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ABSTRACT

Realistic modeling of stellar spectra requires accurate radiative opacity coefficients. Owing to the fragmentary nature of existing data
from rigorous quantum-mechanical calculations, photoionization coefficients based on the rigid-wavefunction approximation remain
the only practical option for studies of magnetic white dwarfs. Although variants of this approach have been widely used in spectral
analyses for decades, a complete and explicit treatment of degeneracy-level breaking has not previously been presented. In this work, we
provide a comprehensive description of this procedure, including explicit expressions for the photoionization probability of individual
bound—free transitions as functions of magnetic field strength and radiation polarization. We also evaluate the occupation numbers
of bound states in a magnetized gas under ionization equilibrium, enabling the calculation of absolute photoionization opacities.
Because high-lying atomic states are strongly perturbed by the magnetic field and ultimately dissolved, substantial modifications of the
monochromatic absorption are found even for fields below 10 MG — a regime where fully rigorous quantum calculations are numerically
demanding and have not yet been applied. Over a wide range of magnetic field strengths, pronounced dichroic features appear in the

hydrogen continuum absorption.
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1. Introduction

Magnetic fields at the surfaces of magnetic white dwarf stars
(MWDs) have been reported to span values of approximately
1072-10° MG (1 MG = 10° G). Such fields can significantly
affect the physical properties of the gas, the transport of energy
in the stellar atmosphere — usually composed of pure hydrogen —
and the distribution of radiation emitted by the star. A number of
studies have investigated processes of photo-absorption by atoms
in the presence of magnetic fields of this strength.

An approximate treatment of hydrogen photoionization in
magnetized photospheres was first formulated by Lamb &
Sutherland (1972, 1974) for weak fields, assuming linear Zee-
man theory. During the 1980s, detailed theoretical evaluations
of bound—free transitions were carried out for very high mag-
netic field strengths (upper 10° MG), slightly exceeding the
regime of presently known MWDs (Greene 1983; Bhattacharya
& Chu 1985). Subsequently, a limited number of studies based
on fully quantum-mechanical methods were published, report-
ing hydrogen photoionization cross sections for magnetic fields
above 10 MG (Wang & Greene 1991) and 20 MG (Alijah et al.
1990; Delande et al. 1991; Merani et al. 1995; Meinhardt et al.
1999; Zhao & Stancil 2007; Zhao 2021)!. Rigorous calcula-
tions at lower magnetic field strengths remain lacking, in part
because the associated technical difficulties are greater than in
the high-field regime (Mota-Furtado & O’Mahony 2007).

* Corresponding author: rene . rohrmann@conicet.gov.ar

Other studies have focused on photo-absorption in the intense mag-
netic fields at the surfaces of neutron stars (e.g., Gnedin et al. 1974;
Schmidt et al. 1981; Potekhin & Pavlov 1997). These works typically
employ specialized wavefunction bases to represent the energy eigen-
functions, which are not well suited to the magnetic field strengths
characteristic of MWDs.

1

Figure 1 shows the fraction of known MWDs with field
strengths above a given value (B) in the range 1-10° MG, based
on a sample of 804 objects — the largest compilation of MWDs
with measured magnetic fields to date (Amorim et al. 2023).
Fully quantum-mechanical evaluations of bound—free absorption
have focused on conditions characteristic of highly magnetized
objects, which represent only a small fraction (10-20%) of
presently known MWDs. The situation is even more critical
given that the number of transitions studied using such methods
is typically, at best, only a few dozen over a limited photon-
energy range. This is insufficient to quantitatively account for the
opacities required in spectral modeling. Magnetic fields break
the degeneracy of electronic states and introduce dichroism, that
is, a dependence of the cross section on photon polarization.
Consequently, the calculation of synthetic spectra using model
atmospheres requires cross-section data for several hundred to
thousands of transitions. To date, it has not been possible to fully
analyze any MWD spectrum using the sparse data available from
rigorous quantum-mechanical techniques. In addition, cross sec-
tions are required over a wide photon-frequency range and on a
fine grid of magnetic field strengths, since a uniform field is not
expected across the stellar disk.

The approach proposed by Lamb & Sutherland (1972, 1974)
therefore remains the only method capable of providing pho-
toionization cross sections for MWD model atmospheres. Their
theory relies on a key approximation: the bound- and free-
electron wavefunctions are assumed to be unchanged by the
magnetic field in the small region of overlap, and so the matrix
elements governing radiative transitions are assumed to also be
unaffected. This approach is known as the rigid-wavefunction
approximation (RWA). The photoionization cross section also
depends on the transition energy, which is modified by the mag-
netic field through the shifting and splitting of the initial and
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Fig. 1. Cumulative distribution (in percentage) of known MWDs with
mean field strengths greater than B (thick blue line). The field strength
ranges analyzed in photoionization studies are indicated. The insert
shows a cross section evaluated using a fully quantum-mechanic method
(Zhao & Stancil 2007) and the results obtained with the RWA approach
(see text). The dark line represents a Gaussian convolution of the
Zhao & Stancil evaluation with a full width at half maximum of
3.5nm (=107 Ry).

final electron eigenenergies. In their original formulation, Lamb
and Sutherland considered only bound-level shifts described
by linear Zeeman theory. Later, Jordan (1989) demonstrated
that the photo-absorption spectrum of magnetized hydrogen
exhibits multiple absorption edges associated with different
initial states and continuum thresholds. As improved atomic
data became available, more accurate bound-state energies were
incorporated into RWA-based calculations. However, the com-
plete procedure was never explicitly described, despite its use in
several numerical codes developed to model MWD atmospheres
(Martin & Wickramasinghe 1986; Jordan 1992; Putney & Jordan
1995; Wickramasinghe & Ferrario 2000; Euchner et al. 2002;
Vera-Rueda & Rohrmann 2024).

