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ABSTRACT

Context. In the solar neighbourhood, the initial mass function (IMF) is canonically described by the Salpeter power-law slope for the
high-mass range. As stars inherit their mass from their environment, their IMF may directly result from a core mass function (CMF)
through accretion, gravitational collapse, and fragmentation. This inheritance implies that the mass of the gaseous fragments may be
connected to the properties of clustered and multiple stellar systems. In these systems, mass and multiplicity are related, and this is
supported by the fact that more massive primaries are observed more frequently in multiple systems.

Aims. We aim to (i) quantify the influence of the hierarchical fragmentation of cores on the resulting IMF and (ii) determine the
consequences of this fragmentation on the multiplicity of the stellar systems.

Methods. To do so, we employed a scale-free hierarchical fragmentation model to investigate the stochastic fragmentation of the
2.5 kAU cores of the W43-MM2&MM3 molecular cloud, whose CMF is top-heavy. We also used this model to quantify the influence
of deterministic mass-dependent fragmentation processes.

Results. The hierarchical fragmentation of gas clumps shifts the CMF towards a lower mass range and can modify its shape. The
shift is quantified by both the number of fragments produced at each level of fragmentation and the mass the fragments inherit from
their parental core. Starting from the top-heavy power-law CMF observed in W43-MM2&MM3, we show that at least four levels of
hierarchical fragmentation are required to generate the turn-over peak of the canonical IMF. Within a radius of 0.2-2.5 kAU, massive
stars (M > 10 M) have on average 0.9 companions, five times fewer than low-mass stars (M < 0.1 M), which are less dynamically
stable and should disperse. We show that a universal IMF can emerge from mass-dependent fragmentation processes provided that
more massive cores produce fewer fragments compared to lower mass cores and transfer their mass less efficiently to their fragments.
Conclusions. Hierarchical fragmentation alone, however, cannot reconcile a universal IMF with observed stellar multiplicity. We
propose that fragmentation is not scale-free but operates in two distinct regimes: a mass-dependent phase establishing the Salpeter
slope and a mass-independent phase setting the turn-over. Our framework provides a way to compare core sub-fragmentation in various

star-forming regions and numerical simulations.
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1. Introduction

The stellar initial mass function (IMF) is usually interpreted to
be a probability density function (PDF) that describes the mass
distribution of newly born stars, and it is widely used as a diag-
nostic tool by astronomers to assess star formation properties.
The mathematical representation of the IMF has evolved over
the years. Salpeter (1955) first parametrised the intermediate and
high-mass regime (0.4 < M < 10 M) for field stars as a power
law, for which the fraction of stars {(M) per unit of logarithmic
mass is given by /(M) = dN/dlogM o« M" with T = —1.35,
the so-called Salpeter slope. However, approximating the IMF
with a single power law appeared to be too simple to represent
the low-mass star range (M < 1 Mg). Other functions have
been proposed, such as a log-normal function (Miller & Scalo
1979; Scalo 1986), a combination of segmented broken power
laws (Kroupa 2001), and even a combination of a log-normal
function and a power law (Chabrier 2003). Non-segmented
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functions have also been introduced to describe the IMF shape
(De Marchi et al. 2005; Maschberger 2013) and have the benefit
of giving a smooth, continuous, and more practical description
of the IMF.

Despite their mathematical differences, all of these functions
share common shape properties to describe the seemingly uni-
versal distribution of stellar mass in the Milky Way (MW): (i)
the Salpeter power law above one solar-mass star (M > 1 My);
(ii) a log-normal shape below 1 Mg with a turn-over mass, also
called a peak, around M = 0.1-0.4 Mg defining a characteris-
tic mass for stars; (iii) a low-mass cut-off in the brown dwarf
regime around M ~ 0.2 Mg, (Thies et al. 2015); and a high-mass
cut-off around M =~ 100-120 My (Weidner & Kroupa 2004;
Figer 2005; Zinnecker & Yorke 2007; Kroupa et al. 2013; Tan
et al. 2014). Because of the statistical consistency obtained over
decades of a unique shape of the IMF within resolved stellar pop-
ulations in the disc of the MW, it has been proposed that the
IMF may be universal and independent of time and space (see
e.g. the review of Krumholz 2014; Lee et al. 2020; Hennebelle &
Grudi¢ 2024). Hereafter, we refer such an IMF within the MW
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as a canonical IMF (cIMF). See Kroupa et al. 2026 and Gjergo &
Kroupa 2025 for further discussions regarding the universality of
the IMF.

Theoretical works have been performed to interpret the char-
acteristics describing the shape of the cIMF. The log-normal
low-mass regime can result from random multiplicative frag-
mentation processes (Larson 1973; Elmegreen & Mathieu 1983)
but may also be inherited from the underlying gas density distri-
bution of the parental cloud (Hennebelle & Chabrier 2008). The
turnover mass depends on the physical properties of the molec-
ular cloud that govern the structure and the dynamics of the
cloud via (i) the local thermal Jeans length (Larson 1998, 2005),
(i) the supersonic turbulent pressure, (iii) the Mach number in
molecular clouds (Padoan & Nordlund 2002; Padoan et al. 1997,
Hopkins 2013b), and (iv) the equation of state of the gas (Lee
& Hennebelle 2018). Lastly, the power-law high-mass end of the
IMF may result from hierarchical density fluctuations driven by
a turbulent cascade across different spatial scales (Hennebelle
& Chabrier 2008; Hopkins 2013b; Guszejnov & Hopkins 2016).
Other dynamical processes may also shape the high-mass end of
the IMF. For example, Adams & Fatuzzo (1996) showed that the
multiplicative combination of independent processes leads to a
log-normal tail. However, if these processes exhibit power-law
scaling, a power law can emerge. Similarly, competitive accre-
tion models (Bonnell et al. 2001) can produce a power-law tail
through mass-dependent accretion rates.

Nonetheless, possible variations in the IMF with the physi-
cal properties of the parental cloud represent a still open field of
debate (e.g. Kroupa 2001; Elmegreen 2004; Weidner & Kroupa
2006; Kroupa et al. 2013; Hopkins 2018). Some studies claim
to have observed IMF variations (Marks et al. 2012), specif-
ically within starburst clusters and globular clusters (see also
Scalo 1998, 2005 for a review). A number of effects, such as the
limited statistical sampling, sample incompleteness, dynamical
evolution, stellar evolution uncertainties, and unresolved multi-
ple stellar systems may explain part of these variations. Such
claims about IMF variations within the MW have been critically
reviewed, and consequently it has been suggested that they do not
appear to be statistically significant (Bastian et al. 2010). More
recently, there has been more robust evidence of a ‘top-heavy’
IMF, characterised by an excess of high-mass stars (M > 1 Mg
range) compared to the cIMF, in dwarf galaxies (Gennaro et al.
2018) and within the MW, for example, in the young nuclear clus-
ter (Lu et al. 2013) or in the Arches cluster (Hosek et al. 2019).
In addition, massive early-type galaxies appear to host a bottom-
heavy IMF (Conroy et al. 2017), while their high metallicities
require the IMF to be top-heavy (Yan et al. 2021). These findings
raise questions about the physical conditions that allow a cloud
to form stars with top-heavy or Salpeter-like IMFs. Therefore,
the shape of the IMF may be the consequence of the underlying
star formation processes that depend on the physical properties
of the hosting cloud.

On the other hand, the mass function of pre-stellar cores,
called the core mass function (CMF), observed in nearby star-
forming regions resembles the cIMF, as its high-mass tail can
also be described by a power law, close to the Salpeter one
(Motte et al. 1998; Konyves et al. 2015; Sokol et al. 2019;
Konyves et al. 2020; Sudrez et al. 2021). Although recent works
have pointed out the potential lack of robustness of CMF con-
struction due to 2D spatial projection effects and spatial resolu-
tion limitation (Louvet et al. 2021; Padoan et al. 2023), a possible
interpretation of the close resemblance between the CMF and
the cIMF is that each core may in fact produce a single star
with a constant mass conversion efficiency (Alves et al. 2007).
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In massive star-forming regions imaged by the ALMA-IMF large
program (among which W43-MM1 and W43-MM2&3), CMFs
were recently observed with an excess of massive objects com-
pared to the regular cIMF, resulting in shallower power-law
indices at high masses (Motte et al. 2018; Pouteau et al. 2022;
Nony et al. 2023; Louvet et al. 2024). Constant star formation
efficiency (i.e. the fraction of core mass that collapses into a
star) alone is not sufficient to recover the cIMF, as it simply
induces a translation of the CMF towards lower masses. Without
a star formation mechanism to recover the cIMF, the existence of
such a top-heavy CMF challenges the seemingly universal IMF
within our galaxy and supports its theoretical dependence on the
parental gaseous environment.

To investigate the hypothesis that the stellar IMF emerges
from a pre-existing CMF, two approaches can be considered.
One may start from an observed IMF and reconstruct a synthetic
CMF using clustering algorithms (e.g. Zhou et al. 2025) or start
with a population of pre-stellar cores and map their CMF with
the cIMF through collapse or fragmentation (e.g. Hopkins 2012).
In this work, we adopt the latter to investigate the hypothesis that
the shape of the IMF emerges from the CMF. To perform such
mapping, one monitors the evolution of the mass distribution of
gas structures until star formation ends, under the requirement
that the cores should not sub-fragment but collapse into a sin-
gle star with a given mass efficiency, without mergers. At this
stage, the CMF of these non-fragmenting cores is supposed to be
comparable to their stellar IMF in a one-to-one mapping. If the
mass efficiency is not constant but depends on individual cores
or if the cores sub-fragment, this observational correspondence
is not guaranteed. On the contrary, a top-heavy CMF could yield
the cIMF accounting for the suited fragmentation efficiencies,
although the impact of these effects has never been quantified
analytically.

Under the hypothesis that the cIMF emerges from the CMF,
we expect fragmentation to determine both the spatial distribu-
tion and the multiplicity of the stellar systems formed within the
cores. Multiplicity studies have shown that most stars possess a
companion, as they are structured in binaries, triples, or higher-
order systems (Lada & Lada 2003; Marks & Kroupa 2011;
Duchéne & Kraus 2013). The proportion of multiples compared
to isolated objects tends to increase with the mass of the most
massive object contained in these systems. More than 80% of the
most massive field stars (M > 10 M) have at least one compan-
ion, while more than 80% of the low-mass stars (M < 0.1 Mg)
are single (see review of Offner et al. 2023 and Kroupa et al.
2026). These observations are supported by numerical simula-
tions (Bate 2012; Guszejnov et al. 2017), which have established
that most massive protostars form with at least one gravita-
tionally bound companion. Other simulations, in which core
fragmentation weakly depends on core mass, have succeeded in
reconciling these multiplicity properties with the global shape of
the cIMF (Houghton & Goodwin 2024).

