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ABSTRACT

We present FuGa3D, a code for fast computation of two-point statistics for galaxy-survey observables, including galaxy clustering and
cosmic shear. We define the redshift–space correlation function (RCF) as the correlation function expressed in the parameter space
of two redshifts and an angular separation angle. Assuming that there is no preferred direction in the sky, these parameters fully
characterise the relative position of two galaxies independently of the assumed cosmological model. The conventional correlation
metrics, such as the real-space clustering correlation function and its multipoles, can be constructed from the pre-computed RCF. The
method provides a framework for efficient analysis of large cosmological datasets since the numerically expensive calculations only
have to be carried out once and the subsequent cosmology-dependent analysis steps are cheap. We further define the redshift–space
power spectrum as the harmonic counterpart of the RCF, and we show that it can be computed efficiently using the discrete galaxy
coordinates. We validate the code with simulated mock catalogues, utilising a 40-core compute node. Computing the RCF and the
real-space two-point correlation function up to the comoving 200 Mpc separation for a MICE simulation with 46 million galaxies at
1.5 Mpc (3 Mpc) resolution took 47 (12) node-minutes for clustering only and 7.3 (3.0) node-hours with shear analysis included.

Key words. gravitational lensing: weak – methods: data analysis – methods: statistical – galaxies: statistics –
large-scale structure of Universe

1. Introduction

Understanding the large-scale structure and the expansion his-
tory of the Universe is a key goal of modern cosmology. Two
powerful observational techniques, galaxy clustering (GC) and
weak gravitational lensing (WL), provide complementary probes
of the distribution of matter in our Universe. Galaxy clustering
measures the statistical distribution of galaxies. Weak lensing
measures the subtle distortion of distant galaxy shapes due to
gravitational deflection by intervening matter and offers a direct
probe of the total mass distribution, independent of galaxy bias.
Together, these methods allow for precise tests of cosmological
models and constraints on the nature of dark energy.

The largest galaxy clustering surveys before the 2020s are
provided by the 2dF Galaxy Reshift Survey (Colless et al. 2003)
and Sloan Digital Sky Survey I-IV (York et al. 2000; Abazajian
et al. 2009) and its various subprojects. The most recent observa-
tions come from Dark Energy Spectroscopic Instrument (DESI
Collaboration 2025) and hint towards evolving dark energy. Kilo-
Degree Survey (Heymans et al. 2021) performs a WL survey, and
Dark Energy Survey (Dark Energy Survey Collaboration 2016)
and Hyper Suprime-Cam (Li et al. 2023) combine clustering
statistics with a WL survey.

The spectroscopic survey of the Euclid mission (Euclid
Collaboration: Mellier et al. 2025) will measure the locations of
tens of millions of galaxies at unprecedented accuracy. The pho-
tometric survey will image the WL effect on the shapes of over a
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billion galaxies. The Legacy Survey of Space and Time of Vera
C. Rubin Observatory (Ivezić et al. 2019) is expected to provide a
database of 20 billion galaxies. The Nancy Grace Roman Space
Telescope (Akeson et al. 2019) is scheduled for launch in 2027.
The analysis of these ever-increasing datasets calls for efficient
analysis methods.

One of the fundamental tools used to quantify the clus-
tering of galaxies is the two-point correlation function (2PCF;
Peebles 1980), which measures the excess probability of finding
galaxy pairs at a given separation compared to a random distri-
bution. In addition to the simplest isotropic correlation function
ξ(r), which is a function of the distance modulus r, anisotropic
variants of the 2PCF can be defined to capture redshift–space
distortion (RSD) effects that arise from the proper motion of
galaxies or coherent flow of cosmic fluid (Kaiser 1987). Liter-
ature on RSD analyses is extensive. A few examples include the
following: Peacock et al. (2001); Okumura et al. (2008); Guzzo
et al. (2008); Beutler et al. (2012); Reid et al. (2012); Hou et al.
(2018); Zarrouk et al. (2018); Bautista et al. (2021).

Constructing the real-space 2PCF requires knowledge of the
geometry and the expansion history of the Universe. The radial
distance to a galaxy cannot be measured directly. Instead, it
must be inferred from the observed redshift. To convert the
redshift into a distance, one has to assume a fiducial cosmo-
logical model and assign values to the cosmological parameters.
Within the cosmological standard model, the Λ cold dark mat-
ter (ΛCDM) model, the matter density parameter (Ωm), vacuum
energy density parameter (ΩΛ), and expansion rate (H0) in par-
ticular affect the redshift-distance relation. If the fiducial model
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differs from the true cosmology, the resulting 2PCF is distorted
(Alcock & Paczynski 1979; Ballinger et al. 1996). It is possible to
iterate the process with updated parameter values, but for mod-
ern large galaxy surveys, re-evaluating the 2PCF is a compu-
tationally heavy task. Standard methods to estimate the 2PCF,
such as the Landy–Szalay (Landy & Szalay 1993) estimator, rely
on counting galaxy pairs, a task whose computational complex-
ity scales proportionally to the square of the number of galaxies,
with survey volume fixed. Alternatively, if the distortion is small,
one can apply a correction to the 2PCF to compensate for the
difference between the fiducial model and the derived one.

Time evolution further complicates the analysis of the galaxy
distribution in a deep survey. The conventional approach is to
divide the survey into tomographic redshift shells and to treat
each of them as a homogeneous sample at a fixed cosmological
time. The shells should be narrow enough so that the time-
evolution effects within a shell can be ignored but wide enough
to include all scales of interest and to provide sufficient sta-
tistical power, which are somewhat contradictory requirements.
Should one want to move from one tomographic binning scheme
to another, the clustering 2PCF must be recomputed, which again
is a computationally heavy process.

Weak lensing analysis does not rely on a fiducial model in the
same way as clustering analysis. The WL approach is typically
quantified in terms of the angular correlation function or angular
spectrum of the shear field in tomographic redshift bins, which
do not require converting redshifts to distances (e.g. Schneider
et al. 2002; Kilbinger 2015). Nevertheless, WL studies often
face the challenge of optimising tomographic binning. Once the
shear field has been measured in a given binning configura-
tion, re-running the entire analysis pipeline to adopt a different
binning scheme can be computationally expensive. A method
for re-binning the measured shear signal into alternative tomo-
graphic configurations – without requiring full recomputation
of correlation functions or power spectra – would therefore be
valuable.

The aim of this paper is twofold. First, we want to formulate
a systematic model-independent description of the correlation
structure in the observed galaxy distribution. In particular, we
use the observed redshift z as a proxy for the radial distance.
We define the redshift–space correlation function (RCF) and
its harmonic counterpart, the redshift–space power spectrum
(RP). The RCF can be regarded as a tomographic angular
(cross-)correlation function at the limit of infinitesimally thin
redshift shells. In a similar manner, the RP is the angular (auto
and cross) power spectrum for infinitesimally thin tomographic
bins. For a field with angular isotropy, the RCF contains all
two-point correlation information, and any two-point statistical
measure can be derived from it. Second, we introduce the Full-
sky analysis of Galaxy catalogues in 3D (FuGa3D), a code for
the fast analysis of galaxy catalogues. The methodology imple-
mented in FuGa3D is based on the RCF and RP formalism. The
main code constructs the RCF and RP data objects for very thin
redshift shells, for galaxy clustering, weak lensing shear, and
cross-correlation between the two. Once the primary data objects
have been computed and stored on a disk, it is easy to re-bin them
to form other two-point measures, such as the real-space corre-
lation function for a given cosmological model, or the integrated
angular correlation function or power spectrum for an arbitrary
redshift range. The FuGa3D code package has a number of post-
processing tools for this purpose. Using the provided tools, one
can, for example, examine a space of cosmological models by
converting the same input RCF into a real-space correlation
function for different cosmological models.

The idea of using narrow redshift bins for model-
independent clustering analysis is not new. Salazar-Albornoz
et al. (2014) computed the angular correlation function w(θ)
for narrow redshift bins on mock catalogues and studied the
prospects of constraining the dark energy parameters without a
fiducial model. Their work only utilised the autocorrelation.

This paper is structured as follows. In Sect. 2, we introduce
the RCF and RP objects at the conceptual level, and we present
the theoretical framework. The FuGa3D code is presented in the
subsequent sections. The code offers two alternative ways of
analysing galaxy catalogues: in configuration space or in har-
monic space. We start by describing the configuration-space
computation in Sect. 3. In Sect. 4, we extend the analysis to
harmonic space. We show that the RP can be evaluated effi-
ciently using discrete galaxy coordinates and that the RCF can
be reconstructed from the RP. In Sect. 5, we validate the code
using simulated galaxy mocks and demonstrate the usefulness
of the RCF and RP formalism. We conclude and discuss future
developments and applications in Sect. 6.

2. Correlation function and power spectrum in
redshift space

2.1. Clustering correlation function

The conventional galaxy 2PCF is defined as the excess prob-
ability of finding two galaxies in volume elements dV1, dV2
at a separation distance of r, as compared to an unclustered
distribution,

dP(r0; r0 + r) = n̄1n̄2
[
1 + ξ(r)

]
dV1dV2, (1)

where n̄1, n̄2 is the average density of observable galaxies at
the two locations, and ξ(r) defines the correlation function.
The expression assumes statistical homogeneity; the correlation
function depends only on the relative distance r.

In a statistically homogeneous and isotropic universe, ξ(r)
would be a function of the modulus of r. We could ignore
the orientation of the galaxy pair and write ξ(r) = ξ(r). The
RSDs complicate the picture. The anisotropy of the correlation
structure is captured by the two-dimensional correlation func-
tion ξ(r, µ), where µ is the cosine of the angle between the local
line-of-sight (LOS) and the line connecting two galaxies. It is
convenient to expand this in Legendre polynomials as

ξ(r, µ) =
∑
ℓ

ξℓ(r)Lℓ(µ). (2)

This defines the correlation function multipoles ξℓ(r). In the
absence of anisotropy, only the monopole ξ0(r) differs from zero.
The expansion is not unique and depends on the definition of the
local LOS.

Even the correlation function of Eq. (1) is not fully general. It
assumes statistical homogeneity, that the density of objects and
the correlation function are equal everywhere in space. While
this may be true at a fixed cosmological time, it does not hold
for an observed light cone, which is a combination of galaxies at
different distances and thus at different stages of their evolution.
The correlation function evolves over time, making the observed
correlation a function of distance.

We now drop the assumption of statistical homogeneity but
keep the assumption of angular isotropy: the correlation function
will depend on the angular distance between the two galaxies,
but it remains unchanged if the pair is rotated to another ori-
entation, or transported to another position on the sky. In other
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words, there is no preferred direction or orientation in the sky.
We define the RCF ξ(z1, z2, θ) for clustering as the excess proba-
bility of finding two galaxies at redshifts z1 and z2, and separated
by angular distance θ. Let Ω denote a direction on the sky, spec-
ified by the spherical coordinates {ϑ, φ}, or by RA and Dec.
The position of a galaxy in redshift space is fully defined by
the coordinates {z,Ω}. The probability of finding two galaxies
at positions {z1,Ω1}, {z2,Ω2} can be written as

dP(z1,Ω1; z2,Ω2) = n̄1n̄2(1 + ξ(z1, z2, θ)) dV1dV2, (3)

where θ is the angular distance between directions Ω1 and
Ω2, and n̄1, n̄2 represent the unclustered density. We write it
separately for locations 1 and 2, to accommodate a distance-
dependent selection function (the fainter the object, the closer
it must be to be observable), or position-dependent selection
effects.

We cannot do a similar reduction of variables in the radial
dimension. The same separation in redshift corresponds to a
different physical distance depending on the redshift; thus we
cannot reduce the redshift dimension without assuming a cos-
mological model, which is exactly what we want to avoid. The
RCF is necessarily a function of two redshifts.

The RCF can be interpreted as the tomographic angular cor-
relation function for infinitesimally thin redshift shells. Under
the assumption of angular isotropy, the RCF contains all infor-
mation on the correlation structure of the galaxy sample, in a
form that is independent of an assumed cosmological model, or
of time evolution. It is also independent of the definition of the
LOS.

