methods and data employed in this analy-
sis, defining the adopted statistics (2.1) and describing the set
of simulations used (2.3), the estimators considered (2.2), the
dataset produced from the measurements together with the esti-
mation of covariance (2.4), and the framework developed for the
neutrino detectability analysis (2.5). In Sect. 3 we present our
results, focusing on the triangle scale (3.1 and 3.2) and shape
(3.3) dependence of the signal from massive neutrinos, and the
possibility of breaking the M, — og degeneracy with the 3PCF
(3.4). Finally, in Sect. 4 we draw our conclusions.

2. Methods and data
2.1. Clustering statistics

The probability dP of finding a triplet of objects inside the
comoving volumes dV;, dV,, and dV3, separated by the comov-
ing distances s13, 513, and s»3, can be written as

dP = i [1 + &(s12) + E(s13) + E(s23) + {512, 513, 523)] @

dV,dVv,dVs ,
where 7 is the average number density of objects, and ¢ and
{, are the 2PCF and connected 3PCF, respectively (Peebles
1980). Unlike the 2PCF, which only encodes scale information
(being exclusively dependent on the separation between pairs of
objects), the 3PCF is the lowest-order clustering statistics able
to also provide information about the shape of structures (since
size and shape both characterize triangles).

In redshift space, & and ¢ also depend on the orientation
between a given pair or triplet, respectively, and the LOS unit
vector 7t due to the action of RSDs, which break the assumption
of isotropy by introducing the privileged direction defined by
fi. This splits clustering statistics into an isotropic component,
defined by averaging them in redshift space over all the possi-
ble LOS directions, which solely depends on pair/triplet sepa-
rations, and an anisotropic component that retains the specific
directional dependence. We only focus on the isotropic compo-
nent of the statistics we considered here and aim to extend it with
anisotropic information in a future work.

We complemented the information provided by the isotropic
3PCF by also considering the reduced 3PCF Q (Groth & Peebles
1977), defined as

{(s12, 513, §23)

Eo(s12)é0(513) + Eo(s513)60(523) + &o(523)é0(512)

where &) denotes the monopole of the 2PCF (i.e., the isotropic

component of the 2PCF). The reduced 3PCF provides a natu-
ral combination of £ and &; since it can be demonstrated that
in hierarchical scenarios, / o« &% to a good approximation
(Peebles & Groth 1975), this quantity is on the order of unity
on all scales by definition, and it is explicitly independent of og
by construction (see Eq. 6 in Moresco et al. 2021).

3

O(s12, 513, 823) =

2.2. Estimators

We estimated the 2PCF with the natural estimator (Peebles 1973)

A _ DD(s, ) B
&(s,p) = RRG.10) 1

“
where u is the cosine of the angle between the pair and the LOS
direction, and DD and RR are the pair counts in the data and
in a random distribution of unclustered objects with the same
geometry as the data catalog, respectively. In our case, that is, a
simulation box with periodic boundary conditions (as detailed
in Sect. 2.3), this estimator is equivalent to the usual Landy-
Szalay estimator (Landy & Szalay 1993). Moreover, periodic-
ity allowed us to compute the RR term analytically. We then
obtained the 2PCF monopole by numerically averaging & over .

We estimated the isotropic connected 3PCF with the SHD
estimator introduced in Slepian & Eisenstein (2015a), which has
the advantage of scaling with the number of objects N as O(N?),
rather than O(N?), as in the case of previous estimators rely-
ing on direct triplet counts. This approach is based on param-
eterizing a given triangle of sides si7, 513, and sp3 with two of
its sides, for example, 51, and s;3, and the angle 6 between
them. The third side s»3 is then reobtained as a function of
12, $13, and 6. This parameterization allowed us to expand the
dependence of the isotropic 3PCF {(s)2, s13,6) on 6 into Leg-
endre polynomials (Szapudi 2004), with coefficients given by
the corresponding Legendre multipoles {¢(s12, s13) (see Eq. 11 in
Euclid Collaboration: Guidi et al. 2026). Therefore, the full esti-
mator 2’ (s12, 813, 0) for the connected 3PCF can be written as a
function of an estimator Z[(S]Q, s13) for the isotropic Legendre
multipoles as

Cmax

{si2e13.0) = ) Li(s12,513) Lelcos ) )
=0

where €, 1S the highest-order multipole included in the expan-
sion. The isotropic multipoles are estimated as

DDD; - 3DDR; + 3DRR; — RRR,

RRRy ’ ©

(e(s12, 813) =

where DDD;, DDR;, DRR;, and RRR, are the multipoles
of the Legendre expansion of the data-data-data, data-data-
random, data-random-random, and random-random-random
triplet counts, respectively. This expression is analogous to the
traditional Szapudi & Szalay (1998) direct triplet count estima-
tor, applied to the case of the 3PCF multipoles. The evalua-
tion of the terms in Eq. (6) was detailed in Slepian & Eisenstein
(2015a). Again, the periodicity of the simulation box allows for
the analytical computation of the monopole of the random counts
RRRy.

The efficiency of the SHD estimator is reduced for nearly
isosceles triangle configurations (s, =~ s13), since a much larger
number of multipoles ({;,x > 30) are needed to properly recon-
struct the shape of { when 6 — 0 (e.g., Veropalumbo et al.
2021). For this reason, we adopted the quantity introduced by
Veropalumbo et al. (2022),

Is13 = sial
As

n @)

which can be used to exclude, by setting 7 > i, triangles
that progressively deviate from the isosceles configuration (see
also Guidi et al. 2023; Euclid Collaboration: Guidi et al. 2026;
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Farina et al. 2026). For our measurements, we used the imple-
mentation of the estimators in Egs. (4) and (5) provided in the
publicly available software MeasCorr' (Farina et al. 2026).

2.3. Simulation dataset

We used the QUUOTE? suite of N-body simulations
(Villaescusa-Navarro et al. 2020), which provides a large
number of realizations to assess the effect on several statistics
of variations in the cosmological parameters and to estimate
covariance matrices. They were run using the tree particle
mesh-smoothed particle hydrodynamics code GADGET-III
(Springel et al. 2005). The suite contains massless- and massive-
neutrino simulations, whose main properties we describe
below.

The fiducial cosmology of the simulations corresponds
to a flat ACDM Universe with cosmological parame-
ters in agreement with the latest constraints by Planck
(Planck Collaboration VI 2020). In particular, it is character-
ized by the sum of neutrino masses M, = 0eV and og =
0.834. Massive-neutrino simulations assume three degenerate
neutrino masses and were implemented by using the particle-
based method (Brandbyge et al. 2008; Viel et al. 2010), in which
neutrinos are described as a collisionless and pressureless fluid
discretized into particles. The simulations we considered fol-
lowed the evolution of 5123 CDM particles plus, if M, # 0, 5123
neutrino particles, in a periodic cubic box of side length L = 1
h™! Gpc, and have a softening length of 50 4~! kpc. The initial
conditions (ICs) of the simulations were generated at z; = 127.
Displacements and peculiar velocities of particles were com-
puted either with the Zeldovich approximation (ZA; Zel’dovich
1970) or with the second-order Lagrangian perturbation theory
(2LPT; Bernardeau et al. 2002) in massive and massless neutrino
models, respectively. In addition to peculiar velocities, neutrino
particles were assigned thermal velocities randomly drawn from
a Fermi-Dirac distribution at z;. Halos were identified by running
the friend-of-friends algorithm (Davis et al. 1985) with a linking
length parameter b = 0.2 on the CDM particles. Only halos con-
taining at least 20 CDM particles were saved, corresponding to
a minimum halo mass M, ~ 1.3 x 103 17! Mo,

We considered massive neutrino simulations that were run
for three different values of M, = 0.1, 0.2, and 0.4 eV (with the
remaining cosmological parameters fixed at their fiducial val-
ues), labeled Mnu_p, Mnu_pp, and Mnu_ppp respectively (500
realizations per simulation). The z = 0 values of the free-
streaming scale in these cosmologies according to Eq. (1) are
Ags ~ 240,120, and 60 1~ Mpc for M, = 0.1,0.2, and 0.4eV,
respectively (where we assumed m; = M, /3), with only a ~10%
variation in the redshift range 0 < z < 2 relevant for this work
assuming the QUIJOTE cosmology.