In this work, we investigate whether the hierarchical frag-
mentation of <0.01 pc pre-stellar cores described by a CMF
can shape both the cIMF and the observed stellar multiplic-
ity. Although supersonic turbulence is inherently scale-free,
Thomasson et al. (2024) showed that below 0.1 pc, turbulence
becomes subsonic and that fragmentation is instead driven by
thermal pressure, resulting in a scale-free process down to the
formation of the first Larson core (Larson 1969). We reintroduce
the mathematical framework developed by Thomasson et al.
(2024) and apply it to the top-heavy CMF of Pouteau et al.
(2022) composed of ~0.01 pc cores, following a scale-free frag-
mentation. We assigned ad hoc numerical values to the model
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Children

Fig. 1. Sketch of the hierarchical fragmentation model used. A parental
object at spatial scale R, (red) fragments into a number 7, of children at
scale Ry, (blue); here, n; = 2. The children are identified by an index i,
where i = 1 represents the primary, (i.e. most massive) child.

parameters in order to investigate the consequences of different
fragmentation scenarios regardless of the underlying physical
process driving fragmentation. For clarity, all acronyms and
variable names used in this work are listed in Tables A.1 and A.2.

We introduce in Sect. 2 our scale-free model of fragmenta-
tion that describes the successive hierarchical sub-fragmentation
at different spatial scales within a cloud and quantify the varia-
tions in a CMF under hierarchical fragmentation as a function of
spatial scale. In Sect. 3, we monitor the spatial evolution of the
top-heavy CMF from W43-MM2&MM3 region (Pouteau et al.
2022) described by a power-law distribution of index I' = —0.95
in order to evaluate the influence of stochastic processes and
mass repartition between fragments. We also discuss the condi-
tions under which this top-heavy CMF fragments into the cIMF
and its implications for the resulting stellar multiplicities. Next,
in Sect. 4, we use this model to quantify the slope variations in
any CMF considering different mass-dependent fragmentation
prescriptions. Finally, in Sect. 6 we discuss the properties that
hierarchical fragmentation requires to reconcile both the gen-
eral shape of the cIMF and the multiplicity observed in stellar
systems before concluding in Sect. 7.

2. Model of hierarchical fragmentation
2.1. General framework

To investigate the influence of hierarchical fragmentation on the
shape of a CMF, we aim to fragment the dense cores constitut-
ing this CMF and evaluate the resulting mass function. We use
the hierarchical fragmentation model developed by Thomasson
et al. (2024), which characterises the successive fragmentations
of a dense gas structures across spatial scales. Fragments of size
Ry+1 occupy a fragmentation level [ + 1 and are embedded within
larger parental structures populating the level / associated with
scale R; > Ry (Fig. 1). This hierarchical process is stochastic.
Stochasticity reflects the challenge of mapping a continuous gas
distribution onto a discrete stellar population, which ultimately
introduces an incomplete knowledge of the precise outcome of
the number of fragments between two spatial scales. The num-
ber of children n; produced by one parent at the level / is random
and follows a discrete probability distribution p;(n;) that assigns
for each alternative n; a probability p; such that we can write its
expected value 77; as

ﬁ] = Z pmn;. (1)
{ni}

We defined ¢ as the mass efficiency corresponding to the
ratio between the total mass of the n; children and the mass of

their parent (M)):
n
Z Ml+1 i
i=1
e 2
€ 77 (2)

where M), ; is the mass of the i — th child produced by one par-
ent, with i < n; (Fig. 1). Once one parent produces its n; children,
the latter need to share their parental mass reservoir M;. Each
child may inherit a different mass fraction from this common
reservoir. The i — th child produced inherits a mass of

My = My, 3)

where i,; is the fraction of mass the i — ¢4 child inherits from the
parental mass reservoir. In the following, we consider a mass par-
tition function that results in the formation of one dominant more
massive fragment and other less massive (Fig. 1), or otherwise
equally massive, satellite fragments:

1 i
qg+n—1
Wi = | , 4
———— otherwise
qg+n—1

where g > 1 is the mass ratio between the dominant fragment
and one satellite fragment. If only one child is produced, n; =
1 and the mass ratio g is by definition undefined. The Eq. (4)
accounts for this case since whatever the value of g, the single
child inherits all of the parental mass reservoir as ¥;; = 1. A
uniform sibling mass distribution is modelled by g = 1 as all the
children inherit the same fraction of the reservoir.

2.2. Scale-free fragmentation

The structure of the interstellar medium that constitutes a molec-
ular cloud exhibits fractal properties (Elmegreen & Falgarone
1996) that reflect its self-similarity across different spatial scales.
This self-similar structure in the gas is attributed to the scale-free
power spectrum of turbulence that cascades through decreasing
spatial scales (Hennebelle & Chabrier 2008; Guszejnov et al.
2018). However, this self-similarity does not extend over all
spatial scales (Thomasson et al. 2024), as characteristic phys-
ical scales break global scale invariance (André et al. 2014).
Hereafter, we describe the cloud as locally self-similar within
a restricted range of spatial scales, so the degree of sub-
fragmentation varies slowly with scale. This approximation can
be used to identify asymptotic and general trends regarding the
effect of hierarchical fragmentation.

We first introduce the fragmentation spatial rate (¢;
Thomasson et al. 2024), which describes the rate at which the
number of fragments grows between two successive spatial
scales R, and R; such that

4
) = (Rl+1) ) (5)

Next, we introduce the mass transfer spatial rate & (Thomasson
et al. 2024) that describes the rate at which the fragment mass
efficiency grows between two successive spatial scales as

£
o= (R“') . ©)
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These relations ensure that for equal scale ratios » = R;/Ry41,
the average number of fragments 77; produced and the mass
efficiency ¢ are always the same. In a more general perspective,
the choice of scale-free relations can be employed as an approxi-
mation in the case of slow variations of more complex functions
¢(R) and &£(R) within a sufficiently small spatial scale range such
that ¢ and & can be considered constant.

In this framework, Thomasson et al. (2024) obtained the
expression for the average mass (M) of individual fragments at
any scale R as

)

Rl+1 v
R, '

(Myp1) = <M1>(

From Eq. (7), we understand that the average mass of a frag-
ment not only depends on the mass efficiency through &, but
also on the number of other fragments produced within the cloud
through ¢. The more the cloud fragments, the higher the number
of fragments is. The flip side of this production growth is that
the fragments formed are less massive as they each have access
to less material. In particular, clustered fragments tend to be less
massive than single fragments for the same cloud total mass.

The scale-free nature of this model dictates that sub-
fragmentation continues for infinitely small scales for ¢ > O.
However, such a feature is not physical since stars have to form
as a result of a gravitational collapse. Thus, it is necessary in
this scale-free model to set a posteriori one stopping scale Ryp.
This stopping scale sets the moment where a parental core does
not sub-fragment any more and gravitationally collapses into
a single star, for example, when the cores become opaque to
their own radiation so non-thermal processes become dominant
(Larson 1969; Lee & Hennebelle 2018) and additional fragmen-
tation events are prevented (Thomasson et al. 2024).

2.3. Random selection of fragments

The fragmentation rate (¢) determines the average number of
children 77; produced by one parent according to Eq. (5). There-
fore, any choice of probability distribution p;(rn;) must satisfy

_ R\
= anpl(nl) = ( R ) , ®

where n; can take any positive value.

For the sake of simplicity in this work, we chose to consider a
binomial fragmentation process according to the following rule:
A parent generates either one or two children with respective
probabilities 1 — p and p. This rule is employed in Sects. 3 and
5 to investigate the detailed impact of stochastic fragmentation
on the IMF and the resulting stellar systems. We exclude the
case where n; = 0, as a non-existing fragment does not count in
the total mass distribution of fragments. Developing Eq. (8), the
probability p can be expressed as a function of the fragmentation
rate (¢) as

p=r'-1, 9

where r = R;/R;.1 > 1 is the scaling ratio between two succes-
sive levels. For example, to form on average 77; = 1.3 fragments,
a parent has a probability 1 — p = 0.7 to fragment into n = 1 child
and a probability p = 0.3 to fragment into n = 2 children. Based
on this binomial probability distribution the expected value 7;
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satisfies /7y = r? for any r. According to Eq. (9), the choice of
this binomial probability distribution remains valid as long as

In(2)
In(r)

¢ < (10)
so that p < 1. Hereafter, we consider that as long as Eq. (10) is
satisfied, fragmentation can occur, so fragments can be formed
using Eq. (9).

2.4. Star formation efficiency

In our model, any spatial scale R; may be considered as a
potential scale Ry,p below which fragmentation stops. In the fol-
lowing, we assume that each of the last fragment populating the
spatial scale Ryop produces a single star. The CMF of those last
fragments at Ryop would coincide with the IMF if all their mass
were used to form their star. We introduce an additional aver-
age efficiency €, = My (R.)/Mio(Rs0p) that accounts for any star
formation process below Ry, that may influence the star forma-
tion efficiency. This star formation efficiency is used to connect
the mass function of the last fragmenting cores with their stellar
IMF.

We defined the net star formation mass efficiency E(R,) for
the cloud as the product of the cloud-to-fragments efficiency
E(Ryyop) and the last fragments-to-star efficiency €, as
ER,) = S(Rstop) X €, (11)
where E(Rgop) = (RS[OP/RO)‘»E from Eq. (6), provided that ¢ is
scale-free.

2.5. Local shape evolution

With this fragmentation framework, we evaluate the influence
of hierarchical fragmentation on any mass distribution taking
into account the number of objects that appear in the cloud and
their formation mass efficiency. To quantify how the shape of the
CMF is affected by hierarchical fragmentation, we consider an
average process in which all the fragments produced constitute
a macroscopic ensemble, regardless of how siblings may share
their parental mass reservoir among themselves. To determine
the shape evolution of the CMF with fragmentation, we defined
as I'(R, M) the local logarithmic slope of the distribution at mass
M and spatial scale R such that

R.M
M o« M, (12)
dlogM Ir
where I'(R, M) = —1.35 corresponds to the numerical value of

the Salpeter slope for M > 1 M. We show in Appendix B that

this local logarithmic slope I'(R, M) is determined by

OI(R, M)
dlogR

OL(R,M)
dlogM

dEM)
dlogM

(M)
dlogM’

+(¢-8) 1+D) 13)

This equation quantifies how the local logarithmic slope
I'(R, M), at a mass bin M, varies with spatial scale R during
a hierarchical fragmentation process. Three terms contribute to
varying this local slope.

On the left-hand side of Eq. (13), the advection term of
parameter ¢ — & expresses the shift of the distribution along the
mass domain. This advection term may reshape the distribu-
tion under some conditions described in Sect. 3.1.2. Those shape
variations are investigated in more detail in Sects. 3.3 and 5 in
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order to derive the cIMF from a top-heavy CMF along with the
resulting stellar systems.