Alternatively, the clustering correlation function can be
defined through the relative density fluctuation

δ(z,Ω) =
n(z,Ω)
⟨n(z,Ω)⟩

− 1, (4)

where n(z,Ω) is the observed galaxy density, and ⟨n(z,Ω)⟩ rep-
resents the mean density at the same location. We write it as a
function of the spatial coordinates z,Ω, to allow for location-
dependent selection effects. The brackets denote an ensemble
average. The local galaxy density is thought to represent a ran-
dom deviation around the mean value. By definition ⟨δ⟩ = 0. The
RCF is then defined as

ξ(z1, z2, θ) = ⟨δ(z1,Ω1) δ(z2,Ω2)⟩. (5)

With n̄ identified with ⟨n⟩, the definition of Eq. (5) is equivalent
to that of Eq. (3). When viewed at very fine resolution, the galaxy
density n becomes a collection of delta peaks. Consequently,
δ becomes a function that takes a negative value everywhere
except at the locations of observed galaxies, where it is infinite
(the correlation of Eq. (5) is still finite). This makes the defi-
nition of Eq. (3) possibly more intuitive, but mathematically the
two definitions are equivalent. We make use of Eq. (4) when con-
structing the cross-correlation between the shear field and galaxy
density.

The conventional two-point correlation measures of the
galaxy distribution can be written in terms of the RCF. For
instance, one can

– average over z1, z2 to yield the angular correlation function
for an arbitrary redshift range,

– adopt a cosmological model to convert redshifts to physical
distances and to rebin the correlation function to the real-
space 2PCF.

2.2. Shear correlation function

In a similar manner we define the RCF for the shear field γ as a
function of two redshifts and an angular separation as

ξtt(z1, z2, θ) = ⟨γt(z1,Ω1)γt(z2,Ω2)⟩ ,
ξ××(z1, z2, θ) = ⟨γ×(z1,Ω1)γ×(z2,Ω2)⟩, (6)

where γt and γ× are the tangential and cross shear components,
defined with respect to the great circle connecting Ω1 and Ω2.

It is customary to write the correlation function as ‘plus’ and
‘minus’ components:

ξ+(z1, z2, θ) = ξtt(z1, z2, θ) + ξ××(z1, z2, θ),
ξ−(z1, z2, θ) = ξtt(z1, z2, θ) − ξ××(z1, z2, θ). (7)

In the same way, one can define cross-correlation compo-
nents ξt×, ξ×t. However, these are usually expected to vanish on
grounds of parity symmetry.

To define the cross-correlation function between density and
shear, we made use of Eq. (4). The cross-correlation between
density and tangential shear becomes

ξct(z1, z2, θ) = ⟨δ(z1,Ω1)γt(z2,Ω2)⟩. (8)

Again, based on parity symmetry, the component ξc× is expected
to vanish.

The following symmetry relations should be obvious:

ξcc(z1, z2, θ) = ξcc(z2, z1, θ),
ξ+(z1, z2, θ) = ξ+(z2, z1, θ),
ξ−(z1, z2, θ) = ξ−(z2, z1, θ),
ξct(z1, z2, θ) = ξtc(z2, z1, θ). (9)

Similar relations hold for other auto-correlation and cross-
correlation components. Here we used the subscript cc to denote
the clustering correlation.

2.3. Redshift-space power spectrum

We further define the redshift–space (angular) power spectra
(RP) PXY

ℓ (z1, z2), where X,Y = C, E, B, as the harmonic-space
counterparts of the RCF components. Here, C refers to the den-
sity fluctuation. The T,× components of the shear field have a
correspondence in the E, B components in harmonic space. The
relations between the non-vanishing components of RCF and RP
are given by

ξcc(z1, z2, θ) =
∑
ℓ

2ℓ + 1
4π

CCC
ℓ (z1, z2)d ℓ

00(θ) ,

ξ+(z1, z2, θ) =
∑
ℓ

2ℓ + 1
4π

[
CEE
ℓ (z1, z2) +CBB

ℓ (z1, z2)
]

d ℓ
2,2(θ),

ξ−(z1, z2, θ) =
∑
ℓ

2ℓ + 1
4π

[
CEE
ℓ (z1, z2) −CBB

ℓ (z1, z2)
]

d ℓ
2,−2(θ) ,

ξct(z1, z2, θ) = −
∑
ℓ

2ℓ + 1
4π

CCE
ℓ (z1, z2)d ℓ

20(θ), (10)

where d ℓ
ss′ (θ) are the reduced Wigner functions (see, e.g.

Varshalovich et al. 1988). The derivation of these results and
their inverse relations, including the zero components, is given
in Appendix A.
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3. Computation on sphere

3.1. FuGa3D

We now proceed to describe the FuGa3D analysis code. The code
implements an efficient computation of the RCF and RP data
objects from a given galaxy catalogue, and contains tools for
their further analysis. The main code takes as input a galaxy cat-
alogue. In the catalogue, each galaxy is described by its location
on the celestial sphere (RA, Dec), redshift, and, optionally, the
shear components γ1, γ2. From these inputs, FuGa3D constructs
a number of output products. The primary outputs are the RCF
ξX(z1, z2, θ), the integrated angular correlation function ξX(θ) for
the full redshift range, the RP PYℓ(z1, z2), and the integrated
angular power spectrum PYℓ. The subscripts X,Y refer to the
components of galaxy density and shear. While the true RCF and
RP are continuous functions of two redshifts, their data-derived
estimates involve a binning scheme in z (and in θ in the case of
the RCF). Input parameters set the redshift range and resolution,
as well as the range and resolution in θ.

Further derived data products can be constructed with aux-
iliary tools: The real-space 2PCF of the galaxy density is
constructed from the RCF with the Realspace tool, given a cos-
mological model. Auxiliary tools also allow for integrating of the
RCF or RP objects to yield an angular correlation function or
power spectrum for an arbitrary redshift range. The Spectrum
tool corrects the raw RP for the effects of the sky mask, and,
optionally, performs conversion from harmonic space to con-
figuration space. There are thus two complementary ways of
constructing the RCF, both with their benefits and caveats: 1.
direct map-based computation based on pair counting, and 2.
power-spectrum estimation involving a spherical harmonic trans-
form (SHT), followed by a mask correction and a transformation
to configuration space. While the direct approach is conceptu-
ally simpler, it involves a limitation: For the computation of
the clustering correlation, FuGa3D implements a variant of the
Landy–Szalay (hereafter LS) estimator with a highly efficient
speed-up algorithm, which however relies on some geometric
simplifications. In particular, we assume a piecewise uniform
selection function and a cone-like geometry. This may limit the
usefulness of the method if the actual selection function contains
strong small-scale structure. This approximation does not con-
cern the SHT approach. The latter, on the other hand, involves
the demanding additional step of correcting for the sky mask.

We begin by describing the direct RCF computation, as
implemented in FuGa3D. The harmonic-space computation is
described in Sect. 4.

3.2. Resolution and storage

The FuGa3D code operates on a 3D grid which combines uni-
formly spaced redshift shells with Healpix (Górski et al. 2005)
pixels. The redshift resolution is set by the user-defined param-
eter z_delta. The same resolution parameter also sets the
redshift resolution of the output RCF and RP objects.

In the current implementation, we have assumed perfect red-
shift information. Each galaxy is placed in a single redshift shell
according to the observed redshift read from the input catalogue.

The code makes use of a hierarchical pixelization scheme
which involves two distinct Healpix resolutions: The sky is first
divided into low-resolution pixels, at a resolution determined by
parameter nside_base. For instance, nside_base=32 divides
the sky into 12 288 pixels of 3.35 deg2 each. We refer to these
low-resolution pixels as base pixels. The base pixels serve several

Fig. 1. Trimming of survey edges. Partially filled base pixels are dis-
carded from analysis to ensure uniform coverage over the full survey
area. Empty base pixels are marked by red crosses. Pixels with an empty
pixel as a neighbour, either directly (blue) or diagonally (purple), are
interpreted as being on the survey boundary. Both the empty pixels and
their neighbours are discarded from further analysis.

purposes, including bookkeeping and handling the radial selec-
tion function. Each low-resolution pixel is further divided into
smaller pixels at nside_high resolution. The correlation func-
tions are computed at this high resolution. Moving back and forth
between the two resolutions is straightforward in the NESTED
pixel ordering scheme of Healpix.

Due to the discretisation, we lose information on scales
smaller than the pixel size. The error can be reduced by increas-
ing the resolution, at the price of increasing computational cost.
There is thus a trade-off involved. The results in this work have
been obtained with resolutions in the range nside_high=512–
2048 and z_delta=0.0005–0.005.

The computation of the galaxy correlation function requires
knowledge of the selection function S (z,Ω). The selection func-
tion tells which fraction of all galaxies is observable at a
given location. In our implementation, the selection function is
assumed to be isotropic within one base pixel, that is, a func-
tion of redshift only. This assumption is crucial for the speed-up
algorithm implemented in FuGa3D, as we explain shortly. The
selection function can either be estimated from the data cata-
logue itself or be provided in the form of an external random
catalogue.

From the requirement of the isotropic selection function, it
follows that the survey boundary is not allowed to pass through
a base pixel. In the first processing step, the data catalogue is
trimmed at the survey boundaries to match the low-resolution
pixelisation. Partially filled pixels are removed from further pro-
cessing. This is achieved through the following procedure. We
examine the distribution of galaxies per base pixel, ignoring the
redshift. We identify all low-resolution pixels that have empty
pixels as neighbours (Fig. 1). We interpret these pixels as being
partially filled, and we discard the galaxies in them. As a result,
we have a binary survey mask consisting of base pixels that are
either empty or fully covered. Keeping track of the survey mask
is now simple: we only need to keep track of which base pixels
are included in the survey.

Discarding the galaxies at the survey edges means that we
lose part of the information in the galaxy catalogue. In practice,
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the data loss is small and has little effect on the results. The data
loss can be reduced by increasing the base resolution, but a very
high base resolution leads to inefficient data handling.

The data stored in memory consists of the number of galaxies
in each cell of the 3D grid, and their co-added shear (if avail-
able). In a typical situation, the grid is sparse, and a majority
of the cells are empty. The data is stored in a memory-efficient
way, as follows. For each base pixel under the mask, the code
stores an array object of fixed length, whose elements are in
turn arrays of flexible length. The first dimension corresponds
to high-resolution pixels within the base pixel. For each of those
high-resolution pixels, the code stores an array of indices point-
ing to the redshift bins that contain a galaxy (or several). Other
data objects of the same structure hold the number of galax-
ies and the co-added shear for the same cells. This data storage
scheme ensures efficient use of memory, as empty cells do not
consume memory.

The hierarchical pixelisation offers flexibility in handling dif-
ferent survey footprints. With the same code and with the same
data structures we can store a full-sky survey at modest pixel
resolution, or a small survey with a very high resolution.

3.3. Clustering correlation function

The standard way of estimating the correlation between two
galaxy locations is with the LS estimator

ξ(z1, z2, θ) =
dd(z1, z2, θ) − dr(z1, z2, θ) − rd(z1, z2, θ)

rr(z1, z2, θ)
+ 1, (11)

where dd, dr, rd, rr are normalised pair counts: galaxy–galaxy,
galaxy–random, random–galaxy, and random–random pairs in
discrete parameter bins. The estimator requires a random cata-
logue that represents an uncorrelated distribution with the same
selection function and boundary effects as the actual data cata-
logue. The counts are normalised to the total number of pairs.
The cross-count dr is not symmetric with respect to exchange
dr ↔ rd (a galaxy at low z, and a random point at high z, is not
the same thing as a galaxy at high z, and a random point at low
z). The correlation function must therefore count both.

We apply to correlation function estimation a method that
mimics the LS estimator at the limit of an infinite random cat-
alogue. Consider one cell of our 3D grid at redshift z and in
angular direction Ω. The cell combines a Healpix pixel with
a small redshift interval. We denote the expected number of
observed galaxies in the cell by α(z,Ω). It can be written as

α(z,Ω) = n̄tot(z)S (z,Ω)∆V(z) , (12)

where n̄tot(z) is the mean galaxy density at redshift z, a func-
tion of z to allow for time-evolution effects. The density of
observable galaxies is n̄ = S (z,Ω)n̄tot, where S (z,Ω) is the
position-dependent selection function, and ∆V(z) is the volume
of the grid cell. Since Healpix pixels have equal areas, the vol-
ume of the cell is proportional to the radial diameter of the cell.
For a given z bin it depends on the cosmology and thus is not
known a priori. Nor do we know the mean density or the selec-
tion function independently. What we need, however, is not the
individual factors, but the combination of Eq. (12), and this we
can estimate from the data, assuming that the selection function
is either isotropic over the mask area, or a slowly varying func-
tion of Ω. It is obtained from the average number of galaxies per
pixel in the redshift shell and the area in question. Obviously, the
average must be taken over a sufficiently large area to smooth

out local fluctuations. By default, FuGa3D estimates α from the
input galaxy catalogue. Alternatively, if external information on
the mean density is available, this additional information can be
injected in the form of a random catalogue, which FuGa3D then
converts into an estimate for α.

