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ABSTRACT

Aims. Recent observations indicate that in some Milky Way globular clusters, pristine red giant branch (RGB) stars are more centrally
concentrated than enriched ones. This contradicts most multiple stellar population (MSP) formation scenarios, which predict that the
enriched (second) population (2P) should initially be more concentrated than the pristine (first) population (1P). Previous Monte Carlo
Cluster Simulator (MOCCA) simulations suggested that this apparent overconcentration is a transient effect arising in clusters that
have lost a large fraction of their initial mass and host an active black hole subsystem (BHS), and is visible only when RGB stars are
used as tracers. We tested this interpretation using tailored NBODY6++GPU models evolved with direct N-body simulations and provide
an independent validation that does not rely on a statistical treatment of relaxation.
Methods. We performed direct N-body simulations with the NBODY6++GPU code, adopting initial conditions designed to reproduce
the dynamical regime relevant to the proposed mechanism. The simulations include updated stellar and binary evolution, dynamical
interactions, and the Galactic tidal field, enabling a direct comparison with MOCCA results.
Results. The simulations confirm that the spatial distributions and kinematics inferred from RGB stars can be strongly affected by
stochastic fluctuations and interactions with the BHS. Preferential ejection of 2P RGB stars and their progenitors from the cluster
centre leads to a transient apparent overconcentration of 1P RGB stars, in agreement with earlier MOCCA predictions. We show that
this effect does not reflect the global MSP structure and that analyses based solely on RGB tracers may yield biased interpretations.
These results support the view that dynamical evolution within the current MSP formation scenarios in our model can explain the
apparent 1P overconcentration inferred in real clusters such as NGC 3201 and NGC 6101.

Key words. stars: AGB and post-AGB – stars: kinematics and dynamics – globular clusters: general –
open clusters and associations: general

1. Introduction

Globular clusters (GCs) are among the simplest stellar systems
and have long been regarded as nearly spherical and chemically
homogeneous. However, photometric and spectroscopic stud-
ies have revealed the presence of multiple stellar populations
(MSPs), characterised by variations in light-element abundances
(see Bastian & Lardo 2018; Gratton et al. 2019, and references
therein). The pristine (first) population (1P) has a chemical com-
position similar to field stars of comparable metallicity, while the
second population (2P) is enriched in light elements. The frac-
tion of 2P stars in Milky Way GCs correlates strongly with GC
mass, increasing from ∼40% in low-mass systems to ∼90% in
the most massive clusters (Milone & Marino 2022).
⋆ Corresponding author: berczik@mao.kiev.ua

Despite extensive efforts, the formation and evolution of
MSPs remain uncertain. Most scenarios predict that the 2P
forms more centrally concentrated than the 1P and gradually
mixes with it through dynamical evolution (e.g. Bastian & Lardo
2018). Observational studies largely support this idea and have
characterised spatial and kinematic differences between sub-
populations in increasing detail (e.g. Kamann et al. 2020a,b;
Libralato et al. 2023; Dalessandro et al. 2024; Leitinger et al.
2025; Cordoni et al. 2025).

Recently, however, Leitinger et al. (2023) reported that in
NGC 3201 and NGC 6101 the 1P inferred from red giant
branch (RGB) stars appears more centrally concentrated than
2P, challenging standard MSP scenarios. Subsequent work has
shown that the interpretation of radial trends can depend sen-
sitively on methodology and tracer selection. In particular,
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Cadelano et al. (2024) demonstrate that in NGC 3201 the
enriched population remains more centrally concentrated within
∼1.5 rh and exhibits a bimodal radial structure not captured by
cumulative diagnostics, while Mehta et al. (2025) independently
confirmed the central concentration of enriched stars using Gaia
XP spectrophotometry. These results highlight the complexity
of MSP radial structure and the importance of complementary
diagnostics.