Although RWA is strictly valid only in the zero-field limit, it
has proven to be a reliable empirical method for providing aver-
age photoionization cross sections at moderate field strengths
(Rohrmann 2025). The inset in Fig. 1 compares RWA predic-
tions with the detailed calculations of Zhao & Stancil (2007) for
a specific transition at the lowest magnetic field strength consid-
ered in that work. The primary difference between the two results
arises from the rich resonance structure shown by the full quan-
tum treatment. In MWD atmospheres, however, these resonances
are expected to be smeared into a smooth continuum by field
variations across the stellar surface (Wickramasinghe 1995). As
shown in Fig. 1, RWA reproduces the mean behavior of the full
theory for the transition from the 2p, state induced by absorp-
tion of a linearly polarized photon (¢ = 0) at B = 23.5 MG, a
field strength well beyond the linear Zeeman regime.

The present paper aims to provide a comprehensive evalu-
ation of the photoionization opacity of hydrogen atoms using
RWA. This objective is motivated by two main considerations.
First, RWA is currently the only available method for obtain-
ing a complete set of photoionization cross sections suitable
for modeling MWD spectra over a wide range of magnetic
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field strengths. Second, its full implementation — accounting for
weighted sums of partial cross sections that depend on light
polarization and on photoionization branching fractions (i.e., the
relative probabilities of ionization into specific final states) — has
never been explicitly detailed. In addition, we determined the
ionization equilibrium of magnetized hydrogen gas and com-
puted the occupation numbers of bound states required to derive
absolute photoionization opacities.

We address the key elements involved in calculating absolute
opacity using RWA photoionization within the electric-dipole
approximation. Section 2 presents the decomposition of the cross
section into multiple components, whose statistical weights are
concisely expressed using the Wigner-Eckart theorem. In Sect. 3
branching fractions are obtained through analytic continuation of
bound-bound oscillator strengths. Section 4 describes the evalu-
ation of electron eigenenergies, continuum-threshold shifts, and
occupation numbers of initial states for a partially ionized hydro-
gen gas as functions of the magnetic field strength. The results
are discussed in Sect. 5, and conclusions are drawn in Sect. 6.

2. Partial photoionization cross sections

The absorption cross section in the electric-dipole approximation
for a one-electron system is proportional to the photon energy (&)
and to the square of the modulus of the transition matrix element,

T e = Cte Elnlmlr.eglkl'm’ ). (1
Here |nlm) and |kI'm’) denote the initial (bound) and final
(ionized) atomic states, characterized by the principal (n), quasi-
principal (k), orbital (/,!"), and magnetic (m, m’) quantum num-
bers. The vector r is the electron position operator, and e, is the
unit polarization vector of the photon,

e, = $L (ex + iey), )

V2

where 7iq is the z component of the angular momentum carried
by the photon, with ¢ = 0, +« (x = 1). As expressed by Eq. (2),
q = 0 corresponds to linearly polarized radiation (parallel to the
z-axis), while ¢ = =1 corresponds to right- (+) or left-handed (—)
circularly polarized radiation in the xy plane. These transitions
are conventionally referred to as zr, o*, and o, respectively.

For field-free atoms, the matrix element in Eq. (1) can be
evaluated using exact nonrelativistic wavefunctions, (r|nim) =
R.u(r)Y;,,(0,¢) and (rlkl’'m’) = Ryy(r)Yp,w (6, $), which depend
on the polar coordinates (r, 8, ¢) (Stobbe 1930; Bethe & Salpeter
1957). Alternatively, it can be expressed using the Wigner-Eckart
theorem,

€y =€,

I kU

<nlm|r.eq|kl’m'>=(—1)1_m(_m - )(nlllrllkl’), 3)

where the integration over the angular degrees of freedom has
already been carried out. The cross section,

= cte EW L [(nll|FIkD ), “4)

q
O-nlm,kl’m’ m,q,m’

then depends on the reduced matrix element |(n/||r||k{’)| and on
the square of the Wigner 3 coefficient,

, 2
fwlﬂk»",s(’ “ 1 ) s)

m,q,m m q —-m’
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Values of interest for the current transitions are the following:

Wh L I-m+2)((-m+1)
m=Lm=1 = (4 )21+ 1) + 3)
L1+ _ I+ 1> —m?
mOm ([ 1) 20+ D)L+ 3)
I+m+2)({+m+1)

L1+l _

mLmtl = 2 1 )21+ )2+ 3)
Li-r _ em+m—1)
(Wm,—l,mfl T 2RI+ DR2I-1)°
2 —m?

L1-1 _
m,0,m 11+ DHR2I-1)

(=m)I-m~—1)

L1,1-1 _
W 2020+ H2I-1)

m, 1,m+1 — (6)

The selection rules for electric-dipole transitions, either obtained

by a direct evaluation of Eq. (1) or inferred from the properties

of the Wigner 3 coefficients, are

' =1 =+k=+1, m —m=qg=0,=+l. (7
The cross section for non-oriented atoms is obtained by aver-

aging over the degeneracy of the initial-state orientations (i.e.,

over m values) and summing over the degeneracy of the final
states (-’ <m’ <),

& ,
= cte————[(nll|r|Ikl')?, ®)

1 q
T = o1 ; Tamarn' = CE3013T)

where the final equality follows from the summation property

, 1 1
wrel = =~ 9
2, Wi 2%k+1 3 ®

mm’

By combining Eqgs. (4) and (8), one obtains

=3QL+ HYWES! 5.

m,q,m

g Zlm,kl’m’ (10)
We define &, as the branching ratio for photoionization tran-
sitions nl — kl’, that is, the fraction of photoionizations from a
given bound sublevel (nl) into the specific continuum channel
(kI"), relative to all photoionizations originating from the level n.
In terms of cross sections,