To study the degeneracy between M, and o, we com-
plemented this set with massless-neutrino simulations differing
from the fiducial cosmology only in the value of g, with og =
0.849, and og = 0.819, labeled s8_p and s8_m, respectively
(500 realizations per simulation). The control sample of the
massive-neutrino and varying-og simulations was made of two
sets of 500 realizations each of the fiducial cosmology, run with
ZA and 2LPT ICs, and labeled fiducial and fiducial_ZA.
We also included 2000 additional realizations of the fiducial
cosmology run with 2LPT ICs for the numerical estimation of

I https://gitlab.com/veropalumbo.alfonso/meascorr
2 https://quijote-simulations.readthedocs.io/en/
latest/types.html
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covariance. For all the realizations, we moved halos to redshift
space by computing RSDs along the Z axis of the simulations.

2.4. Measurements and covariance

We measured the 2PCF monopole for the halo catalogs of the
simulations listed in Sect. 2.3 at z = 0, 1, 2. For these redshifts,
the number of halos identified in each realization is ~4 x 107,
2 x 10°, and ~4.4 x 10*. We chose separations ranging from
Smin = 1 A7! Mpc to Smax = 150 h! Mpc and linearly spaced
bins of width As = 1 h~! Mpc and Ay = 0.01. For the connected
3PCF, we included all triangles with side lengths from spi, = 2.5
h~' Mpc to Spmax = 147.5 h~! Mpc, considering a bin width As =
5 h™! Mpc, and we estimated the isotropic multipoles ; up to
€max = 10, which for the vast majority of triangle configurations
represents an optimal balance between computational cost and
information content.

For each set of simulations, we averaged the measured
multipoles over the different realizations and followed two
approaches. In the first approach, which we refer to as the single-
scale approach, we fixed two triangle sides s, and 513 and com-
Euted {(s12, 513,0) and Q(s12, s13,60). We obtained the average
{ for each set of simulations by substituting the average multi-
poles in Eq. (5), and we used it together with the average 2PCF
monopole in Eq. (3) to obtain the average Q. In the second
approach, we computed the average ¢ and Q of each simulation
set for all the possible side-binned triangles obtained by adopt-
ing the ordering sj;» < 513 < s73. We refer to this scheme as the
all-scales approach.

To evaluate the denominator of Q, we linearly interpo-
lated the average 2PCF monopole at the values of si,, 513, and
s23 in Eq. (3) in both approaches. Moreover, since the 2PCF
monopole changes sign for s ~ 120 A~! Mpc, the denomi-
nator of Q can exhibit zero crossings when at least one tri-
angle side is above this scale. However, the separation s at
which &) changes sign depends on the realization. We therefore
inserted already averaged quantities in Eq. (3) instead of aver-
aging after estimating Q for each realization. As an additional
precaution, we restricted the analysis of the reduced 3PCF to
configurations for which all sides are smaller than 110 2~! Mpc,
in which case the average monopole of the 2PCF remains
positive.

We numerically estimated the covariance matrix of the
multipoles of the 2PCF and 3PCF from the 2000 fiducial
mocks. The 3PCF multipole covariance depends on two trian-
gle side pairs p = (s12,513), p° = (5], 5]3) and two mul-
tipole indexes ¢,¢’, so we denoted it with é{’g[/(p, p’). The
single-scale and all-scales covariance matrices can then be
obtained as

Cmax

Cei(p) = ), Crue(p,p) Lilcos ) Li(cost)) , @®)
£,0'=0
Cmax

Cow = ). Cour(p.p) Lot Lot ©)
£,0'=0

with ¢ = (s12,513,823), ' = (59,55, 55;)- We rescaled

all covariances in a volume of 10 A3 Gpc’, taken as an
ideal representative of a redshift bin of a stage-IV survey
(Albrecht et al. 2006) at z ~ 1, such as for the Euclid Wide
Survey (Euclid Collaboration: Scaramella et al. 2022). We esti-
mated that even extending it to lower or higher redshifts does not
significantly affect our findings. All the measurements of 3PCF
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Fig. 1. Values of the parameter ¥2(s12, 513) defined in Eq. (11) for the single-scale connected 3PCF obtained for M, = 0.4 eV. Each panel
corresponds to a different redshift. From left to right, z = 0, 1, and 2. The lines overplotted on the left panel are taken as representative of regions
with a stronger signal, and they identify isosceles triangles (dashed black line with = 0, where the signal is only enhanced on scales <30
h~! Mpc), quasi-isosceles triangles with 7 = 4 (dashed green line), and triangles with s, = 10 2! Mpc (dash-dotted blue line). The numbered
circles on the lines identify some (s12, s13) configurations that correspond in increasing order from 1 to 4 to (10,100), (30,100), (55,100), and

(30,50) h~! Mpc. For them, we plot the single-scale ¢ in Fig. 2.

obtained for this analysis are available among the data products
of the QUIJOTE suite”.

2.5. Detectability metrics

The simplest parameter we defined to quantify the neutrino sig-
nal is an error-weighted difference, which we simply refer to as
detectability,

fiM,) - fi(m, = 0)
DET; = s
\/zo'i

where the numerator is the difference between the averages of
a given statistics (e.g., the average ¢ or (), estimated in one of
the massive-neutrino cosmologies and in the fiducial cosmology
from the fiducial_ZA mocks. This parameter provides an esti-
mate of the detectability in a specific configuration identified by
the index i, denoting a generic bin in which the difference is

(10)

evaluated. The error is obtained as o; = +/C 1,ii» Where ¢ r 1s the
covariance matrix of f.

We also generalized the element-wise detectability in Eq.
(10) by introducing a metric that estimates the detectability over
a given range of configurations, accounting for their correlation,

defined by the parameter
Ny

o2 _ 1 £ Al Ao

o.M = D" AfOs; p. M) CILP) AFO) p. M), (1)
ij=1

where i and j run on the angles formed by s, and 53, and the
differences Af, with f = £ or Q, are defined in the same way
as in the numerator of Eq. (10). We defined this parameter ¥ in
analogy with the standard definition of the reduced chi-squared,
except that in place of the model, we inserted the estimated fidu-
cial statistic.

3 https://quijote-simulations.readthedocs.io/en/
latest/3PCF.html

This parameter also allowed us to provide a quantitative
assessment of the statistical significance of the signal from neu-
trinos of total mass M,. In particular, it is possible to compute
the p value associated with a given value of {*(p, M,), that is,
the tail integral of a chi-squared distribution % (y?; Ny) with Ny
degrees of freedom,

p= f dy® F(*; Ny)
No i*

and then convert it into an equivalent Gaussian statistical signifi-
cance Zo, where Z is implicitly defined as follows (Cowan et al.
2011):

Zf dzN@) =p.
V4

Here, N is the standard Gaussian distribution, characterized by
zero mean and unitary variance.

To account for the fact that the precision matrix obtained by
inverting a numerically estimated covariance matrix is a biased
estimator of the parent population precision matrix, we applied
the correction factor prescribed by Hartlap et al. (2007). This
consists of multiplying each inverse covariance matrix by the
factor (N,, — ng —2)/(N,, — 1), where N,, is the number of mocks
used to estimate the covariance, and n, is the dimensionality of
the data vector.

As a final note, we emphasize that although the various indi-
cators defined may appear quite different, they are all based
on the same underlying principle, quantifying the deviation of
a given measurement from the fiducial one, weighted by the
associated uncertainty. However, depending on the case, it is
useful to use one or the other, as they provide complementary
information.