From here on we assume that α(z,Ω) is known. We denote
by α(zk,Ωi j) its value on the kth redshift shell and in Healpix
pixel Ωi j. We introduce here a double-index notation where the
first index i refers to a base pixel, and the second index j labels
high-resolution pixels inside it. The motivation for the double
indexing scheme will become clear in due course. Similarly, we
denote by n(zk,Ωi j) the actual number of galaxies in the same
cell. Due to the chosen normalisation,∑
i jk

α(zk,Ωi j) =
∑
i jk

n(zk,Ωi j) = N, (13)

where N is the total number of galaxies in the sample. The quan-
tity α(Ωi j, zk) represents the number of galaxies in a 3D cell, if
the galaxies were uniformly distributed, and takes the role of the
random catalogue in the LS estimator.

The true RCF, as defined through Eq. (3), is a continuous
function of its parameters. When it is estimated from data, the
parameter space must be divided into discrete bins (just as with
the usual 2PCF). We divide the range of interest in θ into Nθ

bins, and label them as θm, m = 1 . . .Nθ. In redshift, we adopt
the bin structure from the 3D space, that is, spacing at resolu-
tion z_delta. In the following, a cell refers to an element of the
spherical 3D grid, specified by coordinates {z,Ω}, while a bin
refers to an element in the parameter space of {z1, z2, θ}.

We need three data objects that correspond to the pair counts
dd, dr, rr of the LS estimator. They are data objects of the same
size and form as the RCF itself, that is, defined in the coordinate
space {z1, z2, θ}. In the following, we consider each of the objects
dd, dr, rr in turn. We start from dd, which is constructed as

dd(zk, zk′ , θm) =
1

N(N − 1)

∑
ii′∈S

∑
j j′
Θ(Ωi j−Ωi′ j′ ∈ θm)n(zk,Ωi j)n(zk′ ,Ωi′ j′ ), (14)

where ii′ ∈ S indicates that we include in the first sum only the
base pixels inside the survey area, and Θ(Ωi j − Ωi′ j′ ∈ θm) has
the role of assigning the pairs into the respective θ bins. Specif-
ically, Θ(Ωi j − Ωi′ j′ ∈ θm) = 1 if the angular distance between
the centres of pixels Ωi j and Ωi′ j′ falls in bin θm, and it vanishes
otherwise. As implied by the prefactor 1/[N(N − 1)], we do not
count pairs where both components are the same galaxy. Thus,
in the special case where i = i′, j = j′, k = k′, the term inside the
sum should read n(zk,Ωi j)[n(zk,Ωi j) − 1], and this is assigned to
the lowest θ bin. For clarity of expression, we do not write this
separately in Eq. (14).

The ordering of the elements in Eq. (14) reflects the loop
structure of the code. Evaluating the expression of Eq. (14)
algorithmically involves six nested loops, with the four outer-
most loops corresponding to the sums in Eq. (14), and the two
innermost ones to the redshift bins. Let Nbase be the number of
pixels at base resolution, Nsub = the number of high-resolution
pixels included in one base-resolution pixel, and Nzbin the num-
ber of redshift shells. For example, with nside_base=32 and
nside_high=1024 we have Nbase = 12 · 322 = 12 288, and
Nsub = (1024/32)2 = 1024. Naively, the computational complex-
ity of the evaluation would be N2

base × N2
sub × N2

zbin. In reality, it
is much less than that. The first two loops(i, i′ ∈ S ) scan through
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pairs of base pixels within the survey mask. Usually, one is inter-
ested in a limited angular range θ < θmax. Base pixel pairs far
outside the range of interest can be discarded immediately (the
Healpix package includes routines for this). The actual num-
ber of base pixel pairs that require closer inspection is typically
of the order of Npairs ∼ 10 000 − 100 000 rather than N2

base. Thus,
the two-level scheme works not only as a means for bookkeeping
but also as an efficient preselector in correlation-function esti-
mation. The next two loops ( j, j′) scan through high-resolution
pixel pairs between the base pixel pair (i, i′). Most of the com-
putation time is taken by the evaluation of the angular distance
θ between the pixel pair. This does not depend on redshift and
only needs to be done once for a pixel pair. The two innermost
loops scan over the redshift bins (k, k′) and accumulate the prod-
ucts n(zk,Ωi j)n(zk′ ,Ωi′ j′ ) in the respective bins of the dd grid. In
a typical case, most redshift cells are empty. For instance, with
nside_high=1024 and Nzbin = 1000 redshift bins we have over
1010 grid cells, while a typical galaxy catalogue has a few million
objects. It is thus inevitable that a vast majority of the cells are
empty (and those that are not, mostly contain just one galaxy).
Since only the non-empty grid cells are stored in memory, the
last (k, k′) loops only need to scan through a couple of elements.
In total, the computational complexity of the evaluation of the
dd array is of the order of Npairs × N2

sub × (a few).
We examine the evaluation of rr, which represents random-

random pair counts. We do not have an explicit random cata-
logue; its role is taken by the factor α, which incorporates our
knowledge of the survey geometry and of the selection function.
Imagine that we had a very large random catalogue with MN
objects, and M → ∞. The number of random points in a cell
approaches Mα(zk,Ωi j), and the normalised rr count is obtained
as

rr(zk, zk′ , θm) =
1

MN(MN − 1)∑
i j

∑
i′ j′
Θ(Ωi j−Ωi′ j′ ∈θm)Mα(zk,Ωi j)Mα(zk′ ,Ωi′ j′ )

→
1

N2

∑
i j

∑
i′ j′
Θ(Ωi j−Ωi′ j′ ∈ θm)α(zk,Ωi j)α(zk′ ,Ωi′ j′ ). (15)

This is similar to the expression for dd, with the difference that
instead of n we have α, which, unlike n, is not sparse. Thus, the
evaluation with the dd algorithm would be much more expen-
sive. This is where the assumption of an isotropic selection
function steps in. In the simplest case, the selection function
can be assumed to be isotropic over the survey area, that is, it
depends only on z. The isotropy of the selection function implies
an isotropic survey depth: the survey shape is a cone, with equal
depth in all directions within the survey area. We can then write
α(zk,Ωi j) = α(zk)m(Ωi), where m(Ωi) is a binary survey mask,
with m(Ωi) = 1 when the base pixel is inside the survey area
and m(Ωi) = 0 when the pixel is outside. Recall that our survey
area has been trimmed to consist of full base pixels; therefore,
the mask only depends on the index i. The sum can now be
rearranged to

rr(zk, zk′ , θm) =
1

N2α(zk)α(zk′ )
∑
ii′∈S

∑
j j′
Θ(Ωi j −Ωi′ j′ ∈ θm). (16)

The four sums simply count the number of pixel pairs with angu-
lar distance inside bin θm. The computational complexity of this
operation is Npairs × N2

sub, and the result is a small array of length

Nθ. Scaling it by α(zk) and α(zk′ ) and spreading it on the rr grid
is a very fast process.

In a somewhat more complicated scheme, we relax the
assumption of isotropy over the survey area and require isotropy
only within a base pixel. We can now write α(zk,Ωi j) = α(zk,Ωi).
The expression for rr becomes

rr(zk, zk′ , θm) =
1

N2

∑
ii′∈S

α(zk,Ωi)α(zk′ ,Ωi′ )
∑

j j′
Θ(Ωi j − Ωi′ j′ ∈ θm). (17)

The procedure of counting pixel pairs, scaling by α, and spread-
ing on the target grid, is now repeated for each pair of base
pixels ii′. This is computationally more expensive than the
fully isotropic case, but still significantly less expensive than
brute-force computation with an arbitrary selection function.

The third element in the correlation function estimation is dr,
which represents cross-pair counts between the data catalogue
and the random catalogue. Combining the characteristics of dd
and rr estimation, we find

dr(zk, zk′ , θm) =
1

N2α(zk′ )
∑
ii′∈S

∑
j

n(zk,Ωi j)
∑

j′
Θ(Ωi j − Ωi′ j′ ∈ θm) (18)

for the isotropic case and

dr(zk, zk′ , θm) =
1

N2

∑
ii′∈S

α(zk′ ,Ωi′ )
∑

j

n(zk,Ωi j)
∑

j′
Θ(Ωi j − Ωi′ j′ ∈ θm) (19)

for the pixelwise isotropic case. The sum over j′ counts pix-
els within distance θm from pixel Ωi j. This is multiplied by the
galaxy counts in the first pixel, accumulated in an array of size
(Nzbin,Nθ), and finally distributed on the dr grid.

The final correlation function is constructed as

ξ̂(zk, zk′ , θm) =
dd(zk, zk′ , θm) − dr(zk, zk′ , θm) − rd(zk, zk′ , θm)

rr(zk, zk′ , θm)
+ 1 , (20)

where

rd(zk, zk′ , θm) = dr(zk′ , zk, θm). (21)

When computing the components of the correlation func-
tion, we exploit the symmetry with respect to the exchange
i jk ↔ i′ j′k′ to speed up the computation. The loops run through
half of the index space, and we update two elements of the target
array at one step.

3.4. Shear correlation function

Computing the shear correlation function is rather straightfor-
ward compared with computing the clustering correlation. To
start, the measured ellipticity of a galaxy is interpreted as a direct
measure of the shear field γ at the location of the galaxy. The
shear of a 3D cell, γi jk, is taken to be the average of all galaxy
ellipticities in that cell,

γi jk ≡ γ(zk,Ωi j) =
{

n(zk,Ωi j)−1 ∑
m ϵm, n(zk,Ωi j) > 0

0 , n(zk,Ωi j) = 0,
(22)
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where the sum is over all galaxies in the cell defined by pixel
Ωi j and redshift zk, and n(zk,Ωi j) is their total number. The shear
correlation is evaluated as a weighted sum over pairs of 3D cells,

ξ̂±(zk, zk′ , θm) =∑
ii′∈S

∑
j j′Θ(Ωi j−Ωi′ j′ ∈θm)wi jkwi′ j′k′ (γt

i jkγ
t
i′ j′k′± γ

×
i jkγ
×
i′ j′k′ )∑

ii′∈S
∑

j j′ Θ(Ωi j−Ωi′ j′ ∈θm)wi jkwi′ j′k′
,

(23)

where wi jk is a weight associated with cell i jk. The FuGa3D code
implements two weighting schemes: galaxy weighting wi jk =
n(zk,Ωi j) (all galaxies carry the same weight), and pixel weight-
ing where wi jk = 1 for all cells that contain at least one galaxy,
and wi jk = 0 for the empty ones. Galaxy weighting is equivalent
to estimating the shear correlation as a sum over galaxy pairs, as
is the usual procedure (Schneider et al. 2002; Kilbinger 2015).
At a very high resolution, when there is just one galaxy in a cell
(and the majority of cells are empty), the two weighting schemes
become equivalent. We note that we cannot apply fully uniform
weighting, since we cannot define ellipticity in a meaningful way
for empty cells.

Above, ϵ t and ϵ× are the tangential and cross-components
of the measured ellipticity (see, e.g. Kilbinger 2015). The rota-
tion into tangential and cross components is done with respect
to the great circle connecting the pixels in question, and it must
be recomputed for every pixel pair. The estimation of the corre-
lation function involves again six nested loops. The outer four
(i, i′, j,′ j′) scan the sky pixels, the two inner ones the redshift
shells. For a given pair of pixels, we rotate the shear of all the
objects within those pixels to their tangential and cross compo-
nents, as this operation only depends on the pixel position, not on
redshift. Looping over redshifts and updating the sum of Eq. (23)
is then a fast process.