Tutktr = Enl ikt Tns (11)
with
Tnk = —3 2(2 + Do (12)

w

Equations (10) and (11) allow the total cross section from an
initial state nlm to be expressed for all allowed electric-dipole
transitions (I’ = [ + 1) and for a specific photon polarization ¢
(m =m+q) as

Ik, 141 Lk, -1
i = 3QL+ 1) [Wm, o mrgniksn) + (Wm,z,m+q§nl,k(lfl)] Tk
(13)

which follows from applying the selection rules given in Eq. (7)
and summing over all accessible sublevels in the continuum,

O-Zlm,k = Z O—Zlm,kl’m” (14)
rm
Equation (13) can be rewritten as
Tk = [A;lmfnl,k(lﬂ) + B;menl,k(l—l)] Tk (15)
with
Al =301+ WSl (16)
Bl =301+ W50l (17)

Equation (15) summarizes the separation introduced by the
Wigner—Eckart theorem into a geometric contribution, contained
in the coefficients A;’m and B;’m, and a physical contribution,
expressed by the branching ratios &, and the total cross section

o, x- Because of the symmetry property

:rWI,K,l

m,q,m'’

(WZ,K,]

—m,—q,—m’

(18)

the coefficients A and B satisfy the following relations under
simultaneous sign changes of the indices ¢ and m:

Al =AM

-4 _ ptq
1,—m L+m? Bl,—m =B (19)

I+m*

From properties of the Wigner 3 j symbols it also follows that
DAl =3Bl =2k+1=3,
q q

and

DAl =Bl =20+1,

m

Y(l, m), (20)

V(L ). 21

Tables 1 and 2 list some values of the coefficients AZn and B;’m,

respectively. The transition weights Azn increase with increasing
m for ¢ = +1 and decrease for ¢ = —1, while the coefficients
qum exhibit the opposite behavior. This reflects the number of
allowed values of the new z-component of the orbital angular
momentum, (m’ = m + g), as it changes during a transition (I —
[+1).

On the other hand, from Eq. (12) and the selection rules given
in Eq. (7), the branching ratio defined in Eq. (11) satisfies

n—1

1

P Z(Zl + 1) Gzt + Enpisn) = 1 (22)
=0

3. Branching fractions

For the evaluation of the branching fractions (Eq. (11)), the par-
tial cross section o4 can be conveniently expressed in terms
of the oscillator strength (Bethe & Salpeter 1957; Burgess 1965),

2 A fut ke

Oipr = 47’aa

with @ = €*/(fic) the fine-structure constant, ay = #%/(e*me)
the Bohr radius, and dfj,;x/dE the oscillator-strength density in
the continuum. Here, & is measured in Rydbergs. A convenient
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Table 1. Transition weights A  (Bq. (16)).

g m=0 m=1 m=2 m=3 m=4 m=5 m=6

(=0
-1 1
0 1
+1 1
(=1
-1 9/10 3/10
0 6/5 9/10
+1  9/10 9/5
(=2
-1 6/7 3/7 1/7
0 977 8/7 5/7
+1  6/7 10/7 1577
(=3)
-1 5/6 12 1/4 1/12
0 4/3 5/4 1 7/12

+1  5/6 5/4 /4 /3

(I=4)
-1 9/11 6/11 18/55 9/55  3/55
0 15/11 72/55 63/55 48/55 27/55
+1  9/11 63/55 84/55 108/55 27/11
(I=5)
-1 21726 1526 5/13  3/13  3/26 1/26
0 18/13 35/26 16/13 27/26 10/13 11/26
+1 21/26 14/13 18/13 45/26 55/26 33/13
(I'=6)
-1 4/5 3/5 3/7 2/7 6/35 3/35 1/35
0 7/5 4835 977 81  33/35 24/35 13/35
+1 4/5 36/35 9/7 11/7  66/35 78/35 13/5

Notes. Values for negative m result from relations given in Eq. (19).

method for obtaining the oscillator-strength density is provided
by the analytic continuation approach introduced by Menzel &
Pekeris (1935). This method shows that the oscillator strength
Suiwr for transitions between discrete states (from nl to n’l’) can
be extended into the continuum according to
dfur | dn’ n’

dS - |:d8 ﬁll,n’l':|n,:ik - [ 2 fnl,n’l’:|n/:ik ) (24)

where the energies of the sublevels nl, n’l’ and kI’ are given by

E=-n2 Ey=-n"% & =k> (25)
Equation (24) involves an extrapolation of the transition energy
& = &, — &, into the continuum domain (& > =&, i.e., above
the ionization threshold from level n), with the identification

n'’? = —k%. (26)
A formal proof of the Menzel-Pekeris method was provided by
Grant (1958) in the context of free-free transitions.
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Table 2. Transition weights B o (Bq. (17)).

g m=0 m=1 m=2 m=3 m=4 m=5 m=6

(=1
-1 0 3
0 3 0
+1 0 0
(1=2)
-1 12 3/2 3
0 2 3/2 0
+1 12 0 0
(1=3)
-1 3/5 6/5 2 3
0 9/5 8/5 1 0
+1  3/5 1/5 0 0
(I=4)
-1 9/14 15/14 4528  9/4 3
0 12/7 45728 9/7 3/4 0
+1 9/14 9/28  3/28 0 0
(1=5)
-1 23 1 7/5  28/15  12/5 3

0 5713 8/5 7/5
+1  2/3 2/5 1/5

16/15  3/5 0
1/15 0 0

(I=96)
-1 15/22 21/22 14/11 18/11 45/22 5/2 3
0 18/11 35/22 16/11 27/22 10/11 172 0
+1 15/22 5/11  3/11 3722 1/22 0 0

Notes. Values for negative m result from the symmetry relation given in
Eq. (19). Note that Bj, = 0 ¥q.