On the right-hand side of Eq. (13), two mass derivative terms
contribute to modify the local slope of the distribution. These
terms account for the mass variations in both the fragmentation
rate (¢(M)) and the mass transfer rate (£(M)) and are investigated
analytically in Sect. 4.

3. Hierarchical fragmentation applied to a
top-heavy CMF without mass dependences

In the following, we consider that both the fragmentation rate
and the mass transfer rate are independent of the parental mass.
Under such circumstances, only the influence of the advection
term of Eq. (13) is addressed. As an experiment, the initial CMF
used to derive the fragmented CMF (fCMF) is parametrised
by a power law dN/dlogM o« M' of index I' = —0.95 rang-
ing from 0.8 Mg, to 100 Mg. Such a top-heavy CMF has been
observed by Pouteau et al. (2022) using the 1.3 and 3 mm ALMA
12 m array observation of the W43-MM2&MM3 star-forming
region located at 5.5 kpc from our Sun (Zhang et al. 2014).
The angular resolution of these observations is associated with
a Ry = 2500 AU spatial scale resolution, below which we expect
the cores to undergo scale-free fragmentation (Thomasson et al.
2024). The slope value I' = —0.95 + 0.04 has been measured with
robust confidence above the completeness level M ~ 0.8 Mg. We
introduce our methodology to build the f{CMF and compare it
with the cIMF in Sect. 3.2. Then, in Sect. 3.3, we use this method
to assess the fragmentation conditions that sufficiently reshape
the initial distribution into a cIMF, and in Sect. 5 we derive the
resulting stellar clustering.

3.1. Consequences of the advection term

3.1.1. Shift of the initial distribution

Considering a fragmentation process that does not depend on the
parental mass, Eq. (13) simplifies into an advection equation of
parameter ¢ — &:

(14)

According to this advection equation, the logarithmic slope
I'(R, M) shifts along both the mass domain and the spatial scales
at a rate of ¢ — &, which represents the mass efficiency of one
individual fragment relative to its parent, considering the sib-
lings share their parental mass reservoir (through ¢) and that this
reservoir emerges with some efficiency (through &), as stated
in Eq. (7). Equation (14) remains valid for any subset of frag-
ments that have been produced with the same individual mass
efficiency.

3.1.2. Conditions to reshape a distribution

Each mass bin M, that constitutes the distribution on a given
scale Ry, is built from the contributions of all the parental
masses M within the scale R;, whose possible fragmentation
outcomes may generate children of mass M, ;. Thus, the local
logarithmic slope I'(R;41, M41) at one child bin depends on the
local logarithmic slopes I'(R;, M;) of every possible parental
mass bin.

If the children are produced with the same individual mass
efficiency, then each child mass bin is constructed from a unique

parental bin. Hence, the I'(R;;|, M, ) of the different parental
bins do not mix. Consequently, the distribution shifts to a differ-
ent mass range, and its shape is not modified. On the contrary,
if at least two parental bins yield a fragmentation outcome that
produces children in the same mass bin, the global shape can
change. Therefore, if parental cores produce fragments with dif-
ferent mass efficiencies (i.e. through g # 1), or if they have
multiple outcomes for their number of fragments, the shape of
the distribution can be modified.

Hereafter, we consider the particular case of a power-law
mass function whose logarithmic slope is constant along its mass
range. Hence, 0I'/0log M = 0 in Eq. (14). Regardless of how
many outcomes can contribute to a child bin, its local slope
I'(M;41) remains similar to the slopes of its parental bins. For
the distribution to be modified, the parental distribution must
be bounded in mass. In that case, some of the fragmentation
outcomes that contribute to a child mass bin at the edges of
the distribution may arise from unpopulated parental mass bins.
On the other hand, more central child mass bins may be con-
structed from outcomes of populated parental bins. Then, the
most extreme child bins inherit from a smaller population than
their central counterparts, which effectively adds more objects to
the central part of the child distribution compared to the edges,
thus reshaping the distribution at its boundaries.

3.2. Method for comparing the fCMF and the cIMF
3.2.1. Generation of a fCMF

To derive the fCMF, we introduce a semi-analytic procedu-
ral method. The following method remains valid assuming (i)
€ is not a random variable and (ii) neither the fragmentation
rate (¢) nor mass transfer rate (£) depend on the mass of the
parental object. The mass distribution of a population of frag-
ments located inside any level / is described by a PDF (M)
normalised as

f h H(M)AM = 1. (15)
0

The mass function ¢;;1(M) associated with the population
of the next level can be derived from {;(M) by considering
every possible fragmentation outcome of the parents constitut-
ing {;(M). These outcomes can be categorised with respect to
the number of children n; the parents may produce and the
fraction of mass e ;(n;) each individual children receive from
their associated parent. For example, all i — th children origi-
nating from a n; = 2 outcome who have received the fraction
e (n; = 2) from their parent, constitute one sub-population of
{1+1(M). This sub-population is associated with a specific indi-
vidual mass efficiency quantified by ey ;(n; = 2). Atlevel [ + 1,
a sub-population is then characterised by the collection of frag-
ments originating from the same pair (n; ; ey;;). We show in
Appendix C that considering every possible pair (n; ; ;) the
fCMF at the next level can be written as

n p[(nl) M
Gi1(M) = Z Z g gl (Gzlﬂl,i(”l)).

n i=1

(16)

The construction of the mass functions of higher levels is pro-
cedural, considering each level one after the other, starting from
the initial CMF at [ = 0.
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Table 1. Statistics of the AD test and their associated significance level.

0.05
2492

0.025
3.070

0.01 0.005 0.001
3.880 4.500 6.000

p-value 0.1
A? 1.933

Notes. We checked the validity of the A? values reported by Koziol
(1987) by reconstructing the distribution of the AD statistics for the L3-
cIMF of Maschberger (2013) using a bootstrap technique.

3.2.2. Statistical comparison with the cIMF

To compare our model’s f{CMF with the cIMF, we used the
log-logistic parametrisation by Maschberger (2013), designated
as L3-cIMF. This is a non-segmented, smooth, and continuous
function described by three shape parameters (y, 8, 1) and two
limit parameters (m;, m,). The probability density, p;3(m), of
this functional is expressed as a function of y, 8, u:

-y 1-y\—B
pu(m):G(mz,m.,)(T) (1+(T) ) ,
H H

a7

with G(m;,m,) a normalisation coefficient. The limits my, m,
represent respectively the lower and upper limit masses of
the probability distribution p;3. The canonical parameters that
describe the cIMF are givenby y = 2.3, = 1.4 and u = 0.2 M.
The parameter y represents the logarithmic slope at large masses
equivalent to the Salpeter slope. The parameter 3 is related to the
logarithmic slope at low-masses while the parameter u is char-
acteristic of the peak of the cIMF. We set the range of masses
starting from m; = 0.01 Mg onwards to m,, = 150 M.

This cIMF is compared with our f{CMF using the Anderson-
Darling (AD) test (Anderson & Darling 1954) that compares two
distributions. This test is a non-parametric statistical test based
on the empirical cumulative distribution that has the advantage
of being equally sensitive over the whole sample range. Let Hj be
the null hypothesis stating that a sample of N fragments selected
from the f{CMF may in fact come from the L3-cIMF distribution.
The statistic A% of this test is computed as follows:

N
A= _-N- % Z(Zi — D[In(F(m) + In(1 = Fmy_i.1)],  (18)

i=1

where F(m) is the cumulative distribution function of the L3
cIMF, and m; is the i — th element of the vector m that repre-
sents the ordered masses from the smallest to the largest value
within a given sample. We perform the AD test using the generic
critical values with their associated significance levels (Table 1).
A fCMF is considered compatible with the cIMF if we cannot
reject the null hypothesis at the significance level of 0.05, that is,
when the p-value is >0.05.

3.3. Retrieving the L3-cIMF from the fCMF
3.3.1. Model setup

The L3-cIMF is compared with the fCMFs derived from differ-
ent sets of parameters {¢, &, g}, respectively, the fragmentation
rate, the mass transfer rate and the fragment mass ratio. We
monitor the evolution of the fCMF across eight levels of frag-
mentation from Ry = 2500 AU to Rg = 98 AU. We vary ¢
between O and 1.5, corresponding to a fragmentation probabil-
ity 0 < p < 0.84 between two successive scales ; & between
—1 and 0.5, corresponding to efficiencies 67% < ¢ < 122%,
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meaning that mass accretion is possible. Each level is separated
by a scaling ratio r = 1.5 in order to model a binary fragmen-
tation between each level (see Sect. 2.3). Since we consider a
scale-free process, r only regulates the number of possible frag-
mentation events between the initial scale Ry and the final scale
Rsiop- The fragments mass ratio g varies between 1 and 5. We
sample the obtained f{CMFs with N = 1000 objects in order to
test each f{CMF against the L3-cIMF from M = 107>M;, up to
M = 10>M,, using the AD test. We show in Fig. 2 diagrams dis-
playing the solutions with which Hj cannot be rejected at a 0.05
significance level.

3.3.2. Convergence to a unique shape

The AD test shows that some fCMFs are similar to the L3-cIMF
(Fig. 2) when ¢ and ¢ are linearly correlated, assuming a final
fragments-to-star efficiency of €, = 100%. This degeneracy is
a consequence of Eq. (7), as the average total mass that a par-
ent transfers to its children depends on both & and ¢, such that
¢ — £ needs to be constant to obtain the same average mass, for
the same spatial scale. On the other hand, the mass ranges of the
fCMF and L3-cIMF must coincide for the fCMFs to be compati-
ble with the L3-IMF. Thus, for each spatial scale, all valid {CMF
solutions are shifted by the same amount in mass. For example,
panels (i) and (ii) in Fig. 2 are valid cIMF solutions, whereas
panel (iii) is not.

This convergence also depends on the spatial scale R;. As
R, decreases, solutions shift towards lower fragmentation rates
and higher mass transfer rates (see e.g. panels i-iv of Fig. 2).
Producing fragments of same mass at smaller scales requires
keeping the fragment mass between two successive scales more
efficiently, which is achieved by fragmenting less and transfer-
ring more mass to children. At a given stopping scale Ry, this
degeneracy breaks down when the average number of fragments
falls below (Nio((Rsiop)) < 2.5. Beyond that point, the resulting
fCMF is indistinguishable from a scenario without fragmenta-
tion, yielding a single outcome in which one fragment is likely
produced (see e.g. panel v of Fig. 2).

Although the fCMFs emerge from different sets of parame-
ters (¢, &, q, Rop), the resulting fCMFs exhibit similar shapes,
resembling the L3-IMF. For example, panels ii and iii have dif-
ferent ¢ and mass range but share the same shape. This implies
that for any fragmentation setup, one can always find a value of
€. that reconciles the mass range of the f{CMF with that of the
cIMF. The W43-MM2&3 top-heavy CMF converges towards
similar shape under mass-independent hierarchical fragmenta-
tion, suggesting that such a process yields a universal outcome,
at least within the explored parameter space.