3.5. Galaxy–shear correlation

To fully exploit the information in a galaxy catalogue, we also
compute the cross-correlation between the galaxy density and
the shear field. The density fluctuation δ is defined as the relative
deviation from uniform density,

δ(zk,Ωi j) =
n(zk,Ωi j) − α(zk,Ωi j)

α(zk,Ωi j)
. (24)

The cross-correlation between the density fluctuation and the
tangential shear is constructed as

ξ̂ct(zk, zk′ , θm) =∑
ii′∈S

∑
j j′ Θ(Ωi j−Ωi′ j′ ∈θm)wi jkα(z′k,Ωi′ j′ )γt

i jkδ(zk′ ,Ωi′ j′)∑
ii′∈S

∑
j j′ Θ(Ωi j−Ωi′ j′ ∈θm)wi jkα(zk′ ,Ωi′ j′)

. (25)

This is a weighted sum of products ϵ tδ, where the weights are
wi jk for the shear component and α for the density component.
With Eq. (24), this breaks into a combination of three sums,

ξ̂ct(zk, zk′ , θm) =
A(zk, zk′ , θm) − B(zk, zk′ , θm)

C(zk, zk′ , θm)
, (26)

where

A(zk, zk′ , θm) =
∑
ii′∈S

∑
j j′
Θ(Ωi j−Ωi′ j′ ∈θm)wi jkγ

t
i jkn(zk′ ,Ωi′ j′) ,

B(zk, zk′ , θm) =
∑
ii′∈S

α(zk′ ,Ωi′ )
∑

j j′
Θ(Ωi j−Ωi′ j′ ∈θm)wi jkγ

t
i jk ,

C(zk, zk′ , θm) =
∑
ii′∈S

α(zk′ ,Ωi′ )
∑

j j′
Θ(Ωi j−Ωi′ j′ ∈θm)wi jk. (27)

Here we used the assumption that the reference density α is uni-
form within a base pixel, and moved it out from the sum over
j. Should α be isotropic and a function of z only, it can further
be moved out from the sum over i, in the same way as in the
computation of dr.

The procedure of constructing A(zk, zk′ , θm) is equivalent
to the procedure of constructing dd(zk, zk′ , θm) in Sect. 3.3,
just replacing n(zk, zk′ , θm) with wi jkϵi jk. The procedures for
B(zk, zk′ , θm) and C(zk, zk′ , θm) are equivalent to that for dr.
We thus already have the machinery in place to construct the
cross-correlation between shear and the clustering signal.

In the same way, we construct estimates for the other cross-
correlation components ξc×, ξt×, ξ×t. While parity symmetry sug-
gests that these spectra will vanish, their estimates constructed
from data will differ from zero randomly, due to cosmic vari-
ance and measurement errors. The ‘zero’ spectra thus contain
valuable information on the error level in the other spectra. By
default, FuGa3D computes all the spectral components, as leav-
ing the zero components out does not significantly affect the
computation time.

3.6. Rebinning

The output RCF is stored on a disk as a FITS file. The parame-
ters that control the size and shape of the table are redshift limits
zmin, zmax, maximum angular separation θmax and the number of
bins Nθ, and maximum redshift separation. The redshift resolu-
tion z∆(set by z_delta) is inherited from the grid resolution. For
each combination {zk, zk′ , θm}, the code stores the components of
the correlation function and the corresponding weighting fac-
tors. Storing the weights along with the correlation function is
crucial for the re-binning of the RCF. In the case of clustering,
the weight is rr(z1, z2, θ), the denominator in Eq. (20). When we
multiply the correlation function by the denominator, we restore
the additive nominator, and we can re-bin it to an alternative bin
structure. For example, the RCF can be rebinned to form the
angular correlation function ξ(θ) for an arbitrary redshift shell
[z1, z2] as

ξ(θ) =
∑

zk ,zk′∈[z1,z2] ξ(zk, zk′ , θ)rr(zk, zk′ , θ)∑
zk ,zk′∈[z1,z2] rr(zk, zk′ , θ)

. (28)

Weighting by rr ensures that the resulting correlation function
is the same as if the dd, dr, rr pairs were initially counted for
the full z range. Similar re-binning schemes can be applied to
shear and cross-correlation. The weighting factor for shear is
the denominator of Eq. (23), and that of cross-correlation the
denominator of Eq. (25). All of these are stored in the RCF file
along with the correlation function.

3.7. From redshift–space correlation to real space

To transform the RCF ξ(z1, z2, , θ) into the conventional real–
space correlation function, we employed a dedicated Realspace
module that ingests outputs from FuGa3Dand converts the red-
shifts and angles into physical distances. Input and control
parameters include one or several RCF files, redshift-shell def-
initions (zmin, zmax), cosmological parameters (in particular, H0
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andΩm), and real-space binning settings (rmax, Nr, Nµ). Here, Nr
and Nµ give the number of bins in separation distance r and in
µ. We define LOS as the radial vector passing through the mid-
point of the separation vector. Users can enable production of 1D
correlation functions ξ0(r), 2D correlations ξ(r, µ), or Legendre
multipoles ξℓ(r) (ℓ = 0, 2, 4).

The redshift coordinates (z1, z2) are converted to comoving
distances with the help of a pre-computed interpolation table.
The code currently assumes the spatially flat ΛCDM model, but
other models can be easily incorporated. Data are filtered by
redshift shell, and projection routines convert the {z1, z2, θ} coor-
dinates into real-space separations r and orientation angles µ,
re-bin the elements of the input RCF into ξ(r, µ) of ξ(r) with rr
weighting, and, when requested, project onto Legendre polyno-
mials to extract multipoles. Because of the discretisation, where
galaxies are assigned to the centres of their respective grid cells,
it easily happens that one or several bins of the {r, µ} grid are
empty, and the ξ(r, µ) correlation function remains undefined.
For this reason, we do not evaluate the multipoles ξℓ(r) by direct
integration, but perform a linear fitting of ℓ = 0, 2, 4 Legendre
polynomials Lℓ(µ) to ξ(r, µ) for each r, using again the rr count
as weight. The fit coefficients determine the multipoles ξℓ(r).

The Realspace module can optionally be run in statis-
tical mode, where the code ingests multiple RCF files. An
online CovAccumulator class implements Welford’s algorithm
to aggregate means and covariance matrices across all reali-
sations, writing FITS Header Data Units (HDUs): one binary
table for the mean correlation and a companion image HDU for
its covariance. This is helpful when analysing simulations that
provide a large number of realisations. Realspace also allows
scanning of a range of cosmological parameters, H0 and Ωm, in
one run.

The use of Realspace is demonstrated in Fig. 2. Here we
have computed the correlation function monopole for two differ-
ent assumed cosmologies, and for different redshift ranges, from
the same input RCF file. Once the RCF file is available, con-
structing different variants of the real-space correlation function
takes a fraction of a second with the Realspace tool, and can
easily be run on a laptop.

4. Harmonic analysis

The FuGa3D code provides the option of computing the SHT
of the density field and the shear field and constructing angu-
lar power spectra. Doing this by redshift bins leads to the RP
Pℓ(z1, z2), which is the harmonic counterpart of the RCF. Anal-
ysis in harmonic space offers an important benefit over analysis
in configuration space: we can drop the assumption of the uni-
form selection function in clustering analysis, and accommodate
an arbitrary fine-resolution survey mask. The downside of the
harmonic-space approach is well known from CMB analysis:
the spectrum computed over a partial sky is a biased estimate
of the true spectrum and must be debiased with the help of a
mode-mode coupling kernel, which itself is a heavy process. We
discuss the sky correction in Sect. 4.2.

The FuGa3D code computes the SHT using the exact coor-
dinates (RA, Dec) of the input galaxies. The coordinate space is
discretised only in the redshift dimension. The power spectrum is
thus independent of Healpix resolution. Power-spectrum analy-
sis using discrete coordinates has also been discussed by Euclid
Collaboration: Tessore et al. (2025) and Baleato Lizancos &
White (2024) in recent works. Differences arise from the dif-
ferent handling of the reference density. We take the reference

Fig. 2. Real-space 2PCF ξ(r) from MICE simulation for different
assumed cosmologies and redshift ranges. The correlation functions
have been constructed from the same input RCF.

galaxy density to be a known function, which can be evaluated
at each galaxy position, and transform the relative fluctuation
δ, while in the mentioned work, the SHT is computed from the
density field itself.

4.1. SHT with discrete coordinates

Next, we describe the discrete SHT, as implemented in FuGa3D.
We first consider the SHT of the density contrast in one redshift
bin zk. We want to evaluate the integral

aC,ℓm(zk) =
∫

S
δ2D(ϑ, φ; zk)Y∗ℓm(ϑ, φ) dΩ, (29)

where
∫

S indicates that the integral is carried out over the survey
area and δ2D is a 2D density fluctuation on the sphere defined as

δ2D(ϑ, φ; zk) =
σ(ϑ, φ; zk)
σ̄(ϑ, φ; zk)

− 1 . (30)

Hereσ(ϑ, φ; zk) is the angular number density, number of objects
per unit solid angle in direction (ϑ, ϕ) in redshift bin zk, and
σ̄(ϑ, φ; zk) is the corresponding background quantity. As before,
we allow it to depend on location in order to accommodate gen-
eral selection effects. Quantity α defined in the Sect. 3.3 can be
understood as an integral of σ̄ over the area of one pixel. From
here on, we assume that the background density is known.

Since galaxies are discrete objects, the angular density
σ(ϑ, φ; zk) is formally a combination of delta peaks at the loca-
tions of the galaxies. Taking an integral over delta peaks converts
the integral into a sum over galaxy positions,

aC,ℓm(zk) =
∑

i

wiY∗ℓm(ϑi, φi) −
∫

S
Y∗ℓm(ϑ, φ) dΩ. (31)
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The weights wi are taken from the values of σ̄ at the locations of
the galaxies,

wi =
1

σ̄(ϑi, φi; zk)
. (32)

For an isotropic selection function wi = 4π fsky/N, where N is
the total number of objects in the survey area and fsky is the sky
fraction.

Computing the sum of Eq. (31) by brute force is an expen-
sive operation, but a very efficient approximation is possible
by making use of a combination of traditional SHT and non-
uniform fast Fourier transforms (FFTs), as described by Reinecke
et al. (2023). To restate the essential ingredients of this operation
very briefly, an SHT from spherical harmonic coefficients to an
arbitrary point set on the sphere can be broken down into the
following steps:
1. Carry out a SHT from coefficients onto an equiangular grid

of sufficient resolution for the given band limit.
2. Increase the resolution of the resulting map by FFTs, and

zero-pad in both angular directions.
3. Perform Fourier interpolation from grid points to non-

equidistant points.
Naturally, the adjoint of such an operation can be carried out by
reversing the order of the steps, but it is important to realise that
a genuine inverse operation is (in contrast to some regular grids)
generally not possible.

A spherical harmonic transform involving arbitrarily dis-
tributed points on the sphere can be implemented to run at speeds
comparable to one working on a regular grid such as HEALPix
or Gauss-Legendre. However, the important caveat is that the
transform results will not be intrinsically accurate to (nearly)
machine precision as standard SHTs are. The results are approx-
imations with an error that can be tuned by the user. Accuracies
close to machine precision can be reached, but they naturally
require greater computational resources (in terms of both CPU
time and memory) than less accurate transforms.

The sum in Eq. (31) perfectly matches the adjoint general
spherical harmonic transform described in detail in Sect. 3 of
Reinecke et al. (2023). Its run-time requirement scales according
to

tSHT = O(ℓ3
max) + O(N). (33)

The first term is the cost of the underlying standard SHT onto
an equiangular grid capable of representing moments up to ℓmax
without loss, and comparable to the cost of an SHT to or from a
HEALPix grid with Nside = ℓmax/2. The second term scales with
the number of non-uniformly spaced points (in this case, indi-
vidual galaxies) and can be roughly estimated as 10−7s per point
on a single CPU core at an accuracy close to machine precision.

It is interesting to note that, depending on the choice of band
limit and number of points, either of the two terms in the above
equation may dominate over the other. Assuming a subdivision
of the data into many redshift shells and a high band limit, the
O(ℓ3

max) term will account for almost the entire runtime, while
for a single SHT including all galaxies at intermediate ℓmax, the
situation will be reversed.

The second term in (Eq. (31)) represents an SHT of the sur-
vey mask and is computed as a conventional map-based SHT,
with a resolution that depends on the chosen maximum ℓ. The
Healpix resolution parameter Nside is taken to be the smallest
power of two such that Nside exceeds ℓmax. For instance, with
ℓmax = 4000 the transform is computed from a Nside=4096 map.

The redshift–space pseudo-spectrum for clustering is con-
structed as

ĈCC
ℓ (zk, zk′) =

1
2ℓ + 1

∑
m

|a∗C,ℓm(zk)aC,ℓm(zk′)|. (34)

Because it is computed from a field with incomplete sky cov-
erage, the pseudo-spectrum underestimates the true underlying
power spectrum. As a first approximation,

ĈCC
ℓ (zk, zk′) ≈ fskyCCC

ℓ (zk, zk′), (35)

where fsky is the sky fraction and CCC
ℓ

(zk) is the true spectrum
(e.g. Hivon et al. 2002). A more accurate sky correction, based
on a coupling kernel, is discussed in Sect. 4.2.