The oscillator strength for transitions from a lower state (nl)
to an upper state (n'l’) is given by (Bethe & Salpeter 1957)

IS © ?
=2 sl | TR R
o | [ ROk

where I, denotes the larger of [ and ', &,y is the transition
energy, and R,;(r) is the normalized radial wavefunction of the
nl state,

2 (=1-1N\"?(2zr) Zr\ o (2Zr
Ru(r) = nzag/z( [(n+ D! ) nag xp " nag L nag )’

fnl,n’l’ (27)

(28)
with L’(z) the associated Laguerre polynomial,
@+
b Y *. 29
b = Z( D o T e (29)
Solutions of Eq. (27) take the form
256 5 o~ (l’l/ _ n)2(n’—n—1)
futarr = == w0 Qi (30)

3 (n/ + n)2(n’+n+1) !

Here, in’n’l/ is a polynomial in n’? of order 2(n — 1). According
to the selection rules given in Eq. (7), only terms with // = [ + 1
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Table 3. Polynomials Q,;x» as given by Eq. (31) for 1 <n <5.

nl-kl’
1s-kp 1
16(1+ k2) (4+#)
128k% (1 +£2) /9
42 (4 + kz) /9

in,kl’

2s-kp
2p-kd
2p-ks
91 +42) (9 + 1) (27 + %)
4320 (1+12) (4 +K2) (9 + 1)
7776k (1+ k%) (4 + k%) /25
2402 (3+ ) (9+ 1)

144K (1 + K2) (9 + &2) /25

3s-kp
3p-kd
3d-kf
3p-ks
3d-kp

256 (1 + k) (16 + k) (768 + 288> + 23k4)2 /9
8192k% (1 + k) (4 + k) (16 + &%) (80 + 9k2)2 /45
1048576k* (1+ k%) (4 + k%) (9 + k) (16 + &%) /75
16777216K° (1 + k%) (4 + k) (9 + k) /2205

16K2 (16 + k2) (1280 + 608K + 57k4)2 /45
2048k* (1 + k2) (16 + kz) (48 + 7k2)2 /225
65536k° (1 + k%) (4 + k) (16 + &%) /735

4s-kp
4p-kd
4d-kf
4f-kg
4p-ks
4d-kp
4f-kd
Ss-kp
Sp-kd
S5d-kf
5f-kg
5g-kh
Sp-ks
5d-kp
5f-kd
Sg-kf

625(1+£?) (25 + k2) (46875 + 20625k* + 2545k* + 91k6)2 /9
10°2 (1 + K2) (4 + K2) (25 + &%) (9375 + 1650K> + 67k4)2 /81
10k (1+K2) (4 + &) (9 + &) (25 + k%) (175 + 1118)2 /21

2 x 108k° (1 + k) (4 + k2) (9+#) (16 + k2) (25 +42) /441
10°K8 (1+ k) (4 + K2) (9 + k) (16 + &%) /5103

20042 (25 + k) (46875 + 25875k* + 3725k + 149k5)2 /81
2000K* (1 + k) (25 + &2) (2625 + 590k + 29k4)2 /63
320000k° El +12) g4 + kzg (25 +12) (25 + 242) /147

8 x 10K (1+K2) (4 + &) (9 + k) (25 + &?) /5103

yield nonzero values of Q,;,. Applying Eq. (24) then yields

dfuir 128 n*k*Quur  exp [-4k arctan(n/k)] 31
de 3 m2+K)22 1 —exp(-2nk)

with

Ouiir = Ot =ik (32)

This procedure was used to derive all coefficients O for
1 < n < 7. Their explicit expressions, listed in Tables 3 and 4,
correct several erroneous forms previously reported in the lit-
erature, most notably for the n = 7 case in Hatanaka (1946).
Because the coefficients of Qn]’n'[/ are negative for odd powers
of n’? and positive for even powers, the resulting functions Q,,;
are polynomials in k? with strictly positive coefficients.

The total cross section o, is then obtained using Eqgs. (12)
and (23),

dfn,
UM—4naO£; (33)
which yields
dfnx % k8P, exp[—4karctan(n/k)] (34)
de 3 m2+k)»2 1 —exp(=27k)

with

=
Puy = 2 Z QL+ 1) (Qniki—1 + Oniki+1) - (35)
=0

The first seven polynomials P, ; (1 < n < 7) are listed in Table 5.
Each polynomial P, is related through
Pn,k = i)n,n' (l’l, = lk), (36)
where the polynomial P,, is associated with the mean
bound-bound oscillator strength (f;, ),

256 35 = (I’l’ _n)2(n’—n—1)

3 e e 37)

fn,n’ =
The present results, through Eq. (36), correct two minor errors in
P7 v reported by Menzel & Pekeris (1935, see their Eq. (1.28)),
and also supply the expression for Pg, , which was omitted in
that work.

Finally, the evaluation of the branching fractions reduces to
the simple ratio

an J
Enipr .
Pn,k

(38)

Figure 2 illustrates the wavelength dependence of the branching
fractions for photoionization from substates with2 < n < 7.