3.3.3. Limits of convergence

We recall that we assumed that ¢ and & are not dependent
on the initial core mass. Under this assumption, a power-law
CMF is reshaped if it has mass boundaries (Sect. 3.1.2), allow-
ing variations at the distribution edges to propagate inward. In
real molecular clouds, finite core samples naturally impose such
boundaries, and observed CMFs rarely exhibit perfect power-law
shapes due to statistical uncertainties (e.g. Enoch et al. 2007;
Konyves et al. 2020; Ladjelate et al. 2020). In our case, the
CMF is reshaped through the probabilistic number of fragments
formed and the non-uniform mass partitioning, considering both
equal-mass fragmentation (¢ = 1) and unbalanced cases (g > 1).
A L3-IMF solution only arises for mass ratios 2 < g < 4 when
there are fewer than seven fragmentation levels (I < 7). When
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Fig. 2. Parameter space for which a fCMF is compatible with the Maschberger (2013) cIMF in the sense of the AD test. Top: parameter
space at which a fCMF is compatible with the cIMF at a 0.05 confidence level in the fragmentation rate (¢) versus mass transfer rate (£)
diagram for the mass ratio (g) of different fragments. The yellow, blue, orange, green, red, and magenta patches highlight the solutions at
Rgop = 741,494,329,219, 146,98 AU after [ = 3,4,5,6,7,8 levels of fragmentation, respectively. Crosses at ¢ = 3.0 indicate points where the
average total number of fragments produced at Ry, is ~2.5. Bottom: fragmented CMF associated with the coloured labelled points. Dashed blue,
red, and black lines represent the fCMF, cIMF, and the slope of the initial top-heavy CMF, respectively. The AD test is performed from M = 0.2 Mg,

to M = 150 M, to compare the f{CMF with the cIMF.

q = 1, mass-independent fragmentation alone is insufficient to
reshape the CMF into the L3-IMF (see panels vi and vii of
Fig. 2). Thus, the mass ratio is important to efficiently modify
the CMF within limited fragmentation levels.

At low masses, different fragmentation outcomes produce a
log-normal cut-off, forming the IMF peak. At high masses, the
distribution steepens towards the Salpeter IMF up to ~10 M,
beyond which the distribution diverges from the Salpeter slope.
Such a high-mass cut-off is expected from fragmentation when
stochasticity is introduced (Larson 1973). In analytical theories
of CMF arising from isothermal, turbulent, and/or thermally
supported clouds, the location of such a cut-off at high-mass
depends on the cloud Mach number (Hennebelle & Chabrier
2008). In addition, cloud sub-fragmentation appears to lower the
characteristic mass of this cut-off (Hopkins 2012), as structures
become comparatively less massive. However, the power-law
behaviour still dominates for masses M < 100 Mg, when the
cloud Mach number is M > 6.

3.3.4. Beyond core fragmentation

Our study focuses on the fragmentation of compact pre-stellar
cores. The framework we develop is independent of the specific
fragmentation mechanism, provided that the gas multi-scale

structure remains self-similar over the spatial range considered,
resulting in a fragmentation rate that varies slowly within this
interval. Self-similarity can be broken by a change in morphol-
ogy at characteristic physical scales (e.g. filament widths, André
et al. 2014) or by changes in the turbulent or thermodynami-
cal regime (Thomasson et al. 2024). The fragmentation rate (¢)
and mass transfer rate (£) are treated as free parameters, and
the stochasticity reflects our limited knowledge of how mass
is redistributed during fragmentation. Our framework remains
applicable to various star-forming environments, including non-
turbulent filaments (André et al. 2010; Hacar et al. 2017; André
et al. 2019). Starting from an initial filament mass function (e.g.
André et al. 2019), we can test which combinations of ¢ and ¢
reproduce the observed IMF or CMF and identify the fragmen-
tation conditions required to link the initial filamentary structure
to the final stellar population. Then, these conditions can be
tested against empirical measurements (Thomasson et al. 2024)
or using numerical simulations in future work.

3.3.5. Brown dwarf formation

The stellar part of the IMF declines sharply around 0.2 M,
where the brown dwarf (BD) population emerges. Thus, the
low-mass end of the cIMF likely consists of two overlapping
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distributions (Thies et al. 2015). In our comparison between
fCMFs and the cIMF, we did not explicitly account for the con-
tribution of BDs, which may produce a bimodal IMF (Drass
et al. 2016). We assumed that all objects follow a similar for-
mation process to the stars as supported by recent observations
of proto- and pre-BD cores (Palau et al. 2024). Thus, BD cores
undergo the same scale-free hierarchical fragmentation as pre-
stellar cores. The discrepancy between the L3-IMF we used and
the BD IMF suggests that the majority of BDs form through
alternative channels (see Kroupa & Bouvier 2003; Whitworth
2018). It can also mean they go through different fragmenta-
tion regimes compared to stars, possibly involving non-scale-free
behaviour, mass-dependent processes, or a stronger environmen-
tal influence.

4. Impact of mass dependences on a mass
distribution

In Sect. 3 we assume the fragmentation rate and the mass transfer
rate do not depend on the core mass. In fact, the chosen fragmen-
tation prescription may depend on the local physical properties
of the cloud, since all fragmentation theories involve density
instabilities for a gas structure to gravitationally collapse (Jeans
1902; Hopkins 2012). In the following, we investigate the impact
of mass dependences of the fragmentation rate (¢(M)) and mass
transfer rate (£(M)) on the shape of the f{CMF, quantified by the

right-hand side of Eq. (13), so we assume ﬁ =0.

4.1. Global solution

To quantify the variation in the local slope I'(R, M) under mass-
dependent fragmentation processes only, we rewrote Eq. (13)
while ignoring the advective term

or o0& o¢
=T —(1+T .
dlogR dlogM 1+ )610gM

We then let &, = 0¢/0log M and ¢, = 0¢p/0log M. Assuming a
constant &), and ¢/, to assess the asymptotic trend, the solution
to this differential equation is

’ Eyu—Pu ’
’(p—M/ + (5) [Fo(M) — % ,
fM _¢M RU fM _¢M

where I is the initial logarithmic slope of the CMF at scale Ry.

(19)

'R, M) = (20)

4.2. Effect of the mass transfer rate variations, £(M)

To investigate the impact of the mass transfer rate (£(M)) only,
we set ¢, = 0 in Eq. (20), which becomes

R \om
'R, M) = FO(M)(—) . (21)

Ry
If more massive objects form their fragments more efficiently
in terms of mass as they are more gravitationally bound to
their environment, so we can write £, > 0. The slope con-
verges to ['(M) = 0 as hierarchical fragmentation proceeds (as R
decreases). Therefore, if &), > 0, I = 0 appears as an asymptotic
attractor for any initial value I'o(M). On the contrary, if &, < 0,
the less massive cores transfer their mass more efficiently to their
children. As expressed by Eq. (21), I' diverges in this case. To
complement this, we check these theoretical variation trends in
Appendix D using Monte Carlo simulations, which provide good
agreement with Eq. (21).
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4.3. Effect of the fragmentation rate variations, ¢ (M)

To investigate the impact of the fragmentation transfer rate ¢(M)
only, we set &), = 0 in Eq. (20), which becomes

R\
(R, M) = [[o(M) + 1] (ITO) -1 22)

If ¢}, < 0, the slope converges to I'(M) = —1 as hierarchi-
cal fragmentation continues at smaller scales. The value I' =
—1 appears as an asymptotic attractor for any initial condition
I'o(M). On the contrary, if ¢}, > 0, I' diverges from the asymp-
totic value I' = —1. We check these theoretical variations in
Appendix D using Monte Carlo simulations, which provide good
agreement with Eq. (22).

4.4. Convergence to the Salpeter IMF

In Sects. 4.2 and 4.3, we decouple the individual effects of &(M)
and ¢(M). We now identify more general solutions that lead a
CMF to converge towards a power-law distribution. We consider
the coupled influence of £&(M) and ¢(M). We recall that in our
model, as fragmentation occurs, the spatial scale R decreases.
Hereafter we focus on the asymptotic conditions R < Ry under
which the fragmentation processes are finished. Under these
conditions, I'(R) = I'nvr the local slope of the IMF at a given
mass M. In addition, Eq. (20) converges at low scales when
&y — @, > 0. Its asymptotic limit reads as

, _FIMF+1
M= ——

" 23
v O 23)

If we consider that the slope of the IMF corresponds to the
Salpeter slope, I've = —1.35, so we obtain &), ~ 0.26¢,. Hence,
both the condition &}, — ¢}, > 0 and Eq. (23) can be satisfied if
¢y < 0, which also implies &}, < 0. Since the convergence to
the Salpeter slope is independent of the initial slope I'y, every
segment of the initial CMF has the same convergence regardless
of the local variations in I'o(M) along the initial mass domain
(i.e. regardless of the CMF shape).

The condition ¢}, < 0 corresponds to a fragmentation sce-
nario in which the more massive a core is, the less it fragments.
Although counter-intuitive, this perspective may be correct, as
the density structure of more massive objects are more strongly
determined by gravity. The density profile of these structures
may tend to be statistically more radially concentrated (Shu
1977), preventing more easily the emergence of density enhance-
ments that may grow to become unstable, for example due
to turbulence (Kritsuk et al. 2011). In these conditions, more
massive structures tend to sub-fragment less compared to less
massive structures.

Because of gravity, we expect that more massive objects
bound their surrounding material more easily. This intuitive
result suggests that more massive objects fragment with a higher
mass efficiency, either because of a higher infall rate (Yue et al.
2021) or because their fragments lose less material from the
parental reservoir (Louvet et al. 2014). However, the condition
&, < 0 corresponds to a scenario in which more massive objects
are less efficient in producing their fragments. This apparent
opposition is a matter of definition. In our model, the mass trans-
fer rate (£) is a parameter that tracks the mass efficiency (Eq. (6)).
This formation efficiency is defined as the ratio between the
mass of children on scale R;.; and the mass of their respective
parents on scale R;. In absolute value, the mass accretion rate
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Fig. 3. Convergence of the local logarithmic slope I'(R, M) under the
influence of hierarchical fragmentation with the spatial scales R (solid
black line) towards the Salpeter slope (dotted red line) for different ini-
tial slopes I'y = -2.0,-1.5,-0.5,0,0.5, 1.0. This convergence is only
possible if &}, > ¢),, with &), = 0&/01log M and ¢}, = ¢/dlog M. The
initial distribution can also converge towards other asymptotic values
(dotted grey lines) depending on the relationship between &), and ¢,
according to Eq. (20). The slopes associated with the cases &), = 0 and
¢}, = 0 (dotted blue lines) correspond to the asymptotes determined in
Sects. 4.2 and 4.3 respectively.

may be higher for more massive fragments, but the proportion of
accreted mass with respect to the parental mass can be lower (i.e.
the mass efficiency can be lower for more massive fragments, so
&y < 0).