Motivated by these developments, Giersz et al. (2025b) used
Monte Carlo Cluster Simulator (MOCCA) simulations within
the asymptotic giant branch (AGB) ejecta enrichment frame-
work in which 2P stars form centrally from gas polluted by the
processed ejecta of AGB stars. In this context, the ‘AGB ejecta
enrichment framework’ refers to models in which chemically
enriched material from intermediate-mass AGB stars is retained
within the cluster potential. Such scenarios were developed by
Ventura et al. (2001, 2013), D’Ercole et al. (2008), Renzini et al.
(2015), and Bastian & Lardo (2018). A centrally concentrated
2P population is also a generic prediction of other enrichment
models, including those involving fast-rotating massive stars
(Decressin et al. 2007) and supermassive stars (Denissenkov &
Hartwick 2014).

We tested this scenario using direct N-body simulations with
the NBODY6++GPU code. As MOCCA relies on a statistical solu-
tion of the Fokker–Planck equations, independent verification
with direct N-body methods provides a complementary assess-
ment of the proposed mechanism. By modelling clusters in the
relevant dynamical regime, we examined whether the transient
RGB-based inversion arises without Monte Carlo approxima-
tions. The paper is organised as follows. In Sect. 2 we describe
the NBODY6++GPU and MOCCA codes and outline the adopted
initial conditions. In Sect. 3, we present the simulation results.
In Sect. 4, we summarise and discuss our findings.

2. Method and initial conditions

2.1. The MOCCA and NBODY6++GPU code

In this work, we performed numerical simulations using the
MOCCA code (Giersz 1998; Hypki & Giersz 2013; Giersz et al.
2013; Hypki et al. 2022, 2025; Giersz et al. 2025a) and the
direct N-body code NBODY6++GPU (Spurzem & Kamlah 2023
and references therein). MOCCA is based on Hénon’s Monte
Carlo method (Hénon 1971; Stodółkiewicz 1982) and relies on
a statistical solution of the Fokker–Planck equations. To model
dynamical interactions of small-N subsystems, it employs the
FEWBODY package (Fregeau et al. 2004; Fregeau & Rasio 2007).
MOCCA simulates the full stellar and dynamical evolution of
realistic-size GCs up to a Hubble time.
NBODY6++GPU is a direct N-body code optimised for study-

ing the dynamical evolution of star clusters and galaxies. It
integrates large-N systems using GPU acceleration and paral-
lelisation across multiple GPU cores (Nitadori & Aarseth 2012;
Wang et al. 2015; Huang et al. 2016). Recent developments
of direct N-body frameworks for modelling composite stellar
populations include NbodyCP (Li & Spurzem 2026), which
highlights the growing capability of direct N-body codes to
treat MSPs self-consistently. Hard binaries are handled using
Kustaanheimo–Stiefel regularisation (Kustaanheimo & Stiefel
1965).

Both MOCCA and NBODY6++GPU use consistent prescrip-
tions for single and binary stellar evolution, stellar winds,
supernova kicks, and gravitational recoil from black hole merg-
ers, with the most recent updates described in Kamlah et al.

Fig. 1. Cumulative number distributions of RGB stars for the 1P (green)
and 2P (blue) around 1.2 Gyr as a function of projected distance, nor-
malised by the 2D half-light radius (Rhl). The solid line represents
the N-body model (average of 33 snapshots) and the dashed line the
MOCCA model (average of 5 snapshots). Snapshots span 1.18–1.22 Gyr.
More details are provided in Fig. 4.

(2022) and Giersz et al. (2025a). The MOCCA code has been
extensively tested against direct N-body simulations, including
NBODY6++GPU , and shows very good agreement across a wide
range of cluster environments (e.g. Giersz et al. 2008; Wang et al.
2016; Madrid et al. 2017; Geller et al. 2019; Rizzuto et al. 2021;
Kamlah et al. 2022; Vergara et al. 2025).