(12)

(13)

3. Results

We estimated the detectability of massive neutrinos in different
configurations. Below, we present our main results, starting with
the 3PCF analysis in single-scale configurations and then mov-
ing to the all-scales approach.
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Fig. 2. Single-scale connected 3PCF for the triangle configurations selected in Fig. 1 (upper plots of each panel), as indicated in the top label.
We show the results at z = 0, with a different color for each neutrino mass, as indicated in the legend. The inset plots in the upper row show the
multipoles (512, s13) from which the 3PCF was reconstructed. The lower plots show the corresponding detectabilities as a function of s,3 (Eq. 10).
The dashed blue line marks the zero detectability level. The orange shaded areas show the region 90 4! Mpc < s3 < 110 ™! Mpc, corresponding
to the expected location of the BAO peak. Where the BAO scales do not cover the full s,; range, we include a zoom-in on the detectability in that

region to better visualize the effect of neutrinos in those ranges.

3.1. Single-scale analysis

We computed the parameter ¥ defined in Eq. (11) for all the
values of M, and redshift. The covariance matrix (Eq. 8) is sin-
gular if Ny > {nax + 1. For this reason, we chose to estimate
{ in ten evenly spaced angular bins, with 0 < 6 < x. For Q,
we excluded the first bin, corresponding to 8 = 0. This ensured
that the third side 5,3 was not smaller than the minimum separa-
tion at which we measured the 2PCF monopole, required for its
interpolation.

We show the results for ¢ in Fig. 1 for the illustrative case
M, = 0.4 eV at all redshifts. As a general trend, we find that the
detectability of neutrinos increases as the redshift decreases. At
a given redshift, it appears mostly concentrated in specific trian-
gle configurations, identified by the brightest colors in the figure.
A first set of configurations is defined by the isosceles ones (i.e.,
the diagonal of the matrix) at small scales, up to s12 = s13 ~ 30
h~! Mpc. This is particularly evident considering the results for
z = 2. Conversely, the signal drops on larger scales, due to an
increase in the variance of the multipoles used to reconstruct
the angular dependence of £, as detailed in Appendix A. Other
configurations that show high values of §? are quasi-isosceles
(s12 = s13) and squeezed triangles (s13 > s12). These configu-
rations correspond to the two regions close to the diagonal, and
to the areas adjacent to the left and lower sides of the figure,
respectively, except for the bottom left corner (where 51, and s;3
are both small) in the squeezed case.

The behavior in the detectability of the neutrino signal in
the 3PCF can be explained as a consequence of free-streaming.
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For a fixed amplitude of the primordial density fluctuations A,
high neutrino masses produce lower values of o, since the sup-
pression of the matter clustering below Ag is stronger. How-
ever, the massive-neutrino simulations of the QUIJOTE suite were
created with fixed og = 0.834, hence with a larger A, for
increasing M, (in detail, 10°4A, = 2.13,2.25,2.40, and 2.74
for M, = 0.0,0.1,0.2, and 0.4 eV, respectively). As a leading
effect, the different values of A result in an overall rescaling
of all clustering statistics, with scaling factor depending on M,,.
This implies that the differences between the 3PCF measured
in the massive- and massless-neutrino cases are larger, therefore
increasing the detectability, when the 3PCF takes higher values.
This occurs on small scales, while on larger scales, where non-
linear effects become negligible, the 3PCF values drop rapidly.
This picture is consistent with the overall increase in the * val-
ues as z decreases, and with the configurations that maximize it
at fixed redshift, since isosceles, quasi-isosceles, and squeezed
triangles are precisely those for which at least one of the three
sides can probe nonlinear or mildly nonlinear scales. As further
confirmation, moving toward the bottom-left corner of the fig-
ures, the values of )22 increase, reflecting the fact that in this case,
all three sides become progressively smaller.

The results obtained for the reduced 3PCF are shown in
Fig. B.1. With respect to the connected 3PCF, the neutrino
detectability for the reduced 3PCF is lower overall because the
errors from the propagation of the uncertainties on ¢ and & are
larger. At all redshifts, the highest values of ¥ are localized in
isosceles configurations and increase moving from large to small
scales.
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Fig. 3. Detectability matrices of massive neutrinos. Each matrix element shows the scale 5.5 (Eq. 14) below which, considering all triangles with
a scale larger than s, We obtained a significant detection of the signal from massive neutrinos in the connected 3PCFE. The matrices in the upper
and lower rows show the values for a 1o~ and 30 statistical significance (Eq. 13), respectively, computed for a volume of 10 4~ Gpc®. In each
matrix, M, increases from left to right, and redshifts increase from bottom to top. We show the results for the three configurations corresponding to
the lines in Fig. 1, i.e., from left to right: triangles with s, = 10 2! Mpc, isosceles triangles (17 = 0), and quasi-isosceles triangles with 1 = 4. The
quantity s represents one of the two sides, sy, or s;3, depending on the configuration: in particular, in Eq. (14) we set s = s;3 for triangles with
fixed 515, and s = sy, for isosceles and 1 = 4 triangles. Brighter colors represent better detection levels, i.e., occurring at larger scales. The label
ND stands for “not detectable” above the specified significance threshold at any scale. A lower limit is indicated whenever the signal is detectable
above a given threshold of statistical significance over the entire range of scales considered in our analysis.

In Fig. 1 we identify some sets of configurations from the
regions in which the signal is maximized, corresponding to the
lines shown in the leftmost panel, with equations n = 0, n = 4,
and the vertical line s;» = 10 2~! Mpc. To visually inspect the
effect of neutrinos directly on the 3PCF, we chose some spe-
cific configurations, on and off the identified lines, for compari-
son, corresponding to (s2, s13) = (10, 100), (30, 100), (55, 100),
and (30,50) ! Mpc; these are shown in the figure with the
numbered markers. For these, we show in Fig. 2 the single-
scale connected 3PCF at z = 0 for all the neutrino masses
M, as a function of the third side 5,3 and their detectabilities.
Additionally, we show the measured multipoles {¢(s;2, s13) from
which the functions were estimated. We avoid showing ¢ for
(812, s13) with n = 0 because the reconstruction provided by
the SHD estimator is, as expected, not accurate. In particular,
{ is characterized by a strong steepening for s;3 — 0 (or equiv-
alently, for # — 0), which cannot be accurately reconstructed
by {max = 10 (e.g., see Fig. 2 in Veropalumbo et al. 2021). The
three leftmost configurations in Fig. 2 show an optimal recon-
struction for £,,x = 10, since the signal encoded by the high-
est multipoles is negligible with respect to the lowest ones. For
(512, 513) = (30, 50) h~' Mpc (rightmost panel), the first ten mul-
tipoles still provide a good reconstruction of £, although a small
amount of residual signal remains confined to £ > 10.

From the detectability plots, it is evident that the signal is
captured mainly by configurations that minimize or maximize
$»3, corresponding to the angles 6 = 0 and 6 = x. This implies
that the signal is mostly driven by elongated triangles, tracing

the filamentary structure of the cosmic web. For intermediate
values of 5,3, each mass is either not detectable (as in the case
sip = 10A~'Mpc, 513 = 100 A~! Mpc, where DET =~ 0 for
53 ~ 100 h~' Mpc) or only poorly detectable, with negative
detectability values, meaning that {(M,) < {(M, = 0), as in
the case of (512, 513) = (30, 50) A~! Mpc.

An analogous plot for the single-scale reduced 3PCF is
shown in Fig. B.2. Although the neutrino signal is, as previously
noted, smaller in amplitude, the behavior of Q as a function of
M, differs substantially from that of {. In particular, Q becomes
flatter as M, increases. This produces a different detectability
profile as a function of the third side, with negative values for
filamentary configurations and positive values for intermediate,
more rounded configurations. The same profiles show that the
signal is equally driven by filamentary and intermediate config-
urations, complementary to the behavior obtained with £, where
the signal is instead largely dominated by the contribution of fil-
amentary structures.