The SHT of the shear field involves spin-weighted spherical
harmonics,

a±2,ℓm(zk) =
4π
N

∑
i

[γi1 ± iγi2] ±2Yℓm(ϑi, φi), (36)

where again the sum is over objects in redshift bin zk. The
normalisation is chosen such that for objects uniformly dis-
tributed over the full sky, this matches the continuous SHT of
the underlying shear field.

The SHT coefficients can be combined into E and B compo-
nents:

aE,ℓm = −
1
2 (a2,ℓm + a−2,ℓm), aB,ℓm = −

1
2i (a2,ℓm − a−2,ℓm). (37)

From these, one can construct angular power spectra for the shear
and a cross-spectrum between shear and the clustering signal:

ĈEE
ℓ (zk, zk′) =

1
2ℓ + 1

∑
m

|a∗E,ℓm(zk)aE,ℓm(zk′)| ,

ĈBB
ℓ (zk, zk′) =

1
2ℓ + 1

∑
m

|a∗B,ℓm(zk)aB,ℓm(zk′)| ,

ĈCE
ℓ (zk, zk′) =

1
2ℓ + 1

∑
m

|a∗C,ℓm(zk)aE,ℓm(zk′)|. (38)

These are the ‘non-zero’ spectral components. The ensemble
averages of the remaining combinations (EB, CB) are expected
to vanish on grounds of parity symmetry, but due to measure-
ment errors and the random nature of the shear and density fields,
the measured spectra will differ from zero, and they contain valu-
able information on the error level in the other spectra. FuGa3D
computes and stores all the spectral components.

4.2. Sky mask

The pseudo-spectrum estimated on a partial sky gives a biased
estimate of the true spectrum of the field. The survey footprint
also introduces couplings between multipoles. At the ensemble-
average level, the effect of the sky mask is encompassed in a
coupling kernel, as has been pointed out by Hivon et al. (2002,
the ‘Master’ method), and by several other authors (Camphuis
et al. 2022; Brown et al. 2005; Challinor & Chon 2005). The
kernel connects the true spectrum Cℓ to the ensemble average
of the pseudo-spectrum ⟨Ĉℓ⟩. The coupling mixes EE with BB,
but, for instance, EE + BB does not mix with EE − BB. We can
arrange the non-zero spectra into independent combinations as
follows:

⟨ĈCC
ℓ ⟩ =

∑
ℓ′

K0
ℓℓ′C

CC
ℓ′ ,
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⟨ĈCE
ℓ ⟩ =

∑
ℓ′

K×ℓℓ′C
CE
ℓ′ ,

⟨ĈEE
ℓ + ĈBB

ℓ ⟩ =
∑
ℓ′

K+ℓℓ′ (C
EE
ℓ′ +CBB

ℓ′ ) ,

⟨ĈEE
ℓ − ĈBB

ℓ ⟩ =
∑
ℓ′

K−ℓℓ′ (C
EE
ℓ′ −CBB

ℓ′ ). (39)

These hold for each pair zk, zk′ . We have dropped the arguments
zk, zk′ for clarity.

The four types of kernel matrices are

K0
ℓℓ′ =

(2ℓ′ + 1)
4π

∑
ℓ′′

Wcc
ℓ′′ (2ℓ

′′ + 1)
(
ℓ ℓ′ ℓ′′

0 0 0

)2

,

K×ℓℓ′ =
(2ℓ′ + 1)

4π

∑
ℓ′′

Wcs
ℓ′′ (2ℓ

′′ + 1)
(
ℓ ℓ′ ℓ′′

2 −2 0

) (
ℓ ℓ′ ℓ′′

0 0 0

)
,

K+ℓℓ′ =
(2ℓ′ + 1)

4π

∑
ℓ′′

Wss
ℓ′′ (2ℓ

′′ + 1)
(
ℓ ℓ′ ℓ′′

2 −2 0

)2

, (40)

K−ℓℓ′ =
(2ℓ′ + 1)

4π

∑
ℓ′′

Wss
ℓ′′ (2ℓ

′′ + 1)
(
ℓ ℓ′ ℓ′′

2 −2 0

)2

(−1)ℓ+ℓ
′+ℓ′′ ,

where Wab
ℓ , a, b =c,s, are the spectra of the sky mask,

Wab
ℓ (zk, zk′) =

1
2ℓ + 1

∑
m

ωa∗
ℓm(zk)ωb

ℓm(zk′), (41)

and ωc
ℓm(zk), ωs

ℓm(zk) are the SHT of the sky mask in kth shell, for
clustering and shear, respectively. The derivation for these for-
mulas, including the zero components, is given in Appendix B.
Our results for shear agree with those of Challinor & Chon
(2005), but there appears to be a sign difference with respect
to Brown et al. (2005).

To construct the kernels, we need the SHT of the sky mask.
There is a fundamental difference in how the sky mask is defined
for the density fluctuation or for the shear. From shear, we only
have information at the exact locations of the galaxies, and thus
the mask consists of delta peaks at the locations of the same
galaxies. The SHT of the shear mask becomes a discrete sum,

ωs
ℓm(zk) =

4π
N

∑
i∈zk

Y∗ℓm(ϑi, φi), (42)

computed with the same non-uniform SHT technique as the dis-
crete part of the SHT of the density contrast. The density field
is observed over the full survey area; not observing a galaxy in
a given location is a measurement of negative density contrast
at that location. The mask for the clustering signal is a continu-
ous function, unity in the observed area, and zero outside it. The
mask SHT is equivalent to the integral component of Eq. (31),

ωc
ℓm =

∫
S

Y∗ℓm(ϑ, φ) dΩ. (43)

In a cone-like survey geometry, the clustering mask is the
same for all redshifts. Then it suffices to construct a single cou-
pling kernel that applies to all zk, zk′ pairs. The situation is very
different for the shear mask, which depends on the distribution of
the galaxies, and is thus necessarily different for every zk, zk′ pair.
With Nzbin redshift bins, we must construct Nzbin(Nzbin + 1)/2
coupling kernels. This is a computationally heavy process, and

we have paid special attention to the efficient construction of
multiple kernels.

The computation time for the coupling kernels is dominated
by the evaluation of the Wigner 3 j symbols, but FuGa3D takes
several steps to improve the run time in comparison to other
existing implementations:

– Instead of processing a mask spectrum at a time, several
coupling kernels are computed from several mask spectra
simultaneously, avoiding the need to recompute the full set
of Wigner 3 j symbols over and over (pre-computing and
storing them is unfortunately infeasible at the required band
limits due to memory constraints).

– In a similar vein, the different kinds of kernels (0, ×, −, +)
are also computed together, further improving the re-use of
Wigner symbols;

– The commonly used code by Schulten & Gordon (1975) was
re-implemented with support for CPU SIMD instructions,
allowing simultaneous computations of several coefficient
vectors (2, 4, or 8, depending on the vector register width
of the target CPU) at almost the same speed as a single one.

In combination, these improvements accelerate the generation
of mode-coupling kernels by more than an order of magnitude
in many typical circumstances and therefore could also be of
interest for similar numerical codes in the field.

If the survey covers a sufficiently large fraction of the sky,
it is possible to invert the kernel matrix and obtain an unbiased
estimate of the true spectrum. When the galaxy sample covers
a small fraction of the sky, the kernel matrix may become sin-
gular. In that case, inverting the relations of Eq. (39) directly
is not possible. The cure for this is to re-bin the power spectra
and the kernel to wider bins. This is implemented in FuGa3D
as follows. Let matrix B denote the simple binning operation,
where Mb adjacent multipoles are co-added to produce an array
of Nℓbin = (ℓmax + 1)/Mb elements, BLℓ = 1 when ℓ ∈ L, and
L = 1 · · ·Nℓbin labels the wide bins. Assuming that the true spec-
trum C is smooth, we can approximate it with a coarser version
of the same spectrum with Nℓbin elements, denoted C̃L, and write
Cℓ =

∑
L BLℓC̃L. Here C, C̃ can be taken to represent any of the

components in Eq. (39). The role of BLℓ here is to pick from the
coarse spectrum the element L to which ℓ belongs. We can now
write ⟨Ĉℓ⟩ =

∑
ℓ′ Kℓℓ′

∑
L BLℓC̃L, and multiplying both sides by

(2ℓ + 1) and binning, we arrive at∑
ℓ∈L

(2ℓ + 1)⟨Ĉℓ⟩ =
∑
ℓ∈L

(2ℓ + 1)
∑
ℓ′

Kℓℓ′

∑
L′

BLℓC̃L. (44)

In matrix formalism, this reads as

B(2ℓ + 1)⟨ĈCC⟩ = B(2ℓ + 1)K0BT C̃CC , (45)

where (2ℓ + 1) is to be read as a diagonal matrix, with factor
(2ℓ + 1) on the diagonal. Taking Ĉ for ⟨Ĉ⟩, we can solve for the
true spectrum as

C̃ = [B(2ℓ + 1)KBT ]−1B(2ℓ + 1)Ĉ. (46)

Matrix B(2ℓ + 1)KBT is the binned kernel matrix, of size
(Nℓbin,Nℓbin). To construct the binned kernel, we scale the initial
kernel by (2ℓ + 1) from the left, and bin the rows and columns,
in the same way we bin the spectrum. Note that, unlike the initial
kernel, the binned kernel is symmetric. On the right-hand side,
we have the operation of scaling the pseudospectrum by (2ℓ + 1)
and co-adding. Scaling by (2ℓ + 1) just cancels the division by
(2ℓ + 1) in Eq. (34), and thus we end up taking the direct sum of
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the products of the aℓm pairs. This yields a natural and intuitive
binning procedure.

The binning width required to make the kernel non-singular
depends on the survey geometry. In the test cases of this work,
binning over five adjacent multipoles has been sufficient to make
the binned kernel matrix safely invertible. The bin width Mb
is set by the user-defined parameter rebin_width. Since the
spectrum length (ℓmax + 1) is often not divisible by any natu-
ral binning width (4, 5, 10, 20), but ℓmax often is, we treat the
monopole as a single bin and start the actual rebinning from
ℓ = 1. The binned kernel is then inverted to yield an unbiased
estimate of C̃. If needed, this can be expanded to full length as
BT C̃.

4.3. From power spectrum to correlation function

The power spectrum Pℓ(zk, zk′) can be converted into a correla-
tion function. This provides an alternative way of constructing
the RCF. The relations connecting the RP to RCF involve
reduced Wigner functions d ℓ

ss′ (θ) for s, s′ = 0,±2. The explicit
relations were given in Sect. 2.3.

The process of computing the RCF from RP consists of the
following steps:

– Compute the pseudo-spectrum Ĉℓ using exact galaxy coor-
dinates.

– From auto-components, subtract an estimate for the shot
noise or white noise contribution.

– Construct the coupling kernel K and apply sky correction.
– Convert to correlation function.

This procedure is implemented in a post-processing tool of
the FuGa3D code package. The tool reads in an RP and the
accompanying mask spectra from a file and constructs the RCF.

5. Validation

5.1. Test cases

In the following, we describe the validation tests we performed
on FuGa3D. As test data, we used the MICE Grand Challenge
simulation, version 1 (Fosalba et al. 2015a; Crocce et al. 2015;
Fosalba et al. 2015b). MICE is an N-body simulation with 70
billion dark matter particles. From the available data products,
we selected the light-cone simulation that spans an octant (1/8)
of the sky, up to redshift z = 1.4. The cosmological parameters
used to create the simulation were Ωm = 0.25, ΩΛ = 0.75, Ωb =
0.044, ns = 0.95, σ8 = 0.80, and h = 0.7. Simulated galaxy cata-
logues are available through the CosmoHub1 portal. We extracted
the galaxy catalogue with the following column information:
ra, dec, z, gamma1, gamma2. We used two versions of the
galaxy catalogue for our tests: the full-size catalogue contains
205 million objects. We refer to this as “full MICE”. For quick
tests, we used a subset of 12.5 million objects (1/16 of the full
catalogue). To this we refer to as ‘small MICE’.

For most of the tests, we used a subcatalogue in the redshift
range z = 1.0–1.2. The full (small) MICE catalogue contains
46.1 (2.89) million objects in this range. The edge-trimming pro-
cedure described in Sect. 3.2 reduced this further to 44.9 (2.81)
million.

We varied two parameters: the angular resolution Nside, set by
the user parameter nside_high, and the redshift resolution z∆,
set by parameter z_delta. The base pixel size was kept constant

1 https://cosmohub.pic.es

at nside_base=128, to ensure that the sky coverage was the
same in all runs.