If a universal Salpeter IMF does indeed emerge from the
CMF via hierarchical fragmentation processes, both conditions
¢y < 0 and &), < 0 have to remain valid for the most massive
objects, at least during the end of the star formation process.
In this context of hierarchical fragmentation, the convergence
towards the classical Salpeter IMF requires specific conditions.
The processes regulating both the fragment formation efficiency
and the fragmentation have to balance with &}, = 0.26¢/, and
both &}, and ¢}, < 0.

As long as the convergence condition &}, > ¢}, is satisfied,
a stable power-law distribution can naturally emerge. However,
the logarithmic slope associated with this stable power law may
not correspond to the Salpeter IMF if the prefactor connect-
ing both parameters &), and ¢}, is different than ~0.26. Hence,
the convergence of any CMF towards a Salpeter IMF through
hierarchical fragmentation remains highly circumstantial and
theoretical without additional constraints on this prefactor. Out-
side of these convergence conditions, if &, < ¢}, a Salpeter IMF
may still emerge from a CMF coincidentally at some stopping
scale Ryqop (Eq. (23) and Fig. 3).

5. Stellar systems formed through fragmentation

To build the stellar systems resulting from fragmentation and
compute their properties, we perform 10* random fragmentation
draws of the sample constituting the W43-MM2&MM3 CMF
(Pouteau et al. 2022), with ¢ = 1.0, £ = —0.1, ¢ = 2 down to the
scale Ryop = 219 AU, as we expect this solution to correspond to
the cIMF (Sect. 3.3.2).

Survival distribution
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107 <M[M ]<1
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Fig. 4. Survival function of the fragmented CMF correlated with
the multiplicity of stellar systems formed at different mass intervals.
Top:10* random fragmentation draws (black lines) from the sample con-
stituting the W43-MM2&MM3 CMF as presented in Pouteau et al.
(2022, blue crosses) using the parameters ¢ = 1.0, ¢ = —0.1, and
g = 2. Fragmentation covers spatial scales from Ry = 2500 AU down
t0 Rop = 219 AU. For visibility, only the first 100 Monte Carlo draws
are shown. The solid red and dashed blue line represents the cIMF and
the power-law distribution fit from Pouteau et al. (2022) respectively.
The dashed red line represents the average of the slopes obtained from
fitting each Monte Carlo draw, using masses M > 0.8 M. Bottom: dis-
tribution of the number of neighbours that a star of mass M possesses
in different mass intervals (indicated above each plot). The mean value
is indicated by the vertical dashed line.

5.1. Stellar system clustering

By definition, the higher the fragmentation rate, the greater the
average number of stars. At constant mass efficiency, the mass
of a fragment varies inversely with its number of siblings (as
1/n; Eqgs. (3) and (4)), which is a random variable. So, within
a full population of fragments, the ones with the lowest masses
are also those that have fragmented the most and are part of sys-
tems with the highest stellar density. In that case, stellar density
refers to the number of stars located within a parental core of size
Ry = 2500 AU. Hence, the most massive stars that result from
non-fragmented outcomes are born in isolation. For example,
stars of mass M < 0.1 Mg possess, on average, 4.6 neighbours in
a R.ore = 2500 AU vicinity, while stars of mass M > 10 Mg, pos-
sess 0.9 neighbours on average within the same vicinity (Fig. 4).
Since the average number of fragments produced by each par-
ent depends on the fragmentation rate, these multiplicity values
also depend on the fragmentation rate. Nonetheless, the ten-
dency to produce multiple systems of high multiplicity order
with low-mass stars remains for different fragmentation rate val-
ues. Although hierarchical fragmentation inherently favours the
formation of multiple systems, the more a system contains stars,
the lower their mass. Yet, these multiple systems are dynamically
unstable, so we expect them to quickly decay into multiple iso-
lated stars. On the other hand, most massive objects that tend to
be formed in isolation or in binaries are more stable.

5.2. Multiplicity fractions through fragmentation

The multiplicity fraction (MF) represents the fraction of stellar
systems whose primary star possesses at least one companion,
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Fig. 5. Multiplicity fraction as a function of the primary masses grouped
inside bins for different fragmentation scenarios. Each Monte Carlo
simulation was carried out using 10* random cores drawn from a top-
heavy CMF with I" = —0.95 (Pouteau et al. 2022), with ¢ = -0.2, g = 2,
and eight levels of fragmentation. Blue and black, and green and red
dots respectively represent simulations using ¢ = 0.8,¢ = 0.4,¢}, =
0.5,¢}, = -0.5.

with a specific separation. Here, we introduce the fragmented
multiplicity fraction (fMF) as the MF resulting from the sub-
fragmentation of a parental core, with separations <Rj;. We
explore the qualitative trend of the fMF, as a function of frag-
mentation rate mass gradient ¢,. We can estimate a fMF as the
probability that at least two stars are formed after the fragmen-
tation process of a core. The lower the stopping scale (Ryp), the
higher the fMF for each primary mass, as the parental core has
more opportunities to fragment. Similarly, the higher the frag-
mentation rate, the higher the fMF because the probability to
fragment at each level increases.

When the fragmentation rate is independent of the core mass
(¢}, = 0), the resulting fMF is constant with mass (see blue and
black dots in Fig. 5). It reaches 100% when the fragmentation
probability approaches 100%. If the gradient is positive (¢}, >
0), higher-mass cores fragment more, and the fMF increases for
more massive primaries (see the green dots in Fig. 5). If the gra-
dient is negative (¢}, < 0) , higher-mass cores fragment less, and
the fMF decreases for more massive primaries (see the red dots
in Fig. 5).

6. Discussion
6.1. High-mass part of the IMF

The high-mass tail of the IMF is determined as a balance
between the mass gradients of the fragmentation and the mass
transfer rates (see Eq. (23)). We showed in Sect. 4.4 that a
Salpeter-like IMF arises when ¢, < 0, £, <0, and &,/¢), =
0.26, regardless of the shape of the initial CMF. This indicates
that the fragment production efficiency increases roughly four
times faster than the fragment mass efficiency for decreasing
core mass. Top-heavy IMFs can be obtained by increasing the
ratio £),/¢),, i.e. by increasing &), or decreasing ¢},. Such vari-
ations imply that top-heavy IMFs are formed through different
fragmentation properties, resulting from different environmental
conditions (Haslbauer et al. 2024; Zhang et al. 2018, e.g.).

More generally, we expect the high-mass slope of the IMF
to vary if the ratio &),/¢), fluctuates. However, if the IMF slope

A61, page 10 of 18

deviates by 10% from the Salpeter value of I' = —1.35, we expect
the ratio to vary by 29% (Eq. (23)). Consequently, the high-mass
slope I' does not appear to be highly sensitive to fluctuations
in fragmentation properties. This result provides a way to test
our model by comparing the fragmentation properties of regions
exhibiting top-heavy, and Salpeter IMFs. Further investigation
is needed to identify the physical mechanisms determining the
approximative value of 0.26 for the ratio &), /¢), that is necessary
to obtain a Salpeter slope in the IMF.

6.2. Multiplicity fraction

As shown in Sect. 5.2, having a negative gradient ¢, as
requested to obtain a Salpeter-like IMF, yields to MFs that appear
inconsistent with observations. In our f{CMFs, the most massive
mass bins are populated by fragmentation outcomes associated
with a single fragment produced (n; = 1), meaning that the most
massive stars are those with the lowest fMF (Fig. 4). However,
the observed proportion of multiples compared to isolated stars
tends to increase with the mass of the primary object contained
in stellar systems (Guszejnov et al. 2017; Offner et al. 2023).
This suggests that the fragmentation rate (¢) should be high
for high-mass cores and that ¢}, > 0. These observational con-
straints have been obtained for main-sequence stars, and it has
been argued that primordial MFs could be equally high for all
primary masses (Kroupa et al. 2026 and references therein). In
that case, we expect mass-independence of the fragmentation
rate ¢, = 0. Measuring the fragmentation rate for different core
masses is needed to discriminate between both possibilities.

If the fragmentation rate increases significantly with the
mass of the initial objects, Houghton & Goodwin (2024) found
that with Ty > —1, the slope of the f{CMF becomes too steep
compared to the Salpeter slope. This steepening effect is consis-
tent with our fragmentation model, which predicts a steepening
of I' if ¢}, > 0. However, if ¢(M) slowly varies with the mass
(¢}, = 0), Houghton & Goodwin (2024) also showed that the
slope variation is small enough to maintain the Salpeter slope
while accounting for the MF of massive and low-mass primaries.

6.3. Massive star formation

If the fragmentation rate is high for high-mass cores and ¢}, > 0
as suggested above, the likelihood of cores forming massive stars
decreases, thus resulting in a lower fraction of massive stars
(M > 10 Mp) in our f{CMFs compared to the Salpeter IMF (see
the f{CMFs in Fig. 2). This depletion at high-masses can also
be predicted in theoretical CMFs derived from isothermal tur-
bulence (Hennebelle & Chabrier 2008; Hopkins 2012, 2013a),
or from other probabilistic models (Elmegreen & Mathieu 1983;
Zinnecker 1984). Within the framework of our model, we inter-
pret this depletion as a consequence of the stochastic nature of
our fragmentation prescription, which naturally creates a log-
normal distribution (Larson 1973), influenced by the mass ratio
among the fragments formed (see Sect. 3.1.2 for conditions that
affect the distribution shape).

To obtain a power-law behaviour at high masses, as suggested
by the CMF from both cloud observations (Nutter & Ward-
Thompson 2007; Sokol et al. 2019; Cao et al. 2021; Pouteau
et al. 2022) and simulations of isothermal clouds undergoing
gravo-turbulent fragmentation (Schmidt et al. 2010; Guszejnov
& Hopkins 2015), and to get a number of high-mass stars (M >
10 M) consistent with the cIMF, £}, needs to be positive. This
suggests that the core mass is positively correlated with the
formation efficiency (Louvet et al. 2014). Such a gradient in
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mass effectively flattens the stellar IMF locally and increases
the number of massive stars compared to lower mass stars. The
fCMF then consists of a low-mass log-normal shaped popula-
tion resulting from stochastic fragmentation, and a high-mass
power-law-shaped population (Basu & Jones 2004), produced by
a positive gradient in mass efficiency. This scenario is consistent
with ~0.1 pc CMF observed in the Cygnus-X molecular cloud
(Li et al. 2021), which highlights a transition at M ~ 10 Mg
between a log normal and a power-law mass function composed
of fragmented and accreting cores, respectively.

Moreover, having £}, > 0 also leads to the formation of pri-
mary objects with a higher fMF in existing stellar systems, as
clustered low-mass stars may collectively accrete material from
their environment while competing for it (Clark & Whitworth
2021). In this scenario, the probability of forming clustered
stars with a massive primary increases, so the fMF becomes
qualitatively more consistent with observations (see Sect. 6.2).