The complexity of the polynomials P, x and Q4 increases
rapidly at high principal quantum numbers, making a more effi-
cient evaluation scheme desirable. As shown in Fig. 2, transitions
with [ — [+ 1 dominate the photoionization strength, while those
with [ — [ — 1 progressively weaken,

Enkie1 > Enikiots n> 1. (39
On the other hand, the cross section for the sublevels nl can be
evaluated using the approximation

Kramers

Tnik = Entkirt + Entki-1) Tnk = ) (40)

Inl»
where O'Kzam"'rs is the Kramers cross section for transitions n — k,
and g, is the bound—free Gaunt factor associated with the sub-
levels (n,[). Similarly, the mean cross section (o,;) can be
expressed in terms of /-averaged values of the Gaunt factor (g,;):

Kramers

Tk =T Gns (41)

n—1
1
gn = — > 2L+ Dga.
n 1=0

Taking into account Egs. (39) and (41), for n > 8 we adopted the
approximations

o Inl
kvl ® —,
In

Eniki-1 = 0. (42)
The bound—free Gaunt factors are calculated using the analytical
expressions provided by Rozsnyai & Jacobs (1988):

1 <w< wy,

- {alw(az + W)™ 3)

asw(as + w) 137 W, <w < o,

with constants a; and w,, specified in that work. The Kramers

Cross section (aﬁ}(ﬁmers) is given by Eq. (33) with

N —_—

d& ~ 343gn’

df, 6 1(1 1\°
Ju (n2+k—2) . (44)
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Table 4. Polynomials Q,,x» as given by Eq. (31) forn = 6,7.

nl-kl' Oni i

6s-kp 361 +K2) (36 + k2) (50388480 + 24261120k> + 3654720k* + 211104K° + 4046k8)2 /25

6p-kd  384K% (1 + k%) (4 + k2) (36 + k?) (4898880 + 1061424k> + 70092k* + 14251<6)2 /35

6d-kf 21935k (1+Kk2) (4 + %) (9 + k%) (36 + k%) (9072 + 936k> + 23k4)2 /175

6f-kg 21735k (1+12) (4 +K2) (9 +K%) (16 + k) (36 + k) (324 + 13k2)2 /245

6g-kh  22133K8 (1+K2) (4 + K2) (9 + k%) (16 + K2) (25 + k2) (36 + &2) /35

Oh-ki 2243810 (14 &2) (4 + 82) (9 + K2) (16 + k%) (25 + &%) /21175

6p-ks  12k* (36 + kz) (19595520 + 11757312k% + 2057184k* + 132528kS + 2761k8)2 /35

6d-kp 21932k (1 + k%) (36 + k2) (326592 + 89424k + 7092k* + 167k6)2 /175

6f-kd 21330 (1+ k%) (4 + k%) (36 + k) (1296 + 168K> + 5k4)2 /245

6g-kf 27353 (1+4k2) (4 + %) (9+42) (36 + &2) (20 + kz)2 /175

6hkg  2193%K10 (1+42) (4 + k%) (9 + k) (16 + k) (36 + &2) /4235

Ts-kp 74 (1+Kk2) (49 + K2) (12711386205 + 6485401125k + 1097665170k* + 79704282k° + 2547265k"8 + 292331<10)2 /2025
Tp-kd 2570k (1+ k) (4 + k2) (49 + k?) (86472015 + 21176820k + 1766450k* + 60116k + 71 11<8)2 /2025
Td-kf 2070k (1+K2) (4 + K2) (9 + K2) (49 + k) (7411887 + 972405k> + 40229k* + 527/<")2 /2025

Tf-kg  2077KS (1+K2) (4 + %) (9 + k%) (16 + k2) (49 + k2) (108045 + 7350k + 121k4)2 /6075

Tg-kh 2970KS (1+ k%) (4 + K2) (9 + k%) (16 + k%) (25 + k%) (49 + k) (539 + 1518)2 /40095

Theki 23712K10 (1 + kzg E4 +k2)(9+ kzg EIG + kzg (25 + K2) (36 + k) (49 + k?) /245025

Tickk 247812 (14 42) (4 +K2) (9 + &%) (16 + &2) (25 + &%) (36 + &2) /11293425

Tp-ks  2%7%k% (49 + k2) (4237128735 +2680632465k% + 525218750k* + 42435274k° + 1471715k8 + 18021k'0)2 /2025
Td-kp 27 (1+K) (49 + k2) (155649627 + 47799108k + 4760154k* + 186788K° + 2483k8)2 /6075
Tf-kd 207K (1+ k) (4 + k%) (49 + k%) (21 + kz)z (36015 + 4165k + 94k4)2 /2025

Tg-kf 297Kk (1+K2) (4 + %) (9 + k%) (49 + k2) (132055 + 11074k + 2191<4)2 /200475

Thkg  227K10 (14 K2) (4 + K2) (9 + &%) (16 + k%) (49 + &%) (147 + 51<2)2 /147015

Tickh 23702 (1+K2) (4 +K2) (9 + &) (16 + k) (25 + &2) (49 + &?) /11293425

Table 5. Polynomials P, in Eq. (35).

622857924045 + 737260399890k2 + 242899890135k* + 32480603148k° + 1993432651k8 + 55606082k'0 + 567409k12) X

n Pk
1
2 (4 +3K2) (4 + 5K%)
3 (81+ 78k2 + 13k*) (81 + 126k2 + 29k*)
4 (12288 + 13056k> + 3152k* + 197k6) (12288 +20736k> + 6800k* + 539k6) /9
5 (1 171875 + 1312500k% + 372250k* + 36100k° + 10831(8) (1 171875 + 2062500k> + 786250k* + 95700k° + 3467k8) /9
6 (302330880 + 349920000k> + 108708480k* + 12909024k° + 6282608 + 10471k10) X
E3023%0880 + 545875200k + 226281600k* + 33480864kS + 1953540k% + 38081k10) /25
7
(

622857924045 + 1144024758450k2 + 500240606775k* + 82901603148k° + 6067218955k3 + 196890722k'0 + 2297425k12) /2025

4, Opacity in the presence of magnetic fields

The magnetic field in an MWD atmosphere breaks the degen-
eracy of each energy level n, splitting it into multiple sublevels
&. As a consequence, the absorption coefficient (y?; in units of
cm™!) for photons of energy & and polarization g is composed of
contributions from many different initial atomic states,
X1(E€) =) clEne, (45)
3

where n; [cm~3] is the occupation number of the sublevel &.