Unless stated otherwise, the tests were run on a single node
of the Puhti supercomputer of the CSC – IT Center for Science
(Finland). Puhti is a supercluster with 682 CPU nodes. Each
node is equipped with two Intel Xeon Gold 6230 processors with
20 cores each. Some smaller tests were run on a MacBook laptop
with 8 cores.

5.2. Comparison with full pair counting

As the first validation test, we compared the 2PCF computed by
FuGa3D against that computed by the public Corrfunc2 code
(Sinha & Garrison 2020). As input, we had the full MICE cat-
alogue in the redshift range z ∈ [1.0, 1.2]. We did three runs
with FuGa3D with increasing grid resolution, to first compute
the RCF. We used pixel resolution Nside=512, 1024, 2048, paired
with radial resolution z∆=0.0025, 0.001, 0.0005. These corre-
spond roughly to a spatial resolution of 6 Mpc, 3 Mpc, and
1.5 Mpc, respectively, in the chosen redshift range. The angular
separation range was from 0 to θmax = 5◦, divided into 100 bins,
chosen as to safely cover the range of interest r ∈ [0, 200] Mpc.
We then ran Realspace to convert the RCF into real-space
2PCF and its multipoles, with simulation parameters (Ωm =
0.25, h = 0.7). For this test, shear analysis was turned off.

For comparison, we computed the 2PCF from the same cat-
alogue with Corrfunc, which applies the full LS estimator. We
used routines from the astropy library to first convert the red-
shifts into comoving distance, again assuming the parameters
of the simulation. Corrfunc requires an unclustered random
catalogue, which defines the reference density. We generated a
random catalogue five times the size of the galaxy catalogue,
Nrand = 5 Ndata ≈ 460 × 106. The chosen random size was a
trade-off between computation time and accuracy. The redshift
sampling was based on one of FuGa3D’s output files zweights,
which contains the central redshifts zi of the redshift bins, and
the number of galaxies in each bin. Bin edges ei were recon-
structed so that each zi sits at the centre of its bin. The pair
(wi, ei) was passed to scipy.stats.rv_histogram, which (1)
normalises the weights to obtain a piece-wise constant PDF, (2)
forms the corresponding cumulative distribution function Pz(z),
and (3) returns Nrand inverse-transform samples z = P−1

z (u) with
u ∼ U(0, 1). This yields a redshift distribution that mimics that
of the data catalogue. The (RA, Dec) coordinates were pulled
from a uniform distribution in the survey area. Uniform cover-
age on the sphere corresponds to a PDF that is constant in solid
angle

dΩ = cos δdδ = d(sin δ)dα (47)

where δ is declination and α is right ascension. To achieve uni-
form sampling in solid angle, we need to sample sin δ uniformly.
We did this by drawing a uniform deviate u ∼ U(0, 1) and set-
ting sin δ = sin δmin + u(sin δmax − sin δmin), where [δmin, δmax]
are the declination bounds of the data, in our MICE octant
δmin = 0, δmax = π/2. The right ascension values α were pulled
from a uniform distribution in [αmin, αmax].

The Corrfunc run took 40 hours on 40 cores, while the
FuGa3D runs on the same data took 151, 727, and 2797 sec-
onds, with Nside=512, 1024, 2048, respectively. The Corrfunc
run time was fully dominated by random-random pair counting.
It is possible to reduce the computational cost of the random pair

2 https://corrfunc.readthedocs.io/en/master/

A77, page 11 of 19

https://cosmohub.pic.es
https://corrfunc.readthedocs.io/en/master/


Sihvola, E., et al.: A&A, 709, A77 (2026)

Fig. 3. Monopole of the 2PCF from FuGa3D and from exact pair count-
ing (Corrfunc). The input catalogue is the full MICE simulation in
z = 1.0–1.2. The FuGa3D results are shown for three resolution settings
(see main text for details). The lower panel shows the difference with
respect to the Corrfunc result.

counts, for instance by splitting the random catalogue into small
subcatalogues and co-adding the pair counts (Keihänen et al.
2019). In this validation test, the aim was to compare the result-
ing 2PCF rather than the run times, and we did not pay attention
to the optimisation of the Corrfunc part.

The results of the validation test are shown in Figs. 3 and 4.
As expected, there are small differences, due to the discreti-
sation in FuGa3D, and the finite size of the random catalogue
in Corrfunc, but overall the results agree well. The effect of
discretisation on the FuGa3D correlation function is evident at
the smallest distances (r < 10 Mpc). The differences between
FuGa3D and Corrfunc decrease with increasing resolution, but
they cannot be expected to fully disappear at any resolution
because the finite size of the random catalogue inevitably causes
residual fluctuations in the Corrfunc 2PCF, which are not
present in the FuGa3D 2PCF. There is also a small residual differ-
ence in the quadrupole, likely due to different weighting of data
when computing the multipoles (direct integration in Corrfunc,
linear fit in FuGa3D).

5.3. Power spectrum from discrete coordinates

In another test, we validated the accuracy of the point-source
power spectrum computation described in Sect. 4. For this pur-
pose, we computed the angular power spectrum for a single
redshift shell z ∈ [1.0, 1.1]. We did this first using discrete coor-
dinates, which is the default method in FuGa3D, and then with
a map-based SHT. For the latter, we used an older version of
FuGa3D, where this was implemented and maintained as an
option for validation purposes. The test was run on a MacBook
laptop with 8 cores.

Figure 5 shows the point-source based clustering spectrum,
together with map-based spectra with resolution Nside=2048,

Fig. 4. Same as Fig. 3 but for the quadrupole.

Fig. 5. Angular clustering pseudo-spectrum from exact point-source
coordinates and from maps of different resolutions. The lower panel
shows the difference with respect to the point-source result.

4096, 8192. The spectra shown are pseudo-spectra, i.e. not cor-
rected for the survey footprint. As the resolution increases, the
map-based spectrum approaches that from point source coor-
dinates, validating the point-source algorithm. Computing the
point-source spectrum took 22.1 s, while the map-based trans-
form took 10.5 s, 20.3 s, 43.4 s, and 128.1 s with Nside=1024,
2048, 4096, 8192, respectively. Thus, the point-source trans-
form is comparable in speed to the map-based transform with
Nside=2048, it but reaches a much higher accuracy.
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Fig. 6. Same as Fig. 5 but for EE shear spectrum. The pseudo-spectra
have been scaled by the sky fraction to make them comparable (see main
text for explanation).

Figure 6 shows a similar comparison for the EE shear spec-
trum. Here, the uncorrected pseudo-spectra cannot be compared
directly, since there is no common normalisation. Increasing
the resolution further beyond the point where there is only one
galaxy per pixel, scales the spectrum down as inversely propor-
tional to the pixel size squared, ∝ 1/N4

side. To bring the spectra to
a common normalisation, we scale each spectrum with the sky
coverage, which we read from the ℓ = 0 element of the mask
spectrum Wss.

5.4. Correlation function from power spectrum

In the third validation test, we compared correlation functions
computed directly or from power spectra. We selected the red-
shift range z ∈ [1.0, 1.1] for consideration and computed the
angular correlation function in two ways. First, we computed the
correlation function through the modified LS, as described in
Sects. 3.3 and 3.4. We refer to this as the ‘direct method’. As an
alternative method, we (1) computed the angular power spectrum
using the exact galaxy coordinates, (2) subtracted an estimate
for the shot noise, which we obtained as the mean of the last
500 multipoles, (3) applied the kernel correction as described
in Sect. 4.2, and (4) transformed the power spectrum into a
correlation function as per Sect. 2.3. The results are shown in
Figs. 7 and 8. The clustering correlation function from these two
different methods agrees very well, further validating our code.

5.5. Considerations of speed

Figure 9 shows the CPU cost of computing the RCF for the red-
shift range z = 1.0–1.2 with FuGa3D, for different combinations
of Nside and z∆. All timing tests were run on a single node of
the Puhti supercluster. We show separately the CPU cost with or
without shear analysis. The dashed lines indicate the cases where
the angular and redshift resolutions correspond to the same phys-
ical distance: (Nside = 512, z∆ = 0.0025), (Nside = 1024, z∆ =

Fig. 7. Angular clustering correlation from the direct computation
(Nside=2048) or from the power spectrum (ℓmax=8000). The bottom
panel shows the difference. The redshift range is z ∈ [1.0, 1.1].

Fig. 8. Same as Fig. 7 but for the angular shear correlation (ξ+, ξ−).

0.001), and (Nside = 2048, z∆ = 0.0005). In the chosen redshift
range, these combinations correspond roughly to a spatial resolu-
tion of 6 Mpc, 3 Mpc, and 1.5 Mpc, respectively. Changing both
resolutions in unison is meaningful when the goal is to estimate
the real-space correlation function. In tomographic analysis, one
might be more interested in the CPU cost for a fixed redshift res-
olution. Results are shown for small and full MICE inputs, and
with and without shear analysis.
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Fig. 9. CPU cost of RCF computation. We show the CPU cost as a func-
tion of pixel resolution Nside, with different redshift resolutions z∆ for
clustering (top) or for clustering and shear (bottom). The redshift resolu-
tion is, from top down, z∆=0.0005 (blue), z∆=0.001 (yellow), z∆=0.0025
(green), and z∆=0.005 (red). The dashed lines connect points where Nside
and z∆ correspond to the same spatial resolution (from left to right,
6 Mpc, 3 Mpc, 1.5 Mpc). The input data is the full (circles) or the small
(triangles) MICE simulation in z = 1.0–1.2. To guide the eye, one node-
hour and one node-minute have been indicated by horizontal lines.

We further study the CPU cost of the harmonic analysis. In
Fig. 10 we show the CPU cost of computing the RP as a function
of the ℓmax parameter. In this test, we fix the redshift resolution to
z∆=0.005 and compute the auto- and cross-spectra for |z1 − z2| <
0.1 in the range z ∈ 1.0–1.2. This involves computing the SHT
for 40 redshift bins, and constructing spectra for 630 pairs of
bins. We show the cost of computing the raw pseudo-spectrum
for the small and the full MICE catalogues, with and without
shear analysis. In the same graph, we also show the cost of the
post-processing step that corrects for the survey mask. The cost
of full power-spectrum analysis is the sum of the cost of pseudo-
spectrum estimation and that of post-processing.

The post-processing cost is dominated by the construction of
the coupling kernel and inverting it. The kernel correction does
not depend on the catalogue size; thus the cost is the same for
the small or the full catalogue. As explained in Sect. 4.2, a single
coupling kernel applies to all clustering spectra, while for shear,
each of the 630 redshift pairs has its own kernel, which depends
on the distribution of the galaxies. For this reason, the kernel
correction is orders of magnitude more expensive in the shear
analysis.
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Fig. 10. CPU cost of harmonic-space analysis for 630 redshift-shell
pairs. Shown is the cost of computing the redshift–space pseudo-
spectrum for ℓmax=2000–8000 for full (circles) and small (triangles)
MICE in z = 1.0–1.2. The redshift resolution was fixed at z∆=0.005.
The squares indicate the cost of constructing the mode-mode coupling
kernel to correct for the survey footprint.

6. Conclusions

We have studied the RCF and its harmonic counterpart, the RP,
as tools in the analysis of large galaxy catalogues. Since these
data objects do not depend on the distance-redshift relation, they
provide a model-independent characterisation of the statistical
properties of a galaxy distribution.

We have developed the FuGa3D code. This code constructs
the RCF and its RP data objects, and it provides a number of
post-processing tools. The direct RCF computation is based on
a modified Landy–Szalay estimator and relies on a discretised
spherical grid and on the assumption that the selection func-
tion is piecewise isotropic in the survey light-cone. The code is
efficient, computing the RCF and the 2PCF for the full MICE
simulation in z = 1.0–1.2 at resolution settings that correspond
to 1.5 Mpc spatial resolution (nside=2048, z∆=0.0005). This pro-
cess took 47 node-min for clustering only and 7.3 node-hours
with shear analysis included. Relaxing the resolution to 3 Mpc
drops the times to 12 node-min for clustering and to 3 node-hours
for clustering and shear.

We have demonstrated the usefulness of the RCF in the esti-
mation of the real-space 2PCF. Once the RCF data object has
been constructed and stored, computing the real-space 2PCF for
any given cosmology is a very fast process. One can examine a
space of cosmological parameters with a short turnaround time
and without a full recomputation of the correlation function.