6.4. Limitation of scale-free hierarchical fragmentation

We discuss the conditions that set both the turn-over mass of
the cIMF with hierarchical fragmentation and the power law at
high masses. We distinguish three cases. When mass gradients
remain constant and exceed stochastic contributions (Sect. 4),
the resulting distribution is a power law regardless of the initial
CMF. In this regime, any turn-over feature is suppressed. When
mass gradients vary with mass dominate and exceed stochas-
tic contributions, a turnover emerges at mass where ¢}, = 0.
A power-law tail at high masses is still possible, provided that
the ratio 0 < &),/¢, < 1 and is constant at high mass (Fig. 3).
However, in this case, our scale-free assumption no longer holds
as two regimes of fragmentation are needed. When stochas-
tic fragmentation dominates, that is, when mass the derivatives
are small ¢}, ~ 0 and &), = O, the distribution develops log-
normal features at its boundaries, with a turn-over at low masses
(Sect. 3). However, without mass gradients, no power law is
expected at the high-mass end.

In this scale-free framework, two modes of fragmentation are
required to recover the whole shape of the IMF: the peak and the
log-normal part of the IMF are determined by random, stochastic
processes while the high-mass power-law part of the cIMF is
determined by mass-dependent fragmentation.

We discuss here the possibility for hierarchical fragmenta-
tion to shape a Salpeter-like IMF at high masses while setting
a high MF for massive primary stars. To set such an MF, we
found in Sect. 6.2 that the fragmentation rate needs to be high
at high masses and ¢, > 0. Moreover, in the context of hier-
archical fragmentation, massive stars with masses M > 10 Mg
can only form if &), > O (see Sect. 6.3). These two conditions
are incompatible with our theoretical results from Sect. 4.4,
stating that both &), < 0 and ¢}, < 0 are required to converge
to a Salpeter IMF, unless this IMF is reached coincidentally.
From this perspective, a universal IMF cannot emerge from
scale-free hierarchical fragmentation alone, accounting only for
deterministic mass-dependent processes.

6.5. Effect of other processes
6.5.1. Role of disc fragmentation

The shape of the IMF may be influenced by fragmentation events
occurring on scales R < Ryop, below the core fragmentation stop-
ping scales as disc fragmentation occurs. However, we do not
expect disc fragmentation to significantly impact the shape of

the fCMF, as a single fragmentation event marginally affects the
power-law index. Since few fragmentation steps are expected, a
mass dependence of the fragmentation rate (¢, # 0) should also
have little influence, especially if one considers that ¢(M) slowly
varies with mass (Houghton & Goodwin 2024). At this stage, the
primary factor that modifies the shape of the f{CMF is through a
mass-dependent mass transfer rate (£}, # 0) for scales R < Ryop,
which implies using a variable mass efficiency to map the last
fragmenting cores with their stars.

Disc fragmentation also alters the multiplicities of stellar sys-
tems by producing close binaries, which could reconcile the MF
of high-mass stars with observations. However, if fragmenta-
tion continues at scales smaller than Ry, < 150 AU, lower-mass
cores would form and massive stars (M > 10 M) would be even
more difficult to form unless £}, is larger, as discussed above (see
Sect. 6.3).

6.5.2. Impact of the local mass reservoir

In our model, we assume that the mass transfer rate (£(M)) does
not depend on the spatial scale (R; scale-free assumption), and
that it depends only on the mass (M) of the parental object.
In a larger context in which cores interact dynamically with
their environment, accretion processes may occur which can also
depend on the gas density from which mass is accreted. From
a theoretical perspective, the relationship between the spatial
distribution of the fragments (of number density n « r~2) and
the spatial distribution of the gas reservoir (of volumetric den-
sity p o 772) sets the convergence of the power index of the
high-mass tail of the IMF towards the value I' = —1/2 for gas-
dominated potential (Bonnell et al. 2001). As long as the mass
accretion rate increases with the core mass as M oc M* with
x > 1, we expect that £}, > 0 since the initial core mass grows
faster the more massive it is (otherwise we expect £, < 0). How-
ever, because of the fluctuating availability of the local accretion
reservoir of the cores that depends on their position in the cloud
(Ballesteros-Paredes et al. 2015), it is possible that &, < 0.
In addition, when considering temporal aspects, the condition
&y, > 0 is not necessarily verified if some objects deplete their
accretion reservoir before the others. For example, if more mas-
sive objects stop accreting at time ¢ while the less massive ones
continue to grow (Maschberger et al. 2014), we have &}, < 0.
These couplings between the core mass, the available accre-
tion reservoir, and the duration for which this reservoir remains
available could re-balance the high-mass tail of the IMF to —1
(Ballesteros-Paredes et al. 2015).

6.5.3. Dynamical interactions

In addition, core-to-core mutual interactions may also modify
the fragmentation properties and induce evolutionary effects.
For example, if more massive structures fragment more at time
ty (i.e. ¢),(t0) > 0), the resulting gas fragments become more
clustered, which may enhance the probability of core coales-
cence (Inutsuka & Miyama 1997). According to recent numerical
simulations, one third of the cores are suspected to experi-
ence coalescence, indicating that it is a frequent and important
phenomenon (Offner et al. 2022). In that case, more massive
parents possess more clustered cores that subsequently merge
more frequently, resulting in comparatively fewer fragments at
a later time. Thus, the fragmentation rate effectively satisfies
@, (to + At) < 0. The complex dynamic associated with coales-
cence gas processing may also induce more gas to be removed
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from the initial parent, so the mass transfer rate may also effec-
tively satisfy &,(fo + At) < 0. These considerations need to be
more deeply quantified to describe the full scenario of fragments
formation.

6.5.4. Stellar feedback

Alternatively, stellar feedback from the first-born massive stars
can locally prevent further fragmentation (Myers et al. 2013) and
expel gas material from the cores. In addition, Zhou et al. (2025)
showed that lower-mass cores in the W43-MM2&MM3 regions
need to have higher mass efficiency in order to match the stel-
lar IMF. This result is compatible with a &, < 0 scenario. This
would imply a dependence of the fragmentation properties on
the evolutionary stage of the cloud. In order to have a univer-
sal high mass slope, both conditions &), < 0 and ¢}, < 0 may
arise during the latest stages of core evolution and/or star forma-
tion, specifically for the cores hosting the stars of the Salpeter
part of the IMF. In that case, if we only account for core hier-
archical fragmentation, the Salpeter slope would be intrinsically
connected to the physics of massive stars at the latest stages of
star formation, while MFs would be a remnant of earlier phases
of star formation when no radiative feedback takes place, with

¢y > 0.

6.5.5. Two phases of fragmentation?

Following the above discussion, we propose that star formation
occurs in two phases. During the early phases of core evolution,
fragmentation occurs with ¢, > 0 and ¢}, > 0 and sets the mul-
tiplicity properties of future stellar systems. Those conditions
result in top-heavy CMF with slopes I" > —1. Then, as these con-
ditions revert in later stages due to dynamical interactions and
stellar feedback, we expect the slope I to decrease with I' < —1.

7. Conclusion

We have applied the fragmentation model framework from
Thomasson et al. (2024) to investigate the scale-free fragmen-
tation of pre-stellar cores. In particular, we discussed the means
to recover both the cIMF and the observed multiplicity of stellar
systems in scenarios in which only hierarchical fragmentation
occurs. To quantify the resulting mass distribution of a stellar
population and their clustering as stellar groups, the gas cloud
was structured on several spatial scales equivalent to fragmenta-
tion levels. We defined (i) the fragmentation spatial rate ¢, which
determines the number of fragments produced at each scale; (ii)
the mass transfer spatial rate &, which describes the efficiency
with which the parental structure sub-fragments at each scale;
(iii) the mass partition of the fragments ¢ > 1, which regulates
the mass distribution between fragments at one level; and (iv)
the scale Ryop, below which fragmentation ends. We restate that
all acronyms and variable names used throughout this work are
listed in Tables A.1 and A.2, respectively.

We distinguished two contributions that influence the shape
of the CMF during hierarchical fragmentation. First, we inves-
tigated the impact of stochastic hierarchical fragmentation with
¢ and ¢ independent of the mass. We mapped the spatial evolu-
tion of a top-heavy CMF extracted from the W43-MM2&MM3
ridge (Pouteau et al. 2022) across the scales, starting from Ry =
2500 AU down to a varying Ryop. Second, we quantified the
slope variations in a CMF when the fragmentation rate (¢(M))
and the mass transfer rate (£(M)) are dependent on the core mass
(M). Using this fragmentation model, we showed the following:
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— The shift of the CMF towards lower masses is quantified by
the fragmentation rate and the mass transfer rate.

— Fragmentation processes that are independent of mass pro-
duce IMFs with the same shape, with mass partitions 2 <
g < 4 and average number of fragments greater than 2.5.

— The resulting IMFs are inconsistent with the formation of
high-mass stars, because of the log-normal cut-off at masses
M > 10 Mg, and the MFs of stellar systems, as most massive
fragments possess five times fewer companions than the least
massive ones.

— A universal Salpeter IMF emerges from hierarchical frag-
mentation if the fragmentation rate and the mass transfer rate
depend on the mass of the initial core, such as &), = 0.26¢,,,
with &}, = 0¢/0log M < 0 and ¢}, = d¢/dlogM < 0.

— Multiplicity fractions increase with primary mass if ¢}, > 0.
Massive stars are likely formed if £, > 0.

The last two points in the list contradict each other. Therefore,
scale-free hierarchical fragmentation alone cannot simultane-
ously reproduce both the full shape of the cIMF (at low and high
mass) and the observed stellar multiplicity.

One possibility is that fragmentation is in fact not scale-free.
With that perspective, we suggest that star formation occurs in
two phases. During the initial phase, more massive cores frag-
ment more (¢, > 0), with higher mass efficiencies (£}, > 0).
This phase seeds the multiplicity of the upcoming stellar sys-
tems. During the second phase, core dynamics and radiative
feedback from the first-born massive stars may prevent further
fragmentation (i.e. ¢}, < 0), which may also result in lower
mass efficiency (i.e. £}, < 0) for more massive cores. In such
a scenario, the Salpeter slope is determined by mass-dependent
processes, while the low-mass part of the IMF is shaped by mass-
independent fragmentation, for which ¢}, = 0 and &}, = 0, down
to 1072 M.

Alternatively, scale-free fragmentation may reproduce only
the cIMF, while clustering of massive stars would be determined
by stellar dynamics after star formation has taken place. In that
case, more massive, less clustered stars constitute more stable
systems than more clustered, less massive ones. This hypothesis
needs to be investigated using stellar systems formed through
scale-free fragmentation as initial conditions for simulations of
cluster dynamical evolution.