By assuming that the bound and free electron wavefunctions
in the vicinity of the atom remain unperturbed by the mag-
netic field, so that the transition matrix element in Eq. (1) is
unchanged, the cross section within the RWA framework can be
written as

ol = 5
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atE - A, (46)

where O_E is the zero-field cross section and A is the shift of
the ionization threshold induced by the field,

Ae = ¢ — &gy, (47)

with &, and &gy denoting the ionization thresholds in the
presence and absence of the magnetic field, respectively. In prac-
tice, Eq. (46) corresponds to a rescaling of the cross-section
amplitude and to a modification of the quasi-principal quan-
tum number k at which Eq. (13) is evaluated. As indicated by
Eq. (25), k depends on the excess of photon energy above the
ionization threshold such that

k=(E—-&:.)" (48)

4.1. Eigenenergies

There are several ways to identify the Hamiltonian eigen-
states of magnetized atoms. In the limit of low field strength
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Fig. 2. Branching fractions in the form (2/ + DHn~2 Quikr [ Pny as a function of the light wavelength, for continua from Balmer (n = 2) to Hansen-
Strong (n = 7) in a zero magnetic field. The vertical dashed line denotes the limit wavelength of photoionization. The strongest transitions are

labeled.

(Zeeman approximation), 8 < 1 (8 = B/By, By = 2m?ce’ |i® ~
4.70103 x 10° G), the atomic states are labeled by the usual
quantum numbers & = {n, [, m, mg} corresponding to the field-
free atom (my; = i% denotes the z-component of the electron
spin). The energies of hydrogen atoms at rest in a magnetic field,
including linear and quadratic Zeeman corrections (i.e., exact to
the second order in 3; see Guth 1929; Van Vleck 1932; Schiff &
Snyder 1939; Garstang 1977), are given by

1
Ee = 3 +4(% +ms),3
+n2[5n2 +1 -3+ DIP+1-1+m?
2l-1D2l+3)

5. (49)
At the opposite extreme, for very strong fields (8 > 1), the
eigenstates have been studied using the adiabatic approximation
(Schiff & Snyder 1939; Canuto & Kelly 1972) and are classi-
fied by the set & = {N,v,m,m,}. Here, N (= 0,1,2,...) denotes
the quantization of the electron motion perpendicular to the field
(Landau levels), while v specifies the wavefunction excitations
along the field.

The states in intense magnetic fields and those of field-free
atoms are connected through the non-crossing rule (Simola &
Virtamo 1978), where the quantum numbers m and m; and the
z-parity m, = =1 (reflection symmetry along the field direction)
are conserved owing to the symmetries of the potential energy.
The remaining quantum numbers, (n,/) and (V, v), are related
for bound states by expressions that preserve the ordering of
increasing energy in the limits  — 0 and § — oo (Vera-Rueda
& Rohrmann 2020). As a result, there is a one-to-one correspon-
dence between the two sets {n,[,m,m,} and {N,v,m,m,}, and
either labeling scheme can be used.

Exact binding energies of hydrogen atoms at rest for arbi-
trary magnetic field strengths can be computed numerically
(Kravchenko et al. 1996). In this work, we employed analyti-
cal fits (Vera-Rueda & Rohrmann 2020) to accurate numerical
calculations (Schimeczek & Wunner 2014). These fits cover
an arbitrary number of atomic states and are supplemented by
Eq. (49) to ensure high accuracy in the low-field limit 8 — O.
The energy evaluations include center-of-mass corrections aris-
ing from internal motion (Pavlov-Verevkin & Zhilinskii 1980)

and collective motion (Vincke & Baye 1988). The latter accounts
for the coupling between the binding energy of a magnetized
atom and its motion perpendicular to the field.

For the magnetic-field regime considered in this work (8 <«
1), the total energy of an atom can be written as

Lt
oM, .

K
My’

+

E=6&+ (50)

where &; is the energy of the atom at rest, k; and k, are
the components of the pseudo-momentum used to separate the
center-of-mass motion from the relative proton—electron motion
(Gor’kov & Dzyaloshinski? 1968), My is the total mass of
the hydrogen atom, and M ¢ is its effective mass for motion
perpendicular to the field (Pavlov & Meszaros 1993).

In the present work, we omitted the so-called decentered
atomic states. They are bound states in which the electron wave-
function is displaced from the Coulomb potential well to a
magnetic well (Burkova et al. 1976) and, as such, cannot be
treated within the RWA framework. The formation of these states
requires both high magnetic field strengths and large transverse
pseudo-momenta. Preliminary estimates, based on expressions
originally derived for neutron star atmospheres and adapted to
MWD conditions (Vera-Rueda & Rohrmann 2020), suggest that
decentered states may occur at the surfaces of the strong MWDs
(B = 470 MG). Both approximations employed here — the RWA
and the effective transverse mass used in Eq. (50) corresponding
to centered states — are therefore applicable in weaker magnetic
fields, where decentered states can be safely neglected.

The energy & of an arbitrary bound state £ can be expressed
as
Ee=Ejpy +28(m| +m +2ms + 1), (ShH

where &_,, denotes the energy of the spin-down state with mag-
netic quantum number equal to —|m/|. For bound—free transitions
& — &, the threshold energy of continuum states is
E.=28(m'|+m +2m,+ 1), (52)

which corresponds to a free electron with no radial excitation
and zero kinetic energy along the field (Rohrmann 2025). The
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difference &. — &, defines the ionization threshold required in
Egs. (47) and (48). Taking into account that, for an electric-
dipole transition, the magnetic quantum number changes as m’ =
m + g and that the electron spin remains unchanged (), = m;),
one obtains

_8\m|+4’ﬁ q=+1 m>0
-48, g=-1,m>1,
otherwise.

(33)

Because some initial states £ may lie above the continuum edge
for a given polarization g (particularly for ¢ = —1 and m > 1),
the minimum energy required for photoionization is

85’* = max(O, 86 - 8,’:) (54)

In all cases, &, — Ego = n~2 in the limit 8 — 0, as expected.