We also inspected the specific contribution of the signal of
massive neutrinos at BAO scales. The single-scale 3PCF exhibits
a small peak at 553 ~ 100 A~! Mpc when, for increasing 6, the
two fixed sides s1, and sy3 allow the third side s»3 to cross the
BAO scales (Gaztafiaga et al. 2009). This peak has a nontrivial
interplay in defining the shape of the 3PCF, possibly cancel-
ing out with the 3PCF dip, giving ¢ a flat shape for 6 ~ 7/2,
or resulting in a small peak embedded in the dip, depending
on the considered configuration. The behavior is related to the
angular spreading of the feature. A smaller angular spreading
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indeed implies a higher visibility of the peak (Moresco et al.
2021). Equivalently, the visibility of the peak is higher when
BAO scales are mapped in a smaller range of s,3.

We explicitly chose the configurations (si2,s13) =
(10, 100), (30, 100), and (55, 100) 2~ Mpc, so that the BAO fea-
ture was progressively concentrated in a smaller s,3 range, high-
lighted in light orange in Fig. 2. For (si2,s13) = (10,100)
h~! Mpc, the area spans the entire s»3 interval, so no distinc-
tive feature is observable. For (s12, 513) = (30,100) h~' Mpc, £
is flatter at the minimum with respect to the previous case, with-
out showing any local maximum, and an extremely shallow peak
is visible in the M, = 0.1 eV detectabilities at ~100 42~ Mpc.
Finally, for (512, s13) = (55,100) h~! Mpc, a small peak is vis-
ible in ¢ for all the values of M, and in the detectabilities of
M, = 0.4 and 0.1 eV. However, we cannot derive any statisti-
cally significant effect of the dependence of the amplitude of the
BAO feature on M, because the uncertainties on ¢ in the BAO
region are too large. We note that even increasing the effective
volume to Vi = 500 473 Gpc? does not allow a statistically sig-
nificant detection at those scales.

In Q, we do not identify any distinctive BAO feature. This is
due to the adopted scale cut discussed in Sect. 2.4, which spreads
any possible BAO signal over a large portion of the s,3 range (as
in the case of the leftmost panel in Fig. 2).

3.2. Scale dependence of the neutrino signal

Given the overall decrease in neutrino detectability at smaller
scales in Fig. 1, it is relevant to quantify the scales at which
the statistical significance of the neutrino signal reaches a given
threshold, as a function of neutrino mass, redshift, and config-
uration set, when moving from the largest scales considered in
our analysis to progressively smaller ones. Equations (12) and
(13) allow us to convert the §>(s12, s13) values into the statisti-
cal significance of the signal as a function of the triangle sides
s12 and s13. We performed this conversion considering the sets
of configurations marked with lines in Fig. 1, which we found
to encode most of the information content from neutrinos. For
this analysis, we identified the characteristic scale s¢oss at which,
starting from spec = 147.5 47! Mpc and moving toward smaller
scales, the statistical significance first reaches 1o and then 30
thresholds. We recall that lower p values correspond to higher
significances. For a given combination of M,, redshift, and con-
figurations, the scale s¢oss can therefore be derived as a function
of the statistical significance No as

Scross(NOT) = min {S € [Smin> Smax] | P(8) = P(NO')} > (14)
where the scale s can equivalently be considered as either s}, or
s13 (since one side is a function of the other side along the spec-
ified lines), N = 1 or 3 for 1o or 30 significance, respectively,
and p(No) is just the p value corresponding to No significance.
This value therefore represents an upper limit on the scales that
need to be included to obtain a given significant detection of
neutrinos: the larger this scale, the easier the neutrino effects are
detected; the lower it is, the more scales need to be included for
a significant detection.

The results are shown in Fig. 3 for the connected 3PCF in
the form of matrices whose elements report the values of S¢rqss
as a function of M, and z. For isosceles and quasi-isosceles con-
figurations, we set s = s, while for configurations with fixed
s12 = 10 i~ Mpc we set s = s;3. Overall, a given significance
threshold is reached at progressively larger scales for increas-
ing neutrino masses or decreasing redshift, as evident from the

A210, page 8 of 17

increasing values of s¢ross moving from the upper matrix row or
the leftmost column (associated with z = 2 and M, = 0.1 eV,
respectively) toward the lower-right matrix element (correspond-
ing to M, = 0.4 eV and z = 0). We obtained that only the total
masses M, = 0.2 eV and M, = 0.4 eV are detectable above the
1o threshold. The mass M, = 0.2 eV crosses the 1o significance
at all redshifts for configurations with s;, = 10 ~~! Mpc, remain-
ing always below 30-. The 30 threshold is reached for isosceles
triangles, but only at the smallest scales probed in our analy-
sis, that is, for s;5 ~ 5 h~! Mpc. For quasi-isosceles triangles
with 7 = 4, this mass has a significance above 1o for s, < 40
h~! Mpc only at z = 0. Our highest mass M, = 0.4 eV alone is
detectable above 30 at all redshifts for isosceles and squeezed
configurations. For these latter, this mass value is already above
1o on the largest scale probed in our analysis (147.5 A~! Mpc),
unlike for the other masses. For n = 4, the signal crosses 30
starting from z = 1.

The analogous results for the reduced 3PCF are shown in
Appendix C. The overall behavior is that for a fixed neutrino
mass, redshift, and configuration, a given statistical significance
threshold is reached at smaller scales with respect to £, confirm-
ing the lower detectability of Q with respect to .

3.3. Sensitivity of structure shapes to the neutrino signal

We also performed an analysis aimed at quantifying the
detectability of massive neutrinos in the 3PCF as a function of
triangle shapes. This is particularly relevant because it leverages
information on the morphology of cosmic structures that is not
accessible at the two-point level.

The single-scale approach, although effective in examining
clustering on a given scale for varying triangle configurations,
does not allow an efficient isolation of the contribution from tri-
angles of fixed shape. For instance, if 51, and 53 are chosen such
that 515 < 513 or 512 > s13, then squeezed triangles are obtained
for low and high values of 6. The all-scales approach, by order-
ing the sides of triangles, such that 51, < s13 < 553 (as detailed
in Sect. 2.4), allows for a clear shape classification based on the
values assumed by two independent side ratios, as we discuss
below.

A useful tool for shape analysis is a particular triangular-
shaped plot already adopted in Fourier space (e.g., Takahashi
2014; Desjacques et al. 2018; Hahnetal. 2020; Oddo et al.
2021). In Fig. 4 we derive its configuration-space counterpart
for the first time for the connected and reduced 3PCF. We pro-
duced this plot for all combinations of neutrino masses and red-
shift. In the figure, we show the case M, = 0.4eV at z = 0,
which corresponds to the highest detectability. In this figure, tri-
angle shapes are binned according to the values of the ratios
of the smallest and largest side s1,/s23 and between the inter-
mediate and largest side s13/s23. The allowed values of s15/523
and s13/s23 occupy the triangular-shaped region bounded by the
vertices (s12/523, 513/523) = (0,1),(1/2,1/2) and (1, 1). Trian-
gles along the leftmost side of this region have elongated shapes
(523 = s12 + s13), from squeezed (s;p < s;3 = sp3) in the
upper left corner to folded (s;» ~ s13 = 2s73) in the bottom
corner, while in the top right corner, we find equilateral tri-
angles. We report a visual legend in the upper right panel to
facilitate the interpretation of the figure. It is also interesting to
focus on right-angled triangles, residing along the dotted line
shown in the bottom right panel (the circular arc with equation
533 = 51,+515). The color of a given shape bin (i.e., a given pixel)
represents the absolute value of the detectability of massive neu-
trinos defined in Eq. (10), averaged over all triangles with that
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Fig. 4. Detectability of the halo connected 3PCF (upper panels) and reduced 3PCF (lower panels) as a function of the triangle shape. The results
are reported at z = 0 and for M, = 0.4 eV. The triangle shapes are determined by the side ratios s,/ .3 and s13/523, With 15 < §13 < s23. In each
panel, each pixel represents a given triangle shape, where the color shows the absolute value of the detectability averaged over all the triangles
available in the all-scales approach with that shape and different sizes. As shown in the legend in the upper right panel, the bottom center, upper
right, and upper left parts of the plot contain folded, equilateral, and squeezed triangles, respectively. The dotted curve in the lower right panel
marks the location of right-angled triangles. The white region corresponds to the area in the parameter space where it is not possible to obtain a
closed triangle. The various columns differ by the range of s,; considered, specified in the intervals shown in the bottom right corner (in units of

h~! Mpc). Empty bins are colored in gray.

specific shape in a given range of scales. In the various columns,
we show the results for three different ranges of s,3: the entire
range, including all triangles (5/h~! Mpc < 5,3 < 145h~' Mpc
for £ and 57! Mpc < sp3 < 11047 Mpc for Q), low to inter-
mediate values (5h~' Mpc < s33 < 70h~! Mpc for £ and Q),
and high values (702~ Mpc < sp3 < 145h~! Mpc for ¢ and
70~ Mpc < 553 < 110 2~ Mpc for Q).