2.2. Initial conditions

The initial conditions of the N-body model were chosen care-
fully, as large-scale direct N-body simulations are computa-
tionally expensive and time-consuming. Reproducing the cluster
model presented in Giersz et al. (2025b) would require months of
computation, mainly because of its very high primordial binary
fraction ( fb = 0.95) and the non-parallelised treatment of inter-
nal binary evolution (Huang et al. 2016). We therefore focused
on reproducing the findings of Giersz et al. (2025b), namely the
apparent 1P overconcentration in clusters close to dissolution,
characterised by a small number of RGB stars and the presence
of an active black hole subsystem (BHS). The selected N-body
model dissolves on a much shorter timescale than a typical Milky
Way GC, but it captures the essential physical processes relevant
to the proposed mechanism.

The adopted initial conditions1 are as follows: initial num-
ber of particles N1P = 61 000 and N2P = 30 500, with a Kroupa
(2001) initial mass function. The 1P stars were sampled in
the mass range 0.08–150 M⊙, while the 2P stars were sam-
pled between 0.08 and 20 M⊙. Both populations have metallicity
Z1P = 0.001 and Z2P = 0.001, with binary fractions fb,1P = 0.1
and fb,2P = 0.1. These parameters correspond to an initial clus-
ter mass of M(0) = 56 953.8 M⊙. The cluster was placed at a
Galactocentric distance of RG = 2 kpc in a point-mass Galactic
potential with MG = 2.25× 1010 M⊙. The ratio of half-mass radii
is Rh,2P/Rh,1P = 0.1. The two populations are initially in virial
equilibrium, with the 1P component slightly tidally under-filled
(Rtid = 18.9 pc). The initial King model (King 1966) concen-
tration parameters were W0 = 3.0 for 1P and W0 = 7.0 for 2P.
The initial conditions were generated using the publicly available
McLuster2 code (Küpper et al. 2011; Leveque et al. 2022).
1 Initial model and snapshot data are available at https://zenodo.
org/records/20070757
2 https://github.com/agostinolev/mcluster
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Fig. 2. Time evolution of the A+ parameter for different types of stars and for the X–Y projection of 3D snapshots. Left: RGB stars. Middle: evolved
luminous stars. Right: MS stars. The red, green, and blue lines are averaged over 9, 17, and 33 snapshots, respectively.

Fig. 3. Time evolution of the number of RGB stars in the 1P, 2P, and total population for different projections of the 3D snapshots. Left: X–Y
projection. Middle: X–Z projection. Right: Y–Z projection. The red, green, and blue lines correspond to averages over 9, 17, and 33 snapshots
centred on the selected time, respectively.

3. Results

Following the approach presented in Leitinger et al. (2023),
we used the A+ parameter (Alessandrini et al. 2016;
Dalessandro et al. 2018; Dalessandro et al. 2019) to assess the
degree of spatial mixing between the 1P and the 2P. At 1.2 Gyr
we have N1P = 9021 and N2P = 7206. As an illustration of the
A+ parameter calculation, we show in Fig. 1 the cumulative pro-
jected distributions of RGB stars for both stellar populations of
the N-body and MOCCA simulations. Both distributions are nor-
malised by their numbers and their respective half-light radii.
The total number of RGB stars at the reference time 1.2 Gyr
is small, NRGB = 22 (see Fig. 3), so we collected data from
snapshots between 1.18 and 1.22 Gyr and averaged the number
distribution at 1.2 Gyr over a short time window. The MOCCA
model has 5 snapshots, while the N-body model has 33 snap-
shots. The purpose of combining snapshots is not to increase
the number of independent RGB stars, but to smooth the A+
measurement using a short time-smoothing window.

Figure 3 shows the time evolution of the RGB-star counts
in the 1P and 2P for projections of the 3D data onto the Galac-
tic coordinate planes (X–Y , X–Z, and Y–Z). As expected, the
RGB-star counts in each population are independent of projec-
tion direction and therefore show no systematic variation with
projection. The number of RGB stars per snapshot is consistent
and does not depend on the number of snapshots included in
the averaging. The time steps are 0.116 Myr and 10 Myr for the
NBODY6++GPU and MOCCA simulations, respectively.