To investigate the origin of the stellar IMF from any CMF,
detailed information about individual core properties is nec-
essary to accurately map both mass functions, whether these
cores sub-fragment or constitute the last fragmenting structures
before the formation of individual stars. We have addressed the
theoretical aspect of hierarchical fragmentation, although we
lack quantitative multi-scale measurements to assess the mass
dependence of the fragmentation rate and the mass transfer
rate. Nonetheless, we provide a general framework as a basis
for such measurements, and we have investigated the influence
of fragmentation on the relationship between the shape of the
IMF and the underlying stellar clusters. The fragmentation rate
and the mass transfer rate can also be used as observable met-
rics to test our model prediction and to quantitatively compare
core sub-fragmentation in star-forming regions and numerical
simulations.
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Appendix A: Definitions

In this appendix we show useful tables in which all acronyms
(Table A.1) and the relevant model parameters (Table A.2) we
use in text are listed and defined.

Table A.1. Acronyms used throughout the article.

Acronym (Section) Meaning

MW (1) Milky Way

PDF (1) Probability Density Function
IMF @)) Initial Mass Function

CMF @)) Core Mass Function

cIMF (D canonical IMF

fCMF 3) fragmented Core Mass Function
L3-cIMF (3.2.2) Logistic3 IMF (Maschberger 2013)
AD (3.2.2) Anderson-Darling

MF (5.2) Multiplicity Fraction

fMF (5.2) fragmented Multiplicity Fraction

Appendix B: Variation in the number of fragments

The purpose of this appendix is to derive Eq. 13 we introduce in
Sect. 4 that characterises the variation in the local power index
I'(R, M) after a series of fragmentation events throughout the
spatial scales R, at mass M. Consider the number of fragments
N(R, M) of mass M and size R. In the logarithmic space, it is
always possible to locally characterise such a function from the
slope I'(R, M) which represents the tangent line of the function
log N(R, M) with respect to its logarithmic in of mass log M by

dlog N(R, M)

T(R, M) = g Ik

(B.1)

Assuming the mass variations in I'(R, M) are small in an inter-
val dlog M, we can locally approximate the function N(R, M) by
N(R, M) < M'. On the other hand, the mass distribution at one
spatial scale R is defined as the number of fragments counted
within a finite mass interval and we can show that

ONR, M) o« MT. (B.2)
dlogM
Therefore, the power index I'(R, M) describes the number of
fragments within a small mass interval of d log M. As long as we
consider local variations in mass, this description remains valid.
For example, the Salpeter power-law index I' = 1.35 quantifies
the local variations in the IMF within the M > 1 M mass range.
To assess the variations in the local index I'(R, M) at mass M
along fragmentation events that cascade through spatial scales R,
we take the following derivative with Eq. B.1:

O'(R,M) 0 dlogN\ 0 dlog N (B.3)
dlogR  dlogR\dlogM| dlogM \dlogR)’ '
where we use the symmetry of second derivatives. We then need
to compute the variation in the number of fragments of mass M

between two successive scales.

We assume that only the parental objects of mass M, can
form children of mass M. Hence, the number of children pro-
duced at scale Ry corresponds to the number of parents at
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Fig. B.1. Schematic view of the number of children of mass M, cre-
ated at the scale R, (red dot) from one parental object of mass M, at
scale R; (blue dot). In this work we assume that children result from
the outcome of a single parental mass (solid coloured line) and neglect
other possible contributions (crossed dotted lines). Since only the blue
dot injects children in the red dot, the number of fragments inside the
red dot corresponds to the number of parents inside the blue dot multi-
plied by the average number of fragments 7; created by these parents.

scale R; (with mass M) multiplied by their average number of
children #; created (see Fig. B.1):
N(Rp1, M) = mN(R;, M)). (B.4)
We also recall Eq. 5 that quantifies the average number of

fragments produced 77; between two scales by one parent with
the fragmentation rate (¢):

(B.5)

This equation can be extended by considering the individual
fragmentation rate (¢(M)) that depends on the mass of the
parental object.

Next, we approximate the derivative of dlog N/dlog R as

dlogN|  logN(R;, M) —log N(R11, M) (B.6)
dlogRIm ~ logR; — log R4 ' '
Using Eq. B.4 we obtain
dlogN log N(R;, M) —log N(R;, M,) — log i3 B.7)
dlogR logR; — log Ry, ’ '
which can be written as
dlogN  log N(R;, M) —log N(R;, M},) o logM —logM,
dlogR logM —log M, log R; — log Ry,

log 77 '

- log R; — log Ry
(B.8)

We recognise the first term as being the local slope I'(R, M) and
the third term can be simplified using Eq. B.5 as

dlogN
dlogR

logM —logM,

—— — . B.9
log R; — log Ry ¢ (B.9)
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Table A.2. Definitions of the relevant variables.

Symbol  Equation Definition

l - Level of fragmentation

R, - Spatial scale at level /

Rgtop - Spatial scale beyond which core fragmentation stops

i - Identifies a specific child within one parent when several fragments are produced on the same scale
M;,; 3 Mass of the i—th child at level [

(M) 7 Average mass of all fragments at the level R;

r - Scaling ratio between two successive levels

n - Number of fragments produced at level [ + 1 by one parent at level /

pi(ny) - Probability a parent at level / produces n; fragments at level [ + 1

my 1 Expected number of fragments one parent at level / produces at the next level

€ 6 Mass efficiency with which fragments are formed from their parent at the previous level
€ - Average mass efficiency with which the last fragmenting cores at Ry turn into stars

q - Mass ratio between the more massive child and the less massive one within one siblinghood
Yiln,q) 4 Fraction of mass received by the i—th children from its parental reservoir €M,

I'R,M) 12 Power-law index of a mass function in a dN/dlog M representation at mass M and scale R
(M) 5 Spatial fragmentation rate

Dy - Derivative of the fragmentation rate with respect to the mass

E(M) 6 Spatial mass transfer rate

&y - Derivative of the mass transfer rate with respect to the mass

E(R) - Fragment formation mass efficiency between the cloud and the cores at scale R

Notes. The ‘-~ character indicates the variable is not referenced in equations since it is introduced as a definition in the text.

Since the parental mass M, lies at the spatial scale R;.; while
the children mass M lies at the scale R;, we can write

dlogN
=-Toy - ¢,
O0logR M=9

(B.10)

Alog M

AlogR
child of mass M between two successive levels of fragmenta-
tion. The component ¢ reflects the fact that multiple fragments
of mass M come from the same parental mass. Then, we can
substitute Eq. B.10 into Eq. B.3:

ARM 3 (o) - ap
dlogR ~ dlogM" ™ dlogM’

where 0y = is the mass variation between a parent its

(B.11)

Within the framework of our model, the mass variation 0y
between a parent and a child is given using Eq. 3 by

S = log ei,i(ny)
M

=—— " 7 B.12
logR;41 — logR; ( )

so the pace ), quantifies by how much mass one fragment is
shifted from its original parental mass bin through the spatial
scales.

Assuming that all the children are formed with the same
mass efficiency, we can consider an average slope variation and
om ~ ¢ — & (see Eq. 7) which reads

OI'(R, M)
dlogR

IR, M)
dlogM

OE(M) Op(M)
gtogmt ~ T D Gl0am

(B.13)

+(6-9

This equation is analogous to an advection equation in which the
local slope I'(R, M) is transported throughout the mass domain
M with successive fragmentation events across the spatial scales
R at a pace ¢ — £. Two additional terms describe the influence of
mass dependences on the evolution of the local slope I'(R, M).

Appendix C: Procedural generation of a fCMF

We derive the Eq. 16 used to procedurally compute the f{CMF
at a specific spatial scale in Appendix C.1, and we compare the
resulting fCMF with the log-normal CMF of Larson (1973) and
a Monte Carlo sampling in Appendix C.2 to check the validity
of our method.

Appendix C.1: Derivation of Eq. 16

To hierarchically fragment a mass distribution and derive
the resulting fCMF, we introduce a semi-analytic procedural
method. The following method remains valid assuming (i) € is
not a random variable and (ii) both the fragmentation rate (¢)
and mass transfer rate (£) do not depend on the mass of the
parental object. The mass distribution of a population of frag-
ments located inside any level / is described by a PDF (M)
normalised as

fo ) GH(M)dM = 1. (C.1)

The mass function ;.1 (M) associated with the population of the
next level can be derived from ;(M) by considering every pos-
sible fragmentation outcome of the parents constituting £;(M).
These parents can be grouped into different sub-populations,
depending on the number of children () they produce and the
fraction of mass () ;(n;)) each individual child receives from
their associated parent. For example, all the i — th children orig-
inating from a n; = 2 outcome who have received the fraction
ey (n; = 2) from their parent, constitute one sub-population of
£+1(M). At level [ + 1, a sub-population is then characterised by
the collection of fragments originating from the same pair (7; ;
e

On one hand, the number of children within a sibling-hood
of n; fragments is Ny (R;) X n; X p;, where Ny is the total num-
ber of parents at scale R;. Since there is exactly n; children in
the sibling-hood, the number of children that are produced with
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the efficiency ey, in such sibling-hood is Nyt(R;) X 1y X pi/n.
This is the number of children constituting the sub-population
associated with the pair (n;; €1;;). On the other hand, the total
number of children produced considering every possible out-
come is Niot(R;) X 77, where 77; is given in Eq. 1 as the expected
value of the probability distribution p;. The probability v; of ran-
domly drawing a fragment from the sub-population characterised
by the pair (n;; €f;;) is the ratio between the number of chil-
dren constituting this sub-population with the total number of
children produced considering every outcome, which is

vi(ng) = pl(_nl)-
I

(C.2)

We checked the probability v,(r;) is normalised by summing over
all of the possible sub-populations, associated with the possible
outcome pairs (1 ; ey;):

3 vy = 3 2 o S = Y pm=1. (€
n =1 ny i=1 n

The mass of the children constituting any sub-population is
related to the mass of their parent by M., (n;) = ey i(n)M;.
Therefore, to generate the corresponding sub-population at scale
[ + 1 the mass of the parents at scale / is reduced by a factor
e i(n;). We can write the expression of the PDF (M) by
summing the mass contributions of each of the sub-populations
weighted by their probability of occurrence:

n M
e Moy Cc4
L (M) ;;w(m){l(awl,i(m)) “y

where we can show that A = — is the normalisation coefficient
€
and we finally obtain

o pi(ng) M
§l+l(M):ZZ € [I(m)

ny i=1

(C.5)

Appendix C.2: Reliability of our procedure

The scale-free model we introduce is a generalisation of the
stochastic model developed by Larson (1973), later L73. Both
of these models formalise the fragmentation process along sev-
eral discrete fragmentation levels in which each parent randomly
fragments at the next level. In L73’s model, an object of mass
M, at the initial level / = O has a probability p of fragmenting
into two children of equal mass M,/2 towards the level [ = 1,
and a probability 1 — p of collapsing into a single child of mass
M. After [ levels of fragmentation, the children can only acquire
discrete mass values M, = 27"M,, where n < [ is the number
of fragmentation events that have occurred after / levels. With
their model, L73 shows that the fraction f(n, [) of the cloud mass
falling into fragments of mass M,, = 27" M, after [ fragmentation
levels is given by the binomial distribution

|
fouly = p"(a - py——

IN(n =D (€6
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Fig. C.1. Mass functions derived from our scale-free fragmentation
model (blue), the Larson (1973) model (L73; red), and a Monte Carlo
procedure (black). The mass functions are computed under the same
condition as L73 with a pseudo-Dirac as a starting mass distribution
centred at 10°M,, 19 levels of fragmentation, mass transfer rate £ = 0
and fragments mass ratio g = 1. At each level of fragmentation the
objects subdivide into one or two fragments with respective probabili-
ties 0.5 and 0.5. The different mass functions are multiplied by different
constants to separate them for better visibility.