For ¢, as shown in the upper left plot in the figure, which
includes all the triangles considered in our analysis, the most
affected regions are those corresponding to the left oblique side
of the triangular region, containing elongated triangle shapes
transitioning from folded to squeezed. The plots in the middle
and right columns show that this feature arises from the com-
bined behavior of triangles belonging to the two s,3 ranges. For
small to intermediate scales, a comparable contribution to this
feature comes from folded and squeezed shapes, also extend-
ing to less elongated triangles (i.e., also toward the more central
regions of the plot). For larger s,3, the detectability pattern on
the left oblique side of the plot concentrates on squeezed config-
urations.

These changes are naturally explained by considering
that higher detectability values in ¢ identify triangles for
which at least one side is small. For triangles with low to
intermediate values of s,3, this is indeed possible for the
squeezed and folded shapes, for instance, for triangles like
(512, 513, 523) ~ (5,5, 10), (10, 10, 20), (10, 60, 70) h~' Mpc. Con-
versely, for 70 ! Mpc < sp3 < 145 ! Mpc, the smallest folded
triplet is (s12, 513, 523) = (35,35, 70) h~! Mpc, significantly larger
than previous examples. Squeezed triangles, instead, can still
have low s, values even for the highest 513 and s»3 values, for
instance, as in the case of (s12, 513, 523) ~ (5, 140, 145) h~! Mpc.

For Q, considering all the triangles, we can instead identify at
least three regions showing the highest detectabilities: the region
associated with squeezed and folded shapes, the isosceles trian-

gles with shape transitioning from squeezed to equilateral (with
s13/523 = 1), and the region of right-angled triangles discussed
above. The fact that this latter region is detectable in Q, but not
particularly in £, can be attributed to the flattening noted on the
single-scale Q caused by an increase in M,. One of the conse-
quences of this flattening indeed is the increase in detectability
around 0 = m/2, that is, in correspondence with right-angled tri-
angles. The feature present for s13/s,3 ~ 1 is mainly produced
by small to intermediate scales, while the neutrino signature on
right-angled triangles is present on small to intermediate and
large scales. The reduced 3PCF on elongated triangles is affected
by M, with an opposite trend with scale compared with the con-
nected 3PCF: indeed, moving from the smallest to the largest
scales, the signal concentrates on folded triangles and decreases
for squeezed ones.

3.4. Breaking the M, — o degeneracy with the 3PCF

The suppression of the amplitude of the power spectrum
on small scales, caused by neutrino free-streaming, can also
be mimicked by a variation in the value of the present-
day amplitude of linear matter density fluctuations on a
scale of 8 h~! Mpc (the parameter og). This causes a well-
known degeneracy between the parameters M, and o (e.g.,
Viel et al. 2010; Villaescusa-Navarro et al. 2014; Peloso et al.
2015; Villaescusa-Navarro et al. 2018; Hahn et al. 2020). How-
ever, these parameters are not fully degenerate, since the effect
of neutrinos is scale dependent and cannot be reduced to a sim-
ple og renormalization (e.g., see the discussion in Marulli et al.
2011). Nevertheless, the fact that the imprints of M, and
og on the power spectrum can even differ by less than 1%
(Villaescusa-Navarro et al. 2018) over a wide range of scales
limits the possibility of obtaining precise constraints on M, from
two-point statistics alone.
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Fig. 5. Comparison between the detectability of a variation in M, and
g from the halo 3PCF as a function of triangle shape. We show the
results for the simulations at z = 0 with M, = 0.1 eV and fiducial
g = 0.834 (red scale color maps), and with M, = 0 eV and o = 0.849
(upper blue scale color map) and og = 0.819 (lower blue scale color
map). The top and bottom pairs of plots refer to the connected and
reduced 3PCEF, respectively. Triangle shapes are identified by the side
ratios s12/s23 and s13/ 23, with 51 < 513 < $23, as shown in Fig. 4. In
each plot, a given shape bin shows the absolute value of the detectabil-
ity, averaged over all triangles available in the all-scales approach with
that shape and different sizes. We present the results obtained by con-
sidering triangles on scales 304~ Mpc < 553 < 70 h~! Mpc for £, and
70~ Mpc < 553 < 1102~ Mpc for Q.

The Fourier-space analysis in Hahn et al. (2020) proved that
the additional shape information introduced by three-point statis-
tics is promising in breaking this degeneracy, as it shows that
the bispectrum exhibits a distinct triangle shape dependence for
variations in M, compared to os. We employed our framework
applied to the massive-neutrino and variable-og simulations to
perform a shape analysis in configuration space for the 3PCF for
the first time. In our case, this analysis is meaningful not only
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for the connected 3PCF, but also for the reduced 3PCEF, since the
latter is also affected, albeit indirectly, by variations in o3 within
our framework. For a fixed minimum halo mass, an increase
(decrease) in og indeed leads to a decrease (an increase) in the
halo bias, which in turn has the effect of increasing (decreasing)
the amplitude of Q *.

We compared the triangular plots (for a detailed descrip-
tion of the structure of these plots, we refer to Sect. 3.3)
for the simulations with massive neutrinos and variable-o.
In Fig. 5 we show two particularly informative cases: the
detectability for simulations (M,,o5) = (0.1eV,0.834) com-
pared to (M,,0g) = (0.0eV, 0.849) in the case of ¢ for trian-
gles with 30 27! Mpc < sp3 < 70 h~! Mpc, and with simulations
(M,,o3) = (0.0eV,0.819) in the case of Q for triangles with
70h~' Mpc < sp3 < 11027 Mpc. In Appendix D we extend the
discussion to the remaining neutrino masses and scales consid-
ered in this analysis. We considered the mass M, = 0.1eV to
facilitate visual inspection, as its detectability is comparable to
that of the variable-og simulations, and we selected the values
og = 0.849 and 0.819 for £ and Q, respectively, because they
produce a steepening of ¢ (its amplitude increases) and a flat-
tening of Q (due to the previously discussed effect of the halo
bias), potentially mimicking the imprint of neutrinos discussed
in Sect. 3.1. We note that this represents a lower limit on the pos-
sibility of discriminating between the two signals; clearly, the
results obtained for higher neutrino masses will be significantly
more distinguishable.

In £, we observe that while the detectability values in the
massive-neutrino and variable-og cases are similar in the upper
right region of the plots, they differ significantly for elongated
triangles (left edge), with the shape-dependent effect induced by
massive neutrinos being much more pronounced. In Q, the most
evident difference is that the feature produced by massive neu-
trinos at the location of right-angled triangles is absent for the
considered variation in os. Furthermore, the shape dependence
for folded or near-folded triangles (lower corner) appears differ-
ent in the two cases. A more quantitative analysis presented in
Appendix D shows that at z = 0 for £, the average detectabil-
ity on elongated triangles reaches a >70 discrepancy between
massive-neutrino and varying-og simulations, remaining <20
for the other shapes; for Q, the discrepancy is 230 for right-
angled and elongated triangles, lying within ~ 1o in the other
cases.