In Fig. 4, in the left panel, the data show the cumulative rela-
tive number distribution of RGB stars in both populations. Each
line in the plot shows the individual cumulative distribution of
RGB stars for the 33 separate snapshots inside a time interval of
±2 Myr. The distribution fluctuates significantly between indi-
vidual snapshots, making it extremely hard to determine the real

A+. The relative cumulative distribution changes from snapshot
to snapshot reflect the RGB stars’ physical movement inside the
cluster, as shown in the right panel.

In Fig. 4, in the right panel, we present the particle dynam-
ical orbits (for the eight RGB stars of the 2P) around 1.2 Gyr.
We see the projected orbits during the dynamical orbital evo-
lution of these RGB stars inside the cluster. The coordinates of
the RGB stars in these 33 snapshots change significantly, so the
combination of these 33 snapshots into one ‘merged’ system bet-
ter represents the dynamical stage of the whole N-body system
and the particle distribution.

Figure 1 shows that both models predict the 1P RGB pop-
ulation to be more centrally concentrated than the 2P RGB
population. Taking into account the fact that we are comparing
two simulations done with two different codes, the agreement
between the 2D projected mass distributions of RGB stars for
the two models is very good. Small differences in the curves
reflect the stochastic spatial distribution of the small RGB sam-
ple and the different time averaging of snapshots, since MOCCA
averages over a longer interval than the N-body results; there-
fore, identical shapes are not expected. The A+ parameters
are 0.15 and 0.12 for the NBODY6++GPU and MOCCA models,
respectively, at 1.2 Gyr.

The time evolution of the A+ parameter for different types
of stars and for the X − Y projection (in the Galactic coordinate
system) of 3D snapshots is presented in Fig. 2. The time range
shown in the figure is from 0.8 to 1.25 Gyr. In the three panels,
we show the time evolution for the different types of stars: RGB
stars, evolved luminous stars (from the Hertzsprung gap to the
helium giant branch), and main sequence (MS) stars. Each line
presented in the figures was calculated by averaging a different
number of snapshots. Each curve was computed using a slid-
ing average over a window of snapshots centred on the reference
time: 9 (±4), 17 (±8), or 33 (±16) snapshots.
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Fig. 4. Left: collection of the relative cumulative RGB star distribution for 1P and 2P stars for all 33 snapshots around 1.2 Gyr. Here we use for
each snapshot its own half-light radius. These radii vary between 2.46 and 2.38 pc. Right: individual RGB stars’ projected coordinates inside the
cluster.

Fig. 5. Time evolution of the A+ parameter for RGB stars for projections of the 3D snapshots onto the X–Y , X–Z, and Y–Z planes (left to right).
The red, green, and blue lines show averages over 9, 17, and 33 snapshots, respectively.

Generally, each of the three averages gives a more or less
consistent result for MS stars (right panel) and other types of
luminous stars (middle panel). For the most interesting case of
RGB stars (left panel), the snapshot averaging gives slightly dif-
ferent results depending on the time, with a spread of at most
about 0.1. The spread is much smaller than the variation in the
A+ parameter itself. Changes in the sign of the A+ parameter
occur on a timescale of about 0.15 Gyr (much longer than the
averaging time), indicating a strong time variability. On short
timescales, the 1P becomes overconcentrated relative to the 2P
and then quickly returns to a less concentrated state. The 1P over-
concentration is a transient feature and confirms the findings of
Giersz et al. (2025b).

The Giersz et al. (2025b) conclusions are further confirmed
by the time evolution of the A+ parameter for MS and luminous
evolved stars. No significant variation is seen in the A+ parame-
ter, which remains close to 0. Both populations are fully mixed
for MS and evolved luminous stars.