The FuGa3D code estimates power spectra using the exact
coordinates of the galaxies and thus requires discretisation only
in the radial dimension. The power spectrum can be converted
to a correlation function with the help of Wigner functions,
providing an alternative way of constructing the RCF. The ques-
tion of which of the two methods is the most efficient cannot
be answered definitively because different parts of the code
scale differently, and the optimal parameter settings depend on
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the characteristics of the dataset and on the accuracy require-
ments. Both methods have their benefits and drawbacks. The
direct method requires less run time memory than the power-
spectrum procedure. The latter has a large memory footprint
because a large number of SHTs must be kept in memory simul-
taneously to construct the cross-spectra between (zk, zk′) bins.
The power-spectrum approach, on the other hand, offers the ben-
efit of accommodating an arbitrary selection function, while the
direct method relies on a piecewise isotropic selection function.
This limitation arises from the speed-up algorithm implemented
in FuGa3D rather than from any intrinsic property of the RCF.
Given sufficient computational resources, a full Landy–Szalay
estimator could be employed for constructing the RCF without
restriction.

In this paper, we concentrated on the algorithmic aspects
of the FuGa3D code package. Several important development
ideas are left for future work. For instance, a potential future
improvement involves handling redshift uncertainty. The current
approach assumes perfect redshift measurements and assigns
each galaxy to a single shell. To account for imprecise red-
shifts, galaxies could instead be represented by a probability
distribution reflecting the uncertainty in their redshift estimates.

Another important future development is to test the use of
RCF in the context of cosmological parameter estimation. The
RCF approach offers the benefit that it does not involve a fidu-
cial cosmological model. The RCF can be used in a parameter
sampling loop in two different ways:
1. Pre-compute the RCF once for the dataset. At every sampling

step, convert the RCF to a real-space correlation function
using the current parameter values and evaluate the likeli-
hood at the 2PCF level. This ensures that the 2PCF is always
consistent with the sampling parameters. The data vector for
a likelihood in this case is the 2PCF;

2. Use the pre-computed RCF itself as the dataset. At each sam-
pling step, construct a model for the RCF using the current
parameters and evaluate the likelihood at the RCF level. The
data vector in this case is the RCF.

The first approach is more straightforward, as it can largely be
realised using existing software tools with relatively little extra
work. The second approach involves the more demanding step
of modelling the RCF from a given cosmology or from a mat-
ter power spectrum provided by a standard software tool, such
as CAMB. Nonetheless, the second approach is conceptually
simpler in the sense that it does not involve modifying the data
between sampling steps.

Parameter sampling requires an estimate for the covariance
of the data. The FuGa3D code provides a diagonal covariance
estimate that is based on number counts, and thus it captures the
Poisson part of the full covariance. Because FuGa3D is very fast,
a full covariance could be constructed as a sample covariance
from a number of mock catalogues, possibly accompanied by a
smoothing or regularisation step, but this remains to be tested.
An interesting question is whether the RCF can be compressed
in some way without losing information. All of this is a field of
study on its own right and is left for future work.

Data availability

The FuGa3D code is available via https://wiki.helsinki.
fi/xwiki/bin/view/FuGa3D/.
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Appendix A: From power spectrum to correlation function

Here we derive the relation between the angular correlation function and the power spectrum. We expand the density contrast and
the shear field in spin-spherical harmonics,

δ(ϑ, φ) =
∑
ℓm

aℓm 0Yℓm(ϑ, φ) ,

(γ1 ± iγ2)(ϑ, φ) =
∑
ℓm
±2aℓm ±2Yℓm(ϑ, φ) = −(aEℓm ± iaBℓm) ±2Yℓm(ϑ, φ) . (A.1)

The γ1 and γ2 components can be solved from this as

γ1(ϑ, φ) = − 1
2

∑
ℓm

aEℓm(2Yℓm(ϑ, φ) + −2Yℓm(ϑ, φ)) − i
2

∑
ℓm

aBℓm(2Yℓm(ϑ, φ) − −2Yℓm(ϑ, φ)) ,

γ2(ϑ, φ) = − 1
2

∑
ℓm

aBℓm(2Yℓm(ϑ, φ) + −2Yℓm(ϑ, φ)) + i
2

∑
ℓm

aEℓm(2Yℓm(ϑ, φ) − −2Yℓm(ϑ, φ)) . (A.2)

The clustering correlation function is

ξ(θ) = ⟨δ∗(ϑ, φ)δ(ϑ′, φ′)⟩ =
∑
ℓm

∑
ℓ′m′
⟨a∗ℓmaℓ′m′⟩ 0Y∗ℓm(ϑ, φ) 0Yℓ′m′ (ϑ′, φ′) =

∑
ℓ

Pℓ

∑
m

0Y∗ℓm(ϑ, φ) 0Yℓm(ϑ′, φ′) , (A.3)

where θ is the angular separation between points (ϑ, φ) and (ϑ′, φ′). Other correlation components involve similar combinations of
two spin harmonics. We introduce the short-hand notation S ℓ,s1,s2 and write, using the general addition theorem of spin harmonics,

S ℓ,s1,s2 ≡
∑

m
s1 Y∗ℓm(ϑ, φ) s2 Yℓm(ϑ′, φ′) =

√
2ℓ + 1

4π s2 Yℓ,−s1 (θ, ϕ) e−is2ψ =

√
2ℓ + 1

4π
d ℓ
−s1,−s2

(θ) e−is1ϕ e−is2ψ , (A.4)

where ϕ, θ, ψ are the Euler angles that rotate (ϑ, φ) to (ϑ′, φ′). In the last equality, we expressed the spherical harmonic in terms of
the reduced Wigner function. From the symmetry properties of Wigner functions, it follows that S ℓ,2,2 = S ℓ,−2,−2, S ℓ,2,−2 = S ℓ,−2,2,
and S ℓ,0,2 = S ℓ,2,0 = S ℓ,−2,0 = S ℓ,0,−2.

Without loss of generality, we can place the pair of points on the same meridian, so that ϕ = ψ = 0, and θ remains as the
angular separation between the points. We can then interpret γt = γ1 and γ× = γ2, where γt and γ× are the tangential and cross shear
components, respectively (see Eq. 6). The independent components are then

S ℓ,0,0 =

√
2ℓ + 1

4π
d ℓ

0,0(θ) , S ℓ,2,2 =

√
2ℓ + 1

4π
d ℓ

2,0(θ) , S ℓ,2,−2 =

√
2ℓ + 1

4π
d ℓ

2,−2(θ) . (A.5)

We can now construct the correlators:

ξcc(θ) = ⟨δ∗δ⟩ = PCC
ℓ S ℓ,0,0 ,

ξct(θ) = ⟨δ∗γ1⟩ = −
1
2 PCE

ℓ (S ℓ,0,2 + S ℓ,0,−2) − i
2 PCB

ℓ (S ℓ,0,2 − S ℓ,0,−2) = −PCE
ℓ S ℓ,0,2 ,

ξc×(θ) = ⟨δ∗γ2⟩ = −
1
2 PCB

ℓ (S ℓ,0,2 + S ℓ,0,−2) + i
2 PCE

ℓ (S ℓ,0,2 − S ℓ,0,−2) = −PCB
ℓ S ℓ,0,2 ,

ξtt(θ) = ⟨γ∗1γ1⟩ =
1
4 PEE

ℓ (S ℓ,2,2 + S ℓ,2,−2 + S ℓ,−2,2 + S ℓ,−2,−2) + 1
4 PBB

ℓ (S ℓ,2,2 − S ℓ,2,−2 − S ℓ,−2,2 + S ℓ,−2,−2)

+ i
4 PEB

ℓ (S ℓ,2,2 − S ℓ,2,−2 + S ℓ,−2,2 − S ℓ,−2,−2)) + i
4 PBE

ℓ (−S ℓ,2,2 − S ℓ,2,−2 + S ℓ,−2,2 + S ℓ,−2,−2))

= PEE
ℓ (S ℓ,2,2 + S ℓ,2,−2) + PBB

ℓ (S ℓ,2,2 − S ℓ,2,−2) ,

ξ××(θ) = ⟨γ2γ2⟩ =
1
4 PBB

ℓ (S ℓ,2,2 + S ℓ,2,−2 + S ℓ,−2,2 + S ℓ,−2,−2) + 1
4 PEE

ℓ (S ℓ,2,2 − S ℓ,2,−2 − S ℓ,−2,2 + S ℓ,−2,−2)

= PBB
ℓ (S ℓ,2,2 + S ℓ,2,−2) + PEE

ℓ (S ℓ,2,2 − S ℓ,2,−2) ,

ξt×(θ) = ⟨γ1γ2⟩ =
1
4 PEB

ℓ (S ℓ,2,2 + S ℓ,2,−2 + S ℓ,−2,2 + S ℓ,−2,−2) + 1
4 PBE

ℓ (−S ℓ,2,2 + S ℓ,2,−2 + S ℓ,−2,2 − S ℓ,−2,−2)

= PEB
ℓ (S ℓ,2,2 + S ℓ,2,−2) + PBE

ℓ (−S ℓ,2,2 + S ℓ,2,−2) ,

ξ×t(θ) = ⟨γ2γ1⟩ =
1
4 PBE

ℓ (S ℓ,2,2 + S ℓ,2,−2 + S ℓ,−2,2 + S ℓ,−2,−2) + 1
4 PEB

ℓ (−S ℓ,2,2 + S ℓ,2,−2 + S ℓ,−2,2 − S ℓ,−2,−2))

= PBE
ℓ (S ℓ,2,2 + S ℓ,2,−2) + PEB

ℓ (−S ℓ,2,2 + S ℓ,2,−2) . (A.6)

After the line for ξtt we did not explicitly write the imaginary elements, which vanish anyway. The correlated fields here may
represent two different fields, for instance from two redshift shells. For this reason the ordering of the elements on the right-hand
side is relevant, and in general PEB

ℓ , PBE
ℓ .
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The correlations can be combined into independent combinations as

ξcc(θ) =
∑
ℓ

2ℓ + 1
4π

CCC
ℓ d ℓ

00(θ) ,

ξ+(θ) =
∑
ℓ

2ℓ + 1
4π

(CEE
ℓ +CBB

ℓ )d ℓ
2,2(θ) ,

ξ−(θ) =
∑
ℓ

2ℓ + 1
4π

(CEE
ℓ −CBB

ℓ )d ℓ
2,−2(θ) ,

ξct(θ) = −
∑
ℓ

2ℓ + 1
4π

CCE
ℓ d ℓ

20(θ) ,

ξc×(θ) = −
∑
ℓ

2ℓ + 1
4π

CCB
ℓ d ℓ

20(θ) ,

ξt×(θ) + ξ×t(θ) =
∑
ℓ

2ℓ + 1
4π

(CEB
ℓ +CBE

ℓ )d ℓ
2,−2(θ) ,

ξt×(θ) − ξ×t(θ) =
∑
ℓ

2ℓ + 1
4π

(CEB
ℓ −CBE

ℓ )d ℓ
2,2(θ) . (A.7)

Note that d ℓ
00(θ) = Lℓ(cos θ), where Lℓ is the Legendre polynomial. These relations can be inverted using the orthogonality of the

reduced Wigner functions∫ π

0
d ℓ

ss′ (θ) d ℓ′

ss′ (θ) sin θ dθ =
2

2ℓ + 1
δℓℓ′ . (A.8)

Appendix B: Coupling kernel

The density field observed under a binary sky mask wc(ϑ, φ) = 1, 0 is

δ̂(ϑ, φ) = δ(ϑ, φ)wc(ϑ, φ) =
∑
ℓ′m′

∑
ℓ′′m′′

aℓ′m′ωℓ′′m′′Yℓ′m′ (ϑ, φ)Yℓ′′m′′ (ϑ, φ) . (B.1)

Similarly, for shear,

(γ̂1 ± iγ̂2)(ϑ, φ) = (γ1 + iγ2)(ϑ, φ)ws(ϑ, φ) =
∑
ℓ′m′

∑
ℓ′′m′′

±2aℓ′m′ωs
ℓ′′m′′±2Yℓ′m′ (ϑ, φ)Yℓ′′m′′ (ϑ, φ) . (B.2)