Hence, we demonstrate that the three-dimensional shape
information of cosmic structures encoded in the 3PCF (unlike
the 2PCF, which only captures scale information) is effec-
tive in disentangling the effects of massive neutrinos from o-g
rescalings. Our analysis indeed shows that the shape-dependent
imprint of massive neutrinos on the 3PCF cannot be replicated
by just rescaling o, and it identifies the configurations that
cause this behavior.

4. Conclusions

We studied the effect of massive neutrinos on the halo
three-point statistics in configuration space for the first time

4 At linear order and neglecting nonlocal effects, the perturbative
relation between the halo density contrast field ¢, and the underly-
ing matter density contrast §, can be written as 6, = b5, where
the coefficient b; is called linear bias (Kaiser 1984; Bardeen et al.
1986; Cole & Kaiser 1989; Mo & White 1996; Sheth & Tormen 1999;
Desjacques et al. 2018). The amplitude of the reduced 3PCF of the halos
scales with the linear bias b, as 1/b; (see Eq. 13 in Gaztafnaga et al.
2009).
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by using 2000 N-body simulations from the QUIJOTE suite
(Villaescusa-Navarro et al. 2020). We considered simulations at
redshifts z = 0, 1, and 2, characterized by values of the sum of
neutrino masses M, = 0.0,0.1,0.2, and 0.4 eV.

We estimated the isotropic connected 3PCF ¢ and the
reduced 3PCF Q (Eq. 3), and we made all the measurements
publicly available. To estimate the latter, we also measured the
halo 2PCF of our simulations. We ran our measurements with
the code MeasCorr (Farina et al. 2026), probing a wide range
of scales, from 1 to 150 4~! Mpc for the 2PCF and from 5 to
145 h~! Mpc for the 3PCF, thanks to the implementation of the
Slepian & Eisenstein (2015a) SHD estimator. We numerically
estimated the covariance matrices of the considered statistics
from an additional set of 2000 ACDM simulations from the
QUIJOTE suite itself.

We developed a framework to quantify the neutrino signal
in comparison with the fiducial massless case by introducing
detectability metrics depending on single and multiple config-
urations, and on their correlation. We applied this framework to
determine the neutrino detectability in a volume of 10 2~ Gpc?
representative of an ideal redshift bin of a stage-IV survey by
rescaling the estimated covariance.

We also used our framework to study whether £ and Q can
provide distinct features that allow us to break the degeneracy
between M, and o that affects two-point statistics. To do this,
we complemented our previous dataset (in which og was fixed at
the fiducial value 0.834) with measurements performed on three
sets of 500 QUIJOTE massless neutrino simulations each, with
og = 0.819,0.834, and 0.849. The main results of our analysis
are listed below.

— For ¢, we found that the effect of neutrinos is stronger
for isosceles triangles below ~304~! Mpc and for quasi-
isosceles and squeezed triangles. For Q, we observe a max-
imum for isosceles triangles, with detectabilities overall
lower than for {. In correspondence with these configura-
tions, for increasing M,, we found that the concavity of { as
a function of the angle between two fixed sides grows, while
Q flattens.

— The signal from massive neutrinos increases with decreas-
ing scale and redshift, following the evolution of nonlin-
earities. In particular, it is interesting to note that neutrino
masses M, = 0.4eV can be detected at a 30 signifi-
cance already at intermediate or large triangle scales (above
~50 h~! Mpc, with values depending specifically on the con-
figuration), while for M, = 0.2eV, the 30 significance is
only reached by pushing the configurations to small nonlin-
ear scales (~5—10/4~! Mpc), which are currently quite diffi-
cult to model.

— We found that massive neutrinos predominantly affect the
filaments of the cosmic web. Although most of the signal is
on small scales due to free-streaming, we showed that BAO
scales are also affected by their presence, but these effects
are largely undetectable within the volume probed by stage-
IV surveys.

— By studying the effect of neutrino masses on triangle shapes,
we found in ¢ the strongest signal for elongated triangles,
confirming that filamentary shapes contain the strongest sig-
nal, with a preference for squeezed triangles when larger
scales are included. For Q, we found that an additional
source of signal with respect to ¢ is represented by right-
angled triangles.

— We found that the shape dependence of { and Q is affected
differently by variations in M, and og. In particular, the
main differences were found for elongated triangles in ¢

and for elongated and right-angled ones for Q. The average

detectability shows discrepancies of >70 on elongated trian-

gles between massive-neutrino and varying-og simulations,
while remaining below <20 for other configurations. For

Q, right-angled and elongated triangles yield discrepancies

of 230, whereas the remaining shapes are consistent within

~lo.

This work showed for the first time in the literature that the 3PCF
might be employed as a cosmological tool beyond the standard
ACDM model, in particular, for probing neutrino masses. The
extent to which this potential can be effectively unlocked will
significantly depend on the smallest scales that can be accu-
rately modeled, a challenging task due to the increasing effect of
nonlinearities. For reference, scales below ~20 i~! Mpc are cur-
rently excluded from the validity range of perturbative models
(e.g., Slepian & Eisenstein 2015b, 2017; Kamalinejad & Slepian
2025; Farina et al. 2026). Moreover, the maximum amount of
information from clustering studies can be extracted by jointly
analyzing lower- and higher-order statistics, as well as by
including different observational probes, for example, CMB. We
focused extensively on the 3PCF, with the aim of exploring these
approaches in future works.

Our analysis also demonstrated that the reduced 3PCF enables
the identification of neutrino-induced signatures in structures
that are weakly sensitive to their effect in the connected 3PCF
(e.g., right-angled triangles). Moreover, the reduced 3PCF has the
advantage that its modeling is independent of og. Nevertheless,
due to the overall lower detectability of the reduced 3PCF com-
pared to the connected 3PCF, a more synergistic exploitation of
the former together with the latter will require cosmological vol-
umes larger than those targeted by current surveys.

This paper is the first of an exploratory research program
aimed at quantifying the neutrino information content encoded in
the 3PCF. In future analyses, we plan to investigate the full-shape
dependence of the 3PCF on cosmological parameters (including
the sum of neutrino masses) to quantify its constraining power and
combine the information provided by higher-order statistics with
two-point statistics in a joint likelihood analysis, to maximize the
scientific return from galaxy clustering in view of forthcoming
data. In this perspective, this work is directly relevant in prepa-
ration of the data releases from stage-IV surveys such as Euclid
(Laureijs et al. 2011; Euclid Collaboration: Mellier et al. 2025),
DESI (DESI Collaboration 2016), 4AMOST (de Jong et al. 2019),
and the Nancy Grace Roman Space Telescope (Dore et al. 2019),
and its potential will be further enhanced by the even larger vol-
umes covered by future stage-V facilities, such as the proposed
Wide-field Spectroscopic Telescope (WST; Mainieri et al. 2024),
which aims to map the galaxy distributionup to z ~ 5.5, providing
unprecedented statistics.
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Appendix A: Neutrino detectability in the 3PCF
multipoles

We studied how massive neutrinos affect the multipoles of the
connected 3PCF by comparing the detectability of different
neutrino masses with the massless case. To avoid repetition,
we do not show the analysis for all the possible combinations
of redshifts and neutrino masses, but we plot in Fig. A.1 the
results obtained for M, = 0.4 eV at z = 0 as a representa-
tive case. We show the detectabilities through a 2D colormap
for each multipole ¢ (in the measured range 0 < ¢ < 10),
where a given pixel corresponds to a binned triangle side pair
(s12, 513)-

The fact that neutrinos mostly affect small, nonlinear scales
is evident by inspecting the figure, where the highest, posi-
tive values of detectability are mostly concentrated on small
scales for all the measured ¢. For £ = 0, whose correspond-
ing monopole ¢y only contributes to the offset of ¢, squeezed
triangles (corresponding to the regions adjacent to the bottom
and left sides of each colormap, far from the bottom-left cor-
ner) also show a positive detectability, decreasing for increasing
scale.