4.2. Occupation numbers

The abundances of atoms (ny), protons (np), and free electrons
(n.) were determined from the ionization balance expressed by
the chemical-potential relation ug = y;, + pe, which yields (see
Vera-Rueda & Rohrmann 2020 for details)

n A2
— = 2 ) Zy.
NeNp 2

(55)

Here, A, is the electron thermal wavelength, Zy the atomic par-
tition function, and f(n) a factor that accounts for the excess
chemical potentials of free charges. This factor depends on n =
2B/(kgT), where kg is the Boltzmann constant and T the gas
temperature (with thermal energy kg7 expressed in Rydbergs).
The function f(7) arises from the interaction of charged particles
with the magnetic field and from modifications of the density of
states caused by the transverse motion being frozen into Lan-
dau orbitals. Using Eq. (50), the atomic partition function was
evaluated as

~&¢/keT
S b

]‘4J_7
ZH = Z M—fwge
¢

H

(56)

with the effective atomic mass (M, ¢) depending on the internal
state and field strength, and w; being an occupation probability
that accounts for density effects on the atom. The occupation
numbers of bound states were determined from

_u MLE

ne= 2ot oEelkaT
H Mn

(57)

Note that, under ionization equilibrium, Eq. (57) applies to all
atomic states, irrespective of whether their energies lie below
or above the photoionization continuum threshold, which itself
depends on the photon polarization. Abundances of states with
relatively high energies (e.g., metastable states) are expected to
be very small.

5. Results and discussion

To illustrate the effects of the RWA on the photoionization opac-
ity of magnetized hydrogen atoms, we considered a gas with
temperature T = 20 000 K and density p = 107® gcm™3. Figure 3
shows the absorption coefficient for the three photon polariza-
tions (¢ = 0, 1) over the magnetic-field range —5.3 < logf <
-1.3 (24 kG < B <235 MQG).
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Fig. 3. Extinction coefficient due to photoionizations from atomic
hydrogen at T = 20000 K and logp = 1073 g/cm®, calculated for
various photon polarizations (¢ = 0,+1) and different magnetic field
strengths.

At the lowest field strengths, the photo-absorption coefficient
is identical for all polarizations and exhibits the characteristic
sequence of jumps (from levels n = 1 to 17 in Fig. 3) of the
field-free spectrum. As the magnetic field increases, the continua
originating from higher-n levels develop multiple smaller jumps
at different wavelengths, which progressively smooth the absorp-
tion profile from low to high photon energies. For field strengths
above B = 0.5 MG (log8 * —4), the absorption extends toward
longer wavelengths. This effect is most pronounced for left-
handed circular polarization (¢ = —1), owing to contributions
from states with positive m, whose ionization thresholds are
lowered by 48 (Eq. (53)). When the field exceeds B ~ 10 MG
(logB =2 —2.7), right-handed circularly polarized photoioniza-
tion (¢ = +1) develops a bulge at wavelengths shorter than the
cyclotron resonance (photon energy € = 4f), which at higher
field strengths evolves into an abrupt jump just below the reso-
nance wavelength (Rohrmann 2025). In contrast, the central bulk
of the absorption coefficient decreases slightly and shifts toward
longer wavelengths for polarizations ¢ = 0 and g = —1.

For all polarizations, the Lyman continuum remains essen-
tially unchanged up to the highest magnetic fields considered
here, except that its intensity begins to increase noticeably for
logB =~ -2 (B = 47 MG), and the y* component shifts to higher
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Fig. 4. Total photoionization absorption (y?: thick gray line) and partial contributions ((rgnf) from spin-down sublevels at n = 2 and n = 8§ manifolds
calculated for B = 47 MG (log 8 = —2) and photon polarizations g = 0, +1. The colors distinguish the contributions of states with different values
of m: green for m = 0, light blue for m < 0 (blue for m = —I), and light red for m > 0 (red for m = I).

photon energies. At the strongest fields, the absorption coeffi-
cients decrease at long wavelengths. In this regime, the dominant
contributions arise from states with positive m and/or m,, which
approach the continuum and experience a marked reduction
in their occupation numbers, thereby explaining the decline in
absorption.

The behavior described above can be better understood by
analyzing the individual contributions from states associated
with specific zero-field n manifolds. Figure 4 shows the compo-
nents arising from the n = 2 and n = 8 manifolds for log8 = -2
(B = 47 MG) and for the three photon polarizations ¢ = 0, 1.
As shown in the upper panels, the total photoionization coef-
ficient (gray curve) still exhibits the Lyman continuum and
a remnant of the Balmer continuum. The Balmer spectrum,
however, displays distinct ionization edges that depend on the
initial atomic state (i.e., the magnetic quantum number) and on
the polarization of the radiation, as first described by Jordan
(1992) and Merani et al. (1995). Contributions from all other
excited states are largely blended together. The states belonging
to the n = 8 manifold provide a representative example of this
behavior. Their abundances and energies (E_;,) are shown in
Fig. 5 for spin-down states with selected values of / and m.

Absorption edges are shifted in the energy spectrum accord-
ing to Eq. (53) as a function of the magnetic field. For g = 0
(linearly polarized radiation), states with +m share the same
ionization edge (middle panels of Fig. 4), whose position is
determined exclusively by the value of &_,. The ionization
edges occur at higher energies for larger |m| and display a broader
distribution over the spectrum for states associated with high-
[ manifolds, as inferred from the values shown in Fig. 5. By
contrast, contributions from positive-m states (light red curves)
are additionally shifted by an amount 48 toward lower (higher)
energies for radiation with ¢ = —1 (+1), as shown in Fig. 4.
As a consequence, photoionization by left-handed circularly
polarized radiation extends mainly toward longer wavelengths,
whereas right-handed circular polarization leads to an accumu-
lation of contributions at wavelengths shorter than the cyclotron
resonance. This overlap near the cyclotron line becomes more
pronounced as the field strength increases, increasingly involving
states originating from higher-n manifolds. This behavior gives
rise to the abrupt jump mentioned above?.