If N(M,,) is the number of fragments inheriting a mass M,
the fraction f(n, [) can be written by definition as

NM,)M,

e (C.7)

fn, )=

Hence, the number of fragments of mass M, after [ levels of
fragmentation is
NM,) =2"f(n, ). (C.8)

With the previous equation, we can obtain the discrete dis-
tribution of the fragments mass. In their model, L73 uses the
central limit theorem to derive the approximated continuous
probability density of this mass function. To assess the cor-
rectness of our procedural approach, we compare the discrete
mass distribution s(M,) of L73 with our fCMF derived from
the semi-analytical solution expressed by Eq. 16, under the same
fragmentation conditions as in L73.

In the framework of our scale-free model, L73’s fragmen-
tation corresponds to equipartition binary fragmentation with
g = 1, and ¢ = 100% corresponding to & = 0. Since the spa-
tial scales of the fragments are not defined in L73, an equivalent
fragmentation rate (¢) cannot be estimated. Hence, we set ¢ = 1
and adapt a scaling ratio » = 1.5 so that a parent generates either
n =1 or n = 2 children each with a probability p = 0.5 using
Eq. 9. We start from an initial mass distribution described by a
normal distribution whose standard deviation tends to O in order
to simulate a Dirac distribution, centred in M, = 103M@. We
also compare these distributions with the mass function resulting
from a Monte Carlo procedure in which we randomly fragment
individually N = 10,000 objects of mass my = 10°M,. This
Monte Carlo solution is supposed to be an approximation of the
true mass distribution of the fragments at the level we consider,
here I = 19 as L73. Both the L73 and our semi-analytical solu-
tion match the Monte Carlo distribution (see Fig. C.1). We can
be confident of using our procedural approach.
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Appendix D: Mass-dependent model validity

In this appendix we check the direction of variation in the local
slope I'(R, M) as predicted by Egs. 21 and 22, depending on the
signs of d¢/01og M, 3¢/01og M and I'. In particular, these equa-
tions respectively predict that I" increases during fragmentation
if 0¢/01og M has the opposite sign of I' and d¢/01log M has the
same sign as 1 + I'. Inversely, I" decreases during fragmentation
if 06/0log M has the same sign as I and d¢/dlog M has the
opposite sign of 1 + I'. We also have the following conditions:

— If0¢/0log M > 0, I'(R) converges to 0.
— If d¢/dlog M < 0, I'(R) converges to -1.

To check these statements, we compared the expected slope
predicted by Egs. 21 and 22 we recall in Appendix D.I with
the slope of a simulated fragmented CMF (more details in
Appendix D.2). We measure the slope of the fragmented dis-
tribution by fitting it with a power-law function and we compare
this fit with the theoretical prediction given in the following.

Appendix D.1: Theoretical variation in T'(R)

We compute the theoretical variation in I'(R) associated with
the mass derivative of &(M) or ¢(M) by solving the following
differential equations:

or re
dlogR =~ M
variation in I" associated with &(M)
) D.1)
or
— = —(1 + )¢,
dlogR (1+ Dy

variation in I" associated with ¢(M)

wh;rfe both &), and ¢, are assumed constant for simplicity and
satisfy

¢ ¢
dlogM °M
(D.2)
0¢ ,
= ¢M
dlogM
Solving Egs. D.1, we obtained
R \éu
I'R)=Ty|—
(R) =Ty ( Ro)
variation in I" associated with &(M)
) (D.3)

R\~
T(R) = (Ty + 1)(170) -1

variation in I" associated with ¢(M)

where I is the initial slope at scale Ry. The two previous equa-
tions represent the theoretical variations in I'(R) associated with
either the derivative of the mass transfer rate 9¢/d1log M or the
derivative of the fragmentation rate d¢/dlog M.

Appendix D.2: Fragmentation simulation

We employ a Monte Carlo method to sample 10° cores within
a power-law distribution of initial slope dN/dlogM =T at an
initial spatial scale Ry. In these Monte Carlo simulations we
consider a fragmentation process with constant &), and ¢/,. To
attribute the mass of the fragments produced and their number,
we compute the mass M of the fragments and the expected num-
ber of fragments N produced at any scale R given in Thomasson
et al. (2024) by

dlogM

dlogR ¢(M) — &(M), (D.4)
dlogN _
dlogR ¢(M). (D.5)
Then, we computed £(M) and ¢(M) by solving Egs. D.2:
M
&M) = &), log (MTé:)
) (D.6)

M
$(M) = ), log (@)

where Mg and 1\7I¢ represent the masses for which £&(M) = 0 and
d(M) = 0 respectively.

Equations D.4, D.5, and D.6 are used to investigate the influ-
ence of mass-dependent mass transfer rate (£(M)) and fragmen-
tation rate (¢(M)) in Appendixes D.2.1 and D.2.2, respectively.
In these appendixes, we first check the consistency of our theo-
retical prediction with our Monte-Carlo sampling regarding the
independence of Eq. D.3 with the initial slope I'y that can vary
between —1.5 and 1.5 and evaluate the mass distributions at a
scale Ry/2. Then, we check the evolution of I" with the spatial
scale R according to Eq. D.3 for initial conditions I'y = —1,0
and 1.

Appendix D.2.1: Variation in " associated with £(M)

To evaluate the variation in I associated with the variation in
&(M) with the mass M, we assume no fragmentation occurs,
that is ¢(M) = 0. Injecting Eq. D.6 into Eq. D.4, we obtain the
following differential equation:

dlogM M
==&, log| =—|. D.7
dlog R En Og(Mg) D.7)
Solving this equation, we find
_f'
M My\( R\ ™
log| — | =log|—||— 5 D.8
g(Mf) g(M.f)(RO) (D)

where M, is the initial mass of an object at scale Ry. For each
core, we compute their mass using Eq. D.8 for any spatial scale
R. We consider an ad-hoc mass transfer rate law where M cor-
responds to the minimum mass of the sample and &), = —1,0
or 1 to test respectively the three cases 0¢/dlog M < 0, = 0 or
> 0. The slopes measured in our Monte Carlo distributions are
compatible with our theoretical model (see Fig. D.la) within the
range of parameters we evaluated.
The following statements are validated (Fig. D.1a):

A61, page 17 of 18



Thomasson, B., et al.: A&A, 709, A61 (2026)

— if 9¢£/01og M has the opposite sign of I, then I increases and
inversely;
— if 9¢/01log M > 0, T'(R) converges to 0.

For smaller spatial scale R <« Ry the Monte Carlo simulation
agrees with the theoretical prediction as I'(R) converges to 0 if
0&é/0log M > 0 (Fig. D.1b)

Appendix D.2.2: Variation in I" associated with ¢(M)

To evaluate the variation in I' associated with the variation in
¢(M) with the mass M, we assume mass conservation for every
object, that is £(M) = 0. Injecting Eqs. D.6 into Eq. D.4, we
obtain the following differential equation for the mass:

dlogM M
=& log| =], D.9
dlogR bm Og(M¢) (D.9)
which is solved as
M Mo\ [ R \%
1og(T) = 1og(T°) (—) . (D.10)
M¢ M¢ RO

On the other hand, we also have the following equation for the
expected number of fragments:

el )
¢M0gM¢

Substituting Eq. D.10 into Eq. D.11, we computed the solu-
tion

() el ()
log| —|=log| =]l - | =
N() M¢ RO
where Ny = 1 considering that in our Monte Carlo process, each
core at the initial scale Ry is taken individually to fragment on
its own depending on its mass. Nonetheless, the previous equa-
tion gives the expected number of fragments to be produced. To
limit the effect of stochasticity (i.e. a natural steepening of the
slope; see Sect. 3.3), we arbitrarily choose to consider a binary
fragment distribution in which |N] and [N] + 1 fragments are
produced with a probability 1 — {N} and {N} respectively, where
LN]| denotes the integer part of N and {N} its fractional part.
We also considered a single level of fragmentation so that the
global shape of the initial distribution is not sufficiently altered
by stochasticity.

For each core of our initial sample, we compute the num-
ber of fragments it produces using Eq. D.12 for any spatial scale
R. Then, we split the mass of this parental core equivalently
between the children and fit the slope of the resulting mass
distribution to compare with the predicted slope at this scale
using Eq. D.3. We consider an ad-hoc fragmentation rate func-
tion where My corresponds to the minimum mass of the sample
when ¢, = 1 or 0 and My corresponds to the maximum mass
of the sample when ¢}, = —1 in order to test the three cases
o¢/0log M > 0, = 0 or < 0 respectively. The Monte Carlo frag-
mented distributions are compatible with our theoretical model
(see Fig. D.1b) within the range of parameters we evaluated. We
are confident that the slope variations predicted by our theoret-
ical model represent the actual variations in slope under similar
circumstances.

The following statements are validated (Fig. D.1c):

dlogN
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Fig. D.1. Evolution of the local power-law index (I') of a mass distribu-
tion. The influence of the mass transfer rate (¢) and the fragmentation
rate (¢) dependences with the mass M of the parental fragment is shown
in (a), (b) and (c), (d) respectively. The solid lines, triangles and squares
represent respectively the theoretical solutions from Eq. D.3, the Monte
Carlo solutions obtained from a sample of 10° objects distributed in a
power law of index I'y fragmenting according to Eq. D.8 and Eq. D.12.
(a)-(c): Local power-law index (I') as a function of the initial slope I'; at
scale Ry/2. Dashed green and blue lines indicate the asymptotic limits
of ['(R). (b)-(d): Local power-law index (I') as a function of the spatial
scale R for different initial slopes. The Monte Carlo solutions do not
go below R/R, ~ 0.3 because the number of fragment constituting the
fCMF becomes too large to compute.

— If 0¢/01og M have the same sign as I, then I increases and
inversely.
— If d¢/dlog M < 0, I'(R) converges to -1.

For smaller spatial scale R < Ry the Monte Carlo simulation
agrees with the theoretical prediction as I'(R) converges to -1 if
o¢/0log M < 0 (Fig. D.1d).
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