The monopole £ = 0 and the dipole { = 1 change
their sign, exhibiting a mildly negative detectability (for which,
in both cases —1 < DET < 0), on a large region of the
explored (s12, 513) area. For £ = 0, this feature is mostly located
along the diagonal region (i.e., for isosceles triangles), divided
into two features with 504~ Mpc < s1» < 954~ Mpc and
s 2 105K Mpc, separated across BAO scales. For £ = 1,
it shows a fork-shaped pattern, made of three features, one
located on the diagonal on scales s;» = 404~ Mpc, and the
other ones on scales s;2 2 25k ' Mpc when 115h' Mpc <
s13 < 135h ' Mpc and analogously with s, and s;3 inter-
changed. In the latter two cases, the change in sign observed
at fixed s;3 ~ 105k~ Mpc (or equivalently at fixed s;p ~
105 h~! Mpc) is driven by the effect of the BAO on the dipole,
as shown by the model of Slepian & Eisenstein (2017). This
multipole is sourced by the gradient of the density field; there-
fore, it exhibits a zero crossing at BAO scales, since the
acoustic feature corresponds to local maxima in the density
distribution.

The multipole that, in the presence of massive neutrinos,
shows the most significant departures from the fiducial cos-
mology is the quadrupole >, which imprints the characteristic
parabolic shape to ¢ as a function of the angle between two
fixed sides, as evident in Fig. 2. For {,, on scales s, 513 <
25 h~! Mpc the detectability for M, = 0.4 eV is around 8 and for
squeezed configurations it remains > 2 even for the largest scales
probed in our measurement, vanishing only for triangles with
large 51> and s3. Starting from ¢ = 3, the highest-detectability
pattern progressively concentrates on quasi-isosceles configura-
tions, decreasing with increasing s, and s;3.

Interestingly, for isosceles configurations and ¢ > 2, the
detectability patterns show a local minimum. We find that this
drop is driven by a local maximum in the standard deviations
of all multipoles. Although this maximum is also present for
¢ = 0and ¢ = 1, the complex detectability pattern of these two
multipoles prevents it from being evident in the first two pan-
els of Fig. A.1. Our analysis suggests that this feature originates
from autocorrelation within the same radial bin, which occurs
for the 3PCF multipoles of isosceles triangles estimated with the
Slepian & Eisenstein (2015a) algorithm, as in our case. In the
presence of autocorrelation, the expected variance is larger than
in the case of cross-correlation between two different radial bins.

Appendix B: Single-scale analysis for the reduced
3PCF

In Fig. B.1 we show the values of the parameter y> (Eq. 11)
for the reduced 3PCF, computed for the largest neutrino mass
M, = 0.4eV at redshifts z = 0,1, and 2. We exclude all the
configurations (s;2, s13) for which the third side s,3 can cross the
value 110 ~~! Mpc, to avoid singularities of Q.

The imprint of neutrinos is mainly concentrated in the
(512, s13) bins located along the diagonal, and in the two adjacent
ones. The values of ¥ decrease with increasing distance from
the diagonal region. Similarly to £, the signal increases going to
small scales and for decreasing redshift.

For consistency with Fig. 2, we show on the figure the same
lines marking the locations of the isosceles, squeezed, and quasi-
isosceles configurations with = 4. Consistent with the applied
scale cut, we select specific configurations, corresponding to
(s12,513) = (10,50),(10, 100), (30,50), and (25,75)h~" Mpc
along and off these lines (for comparison) to inspect the angu-
lar behavior of Q visually. We show the corresponding reduced
3PCFs as a function of the third side s,3 for all the values of
M, at z = 0, and their associated detectability with respect to
M, =0eV,in Fig. B.2.

As anticipated in Sect. 2.1, the order of magnitude of Q
does not change when varying the configurations (si2, s13) and
remains approximately of order unity, unlike £ in Fig. 2, which
instead varies by about one order of magnitude across the
selected scales and decreases with increasing scale. The concav-
ity of Q decreases as M, increases, causing a slight flattening
of the function with respect to the measurements for the fiducial
massless cosmology. This flattening is reflected in the detectabil-
ity profile, producing s,3;-dependent trends with a facing-down
concavity: the detectability becomes negative for filamentary
structures, i.e., at the edges of the s,3 range, and positive for cen-
tral values. These configurations are the most affected by neutri-
nos, as they exhibit the largest absolute detectability values. In
particular, note that the detectability at intermediate configura-
tions remains relatively stable, with a magnitude comparable to
that at the extremes. The flattening of Q with increasing M, also
causes each function measured in the massive-neutrino simula-
tions to intersect the corresponding massless curve at two points,
driving the detectability to zero. By inspecting the detectabilities
in Fig. B.2, this occurs, regardless of the value of M,, just below
~ 1/4 and just above ~ 3/4 of the s,3 range.

Due to our scale cut, we do not identify any BAO feature
in Q. This occurs because the sy3 range is entirely dominated
by BAO scales. This is clearly shown in Fig. B.2, where the
orange shaded area, corresponding to the expected location of
possible BAO features, spans the entire s,3 range for (s, 513) =
(10, 100) ~~! Mpc. This implies that any potential BAO signal is
spread over the entire range of s,3 values, and therefore does not
appear as a visible, localized peak.

Appendix C: Scale dependence of the neutrino
signal for the reduced 3PCF

We assessed for Q, as we did for £ in Sect. 3.2, the significance
of the massive-neutrino signal relative to the fiducial cosmology
as a function of scale, for specific configurations. To do so, we
applied the same procedure detailed in Sect. 3.2 to the ¥ values
of the configurations (s, s13) along the lines shown in Fig. B.1.

Figure C.1 shows the scales s.oss (already defined in Eq. 14)
on which the statistical significance of the signal produced by a
given neutrino mass M, at a given redshift becomes higher, when
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Fig. A.1. Detectabilities of neutrino masses (computed with Eq. 10) for the multipoles of the connected 3PCF (s}, s13). This figure shows the

results for the case of M, = 0.4eV atz =0.
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Fig. B.1. Same as Fig. 1 but for the reduced 3PCF Q. The white region in each panel corresponds to the configurations excluded by the constraint
s12 + 813 < 110 A~ Mpc. The lines are the same as those overplotted in Fig. 1, for easier comparison with . The (55, 53) configurations marked
with a numbered circle correspond, in increasing order from 1 to 4, to (s2, s13) = (10,50), (10, 100), (30, 50), and (25,75) ! Mpc. The single-

scale Q for these scales is plotted in Fig. B.2.

moving from large to small scales, than 1o and 30 significance.
We follow the same convention of Fig. 3, by setting in Eq. (14)
s = 517 for isosceles and quasi-isosceles configurations with =
4 (being 513 given by, respectively, s13 = 512 and s13 = sp+4XAs
h! Mpc), and s = sy3 for triangles with s, = 10 h! Mpc.
Since, as visible in Fig. B.1, the signal increases moving
toward smaller scales while remaining globally weaker than in
the case of ¢, the scales at which it reaches a given significance
are smaller for Q than for £. This is evident by directly compar-
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ing the values of s¢.oss for each matrix element in Fig. C.1 with
respect to Fig. 3. This implies that cosmological volumes larger
than 10 4~ Gpc? are required for Q to achieve detectability
levels comparable to those shown for £.