The SHT of the masked field yields

âℓm =
∫

δ̂(ϑ, φ)Y∗ℓm(ϑ, φ) dΩ =
∑
ℓ′m′

∑
ℓ′′m′′

aℓ′m′ωc
ℓ′′m′′

∫
Y∗ℓm(ϑ, φ)Yℓ′m′ (ϑ, φ)Yℓ′′m′′ (ϑ, φ) dΩ (B.3)

and

±2âℓm =
∫

(γ̂1 ± γ̂2)(ϑ, φ)±2Y∗ℓm(ϑ, φ) dΩ =
∑
ℓ′m′

∑
ℓ′′m′′

±2aℓ′m′ωs
ℓ′′m′′

∫
±2Y∗ℓm(ϑ, φ)±2Yℓ′m′ (ϑ, φ)Yℓ′′m′′ (ϑ, φ) dΩ . (B.4)

Using the symmetry property sY∗ℓm(ϑ, φ) = (−1)m+s
−sYℓ−m(ϑ, φ) and the expression of the triple integral in terms of Wigner 3j

symbols,∫
sY∗ℓm(ϑ, φ)s′Yℓ′m′ (ϑ, φ)s′′Yℓ′′m′′ (ϑ, φ) dΩ = F(ℓ, ℓ′, ℓ′′)

(
ℓ ℓ′ ℓ′′

m m′ m′′

) (
ℓ ℓ′ ℓ′′

−s −s′ −s′′

)
, (B.5)

where

F(ℓ, ℓ′, ℓ′′) =
[
(2ℓ + 1)(2ℓ′ + 1)(2ℓ′′ + 1)

4π

]1/2

, (B.6)

we arrive at

âℓm =
∑
ℓ′m′

∑
ℓ′′m′′

ωc
ℓ′′m′′ (−1)mF(ℓ, ℓ′, ℓ′′)

(
ℓ ℓ′ ℓ′′

0 0 0

) (
ℓ ℓ′ ℓ′′

−m m′ m′′

)
aℓ′m′ (B.7)
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and

±2âℓm =
∑
ℓ′m′

∑
ℓ′′m′′

ωs
ℓ′′m′′ (−1)mF(ℓ, ℓ′, ℓ′′)

(
ℓ ℓ′ ℓ′′

±2 ∓2 0

) (
ℓ ℓ′ ℓ′′

−m m′ m′′

)
±2aℓ′m′ . (B.8)

Further with âEℓm = −
1
2 (2âℓm + −2âℓm), âBℓm =

i
2 (2âℓm − −2âℓm) and ±2aℓm = −(aEℓm ± iaBℓm), and the symmetry relation(

ℓ ℓ′ ℓ′′

−2 2 0

)
= (−1)ℓ+ℓ

′+ℓ′′
(
ℓ ℓ′ ℓ′′

2 −2 0

)
, (B.9)

we find

âEℓm=
∑
ℓ′m′

∑
ℓ′′m′′

ωs
ℓ′′m′′ (−1)mF(ℓ, ℓ′, ℓ′′)

(
ℓ ℓ′ ℓ′′

2 −2 0

) (
ℓ ℓ′ ℓ′′

−m m′ m′′

) [
1
2 aEℓ′m′ (1 + (−1)ℓ+ℓ

′+ℓ′′ ) + i
2 aBℓ′m′ (1 − (−1)ℓ+ℓ

′+ℓ′′ )
]
,

âBℓm=
∑
ℓ′m′

∑
ℓ′′m′′

ωs
ℓ′′m′′ (−1)mF(ℓ, ℓ′, ℓ′′)

(
ℓ ℓ′ ℓ′′

2 −2 0

) (
ℓ ℓ′ ℓ′′

−m m′ m′′

) [
1
2 aBℓ′m′ (1 + (−1)ℓ+ℓ

′+ℓ′′ ) − i
2 aEℓ′m′ (1 − (−1)ℓ+ℓ

′+ℓ′′ )
]
. (B.10)

The pseudo-spectrum for clustering is

P̂ℓ =
1

2ℓ + 1

∑
m

â∗ℓmâℓm . (B.11)

Inserting the expression for âℓm and arranging the sums we find

⟨P̂ℓ⟩ =
1

2ℓ + 1

∑
ℓ′ℓ′′ℓ1ℓ2

F(ℓ, ℓ′, ℓ′′)F(ℓ, ℓ1, ℓ2)
(
ℓ ℓ′ ℓ′′

0 0 0

) (
ℓ ℓ1 ℓ2
0 0 0

)
×

∑
mm′m′′m1m2

ωc
ℓ′′m′′ω

c
ℓ2m2

(
ℓ ℓ′ ℓ′′

−m m′ m′′

) (
ℓ ℓ1 ℓ2
−m m1 m2

)
⟨a∗ℓ′m′aℓ1m1⟩ . (B.12)

Using first

⟨a∗ℓ′m′aℓ1m1⟩ = δℓ′ℓ1δm′m1 Pℓ (B.13)

and then∑
mm′

(
ℓ ℓ′ ℓ′′

−m m′ m′′

) (
ℓ ℓ1 ℓ2
−m m1 m2

)
=

1
2ℓ′′ + 1

δℓ′′ℓ2δm′′m2 (B.14)

and finally writing for the mask spectrum∑
m′′

ωc∗
ℓ′′m′′ω

c
ℓ′′m′′ = (2ℓ′′ + 1)Wcc

ℓ′′ , (B.15)

we arrive at the final result:

⟨P̂ℓ⟩ =
∑
ℓ′

Pℓ

∑
ℓ′′

Wcc
ℓ′′

1
4π

(2ℓ′ + 1)(2ℓ′′ + 1)
(
ℓ ℓ′ ℓ′′

0 0 0

)2

. (B.16)

From here one can read off the coupling kernel for clustering.
The other pseudo-spectra can be worked on in the same way. The reduction of the multiple sums happens in the same way, but

we get a different combination of spectra on the right-hand side. Specifically, for the cross-spectra, the ℓ′ summation contains terms

⟨P̂CE
ℓ ⟩ ∝

〈
a∗ℓ′m′

[
1
2 aEℓ′m′ (1 + (−1)ℓ+ℓ

′+ℓ′′ ) + i
2 aBℓ′m′ (1 − (−1)ℓ+ℓ

′+ℓ′′ )
]〉
= 1

2

[
PCE
ℓ′ (1 + (−1)ℓ+ℓ

′+ℓ′′ ) + iPCB
ℓ′ (1 − (−1)ℓ+ℓ

′+ℓ′′ )
]
,

⟨P̂CB
ℓ ⟩ ∝

〈
a∗ℓ′m′

[
1
2 aBℓ′m′ (1 + (−1)ℓ+ℓ

′+ℓ′′ ) − i
2 aEℓ′m′ (1 − (−1)ℓ+ℓ

′+ℓ′′ )
]〉
= 1

2

[
PCB
ℓ′ (1 + (−1)ℓ+ℓ

′+ℓ′′ ) − iPCE
ℓ′ (1 − (−1)ℓ+ℓ

′+ℓ′′ )
]
. (B.17)

The full expressions for ⟨P̂CE
ℓ
⟩ and ⟨P̂CB

ℓ
⟩ include the Wigner symbol

(
ℓ ℓ′ ℓ′′

0 0 0

)
which vanishes for odd (ℓ + ℓ′ + ℓ′′). We can

assume (−1)ℓ+ℓ
′+ℓ′′ = 1, and we have simply ⟨P̂CE

ℓ
⟩ ∝ PCE

ℓ′
and ⟨P̂CB

ℓ
⟩ ∝ PCB

ℓ′
.

When working on the shear spectra, we must keep in mind that we are considering cross-spectra between two redshift shells.
Thus the ordering of the elements is relevant, and a∗EℓmaBℓm , aBℓma∗Eℓm.

⟨P̂EE
ℓ ⟩ ∝

〈 [
1
2 a∗Eℓ′m′ (1 + (−1)ℓ+ℓ

′+ℓ′′ ) − i
2 a∗Bℓ′m′ (1 − (−1)ℓ+ℓ

′+ℓ′′ )
] [

1
2 aEℓ′m′ (1 + (−1)ℓ+ℓ

′+ℓ′′ ) + i
2 aBℓ′m′ (1 − (−1)ℓ+ℓ

′+ℓ′′ )
] 〉
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= 1
2 PEE

ℓ′ (1 + (−1)ℓ+ℓ
′+ℓ′′ ) + 1

2 PBB
ℓ′ (1 − (−1)ℓ+ℓ

′+ℓ′′ ) , (B.18)

where we used the fact that the factors 1
2 (1 ± (−1)ℓ+ℓ

′+ℓ′′ ) are either 0 or 1, and thus [ 1
2 (1 ± (−1)ℓ+ℓ

′+ℓ′′ )]2 = 1
2 (1 ± (−1)ℓ+ℓ

′+ℓ′′ ) and
(1 + (−1)ℓ+ℓ

′+ℓ′′ )(1 − (−1)ℓ+ℓ
′+ℓ′′ ) = 0. A similar calculation for the other shear components gives

⟨P̂BB
ℓ ⟩ ∝

1
2 PBB

ℓ′ (1 + (−1)ℓ+ℓ
′+ℓ′′ ) + 1

2 PEE
ℓ′ (1 − (−1)ℓ+ℓ

′+ℓ′′ ) ,

⟨P̂EB
ℓ ⟩ ∝

1
2 PEB

ℓ′ (1 + (−1)ℓ+ℓ
′+ℓ′′ ) − 1

2 PBE
ℓ′ (1 − (−1)ℓ+ℓ

′+ℓ′′ ) ,

⟨P̂BE
ℓ ⟩ ∝

1
2 PBE

ℓ′ (1 + (−1)ℓ+ℓ
′+ℓ′′ ) − 1

2 PEB
ℓ′ (1 − (−1)ℓ+ℓ

′+ℓ′′ ). (B.19)

The results can be arranged into natural components:

⟨P̂EE
ℓ + P̂BB

ℓ ⟩ ∝ PEE
ℓ′ + PBB

ℓ′ ,

⟨P̂EE
ℓ − P̂BB

ℓ ⟩ ∝ (PEE
ℓ′ − PBB

ℓ′ )(−1)ℓ+ℓ
′+ℓ′′ ,

⟨P̂EB
ℓ + P̂BE

ℓ ⟩ ∝ (PEB
ℓ′ + PBE

ℓ′ )(−1)ℓ+ℓ
′+ℓ′′ ,

⟨P̂EB
ℓ − P̂BE

ℓ ⟩ ∝ (PEB
ℓ′ − PBE

ℓ′ ) . (B.20)

Collecting the full results, we arrive at

⟨ĈCC
ℓ ⟩ =

∑
ℓ′

K0
ℓℓ′C

CC
ℓ′ ,

⟨ĈCE
ℓ ⟩ =

∑
ℓ′

K×ℓℓ′C
CE
ℓ′ ,

⟨ĈCB
ℓ ⟩ =

∑
ℓ′

K×ℓℓ′C
CB
ℓ′ ,

⟨ĈEE
ℓ + ĈBB

ℓ ⟩ =
∑
ℓ′

K+ℓℓ′ (C
EE
ℓ′ +CBB

ℓ′ ) ,

⟨ĈEE
ℓ − ĈBB

ℓ ⟩ =
∑
ℓ′

K−ℓℓ′ (C
EE
ℓ′ −CBB

ℓ′ ) ,

⟨ĈEB
ℓ + ĈBE

ℓ ⟩ =
∑
ℓ′

K−ℓℓ′ (C
EB
ℓ′ +CBE

ℓ′ ) ,

⟨ĈEB
ℓ − ĈBE

ℓ ⟩ =
∑
ℓ′

K+ℓℓ′ (C
EB
ℓ′ −CBE

ℓ′ ) , (B.21)

where the four types of kernel matrix are

K0
ℓℓ′ =

(2ℓ′ + 1)
4π

∑
ℓ′′

Wcc
ℓ′′ (2ℓ

′′ + 1)
(
ℓ ℓ′ ℓ′′

0 0 0

)2

,

K×ℓℓ′ =
(2ℓ′ + 1)

4π

∑
ℓ′′

Wcs
ℓ′′ (2ℓ

′′ + 1)
(
ℓ ℓ′ ℓ′′

2 −2 0

) (
ℓ ℓ′ ℓ′′

0 0 0

)
,

K−ℓℓ′ =
(2ℓ′ + 1)

4π

∑
ℓ′′

Wss
ℓ′′ (2ℓ

′′ + 1)
(
ℓ ℓ′ ℓ′′

2 −2 0

)2

(−1)ℓ+ℓ
′+ℓ′′ ,

K+ℓℓ′ =
(2ℓ′ + 1)

4π

∑
ℓ′′

Wss
ℓ′′ (2ℓ

′′ + 1)
(
ℓ ℓ′ ℓ′′

2 −2 0

)2

. (B.22)
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