In Fig. 5, we show the evolution of the A+ parameter for dif-
ferent projections of the 3D snapshots onto the X–Y , X − Z, and
Y − Z planes. The behaviour of A+ differs between projections,
although the amplitude of the fluctuations remains comparable.
At 1.2 Gyr, A+ is positive for the X–Y and Y–Z projections, while
it is close to zero for the X–Z projection. This indicates that the
inferred spatial distribution of RGB stars depends on the viewing
direction, suggesting a non-spherical distribution of RGB stars.
A weak dependence of A+ on the number of averaged snapshots
is also present. The statistical fluctuations associated with dif-
ferent averaging windows are at the level of ±0.05–0.1, which
is significantly lower than the intrinsic variations in A+ occur-
ring over time intervals of 0.1–0.15 Gyr. This confirms that the
transient behaviour of A+ reflects genuine changes in the global
spatial distribution of RGB stars rather than artefacts of snapshot
averaging.

Fig. 6. NBODY6++GPU evolution of the cluster mass normalised to its
initial value, M(0) = 56953.8 M⊙ (red line), and of the BHS mass nor-
malised to the current cluster mass (green line).

Further confirmation of the transient feature of the overcon-
centration of the 1P RGB stars compared to the 2P RGB stars
is provided by Fig. 5, in which the evolution of the A+ param-
eter is presented for different projections of the 3D snapshots:
X–Y , X–Z, and Y–Z projections. We see that the A+ parame-
ter shows similar strong variations and a transient character for
all projections. The transient overconcentration of 1P RGB stars
is not driven by projection effects but instead reflects the time
evolution of the spatial distributions of RGB stars in the 1P and
2P.

In Fig. 6, we show the evolution of the cluster mass nor-
malised to its initial value, together with the ratio of the BHS
mass to the current cluster mass. This figure illustrates the key
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cluster state associated with the transient behaviour of the A+
parameter. When the cluster mass decreases to ∼0.1 of its initial
value and the BHS mass reaches ∼0.05 of the current cluster
mass, the number of RGB stars becomes very small. In this
regime, stochastic fluctuations in their spatial distribution and
strong dynamical interactions with the BHS drive the transient
variations in A+. This behaviour is fully consistent with the
findings of Giersz et al. (2025b).

4. Conclusions

We confirm the results of Giersz et al. (2025b), showing that
when the analysis is based on RGB stars, the 1P can appear more
centrally concentrated than the 2P at radii of a few half-light
radii. Using direct N-body simulations tailored to reproduce
the dynamical regime relevant to the proposed mechanism, we
demonstrate that this apparent inversion is a transient feature and
depends strongly on the adopted stellar tracers.

This effect is particularly relevant for GCs with present-
day masses of a few times 105 M⊙, which have retained only
∼10% of their initial mass and host an active BHS. In such
systems, small-number statistics and strong dynamical interac-
tions can significantly influence the spatial distribution of RGB
stars, potentially leading to biased inferences about the global
MSP structure when observations are restricted to this tracer
population. To capture these processes while maintaining a fea-
sible computational cost, we adopted a reduced-N model with
an accelerated evolutionary timescale. Despite these simplifica-
tions, the simulations reproduce the key evolutionary behaviour
of the reference MOCCA model. In line with Giersz et al.
(2025b), the simulated cluster hosts an active BHS and is close
to dissolution, with black holes contributing ∼8% of the cluster
mass when only ∼10% of the initial mass remains, as seen in
Fig. 6.

Figure 2 shows that the A+ parameter derived from RGB
stars varies strongly over time, ranging between −0.3 and 0.4
over ∼0.45 Gyr. In contrast, for evolved luminous stars (exclud-
ing compact remnants), A+ remains close to zero, indicating
a near-complete mixing of the populations. When computed
using only MS stars, the evolution follows the expected mono-
tonic trend towards spatial mixing. The MOCCA simulation
exhibits a comparable transient signal near 1.2 Gyr, with A+ ≃
0.12, in close agreement with the NBODY6++GPU result (A+ ≃
0.15), providing an independent validation of the Monte Carlo
interpretation.