The figure also shows that restricting the analysis to scales
below 11047} Mpc, i.e., those considered for Q in our study,
excludes only a negligible fraction of the neutrino signal in a vol-
ume of 10 4~ Gpc?, given that Fig. C.1 indicates that the bulk
of the signal is located below 50 2! Mpc (there are no printed
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Fig. B.2. Single-scale reduced 3PCF Q (upper plot of each panel) for the (s;5, 513) configurations selected in Fig. B.1 and indicated at the top, as
a function of the third side s,3. We show here the results for z = 0, with a different color for each of the considered neutrino masses, as shown in
the legend. The lower plots show the corresponding detectabilities as a function of s,3 (Eq. 10), with the same color coding as Q. A blue dashed
line marks the zero detectability level. The orange shaded area shows the region 90 2! Mpc < 553 < 1104~ Mpc, corresponding to the expected
location of the BAO peak.
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Fig. C.1. Same as Fig. 3 but for the reduced 3PCF Q.

A210, page 15 of 17



Labate, A., et al.: A&A, 708, A210 (2026)

values of s¢s exceeding this threshold). Specifically, only the
masses M, = 0.2eV and 0.4eV are detectable above 1o. In
particular, cosmic neutrinos with a total mass of M, = 0.2eV
are detectable above 1o only at z = 0 (but never above 30)
for isosceles configurations and for s;, = 10A~! Mpc, up to
scales of ~ 647! Mpc and 16 4~! Mpc, respectively. The mass
M, = 0.4eV is detectable above 1o at all redshifts only for
n =0, and at z = 0 and z = 1 for squeezed and quasi-isosceles
configurations. For these redshift values, squeezed and isosceles
triangles also exceed the 30~ detectability on scales between ~ 15
and 30 4~! Mpc, while only at z = 0 for Seross ~ 7 5~ Mpc in the
case of quasi-isosceles triangles. At z = 2, the statistical signif-
icance never reaches 3o, regardless of neutrino mass, redshift,
and configuration.

Appendix D: Quantifying the information content of
different triangle shapes with respect to
variations in M, and o

Here, we complement the analysis presented in Sect. 3.4 by
quantifying the capability of different triangle shapes to disen-
tangle the effect of variations in the neutrino mass, M,, and in og
on the connected and reduced 3PCF. The triangular plots shown
in Fig. 5 indicate that the largest differences are concentrated
in regions of the (s12/s23, s13/523) plane that lie approximately
parallel to the left side of the triangular domain (elongated or
right-angled triangles). For this reason, we investigated the
detectability in the two different sets of simulations by estimat-
ing the average |DET]| along directions parallel to the left oblique
side, which therefore is expected to provide a more informative
way to probe shape-dependent effects.

To this end, we divide our diagram into bins of different
shapes (from equilateral to squeezed), which we call “shape
index”, as shown in Fig. D.1. We assign a shape index value
of 0 to the top-right bin, which contains equilateral triangles, and
increase the shape index towards the left side, which corresponds
to a value of 20 for the binning adopted in this work.

For each bin of shape index, we compute the mean and
the standard error of the mean of the absolute values of the
detectability of the connected and reduced 3PCF, for simula-
tions with massive neutrinos as well as for those with varying
os. In Fig. D.2, we present the results at z = 0 as a function
of the shape index, separating triangle configurations into small
(5h'Mpc < so3 < 3047 Mpc), intermediate (30 4~ Mpc <
s23 < 700! Mpc), and large (70 h! Mpc < 523 < 523 max, With
$23.max = 145k~ Mpc for £ and 1104~ Mpc for Q) scales. In
the plot, we also show the position of particular sets of trian-
gles, namely equilateral, right-angled (identified by the shaded
region), and squeezed/folded. In performing this analysis, we
consider only those values of shape index associated with at least
two populated shape bins.

On small scales, the trends appear noisier due to the smaller
number of triangles averaged, compared to intermediate and
large scales (respectively, 43 versus 314 and 2213 for ¢, and
43 versus 314 and 842 for Q). The mean values for the two
simulations with varying og are consistent with each other in
nearly all values of the shape index, lying on average at ~ 0.80
from each other on intermediate and large scales, and at ~ 1.20°
on small scales for { (notice, however, that the smaller num-
ber of available triangles may significantly influence this last
value), and at ~ 1o for Q. In ¢, elongated shapes (high shape
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Fig. D.1. Legend illustrating the definition of the “shape index” adopted
in our analysis for Fig. D.2. A given shape index groups all shape bins
lying along a line parallel to the left oblique side, increasing from the
top-right corner (equilateral triangles) towards the left side (elongated
triangles), as indicated in the colorbar.

indices) dominate the massive neutrino signal at all scales, with
a smaller yet noticeable contribution (a factor of ~ 4 lower) from
intermediate/right-angled configurations at large scales, visible
as a small bump at shape index ~ 12 for M, > 0.2eV. In Q, the
bump in the neutrino signal associated with right-angled trian-
gles is clearly visible at intermediate and large scales, and it is
only slightly lower than for elongated shapes (a factor of ~ 1.5
smaller).

The case M, = 0.1¢eV is particularly relevant for this quan-
titative analysis, since for this neutrino mass the detectability
values are the lowest and comparable to those of the varying-
og simulations. On small scales, the signals are difficult to dis-
tinguish within the error bars. At intermediate and large scales,
for £ the M, and og signals start to be significantly distinguish-
able for more elongated triangles (shape index ~ 16); while the
mean detectability values remain compatible within ~ 20 at
lower shape indices, their differences grow much more rapidly in
the massive-neutrino case, reaching discrepancies of ~ 100 and
~ 7o for elongated triangles in the ranges 30 A~! Mpc < 523 <
70" Mpc and 70 A~ Mpc < sp3 < 145 h~! Mpc, respectively.
For Q, at intermediate scales the discrepancy is maximal (~ 507)
for shape indices ~ 11 — 12, corresponding to right-angled trian-
gle configurations, and gets to ~ 30~ for some elongated (shape
indices ~ 17 — 19) or nearly equilateral configurations (shape
indices ~ 2—4), while remaining < 1o for the remaining shapes.
At large scales, these discrepancies reach the ~ 3o level for
right-angled and elongated triangles and < 20 for nearly equilat-
eral ones. We warn the reader that the results for nearly equilat-
eral configurations are based on a limited number of populated
bins, as can be easily seen from Fig. D.1, and may therefore be
less reliable.

This analysis proves quantitatively, confirming the qualita-
tive indication of Fig. 5, that the imprint of massive neutrinos
in £ and Q across different triangle shapes cannot be reproduced
by a simple variation of o7, since at the same time, some trian-
gle shapes react to this variation similarly to a variation in M,,
while other shapes follow a different trend. This analysis con-
firms in configuration space the results obtained for the bispec-
trum in Hahn et al. (2020), paving the way for more systematic
studies of the shape-dependent sensitivity of configuration-space
higher-order statistics as a promising strategy to disentangle M,
and og-related effects.
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Fig. D.2. Mean of the absolute detectabilities (markers) as a function of the shape index (defined in Fig. D.1) at z = 0, for the simulations with
massive neutrinos and variable o7, and its corresponding standard error (error bars). The results for the connected and reduced 3PCF ¢ and Q
are shown in the top and bottom rows, respectively. Each column corresponds to a different range of triangle scales, depending on the value of
the largest triangle side sy3, as detailed in the label above each panel: small (5h~' Mpc < sp3 < 307! Mpc), intermediate (304~ Mpc < 523 <
70 i~ Mpc), and large (70 i~ Mpc < 553 < 145! Mpc for £ and 70 h~! Mpc < s»3 < 110 57! Mpc for Q). The means are computed only for those
shape indices that correspond to at least two populated (s12/ 523, 513/523) bins, depending on the considered scale range and the adopted binning of
the side ratios. The schematic representation of triangles in the bottom-right panel qualitatively shows the mapping between the shape index and
triangle shapes: low values correspond to equilateral and quasi-equilateral triangles, intermediate values (highlighted by the vertical gray band)
to right-angled and quasi-right-angled triangles, and large values to elongated (squeezed/folded) triangles. The vertical axis shows only the mean
detectability values below 3, to better highlight the differences between the lowest neutrino mass, M, = 0.1 eV, and the varying-o—g simulations.
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