2 An approximate field strength at which positive-m states from a given
n manifold contribute significantly to the y* feature can be estimated by

9.6
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Fig. 5. Abundances and energies (E_},,) of spin-down atoms at sublevels
associated with the n = 8 manifold, ordered by the quantum number (/).
The colors distinguish the value of m: green for m = 0, light blue for
m < 0 (blue for m = —I), and light red for m > 0 (red for m = [). Gray
lines show the corresponding value at zero-field (the same value for all
sublevels associated with the field-free level, n = 8).

The total abundance of atoms increases with increasing B
(slowly at low field strengths) owing to the rise in the ioniza-
tion energy. This energy reaches —E|, --1,2 = 1.0191 Ry at
B ~ 47 MG. As a consequence, the occupation number of the
ground state (1s_;; in the zero-field notation) increases, whereas
the populations of excited states mostly decrease. These changes
are relatively moderate, but they become more pronounced above
B ~ 50 MG. Among all manifolds except n = 1, the set of states
associated with the zero-field n = 8 manifold is the most pop-
ulated under the adopted gas conditions, slightly exceeding the
population of the n = 2 manifold. For fixed n and /, the binding
energy — and therefore the particle abundance — decreases with
increasing m (Fig. 5). In the (n, ) = (8, 7) manifold, the popula-
tion difference between the states with the smallest and largest
values of m reaches approximately one order of magnitude. This
implies that, while the total population of a given n manifold

comparing the absolute value of the zero-field binding energy (1/n%)
with the cyclotron energy 4, yielding n > (48)'/2. As a guide, this
corresponds to n > 9, 5, and 3 for B = 14.5, 47, and 130 MG (log =
-2.5,-2.0, —1.6), respectively.

A283, page 9 of 10



Rohrmann, R. D.: A&A, 708, A283 (2026)

may not differ substantially from its zero-field value, the popula-
tions of its individual sublevels can vary dramatically, as shown
in Fig. 5.

The contribution of each transition o-?ng to the total opac-
ity depends on both the transition probability and the occupation
number of the initial state. Their respective dependences on the
magnetic quantum number help to explain the behavior shown in

Fig. 4. The cross sections O'Z are dominated by / — / + 1 transi-

tions, which involve the geometric weight factors A?m (Eq. (15)).
These factors decrease with increasing m for left-handed circu-
larly polarized light and increase for right-handed polarization.
For given values of n and [/, absorption of left-handed circu-
larly polarized light decreases predominantly with increasing m,
because both the occupation number (n;) and the geometric fac-
tor (A;’m) decrease (blue to red curves in the right panel of Fig. 4).
In addition, the corresponding absorption profiles are shifted
toward longer wavelengths for transitions originating from states
with m > 0. In contrast, for right-handed circularly polarized
radiation, the decrease in n; with increasing m is largely compen-
sated by the increase in the geometric weight AZn. This explains
why photoionization from sparsely populated states (m > 0),
whose transition energies are shifted to higher energies, pro-
duces the prominent y* feature near the cyclotron line (left panel
of Fig. 4).

6. Concluding remarks

We have presented a detailed procedure for evaluating the
photoionization opacity in hydrogen atmospheres of MWDs
with low and moderate magnetic field strengths. The method
analyzed is an updated version of the RWA originally intro-
duced by Lamb & Sutherland (1974), complemented with accu-
rate atomic energies for a theoretically unrestricted number of
bound states at arbitrary magnetic field strengths (Vera-Rueda &
Rohrmann 2020). The computation of the absorption coefficient
also requires a self-consistent evaluation of the abundances of
the initial bound states. To this end, we calculated the ioniza-
tion equilibrium of hydrogen in a magnetic field and obtained
absolute photoionization opacities.

Because a magnetic field breaks the degeneracy of atomic
energy levels, a large number of transitions contribute to the pho-
toionization opacity in the field range 1 < B < 100 MG. Each
photoionization process depends on the light polarization in two
distinct ways: through a geometric probability factor (given by
the Wigner 3 coefficients) and through the ionization thresh-
old associated with a specific Landau level. Dichroic features
arise mainly from the latter effect, since the continuum thresh-
olds of positive-m states are further shifted upward or downward
by the cyclotron energy for right- or left-handed circularly polar-
ized light, respectively. Photoionization from positive-m states
produces a strong jump in the continuum opacity (blueward of
the first cyclotron resonance) for right-handed circular polar-
ization and extends the opacity toward longer wavelengths for
left-handed polarization. This anisotropy already appears at
field strengths of a few megagauss and becomes increasingly
pronounced with stronger fields (Fig. 3).

The total photoionization opacity is therefore strongly gov-
erned by the positions of the transition edges and by the abun-
dances of the initial states, both of which are treated consistently
and accurately within the present framework. A limitation of the
RWA approach is that it does not reproduce the non-monotonic
wavelength dependence of the cross sections obtained in fully
rigorous calculations, although it reproduces their smoothed,
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mean behavior reasonably well. Given the very large number of
transitions contributing to the total opacity, it is expected that
fine details of accurate cross sections — particularly resonance
structures — will be blurred by the summation over compo-
nents and by the field spread when applied to MWD model
atmospheres. This expectation can be tested once precise cross
sections become available for the large number of transitions
required, allowing the magnetic field strengths at which the RWA
ceases to be reliable to be established.

Data availability

The data displayed in Fig. 3 are available on Zenodo at
https://doi.org/10.5281/zenodo.19005375
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