To further investigate the origin of the RGB trends discussed
above and the cumulative number distributions shown in Fig. 1,
we examined the escape properties of stars that would have
evolved into RGB stars at 1.2 Gyr. In particular, we selected
stars with initial masses in the range 1.71–1.74 M⊙ and identi-
fied those that escaped the cluster prior to this time. In Fig. 7,
we show the cumulative distributions of their initial radial posi-
tions for the two populations, considering only escapers with
securely identified population tags. As seen, the majority of
2P escapers originate from the innermost regions of the clus-
ter, whereas 1P escapers are drawn from a much broader radial
range. This demonstrates that centrally concentrated 2P RGB
progenitors are preferentially removed through dynamical inter-
actions in the cluster core, consistent with the behaviour shown
in Fig. 3 of Giersz et al. (2025b). We also note that the num-
ber of escaped RGB progenitors is comparable to the number
of such stars remaining in the cluster at 1.2 Gyr, indicating that

Fig. 7. Cumulative distributions of the initial radial positions of stars
with initial masses in the range 1.71–1.74 M⊙ that would have evolved
into RGB stars by 1.2 Gyr but escaped the cluster prior to this time. The
green curve shows 1P escapers (N = 33 out of a total of 77 such stars in
the initial model), and the blue curve shows 2P escapers (N = 15 out of
a total of 40). The distributions demonstrate that 2P escapers originate
predominantly from the inner regions of the cluster, whereas 1P esca-
pers are drawn from a much broader radial range. This provides direct
evidence that centrally concentrated 2P RGB progenitors are preferen-
tially removed from the central parts of the cluster.

this depletion is dynamically significant. We note that the num-
ber of identified 2P escapers should be regarded as a lower limit
since a fraction of escapers cannot be unambiguously assigned to
a given population. Nevertheless, the trend remains clear when
considering only securely identified objects.

A similar role of dynamical interactions in removing cen-
trally concentrated 2P stars from the cluster centre has recently
been identified by Pavlík et al. (2025), who investigated spatial
mixing driven by binary–single scattering with direct N-body
simulations. Although their models do not show an inversion of
the cumulative profiles, enriched stars are preferentially scattered
to larger radii through binary–single encounters. The absence
of inversion likely reflects the lack of strong mass loss and the
near-dissolution evolution in their clusters. Taken together, these
results suggest that while dynamical scattering can significantly
modify MSP radial structure, the emergence of an apparent
inversion requires clusters to have lost a substantial fraction of
their initial mass. In this context, GCs such as NGC 3201 and
NGC 6101, where 1P RGB stars are observed to be spatially over-
concentrated, provide an interesting comparison. While these
systems are inferred to have relatively high present-day mass
fractions (e.g. Baumgardt & Makino 2003; Leitinger et al. 2023),
such estimates rely on simplified assumptions about their orbital
history and tidal environment (see the discussion in Giersz et al.
2025b) and may therefore be uncertain.

Projection-dependent variations in the inferred A+ evolution
further demonstrate the sensitivity of cumulative diagnostics to
sampling effects and viewing geometry. While these fluctuations
do not alter the qualitative conclusion regarding the transient
nature of RGB-based segregation, they highlight the importance
of using multiple complementary diagnostics when interpret-
ing spatial distributions. This is particularly relevant in light of
recent observational work showing that MSPs have a complex
and sometimes non-monotonic radial behaviour (e.g. Cadelano
et al. 2024; Mehta et al. 2025), and that cumulative metrics
alone may not fully capture underlying structural features. Our
results, therefore, do not imply that enriched populations are
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globally less concentrated than pristine ones, but rather that
tracer selection and the dynamical state can produce apparent
inversions in specific diagnostics. In this context, the transient
behaviour identified here may represent a dynamical pathway
contributing to the observational diversity reported in recent
studies.

We conclude that analyses based solely on RGB tracers
should be interpreted with caution and that complementary
approaches that use larger and dynamically less biased samples,
such as MS stars, are essential for a robust inference of MSP
structure. Further observational tests of tracer-dependent segre-
gation and comparisons with diagnostics beyond cumulative dis-
tributions would provide valuable constraints on MSP formation
scenarios, including the AGB framework and alternatives.
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